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1. Introduction

Some optimization problems in practice handle with the infinite number of constraints and they are called the
semi-infinite programming problems. These classes could be served in formulating many problems in moment
robust optimizations and their applications in [15], FIR filter design in [20], robot trajectory planning [29], air
pollution control in [30]. Hence, semi-infinite programming problems have been investigated recently by many
researchers, see e.g. the papers [4, 5, 10, 12, 13, 16, 21, 24, 25, 26, 27, 28] and references therein. Sometimes semi-
infinite programming with infinite-dimensional decision spaces are labeled as problems of infinite programming,
see e.g. [17]. In some optimization problems in the real world, the coefficients of objective functions and constraint
functions are not known precisely. These imprecision are used to be treated by quantitatively by employing the
concepts of randomness and fuzziness. The randomness is formulated by probability theory and employed to
describe the chance events. The fuzziness amounts to a type of imprecision which is associated with fuzzy sets, in
which there is no clear transition from membership to nonmembership [33]. To manipulate fuzzy concepts arising
in many decision processes, fuzzy optimization problems have been studied numerously in the recent time. The
papers [31, 32] investigated Karush-Kuhn-Tucker (KKT) sufficent optimality conditions for smooth optimization
problems with one and multiple fuzzy-valued objective functions. In [18, 19], optimality conditions for fuzzy
optimization problems were established by utilizing generalized Hukuhara derivatives. The interval and fuzzy
directional g H-derivatives and differentiability were proposed in [23] and applied in considering KKT optimality
conditions for both interval-valued and fuzzy-valued constrained optimization problems. The KKT optimality
conditions in an optimization problem with interval-valued objective function on Hadamard manifolds were studied
in [3]. However, to the best of our knowledge, there is no paper dealing with semi-infinite programming with
fuzzy-valued objective function. Furthermore, in the case that the number of constraints a finite set, the necessary
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optimality conditions for the constrained optimization problems with fuzzy-valued objective function were not
investigated in [31, 32].

The above observations motivate us to establish KKT optimality conditions for some types of efficient solutions
of semi-infinite programming with multiple fuzzy-valued objective functions in this paper. The structure of the
paper is as follows. We first retraces basic concepts, some preliminaries and presents some binary relations in
section 2. Then, both KKT necessary and sufficient optimality conditions for some types of efficient solutions of
semi-infinite programming with multiple fuzzy objective functions are established. Some examples are provided
to illustrate the results of the paper.

2. Preliminaries

In the sequel, let R™ be a finite-dimensional Euclidean space. The notation (-, -) is used to denote the inner product.
For a given subset X C R”, intX, clX, aff X, and coX stand for its interior, closure, affine hull, convex hull of X,
respectively (resp). The cone and the convex cone (containing the origin) generated by X are expressed resp by
coneX, posX. We write (X*, ) <0 when (z*, z) <0 for all z* € X*, where X* is a subset of the dual space of
R™. The negative polar cone and strictly negative polar cone of X are defined resp by

X" ={z" e R"|{z",2) <0Vzx € X},

X?={z" e R"|(z",z) < 0Vx € X}.

It should be noted that if 0 € X, then X* = (). Moreover, we can check that if X* # () then c1X® = X . Indeed,
let 2* € c1X*. Then, there exists a sequence x; — «* satistying (z;, ) < 0 for all # € X. Letting / to infinity, one
has (z*,z) <0 for all z € X, leading that * € X . Conversely, let ©* € X . Then, (z*,z) <0 for all z € X.
We deduce from X* % () that there is z* € X* such that (z*,z) < 0 for all z € X. Setting z} = z* + $T*, we get
xp; — z* and x7 € X* since

1
(xp,2) = (z*,x) + Z(ﬁc*,x) <0Vz e X,

ie., z* € clXs.
The contingent cone [1] of X at the point = € clX is

T(X,:f) = {CL’ eR" ‘ drp J 0,3xy — 2, T + 7ywy € XVE}.
Leta,b € R™, where a = (aq, ..., a;,) and b = (b1, ..., by, ). Recall the following notations.

i as<bea <bVicl,
(i) a<b&a; <b; Vi€l anda,, < b;, for atleast one iy € I;
(i) a<bsa; <b Viel

Itis easy toseethata < b =a < b = a < b. Moreover,if m =1thena< b aq; <bjanda<bsa<b &
ay < by.
Let K¢ designate the class of all closed and bounded intervals in R, i.e.,

Ko = {[z%, %] | 2% 2 € R and 2* < 2},
The width of X € K¢ is defined by p(X) = o — 2. The definition brings us
X+Y:={z+y|zecX,yeY}=[zl+y" 2B +yf,

Aol AzB], if A >0,

— \[ L R _
AX = Azl z ]—{ e, Azh], if A < 0.

Hence, —X = (—1)X = [-2f, —zl]and X — Y = X + (-1)Y = [2L — yB 2f —yL].
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A fuzzy set X on R is defined by a function % R — [0,1], which is called a membership function. The a-
level set of X, indicated by X, is defined as X, := {z € R | pz(x) > a}, Vo € (0,1]. The support of X is the
set supp(X) :={z € R | 5 (z) > 0}. The zero-level set of X is defined as the closure of the support of X, i.c.,
XO—CI{IER\;LX( x) > 0}.

Definition 1 B
A fuzzy number is a fuzzy set X with membership function p  satisfying the following conditions:

@) B is normal, that is, there exists € R such that u;((f) =1;
(ii) pg is quasiconcave, i.e.,
pg(Az 4 (1= N)z') > max{pg(x), pg(z')}

forall A € [0,1], forall z, 2/ € X;
(iii) p5 is upper semicontinuous, i.e., {x € R | u5(x) > a} is a closed subset of R for each o € (0, 1];

@iv) )~(0 is a compact subset of R.
The set of all fuzzy numbers on R is signified by F(R).

The condition (ii) leads that X is a convex set for each a € [0, 1]. Combining this with conditions (iii) and (iv)
tells us that X, is a compact and convex subset of R for each o € [0, 1]. In other words, X, = 7L 78] € Ke.

Definition 2 _

A fuzzy number X is said to be a canonical number in the case when the functions 7, () = £ and () = 7%
are continuous on [0, 1], where [, 5] = X,,. The set of all canonical fuzzy numbers on R is denoted by F ¢ (R).
Remark 1

Recollect the following fuzzy numbers.

(i) A fuzzy number Xisa crisp number with value a if its membership function is

(z) = , ifx=a,
rx\r) = 0, otherwise.

Then the crisp number with value a is denoted by T{a}.
(ii) A fuzzy number X is said to be triangular fuzzy number, indicated by X = (a*, a,a®) with a” < a < ¥, if
the membership function is defined as

L .
r—a ifal <z <a,

aEaL’
pz(r) = oy B ifa<z<al,
0, otherwise.
The a-level set of X is X, = [a” + a(a — a’),a® + a(a — a®)]. Notice that if a* = a = aF, then the

triangular fuzzy number Xisa crisp number.
(iii)) A fuzzy number X is said to be trapezoidal fuzzy number, denoted by X = (a*,a,a,a’) with a* < a <
a < af, if the membership function is defined as

r—a . L .
-, ifa” <z <a,

a—a
N~(m.)_ 1, ifa <z <a,
= R e
X =, ifa<x<al,
0, otherwise.

The a-level set of X is X, = [aX + a(a — a¥),a® + a(a — a®)]. Note that if ¢ = @ = a, then the trapezoidal
fuzzy number X is a triangular fuzzy number.
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For X , Y € Fc(R), the notion “~” stands for the binary operation “+” or “X” between X and Y, where the
membership function [33] for XY is defined by

#27?(2) = sup min{,u)}(x),uff(y)}'

Z=x-y

Proposition 1
Let X,Y be in F¢(R). Then,

(i) XTY € Fo(R) and (XFY)a = [#L + 5L, 2B + 7).
(i) XXY € Fc(R) an
(XXY)y = [mm{xa%fﬁﬁ,mﬁﬂﬁfﬁ gy max{zLyk, zLyR zRyL zRyRy).

The Hausdorff metric Dy (X, )) of two sets X', ) in R™ is defined by

Dy (X,Y) = max{sup inf ||z — y||, sup inf ||z — .
(2,9) = max{sup inf [}z — ]| sup inf )

If X,Y are in F(R), then, Dy (X, Ya) = max{|7L — 7Z|, |7 — 7E|}. The metric Dy on F(R) is defined by

Dp(X,Y)= sup Dy(Xa,Y.),VX,Y € F(R).
ael0,1]

Let ¢ :R" = Fo(R) be a fuzzy-valued function defined on R™. Then, for each z € R", (J(m))a =
[(¢(x))L (1/;( NE ]foreacha € [0, 1] and we can determine two real-valued functions 1/1L( )= (1/)( ))a,q/)R( ) =

«?

(p(z))E. Let € R™ and X € F¢(R). We write hm 1/}( ) = X if for every € > 0, there exists 4 > 0 such that,
for 0 < ||z — z|| < § = Dg(¢(z), X) < €. The nght hand limit lim () of the fuzzy-valued function 1) : R —

l—)l
F¢(R) can be defined similarly. The fuzzy-valued function ¢ is said to be continuous at z if lim 1(z) = ¥ (z).
xr—x

Proposition 2 _ o

[31] Let ¢ : R® — F(R) be a function with fuzzy values. If ¢ is continuous at , then ¥L, )2 are continuous at
zforall o € [0,1].

Definition 3 _

[31] Let X' be an open subset of R". A fuzzy-valued function ¢ : X — Fc(R) is called level-wise continuously
differentiable at # € X if the real-valued functions 12 and ¥ are continuously differentiable at z for all o € [0, 1].
Definition 4

[22]. Let X C R™ be aconvex set, v : R® — Rand z € X.

(i) ¢ isconvex at T if (AT + (1 — N)zx) < Ap(z) + (1 — N)y(z) Vo € X, VA € [0,1].
(ii) 1 is strictly convex at Z if Y(AZ 4+ (1 — N)z) < M)(Z) + (1 — N)yo(z) Ve € X\ {Z}, VA € (0,1).
(i1) ) is convex/strictly convex on X if 1 is convex/strictly convex on each point of X.

Remark 2
[22]. Let X C R™ be an open convex set, ¢ : R™ — R be differentiable at z € X.

(i) If ¢ is convex at Z then ¢ (x) — (&) > (VY (Z),z — T) Vz € X.
(ii) If ¢ is strictly convex at Z then ¢ () — ¥ (z) > (Vy(Z),z — T) Vo € X \ {z}.

Definition 5
Let X = [2F, 2], Y = [yL, y*] be two sets in K.

(i) X <prYifal <yl and2® < yf.
(11) X<rYifX SLRYandX;AY.
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(i) X <§pYifal <yl and 27 <y
Definition 6 _ o _ o
Let X,Y € Fo(R) and X, = [XL, XE] and Y, = [V}, V.E] forall o € [0, 1].
(DBUX<?EX<QR?VQGWH
(ii) [31]X<Y1fX <LRY VYa € [0,1] and J& € [0, ]suchthatX <LRY
(iii) [18]X<§ Y if X, <LRY Va € [0,1] and 3@ € [0, 1] such that X5 <iRm Ya.
(iv) [321 X <Y if X, <z Ya Va € [0,1].
v) X <*Yif X, <LRY Vo € [0,1] and 3@ € [0, 1] such that X4 <LRY
(Vi) X <5 Vif Xo <3 Yo Vo € [0, 1].

Remark 3
Let X, Y € Fo(R). It is easy to check that

) X<V =2X<*Y=2X<YVY=X<YV=XZY.
() X<*Y =2 X<V =2X<YV=X<Y=X<Y.

Definition 7 _
Let X C R"be aconvex set, ) : X — F¢(R)and 7 € X.

(i) [31] We say that {/;vis convex at T if
POT+ (1= N)z) £ Ty X (@) F@j-xy i (@),

for each A € [0, 1] and each 2 € X. We also say that ¢ is convex on X if 1) is convex at each point of X.
(ii) 1 is said to be strongly convex at Z if

POE + (1= M) < Ty xe(@) F (Tpoa (),
foreach A € (0,1) and each z € X \ {Z}. We also say that ¢ is strongly convex on X if 4 is strongly convex
at each point of X.

In Definition 7, only two binary relations were utilized. Using the others binary relations in Definition 6, the
others definition of convexity of fuzzy functions could be defined similarly.

Remark 4 _
Let X C R™be aconvex set, ) : X — F¢(R)and 7 € X.

(i) [31] ¢ is convex at Z if and only if (z/;) and (1/)) are convex at Z for all « € [0, 1].
(ii) 1 is strongly convex at Z if and only if (w) and (1/}) are strictly convex at z for all a € [0, 1].

Lemma 1
[22] Let {K},t € T'} be an arbitrary collection of nonempty convex sets in R™ and K = pos ( UK t>. Then, for
teT
any k € K \ {0}, there exist ¢ < n, {t;}j=1,...e CT, A= Ay, ... \,) € R and ky, € Ky, (j =1, ..., £) such that
¢
k= Zj:l )‘tj ktj'
Lemma 2

[6] Suppose that U, V' are arbitrary (not necessary finite) index sets, a,, = a(u) = (a1 (), ..., a,(u)) maps S onto
R™, and so does a,,. Assume further that co{a,,u € U} 4 pos{a,,v € V'} is a closed set. Then, the following two
statements are equivalent:

7. (ay,z) <0,ueUU#0
' (ay,z) <0,w eV
II: 0 € co{ay,u € U} + pos{a,,v € V}.

has no solution z € R";
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Lemma 3
[8] If X is a nonempty compact subset of R, then,

(i) coX is a compact set;
(i) If 0 € coX, then posX is a closed cone.

3. KKT optimality conditions

In this section, we consider the semi-infinite programming with multiple fuzzy-valued objective functions as
follows: _
(P) min(f1(z), ..., fm(x))
s.it.gi(x) <0, teT,
where f; : R" — Fc(R) (i € I :={1,...,m}) are level-wise continuously differentiable fuzzy-valued functions
and g; : R™ — R (¢ € T') are continuously differentiable functions. The index set T is an arbitrary nonempty set,
possibly infinite. The feasible solution set of (P) is indicated by

S:={zeR" | g(x)<0,teT}

Designate Rf‘ the set of all the functions A : 7' — R taking values )\;’s positive only at finitely many points of 7',
and equal to zero at the other points. For a given Z € S, we denote by T'(Z) := {t € T|g:(Z) = 0} the index set of
all active constraints at z. The collection of active constraint multipliers at Z € S is

A@) = {r e R ng () = 0,ve e T

Notice that A € A(Z) if there exists a finite index set X' C T'(Z) such that A, > 0 for all t € K and \; = 0 for all
teT\ K.

Definition 8
Let z € S and U(Z) be the set of neighborhoods of .

(1) [32] z is a locally strongly efficient solution of (P), denoted by Z € locSE(P, 1), if there exists U € U(Z)
such that there is no z € S N U \ {z} satisfying f;(z) < f;(z) Vi € I.

(i) [32, 19] Z is a locally (Pareto) type-1 efficient solution of (P), denoted by & € locE(P, 1), if there exists
U € U(z) such that there is no x € S N U fulfilling

{ﬂ() fix) Viel,

fio(x) < fiy (%) for at least one ig € I.

(iii) [32, 19] Z is a locally weakly type-1 efficient solution of (P), denoted by = € locW E(P, 1), if there exists

U € U(z) such that there is no 2 € S N U fulfilling f;(z) < f;(z) Vi € I.
(iv) [19] Z is a locally (Pareto) type-2 efficient solution of (P), denoted by Z € locE(P,?2), if there exists
U € U(z) such that there is no = € S N U fulfilling

{ file) S f@  viel,

fio(x) £° fi,(z) for at least one i € I.

(v) [19] z is a locally weakly type-2 efficient solution of (P), denoted by z € locW E(P,2), if there exists

U € U(Z) such that there is no x € S N U fulfilling fz( ) <8 fl( YViel.
(vi) Z is a locally (Pareto) type-3 efficient solution of (P), denoted by = € locE(P, 2), if there exists U € U(Z)
such that there is no z € S N U fulfilling

{ file) S fim)  Viel,

fio(x) <® fi, () for atleast one i € I.

Stat., Optim. Inf. Comput. Vol. 10, March 2022



416 NECESSARY AND SUFFICIENT OCS FOR SIP WITH MULTIPLE FUZZY-VALUED OBJECTIVE FUNCTIONS

(vii) Z is a locally weakly type-3 efficient solution of (P), denoted by Z € locW E (P, 3), if there exists U € U(Z)
such that there is no x € S N U satisfying f;(x) <® f;(Z) Vi € I.

If U = R, the word “locally” is omitted. In this case, the strongly efficient solution sets is denoted by SE(P, 1)
and so are the other efficient solution sets.

Remark 5 _ _
If fi : R" — Fo(R) satisfying f; = x5y (i € I :={1,...,m}), ie., f; : R" — Ris a crisp function, then

(i) fuzzy type-1 efficient = fuzzy type-2 efficient = fuzzy type-3 efficient = crisp efficient solution, see e.g.
[14];
(i) fuzzy weakly type-1 efficient = fuzzy weakly type-2 efficient = fuzzy weakly type-3 efficient = crisp weakly
efficient solution, see e.g. [14];
(iii) fuzzy strongly efficient = crisp strictly efficient solution, see Definition 3.2 in [9].

Remark 6
The following relations are immediate:

(i) [32] SE(P,1) C E(P,1) C WE(P,1);
(i) [19] E(P,1) C E(P,2) C WE(P,1) and E(P,1) C WE(P,1) C WE(P,2);
(iii) WE(P,1) C WE(P,2) C WE(P,3);
(iv) E(P,1) C E(P,2) C E(P,3) C WE(P,3);
(v) If m = 1, then E(P,1) = WE(P, 1), E(P,2) = WE(P,2) and E(P,3) = WE(P,3).

The concepts of efficient solutions in Definition 8§ are distinct as in the following examples.

Example 1
Consider the following problem (P)

min (f1(2), fa(@)) = ((1,1,1)XL,2, (0,0, 1) X T2y, (1,1, 1) X2y (1, 2,4, 6) X I, 3)

st gi(z) =—21+t <0, te[-1,0].
Then, S =R, x R and, for z € S,

(fD)al@) = 27,27 + (1 - a)a3),
~ 274+ (1= @)z, 27 + (6 — 2a)x2], if 23 > 0;
(£2)alw) = { [22 4 (6 — 2a)xg, 2% + (1 — a)x2], if 22 <O.

Picking z = (0,1) € S, one has

(fl)a(x) = [.Z‘%,.%‘% + (1 - a)m%} %ZR [05 1- O‘} = (ﬂ)a(j) Va e [Ov 1]7 (1)

leading that there is no z € S fulfilling f;(z) < f1(Z), and hence, z € WE(P,2) C WE(P,3). However, for
#=1(0,—1) € S, we have

{ (F)al@) = [0, (1 - )] <2z [0,1 — ] = (fi)a(2) Vo € [0,1],
(f2)a(#) = [=(6 —a), =(1 + )] <rr [1 + @, 6 — 2a] = (f2)a(Z) Va € [0,1],
leading that there is & € S such that ﬁ(fc) < ﬁ(i),w € I. Thus, z ¢ WE(P,1) and hence, WE(P,1) &
WE(P,2).
Further, we also get

{ (F)a(®) = 0,~(1—a)] <2z 0,1~ a] = ()a(z) Yo € [0,1],
(f2)al#) = [~(6— a), (1 + )] <cr [1 40,6 — 20] = (f2)a(7) Ya € [0,1],
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and, for a = 1, _ ~
(f2)a(2) = [-5,-2] <ig [2,4] = (f2)a(7)
entailing that there is & € S such that f;(&) < fi(z),Vi € I and fo(2) <* fo(Z). Thus, Z ¢ E(P,2) and hence,
E(P,2) S WE(P,2).
On the other hand, we also arrive at

{ (f2)a(@) = [(6 — @), —(1 + )] <g [1+ 6 2a] = (f2)a(®) Vo € [0,1],
(f2)5¢(j7) [ 5) ]<€R[2’4] ( ) ( )

which in turn implies the existence of & € S such that ﬁ(:ﬁ) < ﬁ-(f),w € I and ]72(53) <® fg(ff) So, z & E(P,3),
and hence, E(P,3) & WE(P, 3).

Q\
||

Example 2
Consider the followmg problem (P)

min f(z) = (-1 lO)xI{w}
st. gi(x ):—x+t§0 t € [-1,0].

Then, S = R, and f,(2) = [-1,—a]xz. Let Z = 0 € S. Since there exist z = 1 € S such that
{ falz) =[-1,—a] <rg 0.0 = fal@) Vo € [0,1],
f@(.’L‘) <LR fll( )a a_7 [071}7

one derives the existence of = 1 € S such that f(x) <s (ﬁ)(i) Thus, z ¢ W E(P, 2). Nevertheless, since
fa(@) = [-1,0] £15 [0,0] = fa(7), a =0 € [0,1] ¥z € &,

one has, for all z € S, fo(z) £ R fa(Z) Yo € [0,1]. This implies that there is no z € S satisfying f(z) <® f(z),
ie.,z € WE(P,3). Hence, W E(P,2) G W E(P, 3). Furthermore, by invoking Remark 6 (v), one yields E(P,2) &
E(P,3).
Example 3
Consider the following problem (P)

min ]?(ZL') =(-1,-1, O)QFIV{JE}

st. gi(x)=—z+t<0, te[-1,0]

Then, S = Ry and f,(x) = [-1, —a]z. Let us choose Z = 0 € S. Since there exist x = 1 € S such that
{ f?(x) =[-1,—a] <ir [ 0] = fa( ) Va € [0, 1],
fa(@) <ip fa(@), a=5 €[0,1],

one infers the existence of z = 1 € S such that f(x) <5 (f:)(z). Thus, & € W E(P,2). Nonetheless, since
fa(z) = [-1,0] 232 [0,0] = fa(z), a=0€ [0,1],Vz € S,

one gets, for all # € S, fa () £in fa(Z) Va € [0,1]. This implies that there is no = € S satisfying f(z) <® f(z),
i.e., T € WE(P,3). Hence, WE(P,2) & W E(P,3). In addition, by virtue of Remark 6 (v), one yields E(P,2) &
E(P,3).
Example 4
Consider the followmg problem (P)
minf(z) = (-2, -1,0, O)xl{w},
st. gi(x ):—x+t§0 t € [-1,0].
Then, S = R and fo(z) = [-2 4+ o, 0]z, Va € [0,1]. Let Z = 0 € S. Since there exists z = 1 € S such that

{ fa(@) = [-2+0a,0] <Lg [0,0] = fu(2) Ya € [0,1],
f@(x) [_%70] <LR [070] = f&(i‘)v o= % € [07 1]’
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one gets that f(z) < f(z), which in turn shows that z ¢ W E(P, 1). But, there is no z € S satisfying f(z) <° f(z),
since

fa(@) = [(~2 + @)2,0] £1 5 [0,0] = fu(®) Yo € [0,1].
Thus, & € WE(P,2). Therefore, WE(P,1) G WE(P,2). Additionally, employing Remark 6 (v) gives us
E(P,1) G E(P,2).

Example 5
Consider the following problem (P)
min f(z) = (0,0,1,1)
st. gi(x)=—x+t<0, te[-1,0]
Then, S = R, and fo(z) = [0,1],Ver € [0,1]. Taking z =0 € Sand 2 = 1 € S \ {Z}, one has

fa(@) = [0,1] <r [0,1] = fa(7) Yo € [0,1], 2
leading that f(z) < f(Z) and hence, Z ¢ SE(P, 1). However, for any = € S,

fa(@) 1R folZ) Ya € [0,1],

deducing that there is no = € S such that fz(z) <pr fa( ) for some & € [0,1], i.e., f(x) < f(g‘c) Thus, z €
E(P,1), and hence, SE(P,1) & E(P,1).

Now, we recall the following constraint qualification in [6], which are similar to Abadie constraint qualification
in the literature. For others constraint qualifications and their relations, see e.g. [7] and references therein.

Definition 9

The (ACQ) holds at 7 € S if ( U Vgt(x)> CT(S,z)and A:=pos |J Vg(z)isaclosed set.
teT(z) teT(z)

In the following, we will establish the Karush-Kuhh-Tucker necessary optimality condition for a locally weakly
type-3 efficient solution of (P). In view of Remark 6, this necessary optimality is also the necessary optimality for
others efficient solutions of (P). The KKT necessary condition could be employed to reject a feasible point as an
efficient solution. It is also utilized as a condition in strong duality relations between the primal problem and the
dual problem in optimization.

Proposition 3

Assume that T € locW E(P,3) and (ACQ) holds at Z. Then, there exist nonnegative real-valued functions
L, ¢l(i € I) defined in [0, 1] with ), £ () + £(«r) = 1 for all o € [0, 1] and nonnegative functions A (t € T')

defined in [0, 1] with A := (A\¢)ier € A(Z) such that

> (£H@V(F)E@) + R @V TE@) + D M(@) V(@) = 0,va € [0,1].

el teT

Proof
We derive from Z € locW E(P,3) the existence U € U(Z) such that there is no x € SN U satisfying f;(x) <

fi(z) Vi € I, or equivalently, B B

(fi)a(z) <Lr (fi)a(Z) Vi € I,Ya € 0,1]. 3)
We first justify that
(Uv L@ V(R )) AT(S,7) =0, Ya € 0,1]. )

el

There are only two possible cases here:
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Case 1. (ﬁ)é(*) =0 (or V(f)2(x)=0) for some igel and @aec[0,1). Then, one has
(U V()E@) UV(f)EEz )) = (), leading that (4) holds.

Case 2. V(f;)E(z) # 0and V(f;)B(z) # 0 for all i € I, for all a € [0, 1]. Suppose to the contrary that (4) is false.
Then, there exists & € [0, 1] such that

(Uv FE@ UV(f)E ()) NT(S,z)#0

el
Therefore, we ensure the existence of

de (Uv i@ V()i >> NT(S,z)

iel

for some @ € [0, 1]. This implies that (V (fl) (Z),d) < 0and (V (fl) (Z),d) <Oforallicl. Asde T(S,z),
there exist 7y | 0 and dy — d such that Z + 7,d, € S for all £. We derive from the fact ( fz) (i € I) are continuously
differentiable at Z that

(f)5(@ + mede) = (F)5(@) + me{V(F)E(@), de) + o(rel|de]]) Vi € 1.

Consequently, for all ¢ € 1,

(.]?Z)é('f_Fde[) - (E)é(j:) _ (V(ﬁ)é(i),d@ + O(TéHd[H) N \L z
Te Te

when ¢ — oo. Thus, for each ¢ € I, there exists E{“ > 0 such that

(FO)L(& + 7ede) — (F)E(2)

Te

<0Ve>(E

. =L
Setting /" = max 0%, we have
1€

(FE(F +mede) < (F)E(@) W0 > T Vi I.
Similarly, there exists ZR > 0 such that
(PR +7ede) < (F)E@) ve>T" vie L.
Designating / := max{ZL]R}, we assure the existence of ¢ > / large enough such that  + 7,dy € SN U and

{ (f)k@+meds) < (f)E(@) Vi€ T,
(J)E@ +7ede) < (f)E@) VieT,

ie., (fi)a(® + ode) <ir (f)a(z),Vi € I, which contradicts (3). Therefore, (4) holds for Case 2, and hence, (4)
holds for the both possible cases.
We deduce from (4)and (ACQ) that, Vo € [0, 1],

(Uv FE@UV(f)] <>> Nl U Va@ (Uv L@ UV ()) NT(S,z)=0.

el teT(z) i€l

Stat., Optim. Inf. Comput. Vol. 10, March 2022



420 NECESSARY AND SUFFICIENT OCS FOR SIP WITH MULTIPLE FUZZY-VALUED OBJECTIVE FUNCTIONS

This leads that there is no d € R™ such that, for all a € [0, 1],

Moreover, it follows from Lemma 3 that co( V(f)E(z)uv( fz) (Z )> is a compact set, and thus,
iel

<U V()@ UV ()E@E )> + A is closed. Thanks to Lemma 2, one has
iel

0 €co (UV fz UV(fZ) (z )) =+ pos U Vg:(T),

iel teT(z)

for all « € [0, 1]. From Lemma 1, there exist £ (o), £F () € Ry with Y (&5 () + ¢f () = 1 and A(a) € A(Z)

such that _ <!
>~ (H@VEE@® + F@VIER) ) + 3 () Vai(@) =0,
i€l teT

for all a € [0,1]. Denoting &F, &5 : [0,1] —» R (i € I) with - (¢#(a) + £f()) =1 for all o € [0,1] and A :=
i€l
(At)ter with Ay : [0,1] — R (¢t € T'), the conclusion is obtained. O

In the next part, the KKT sufficient optimality condition for the weakly type-3 efficient solution and the strongly
efficient solution of (P) are established under some convexity assumptions. It is well known that the KKT sufficient
optimality condition gives the test for a feasible point to be an optimal solution of optimization problems, which is
a necessary condition in building algorithms to solve optimization problems.

Proposition 4
Let z € S. Assume that, for each i € I, there exist nonnegative real-valued functions (&, ¢ defined in [0, 1]
with Z (¢F(a) + ¢F (@) =1 for all « € [0,1] and nonnegative functions A;(¢ € T) defined in [0,1] with X :=

()\t)teT € A(Z) such that
> (H@VIER) + E@VIDE@) + D M(@)Vgr(@) =0 5)
i€l teT

for all « € [0, 1]. Then,

(i) If f;(i € I) are convex at Z and g, (¢ € T') are convex at Z, then € W E(P, 3);
(ii) If f;(i € I) are strongly convex at Z and ¢;(¢t € T') are convex at Z, then z € SE(P,1).

Proof

Since, z € S fulfilling (5), there exists a finite subset J,, of T'(Z) such that
> M(@) V(@) = = Y (€H@)V(F)E@) + @)V ()L @) ©)
teJq iel

for each « € [0, 1].
(i) Reasoning ad absurdum, assume that z is not a weakly type-3 efficient solution of (P). Then, there exists & € S
satisfying f;(&) <* fi(Z), Vi € I, or equivalently,

(f)5(@) < (f)&(@) and (f)F(2) < (F)F (@),
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for all 7 € I and for all « € [0, 1]. The above inequalities together with the fact that, for each i € I, & ¢F are
nonnegative real-valued functions in [0, 1] satisfying > (&£ (a) + ¢/*(ar)) = 1 for all « € [0, 1] implies that
iel

S (EF@(EG) — (k@) + @)@ — (E@)) <o, ™

iel
for all o« € [0, 1]. It follows from the convexity of ﬁ(z € I) at z, Remark 2 and Remark 4, one has

(f)E@) = (F)E@) = (V(f)k@), & — 2), and (£)E(2) — ()5 @) > (V(F)E(),5 - 2),
forall i € I and « € [0, 1]. Hence, combining the above inequalities, (6) and (7) leads us that

> M(a)(Vge(), & — 2)

teJo
= =3 (VL@ ~3) + (@) (V@) 5~ ) > 0.0 € 0.1] ®)

On the other hand, since & € S and g,(Z) = 0 for all ¢ € J,, for each o € [0, 1], we get ¢,(Z) < g.(Z), V¢t € J,, for
each o € [0, 1]. Therefore, by the convexity of g;(t € T') at Z, one concludes that for each o € [0, 1],

Z At(@)(Vge(z Z Ae(a 9:()) <0,
teda teda
which contradicts (8).
(ii) Arguing by contradiction, suppose that z is not a strongly efficient solution of (P). Then, there exists a
& € 8§\ {7} satisfying (f;)(2) = (f;)(Z),Vi € I, or equivalently,
(F)a(@) < (F)&(@) and (F)Z(@) < (F)&(2)
for all i € I and « € [0, 1]. The above inequalities along with the fact that, for each i € I, £&, ¢F are nonnegative
real-valued functions in [0, 1] with Y (¢#(a) + £f(a)) = 1 forall o € [0, 1] deduces that
i€l

S (€@ — (k@) + €M@ EG) - (TR ) <0 ©)

iel
for all « € [0, 1]. It follows from the strong convexity of ﬁ(z €I)atz, & # z, Remark 2 and Remark 4 that for all
7 € I, it holds: _ _ _

(fi)a(@) = (fi)a(@) > (V(fi)& (@), & - 7),a € [0,1]

(fi)a (@) = (f)i(@) > (V(f)i(x),& — 7),a € [0,1].
Hence, the above inequality, (6) and (8) tell us that, for each « € [0, 1],

> M(a)(Vgi(T), 2 — T)

teJa
==Y (F@V(DE@),e - ) + F@VIE @, -2)) >0, (10)
i€l

On the other hand, since & € S and ¢,(z) = 0 for all ¢ € J,, for each a € [0, 1], one yields g¢(%) < ¢:(Z),Vt € J,
for each « € [0, 1]. By invoking the convexity of ¢;(t € T') at T, one has

> Mla)(Va(z <) Nila 9:(%)) <0,

te€Ja teJo

contradicting with (10). ]
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Example 6
Let f1, f2 : R™ — F¢(R) be defined respectively by

fi(@) = Ty 7 (—4, -3, -2) X (A0yy 7 (—4, -3, -2))

I_(i{x2}:i:(_57 _47 _2));(T{x2}l(_57 _47 _2));

falw) = (fIV{xl}:F (—; -3, —2>> X <f{11}4~— (—;—3, —2>>

Consider the following problem (P)
min(fi(2), fa(x))
S.t. gt( )—6-t$1+(t—1)$2 <0, teT= [0,1]
Then, S = {z € R? |6 — 22 < 0,6 — 21 < 0} = [6, +0) X [6,+00) and

and

(1)a(@) = [(@1 =4+ 0)* + (22 = 5+ @)%, (21 — 2 — @)” + (w3 — 2 — 20)°),

2
(f2)a(z) = l<x1 - g + ;a) +(z2 —5+a)? (z1 — 2 —a)® + (22 —2—204)2] .

Hence, _
V(f1)a(x) = 2(z1 — 4+ @),2(z5 — 5+ @),

(fl) () = (2(z1 — 2 — @), 2(z2 — 2 — 20)),

:< < Ty a) 2(x2—5+a)>,

V() (z) = 2(x1 — 2 — @), 2(z2 — 2 — 2)).
Letz = (6,6) € S. Since, Vx € S,

(F)a(@) = [(z1 — 4+ a)? + (23 — 5+ )%, (21 — 2 — @)% + (22 — 2 — 20)?]

Zin (1)a(@) = [2+0) + (1+0)% (4—a)* + (4 - 20)7),

2
(f2)a(z) = l(xl - ; + ;CM) +(r2—5+a) (z1—2—a) +(z2—2— 20[)2‘|

235 (f2)a(@) =

(; + ;a) +(1+a) (4 —a)+ —W] ,

for all & € [0, 1], one has, forall x € S,

ie.. 7 € WE(P,3). By some calculations, we have
V(f)E@) = 22+ @), 21+ @), V(f)E(z) = (2(4 - a),2(4 - 2a)),
V(f2)L(z) = (2 (; + ;a> 201+ a)) V(R2)E(@) = (2(4 — a),2(4 - 2a)),
T(S,7) =R2,T(7) = T, V(%) = (—t,t — 1),
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U Vgt = xER ‘l‘l—‘rxg —1, 21 SO,J?QSO},
teT (z)
teT () teT (z)

is a closed set. Hence, (ACQ) holds at z and all assumptions in Proposition 3 are satisfied. Now, let @L, {ZR :[0,1] —
Ry(:=1,2)and )\ : [0,1] — R be defined by

(@) = 5.€00) = 0va € [0,1],

§2L(a) = 0,§§(a) = % Vo € 10,1],

_f 2(4+aq), ift=2,
Ar(er) = { 0, otherwise, Va € [0,1].

Then, the functions ¢F ¢R(i=1,2) are nonnegative real-valued functions defined on [0,1] with
2
Z (¢F(a) + &Y () = 1forall a € [0,1] and XA = (A\)¢er € A(Z). Moreover, for all a € [0, 1],

z@L V(L) + ER@)V(FIE@)) + X Nle) V(@)

teT

- % 22+ a), 2(1+a))+0+0+;(2(4_a),2(4_2a))+2(4+a)~(—g’—§>
2+ ) +24 a) 8(1+a)+2(4 - 2a) -

- < , 5 ) P, <575>

_ <24—|E:60¢’1645-40‘) +2(4+a).<—‘;’,—§) = (0,0),

i.e., the conclusion of Proposition 3 is fulfilled. N
On the other hand, we can verify that (f;)%, (fi)%(i =1,2) are convex at = (6,6) for all a € [0,1] and
g:(t € T') are convex at Z. Hence, all assumptions in Proposition 4 (i) hold. Then, it follows that z € W E(P, 3).

Furthermore, (f;)%, (f;)E(i = 1,2) are also strictly convex at Z = 0. Thus, we deduce from Proposition 4 (ii) that
T € SE(P,1).

4. Conclusions

In this paper, the Karush-Kuhn-Tucker necessary and sufficient optimality conditions for semi-infinite
programming with multiple fuzzy-valued objective functions are investigated. The outcome of the paper extends
the results in [31, 32] from optimization problems with multiple fuzzy-valued objective functions to semi-infinite
programming problems with multiple fuzzy-valued objective functions. In the case that 7" is a finite set, the main
results in the paper are also new since the necessary optimality conditions were not investigated in [31, 32].
Moreover, our approach in this paper is different from that of [18, 19]. Considering the optimality conditions
for fuzzy semi-infinite programming problems with nonsmooth functions by using g H-derivatives [18, 19, 23] or
generalized subdifferentials could be an interesting subject for the future research.
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