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Abstract In this paper, we propose a new four-parameter lifetime distribution called modified generalized linear
exponential distribution. The proposed distribution is a modification of the generalized linear exponential distribution.
Several important lifetime distributions in reliability engineering and survival analysis are considered as special sub-models
including modified Weibull, Weibull, linear exponential and generalized linear exponential distributions, among others.
We study the mathematical and statistical properties of the proposed distribution including moments, moment generating
function, modes, and quantile. We then examine hazard rate, mean residual life, and variance residual life functions of the
distribution. A significant property of the new distribution is that it can have a bathtub-shaped, which is very flexible for
modeling reliability data. The four unknown parameters of the proposed model are estimated by the maximum likelihood.
Finally, two practical real data sets are applied to show that the proposed distribution provides a superior fit than the other
sub-models and some well-known distributions.
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1. Introduction

The quality of procedures utilized in statistical analysis fundamentally relies upon the proposed lifetime
distribution. Subsequently, the bigger the available lifetime distributions accessible to the statistician, the simpler
it is to select a model. Since the available lifetime distributions are incompatible or fit weakly with data of
many important problems in engineering, medicine, and more other topics. Therefore, the generalization of the
available distributions become an urgent requirement because of their flexible properties. So, many researchers have
proposed various extensions, exponentiated and modified forms of Weibull distribution (WD) and with number of
parameters [[1]-[2]]. Several techniques for generalizing the available lifetime distributions are used by several
authors . One of these important techniques known as modified distribution by adding one or more parameters to a
baseline distribution and was first proposed by [3]. They proposed a new generalization for WD by multiplying its
cumulative hazard rate (HR) by exponential function and known as modified Weibull distribution (MWD).

The linear exponential distribution (LED), which was first proposed by [4], has just an increasing HR and notable
for fitting lifetime data in reliability analysis. So, many authors were interested in generalizing this distribution to
get a flexible model with decreasing, unimodal, and bathtub HR function. The extension of LED, which called as
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232 MODIFIED GENERALIZED LINEAR EXPONENTIAL DISTRIBUTION

Marshall-Olkin linear failure rate distribution (M-OLFRD) was studied by [5]. [6] studied the generalized linear
failure rate distribution (ELFRD) and demonstrated that the HR can be increasing, decreasing and bathtub shaped.
The transmuted linear failure rate distribution (TLFRD) with increasing, decreasing, unimodal and bathtub HR
shaped was introduced by [7]. The Beta linear failure rate distribution (BLFRD), which was introduced by [8],
can have a constant, decreasing, increasing and bathtub-shaped HR functions. Another generalization of LED was
called the generalized linear exponential distribution (GLED) and was proposed first by [9]. Several authors [[10],
[117, [12] and [13]] have considered the generalization for the generalized linear exponential distribution (GLED).

This article attempts to propose a new lifetime distribution with four parameters, called modified generalized
linear exponential distribution (MGLED). The proposed distribution is of significance since it includes many sub-
models such as GLED, MWD, WD, LED, Rayleigh distribution (RD) and exponential distribution (ED). Also, it
provides a new opportunity in modeling the different characteristics of lifetime data sets. Some statistical properties
and the properties in terms of reliability analysis for MGLED are studied. Furthermore, while studying paper [14],
we found a mistake in Section 4. So, we attempt to discuss this mistake in Section 3 and introduce a numerical
study for this purpose. The new distribution gives a reasonable parametric fit for modeling data with bathtub
failure rates, which are very useful in modeling reliability analysis. We hope that the proposed distribution will
attract many applications in different branches of science, engineering, biology, and others. The remainder of the
article is organized into seven sections. Section 2 introduces some statistical functions of MGLED. The correction
of the formula of the moments of MWD, which proposed first in [14], is studied in Section 3. Section 4 derives
some important statistical properties. Properties of the MGLED in terms of reliability analysis are given in Section
5. Section 6 describes parameters estimation by maximum likelihood estimation (MLE). Two applications to real
data are presented in Section 7.

2. Modified Generalized Linear Exponential Distribution
For a non-negative random variable X, the cumulative distribution function (cdf) of GLED is given by
F(zie,b,&)=1— e o352 ¢ h>0, >0, 2> 0. (1)

Same to the idea in [3], the cumulative HR of GLED (c y + 2y?)¢ is multiplied by the term e#(° ¥+3%°) in order

to obtain the MGLED. The term takes this form to perform the convergent condition for Lambert W function as
shown in Section 4. Then the cdf of the MGLED with parameter vector ® = (¢, b, £, ) is given by

. _ —(c a+La?)f ele e+Ba?)

F(z;@)=1-—¢ 2 , ¢, b>0,& >0, x>0, 2)

where the parameters ¢ and b affect the scale of the distribution, the parameter ¢ affect the shape of distribution, and

the parameter ¢ is an acceleration parameter. The probability density function (pdf), the survival and HR functions
of MGLED are given by:

f@;®) = (c+ba)(ca+ gm?)if1 (5 Yolcat g:ﬁ))
x ePleatha?) o=(ca+ha®)f Pl THED 3)
S(t: @) = (e tHp)E e TED >0, )
and
h(t;®) = (c+bt) (ct+ gﬁ)f*l (5 +(ct+ gt2)) ePlet+3t?) 6)
respectively.
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Table | indicates a list of distributions that can be derived from MGLED. Some possible shapes for the pdf and
the corresponding hazard functions of MGLED are exhibited in Figure 1. Based on different values of parameters,
the pdf of MGLED can be decreasing and unimodal while the HR function is decreasing, increasing and bathtub
shape.

Table 1. The sub-models from the MGLED

Distribution ¢ b & o odf Reforonce
3
GLED - - -0 1— e (c x+312) [9]
LED - - 100 1= e (earss?) [4]
MWD -0 - 1 1 — g—(em)fesc® ;3]
WD - 0 - 0 1 _ efc z¢ [15]
KD 0 - 10 1= e’ [4]
ED - O 1 O 1 _ e—c x [4]
. cat a2
NMLED | I (c x+§gg2) e“’( 2 ) New
eb
NMRD 0 - 1 - 1 _ 67%1:2 e 2 2 NCW
NMED - 0 1 _ 1 ecx erc T New

c=1,b=3,=0.8,p=2

— == == c=1,b=3,§=1,¢=0.5
—— === c=1,b=3,8=1,022
c=1,b=3,=1.5,=0.5

— === =1,b=3,§20.2,9=02

h(x;®)

. . 2

Figure 1. (a) pdfs and (b) corresponding hazard rate functions of MGLED with different values of parameters.

3. Correction of the Formula for the Moments of MWD
In this section, the correction of the formula for the r-th moments of MWD provided in [14] are studied and a
numerical study is used to show that our correction formula is precise. For this purpose, three formulae for r-th

moments of MWD are presented. All notations and symbols in this section are taken from [14].
Formula I: Numerical integration for original definition of r-th moment of MWD.

/J/(T) — / at’ t’Y—l e)xt (’}/+ A t)e—a tY et dt.
0
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234 MODIFIED GENERALIZED LINEAR EXPONENTIAL DISTRIBUTION

Formula II: The correction of the formula given in [14], after taking into consideration the condition of convergent,

is given by
= 1 K Sy Sy v
D D N = P 1) -1 (7)
H i1yeeesin <a> l <’)/ + ~ + 1, e )

i1,.eip=1

where A;, ;. and s, are given on page 453 of [14]. The proof for this formula can be shown in Appendix A.

Formula III: The formula of the r-th moments given at the end of Page 454 of [14] which is given by

(r) — E A . = r{2xa+1).
14 ULyeeey Tr (O[) (7 + )

i1, ir=1

Table 2 shows that Formula III cannot be given the r-th moments of MWD without any restriction on the
parameters which is a contradiction with Lines 10 and 11 Page 454 in [14]. The values of Formula II are more
close to the value of Formula I than Formula III. The (-) in Table 2 indicates that the output from Formula III is
divergent. From the above, it is clear that Formulae II is more accurate than Formula III which proposed by [14].

Table 2. Comparison for Formulae (I, II and III) of the first two moments of MWD under various values of parameters.

Formula ~y=5 ~=6

r=1
A=1 a=1 1 0.7802 0.8074
1I 0.7802 0.8074
111 - -
a=1.5 1 0.7274 0.7607
1I 0.7274  0.7607
111 - -
r=2
A=1 a=1 1 0.6335 0.6715
1I 0.6335 0.6715
111 - -
a=2 1 0.4985 0.5478
1I 0.4985 0.5478
111 - -

4. Statistical Properties

This section deals with the statistical properties of MGLED such as moment, moment generating function,
quantiles, and mode.

4.1. Moments

In the following theorem, an explicit forms of the k-th moments of MGLED are given.

Theorem 1
Let X be a non-negative continuous random variable. Then the k-th moments 1(*) of MGLED; k = 1,2,3, ... are
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given by
Z] OZm OEZ 0 ]m Z(m)’Y(AllﬂTHu) +
k—j—2m
Zj:O Zm:O Zi:O J,m l(%)
/i(k) _ X (7( Blm-,,mw) —7( Bli’j,m,u> ) w > u; (6)
ZJ 0 o> Ajm i(m)*y(Ali7m,w)> w < U.
where S NP fimti PRy (553 oz o m p(htii2m)
Ajom = (1Y (5) C27) (DF ()™ Al = 5575, B = (1) (5) () 277 7 @2 m om0
. . 2
Bl jm = W, (., .) is the lower incomplete gamma function, u = (;ib)f e (53),
42 .
w= ()5 do(p) = o dilp) = 7l iy (1) = i+1) @ dicyanda; = 4 (4 1)6D (£)1
Proof 1
The k-th moments of MGLED can be written in the form
° b b
pk = / ¥ (c+bx) (ca+ 53:2)5*1 (§+cp (cx+ §x2)>
0
x eflc z+52?) e (e a+5a?)s el s+ ge?) de. )

Upon using the substitution v = (¢ x + 222)¢ e#(c #+37%) it can be shown that (¢ = + 82%) = 327 a; v € (see

it+1

c+\/c2+2 b Z;’OOaZ v €

[14]) and T = . Here, it is easy to show that the condition of convergence of this sum is
v < ( ~)¢. Then the k-th moments of MGLED are given by

+1

(), —c+ \/02+2b a; v k
/J(k) :/ ( 5 ZZ 0 ) e Y dv.
0

—c+\/c2+2 b >0, ai ’uing
Expanding ( T ) k yields,

) o e Y dv.

2

<k>_/ Z(>_ '(c+2bza2

o2
It is clear that <lifu> (Qib)& e¥ (5%)

- N oo (£5) c
<lifv<(FH)e 2b,and’2bzm z:
i=0 @i U

—bzloazvﬁ

Then, by binomial expansion, (*) can be written as

1

k J—
o Teeo Aim o (CiZpar vy e dv
k i —j—2m
/J'(k) — +Zj:o Zm:o j,m f i= Oaz € ) 2 e " d’U, w > Uu,
k o0 Hlm o~
Ej:o Zm:O 7,m fo i= 0 a; v g ) e d'U, w < U.
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k—j—2m
— =z 2 itk—j—2 m

Since ( Z;ioai UiJErl) : _ZZ od k 322m) v 7¢ and ( ZZoai vE ) -
Yooy di(m) vE (see [16], page 17), u¥) can be presented as

k %) L+7n v
2= ozmo jm di(m) 5 v e ffak ,
p*) = +Z] 0 2m=0 Bijm d; ("= Jzzm) f:” 2e e dv, w>wu;
Z?:o Sy Ajm di(m) [ v e dv, w < U.
Then the proof is completed.
Remark 1

When ¢ = 0, Equation (6) reduces to the k-moment of GLED (see [17]).

4.2. Moment Generating Function

In this subsection, the explicit form of the moment generating function of MGLED is given. Let X be a non-negative
continuous random variable. Then the moment generating function of MGLED M x (t); ¢t > 0 is given by

Z] Ozm Ozn OZzO jmndl() (Alfvw )+
Z] Ozm OZn OZzO j,mn

Mx(t) = dl(#) ( (Bljjmww) (Bl*’jmmu> ) w > u;

Z] OZm OZn 0210 ],mnd’i() (Alj'rw )’ w < U.

where i _ L iem
A= () (37 (5907 55 () ALy, = S5 B, = (o™ () (5) GY 5 20)=

_ 2442 &+j—m—2
and B17 . = 5

—
l\)‘n

RN
~
3

4.3. Mode and Quantile

The mode and the quantile are presented in this section. The first derivative with respet to (w.r.t) x of the pdf for
MGLED is given by

d
%f(x;‘l)) = f(z;®) p1(x; D),
where
) b (6 —1)(c+bux)
E+y(catsa?)) ctbe (co+a?)

p1(z; @) = go(c—i—b:r)(l
olc z+La?) b 2\¢—1 b 2
—e 2 (cx+§x) (c+bx)<§+g0(cx+§a: ))

It is clear that the mode of MGLED is the solution of the non-linear equation p; (z; ®) = 0 since f(z;®) > 0. The
non-linear equation p; (x; ®) = 0 can be solved numerically. Moreover, the quantile of MGLED can be given by

it+1

—c+1/A+2b > 72 a; (—In(l—q))
b )
Then the median of the MGLED is obtained by setting ¢ = 0.5 in Equation (8) as

- 0<g<L. (®)
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it1
£

—c+ \/02+2b Soegai (In2)
b

(€))

Zo.5 =

Remark 2
For ¢ = 0, Equation (8) reduces to

—o+¢é+2b@4ﬂ1—@ﬁ
b )

0<g<l, (10

Iq:

which is the quantile of GLED.

Table 3 shows the first four ordinary moments, mode, median, skewness and kurtosis of the MGLED for different
values of ¢, b, £ and .

Table 3. The first four ordinary moments, mode, median, skewness and kurtosis of the MGLED for different parameters.

parameters Mean /fg ;/3 u; mode median skewness kurtosis

c=150=0.1 0489 0272 0.1657 0.1081 0.4918 0.4731 0.0707 2.6136
£=25 ¢=05

c=15b=05 04586 02367 0.1328 0.0793 04712 04472 -0.0139  2.5975
£=25 =05

c=15b=15 04065 0.1831 0.0887 0.0454 0.4275 0.4004 -0.1317  2.6281
£=25 ¢=05

c=150b=3 03578 1402 0.0586 0.0257 0.3807 0.3547 -0.2189  2.6915
£=25 ¢=05

c=0.1b=15 009137 08742 0.8672 0.886 0.9726 09159 -0.4576 3.075
£€=25 ¢=05

c=05b=15 07023 05278 04169 0.3424 0.7529 0.7021 -0.3705  2.8931
£=25 ¢=05

c=3b=15 02336 0.0616 0.0177 0.0054 0.2388 0.2273  0.0087 2.5987
£=2.5 =05

c=15b=15 03644 0.1643 0.084 0.0469 0.352 0.3743 0.213 2472
£€=15 ¢=0.5

c=150b=15 04313 0.1977 0.0948 0.0472 04576 0.4133 -0.3339  2.8846
£=35 ¢=05

c=15b=15 04527 02311 0.1283 0.076  0.4613 0.4404 0.017 2.62
£€=25 ¢=0.1

c=15b=15 03657 0.1463 0.0624 0.0279 0.3912 0.3631 0.2439 2.695
£=25 ¢p=1

5. Properties of the MGLED in Terms of Reliability Analysis

In this section, some properties of the MGLED, which is important in reliability analysis, are studied. In particular,
the behavior for HR, mean residual life (MRL), and variance residual life (VRL) are discussed.

5.1. Behavior of Hazard Rate Function

The behavior of the HR h(¢; ®) for MGLED is introduced in the following theorem.

Theorem 2
Forc> 0and b > 0,
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238 MODIFIED GENERALIZED LINEAR EXPONENTIAL DISTRIBUTION

0<p< 2:25 and t <>ty (see Figure 2(a))or
w> 20# and t <> t4 (see Figure 2(b)).
2. MGLED has increasing HRif € > 1, o > 0 and ¢ > 0 (see Figure 2 (¢)),

1. MGLED has a bathtub HR if 0 < £ < 1,

where to and t4 given in the proof.

— 14 : ; -
/ i ! / /
c=1,b=5,£=0.2,0=0.5 7 /I’ c=1b=2,8=01,0=1 | // ’
12f / W 12 / / ’
= = = c21,b=3,620.4,0205 Py = = = c=1,b=2,420,922 / / /
v i ! /
=== = - C=2b=5,§=0.4,9=03 / 2NN I | - c=1,622,=0.1,9=0; !
10F §=0.4,p=C , / 10 =09 IA 0 /
c=1,b=3,602,9=0.8 ’ c=1,b=z§=o.z,a;!1 3 F4 /
7 / /
7 4
P === —- c0sb=a01,0:08 — = = == c=15b=0.014:03,9=15 4
8 8 =019 P a 8 / =15 ,
o , A , /
2 . ) . "
= 2 =
6 4 6 L
4F o 4
2 N - 2f ST -7
0 " " " " " ole " " " " "
0 0
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) x (b) x

— cetbet g9=2

©=0.5,b=2,=1,9=4

a | o003, =192
X
<
4
2 /
Lo
0 s=z=ZizorcT . .
0.0 0.1 0.2 0.3 0.4 0.5
(© s

Figure 2. The various shapes of the hazard function of the MGLED.

Proof 2

The first derivative of h(¢; @) can be obtained as
d (ct+ 2t?)¢ b2
—h(t;®) = s ——2—— e () p(1 @
a6 = pp e © U p( ),

where
pt;®) = 2P +2bct+23)+°t* (bt+c)* (bt+20)?
+48 (bt+c)® + pt(bt+2c)(4¢bt+c)>+bt(bt+2c)).

Upon using the package Reduce in Mathematicall for solving p(t; &) =<> 0, where ¢, and ¢4 are the second
and the fourth roots of the equation of the sixth degree (p(t; ) = 0), then the result is satisfied.

5.2. Behavior of Mean Residual Life

Let Q; = (X — t)|(X > t) be the residual lifetime which plays an important role in reliability theory. Then the
MRL of a non-negative continuous random variable T is defined as

m(t.9) = BR8] = e [ @0 f@i0) da, (1)

where F[();; @] is the expectation of the residual lifetime.
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Theorem 3
Using the Equations (3), (4) and (11), the explicit forms for MRL of MGLED are given by:

— S 5 (e = S(1) +§ 0%, (2) (B2) di))
Y(Digyu) = ¥(Dig, ~1og S®) ) + Y2 X320 2520 (1) (557 dilh = )

V(Gij,w) — 'Y(Gi,jau)> ] : —log S(t) < u < w;

PSRN

1

E0] l —tS() +§ (7 = S() +§ 2o 255, (2) (B2) dil)

(’Y(Di,jvw)_'Y(Di,jz_IOgS(t))) ]a w < u;

1

sty | £SO+ § (€7 = S0) + FETE T (2) (557 di(g — )

(V(Givﬂ" w) = 7(Gi 3, —log S(t))) ] u < —log S(t),
where D; ; = % and G, ; = %Jg%ﬂ
Proof 3

To derive the previous explicit form of the MRL for MGLED, the integral ftoo x f(x; ®) dr must be calculated (see
Appendix B).

On the other hand, as in [18], Equation (11) can be rewritten as
m(t; @) = / e JITT ) dt g (12)
t

From Equation (12), it is clear that m(¢; ®) of MGLED is unimodal for the first case in Theorem 2 and decreasing
for the second case in the same theorem.

5.3. Behavior of the Variance of Residual Life

In this subsection, the variance of random variable (r.v.) 2, and their monotonic and non-monotonic properties are
studied. The VRL can be defined as

Var(Qs®) = B((X = t)2|X > ) — [B(X — X > 1)’

E(X*|X 2 t) - [B(X|X > t)]?

2
<y [ @) > f(x;9)
/t z? S(D) dx(/t xS(t;q)) dx) ) (13)

where Var(§; @) is the variance of the residual lifetime.

Theorem 4
Let T be a non-negative continuous r.v., then the explicit forms for VRL of MGLED are given by:
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S%t)[%(; (S(t)fe’w)Jr%Zl 0 @i ( (D;,w) — 'y(Di,flogS(t))>
—35 Y20 (2) (32 i) (1(Digyu) = A(Diy—1og S(1))

1

20020 () ()7 dih >(7<Gi,j,w>—v<ci,j,u>)]

—<bV[§®W—S@D+Ziﬁ$Zﬁn@)%Vd<>((&ww
~U(Digy —log (1)) + Y2 20 Y52, () (55) dilt )

(’Y(Gi,jaw) = (G, U)) ] —log S(t) < u < w;

bliﬁz (S() = ™) + 3T ai (A(Diw) = 1(Di, ~og S(1)))

|
g
TS
o
i\
28

1) (22) di(j) (A(Dijsw) = (D, ~og S(1))) ]
—<%t>>2[z(e‘w —S@) 45 e S50 () (22 dily)

2
(1(Disw) = 2(Dij,~log (¢ )))] w <

}Q[QSZ(S() )+ 3% ai (1(Dsyw) = A(Di,~log S(1)))

~2eyBE S 5 (1) (55) dilh — ) (9(Gigow) = Gy, ~ log S(1)) ]

~(s0)° [ § (e =S+ Y 20 (3) (55) di3 —d)

2
(V(Gi,j,w) = (G, *IOgS(t))) 1 u < —log S(t),

i+E+1

where D; ; and G; ; are given in the previous theorem and D; = ;

Proof 4
To derive the previous explicit form of the VRL for MGLED, the integrals ftoo x f(x; ®) dr and ftoo 22 f(x; @) da
must be calculated (see Appendix B).

To study the behavior of VRL for MGLED, it is important to study the following relations (see [19], [20]):
2 oo
Var(Qy; ®) — m(t, ®)? = S(t;fb)/t S(x; @) [m(z, ®) — m(t, ®)] da, (14)

and

OV ar (4 ) = h(t; ) m(t; ®)? [ (15)

Var(Qy; @) 1}
ot '

m(t; D)2
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Remark 3
Since x > t, the following properties for VRL are satisfied:

* Upon using the Equation (15), one can show that Var(Qy; ®) is increasing if Var(Q; ®) > m(t; ®)?,
furthermore, it is obvious from Equation (14) that Var(Q; ®) > m(t; ®)? if and only if m(¢; ®) is increasing.

* Upon using the Equation (15), one can show that Var(Qy; ®) is decreasing if Var(Qy; ®) < m(t; ®)2,
furthermore, it is obvious from Equation (14) that Var(Q;®) < m(t;®)? if and only if m(¢;®) is
decreasing.

From Remark 3, it is obvious that the VRL is a unimodal for MGLED given that the MRL for MGLED is a
unimodal and is a decreasing for MGLED given that the MRL for MGLED is a decreasing.
6. Maximum Likelihood Estimation

MLE is probably the most widely used method of estimation in statistics. Suppose that z1, ..., z,. be an independent
random sample of size r from MGLED. From Equation (3), the log-likelihood function can be obtained as

b
- —Z st rem) e ot 130 Loty ey
i=1

+(E-1 Zlog<9x +cxz) —i—Zlog (bx; +c)

i=1
+Zlog(§+gp( x5 —|—cxl)). (16)

By taking the first derivative ({5 (D) = %) of Equation (16) w.r.t. ¢, b, £ and ¢ we get

T T £—-1
_ (e _ (L e .

i=1

3
e# (3 baitem) 4 Y x; (; bl + cxi> e (3 bafte “’i))

s

(€ — Dy 1
Iz 17
" lb$2+0$i+zb$i+c+zwx 17
i=1 2 % i=1 o1
- px - -1
Eb(q)) = i _ 51‘ < b +Cx>
z=12(<'0 (%bx12+cxz)+f) ; v
1
ew(zbzf+czl)+2¢xl< bxf—i—cmZ) e ( ba:+ca:)>
- ({—1)552 - T 1 2
l 2 i 18
+ZZ:;?(%bxﬂcaci)+1Z:;l>acz-+c+l_:129“% (18)

R 1
s (30t ren )+ X Sy e (19)
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and

1bx2+ca:i

r 41
1
() = —E —bal+cuay 3 baftew;) +§ i
AP , (2 ' ) — o (30a}+cw)+¢€

+Z< b 2 +ms> (20)

6.1. The Parameters c, b, and ¢ are Known

The normal equation £¢ (®) = 0 can be written as

LSl (bt em) ettt iog (4 a7 4 ) - S log (4 o7+ a1

€ +1

2y

It is clear that the first derivative of the right-side hand (¥;(¢)) of Equation (21) w.r.t. £ is always positive. This
means that the ¥4 (£) is an increasing function. Then by graphical method [21], the MLE of £ exists and unique.

6.2. The Parameters c, b, and £ are Known

The normal equation ¢, (®) = 0 can be written as

_ Y (gt xi)EH (8 witen) Yo (327 +cmi)
- b 2 :
@ ro__jattem
2im1 (% 2:8?—&-0 zi)+5

| —

(22)

It is clear that the first derivative of the right-side hand (¥ ()) of Equation (22) w.r.t. ¢ is always positive. This
means that the W5 () is an increasing function. Then by graphical method [21], the MLE of ¢ exists and unique.

6.3. The Parameters c, b, &, and © are Unknown

The MLE & of ® is given by solving the four normal equations £,(®) = 0, £,(®) = 0, £¢(®) = 0, and £,(®) = 0.
These nonlinear equations cannot be solved analytically. So, these four nonlinear equations can be solved
numerically by employing FindRoot in software Wol framMathematicall.

6.4. Fisher Information Matrix

Since the computation of Fisher information matrix (given by taking the expectation of the second derivative of
Equation (16)) is very difficult, so, it seems appropriate to approximate these expected values by their MLEs. Then,
the asymptotic variance-covariance matrix is given as [see, [22]].

The normal equation ¢, (®) = 0 can be written as

VarA(é) C’ov(élb) Cov(Aé, g) Cov(?, ?)
1 Cov(lz7 ¢) Var(Ab)A Cov(b,Af) Cov(b,gbA) _
Cov(¢,¢)  Cou(&,b)  Var(§)  Cou(p,€)
Cov(p,é) Cov(p,b) Couv(p,&)  Var(p)
_gcc(q)) _£0b<®) _ch(q)) _ecw(q)) -
0(9) (@) —e(B) (0 (®) o)
—lee(®)  —Lep(P)  —lee(P) e (@) ’
_ch(q)) _gwb(q)) _&pf(q’) &PLP((I)) (2,5,€,8)

where (3,9, (P) = a<1> {) , 1,7 =1,2,3,4, see Appendix C. Accordingly, the asymptotic confidence intervals (CIs)
based on the asymptotic variance-covariance matrix for the parameters ¢, b, £, and ¢ are respectively given as:
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Var(b), éiz% Var(f), and ¢+ za/Var(p),

where z¢ is the percentile of the standard normal distribution with right tail probability 5. Since the parameters c,
b, &, and ¢ are positive, the log transformation, which was proposed by [23] is used to obtain the asymptotic Cls.
Then, these formulae can be given for the parameters ¢, b, £, and ¢ as:

¢+ zar/Var(é), btz

N
N3

za \/Var(d) :I:Z% VVar(b) iz%\/Vw(@ zg«/‘/a,r(@)
~ 2 ol —_— Iy —_————— ~ -2
¢et z , be 5 , Ee 3 , and ¢ et ¢ s

respectively.

7. Applications

In this section, two real data sets are presented for interpretative study. For every data set, we compare MGLED with
its sub-models (NMLED, GLED, MWD, WD, and LFRD) and also with the following well-known distributions
with bathtub hazard rates:

* The pdf of BLFRD is given by [8]

-1
fla) =G (1 - z+’—5w2>)£ o—(c o attga)

The pdf of Marshal-Olkin generalized linear exponential distribution (M-OGLED) is [12]

(e aib o€ _
f((E) _Epe (e atg2%) (¢ m+%z2)‘s L (ctb )
= > .
CFEED

The pdf of M-OLFRD is given by [5]

5 b2
p e (eatzen) (c+b z)

2
x4+ by
1-(1—p) e~ Ham)

fz) =
(

The pdf of Marshal-Olkin Weibull distribution (M-OWD) is given by [24]

fla) = Seee 2 en

= —
( 1—(1—¢p) e (e z)i)

The pdf of ELFRD is given by [6]

£—-1
flz) =& (c+bx) (1—6*(0 $+312)) 6*@&04»%22) .

The pdf of TLFRD is given by [7]
f(z)= (c+ba) (1 —p+20p e—(c x+%m2)£> e—(e z+522)¢ .

For identifying the shapes of hazard rate for given data sets, the scaled TTT transform plot is given as

Y @it (r—n) T
or(f) = == )

where n = 1,...,7 and x,., is the order statistics of the data (see [25]). Anderson Darling (A*), Cramér Von-
Mises (W*), and and Kolmogrov-Simnorov (K — S) tests are used for non-parametric test statistic. These tests are
defined as:

A=A (),
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W =Ww? (5 +1),

and

L — F(x)

Py - =52

r

K—Szmax(

respectively, where A% and W? are given by

A Z @ ( log ( F<xi)) +log ( 1 F(xr_i+1)> ) :

and

W2:L+i(F(xi)72;;1)2.

Furthermore, the Akaike information criterion (AIC), which is defined as AIC = -2 ¢+ 2 k (¢ is the log-
likelihood function and & is the number of parameters), the Bayesian information criterion (BIC), which is
defined as BIC = —2 ¢+ k log|r], the corrected Akaike information criterion (AICc), which is defined as

AICec=AIC + % and the Hannan-Quinn information criterion (HQIC), which is defined as HQIC =
—2 ¢+ 2 klog [log ()], are used to compare the candidate distributions for parametric test. All computations were

introduced by Wol fram Mathematicall.

7.1. Failure Data of Electronic Equipment

Consider the failure times of 107 units for a piece of electronic equipment reported by [26]. The data are:1.0, 1.2,
1.3,2.0,24,2.9,3.0,3.1,3.3,3.8,4.3,4.6,4.7,4.8,5.2,54,59,6.4,6.8,6.9,7.2,79,8.3,8.7,9.2,9.8,10.2, 10.4,
11.9,13.8,14.4,15.6,16.2,17.0, 17.5, 19.2, 28.1, 28.2, 29.0, 29.9, 30.6, 32.4, 33.0, 35, 35.3, 36.1, 40.1,42.8, 43.7,
445, 504, 51.2, 52.0, 53.3, 54.2, 55.6, 56.4, 58.3, 60.2, 63.7, 64.6, 65.3, 66.2, 70.1, 71.0, 75.1, 75.6, 78.4, 79.2,
84.1, 86.0, 87.9, 88.4, 89.9, 90.8, 91.1, 91.5, 92.1, 97.9, 100.8, 102.6, 103.2, 104.0, 104.3, 105.0, 105.8, 106.5,
110.7, 112.6, 113.5, 114.8, 115.1, 117.4, 118.3, 119.7, 120.6, 121.0, 122.9, 123.3, 124.5, 125.8, 126.6, 127.7,
128.4, 129.2, 129.5, 129.9. This data will be used after dividing each failure times by 1000. The TTT plot shows
that the hazard rate of this data has first a convex shape and then a concave shape, indicating a bathtub-shaped
hazard rate function as shown in Figure 3 (a).

The numerical values of the non-parametric and parametric tests based on MLEs of all comparison distributions
are summarized in Table 4 for this data. Based on P-Value associated to K-S test, one can show that the all
distributions are in specific form at a level of significance o = 0.05 except NMLED, LFRD, M-OLFRD, and
TLFRD for the failure data of electronic equipment. It is obvious from Table 4 that the MGLED fits this data
better than other distributions because it has the lowest value based on A*, W* AIC, AICc¢, BIC, and HQIC.
The graphical method of £ and ¥, (&) based on Equation (21) can be shown in Figure 4 (a) for this data. Also, the
graphical method of ¢ and W5 () based on Equation (22) can be shown in Figures 4 (b) for this data. Figure (5)
represents the profiles of log-likelihood function for all parameters based on first data.

The asymptotic variance-covariance matrix based on the ML estimates for this data is given by

3.31761 4.9163 0.1394  —0.9091
4.9163 2363.79  —0.0137 —37.7665
0.1394 —-0.0137  0.0092  —0.0351
—0.9091 —-37.7665 —0.0351  0.8274

It=

Thus, the approximate 95% Cls for ¢, b, £ and ¢ are respectively given by [1.12913, 9.73166], [12.784, 290.953],
[0.377707, 0.762618], and [0.269678, 5.30927].
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Figure 3. Scaled TTT transform of (a) Failure data of electronic equipment. (b) Aarset data.
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Figure 4. (a) Plot of the % and ¥ (§) functions for the power transformer data and (b) Plot of the % and ¥4 (y) functions for
failure data of electronic equipment.
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Figure 5. The profile of log-likelihood function of all parameters for the Failure data of electronic equipment .

7.2. Aarset Data

Consider the following data set from [25] consisting of 50 observations of failure times for 50 items which are
tested to failure. This data has been analysed by many other authors [[1], [10], [27], [28], and [2]]. This data will
be used after dividing each failure times by 100. Furthermore, the TTT plot shows that the hazard rate of this data
is bathtub as shown in Figure 3 (b).

The numerical values of the non-parametric and parametric tests based on ML estimates of all comparison
distributions are summarized in Table 5 for this data. Based on P-Value associated to K-S test, one can show that
the all distributions are in specific form at a level of significance o = 0.05 except WD for the Aarset data. It is
obvious from Table 5 that the MGLED fits this data better than other distributions because it has the lowest value
based on A*, W* AIC, AICc, BIC, and HQIC'. The graphical method of £ and ¥ (§) based on Equation (21) can
be shown in Figure 6 (a) for this data. Also, the graphical method of ¢ and W5 () based on Equation (22) can be
shown in Figures 6 (b) for this data. Figure (7) represents the profiles of log-likelihood function for all parameters
based on this data. The estimated hazard rate function of the failure data of electronic equipment and Aarset data
are displayed in Figure (8).

The asymptotic variance-covariance matrix based on the ML estimates for this data is given by

0.0052 0.0080 0.0080 —0.6794
0.0080 0.1698 0.0153  —7.1688
0.0080 0.0153 0.0147 —1.1291
—0.6794 —7.1688 —1.1291 328.503

=

Thus, the approximate 95% Cls for ¢, b, £ and ¢ are respectively given by [-0.116022, 0.167255], [-0.513824,
1.10134],[0.07301, 0.548497], and [-23.9343, 47.1143]. The approximate 95% Cls based on the log transformation
method for ¢, b, £ and ¢ are respectively given by [0.000101676, 6.4539], [0.0187952, 4.59122], [0.144596,
0.667845], and [0.540669, 248.447].
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Figure 6. (a) Plot of the % and Uy (&) functions for the failure test data and (b) Plot of the % and Wy () functions for Aarset
data.
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Figure 8. The hazard rate plots of the failure data of electronic equipment and Aarset data.

8. Conclusions

This paper introduced a new lifetime distribution known as MGLED. The new distribution has sub-models like
GLED, MWD, LED and WD which are widely used in the lifetime literature. The MGLED has a bathtub and
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increasing HR function. It was useful to model lifetime with a bathtub-shaped HR function. Some mathematical
properties were provided in explicit forms such as moments, moment generating function, and quantiles for
MGLED. Furthermore, the explicit forms of MRL and VRL were given and the behavior of their shapes were
also studied. The disadvantage of these explicit expressions was that cannot be given for any parameter values and
they need modern computer resources to calculate the numeric values of them. The applications of MGLED to two
real data sets were given to show that it may engage wider in reliability engineering. Upon using the parametric
and non-parametric test, the MGLED has a competitive advantage in modeling lifetime data.

Acknowledgment

All calculations were performed on the High-Performance Computer (HPC) maintained by Computational
Chemistry Laboratory, Faculty of Science, Minia University, Egypt. This HPC was funded through grants from
the Science and Technology Development Fund, STDF, Egypt (Grants No. 5480 & 7972).

The authors are grateful to the referees and the editor for giving their helpful suggestions in improving this
paper.

Appendices

A. Correction of the Formula for the Moments of MWD

All notations and symbols in this section are taken from [14]. To get Formula II, it is easy to show that the r-th
moments of the MWD can be written as

M(T) :/ at’ t’)’—l e)\t ('Y + A t) e~ tY et dt.
0

Upon using the substitution = = ¢7 e**, it is clear that t = Yooy ai 27 and a; is given by Equation (7) on page 453
of [14]. It is clear that the r-th moments of the MWD under the convergence condition become

~

(=) 1.
p = / a (Z a; x7)" e~ dx,
0

But

as in [14]. So, (") can be written as

oo ( .
pl) = Z A,‘hm,“/ a xv e “Tdr.
; 0

U1 yeeytp=1
Then, the result is satisfied.
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B. Proofs

B.1. Constructing the formula for the moment generating function of MGLED

The moment generating function of MGLED can be written as
(o)
Mx(t) = / et f(x; @) do
0

Making use of v = (¢ + & 22)8 ¢# (¢ 743 #°) and ¢! © = > @ ’j—J,, yield

0o [*5

)soo i —c—l—\/cQ—i—Zbeioaiv
.|(

J
5 ) e Y dv.

It is clear that

i+1

(—c—l— \/02+2b Segaiv
b

e (02 +20b Zai v

i >j: ;
) =7 =) -

=0 2+2b Z;’EO a; v
b i (=)™ (o)™ < ) (420 Zal )
m=0

.. i+l . .2 )
Also, it is easy to show that |22 > a; v¢ | <1if v < (;—2)5 e? (53) and |%| <1if v>
2b > jaiv €

02 . . . .
(2%)5 e# (3%). Then, by binomial expansion, Mx (t) can be written as

ZJ OZm OZn OZI 0 J,’mn z(n fO j e~V dv
* Z]:O Zm:O Z”ZO Zz:O j m,n dz(w)

2 i+j—m—2n

Mx(t) = f: v zeE eV dv, w > u

itn

Z] OZm OZn 0210 ]mnd’b(n) fowvé e_vdva w < U.

Thus the result is satisfied.

B.2. Constructing the formulas for MRL and VRL of MGLED

e To calculate the integral I7 = ftooz f(x; @) dx, the following steps is required. Making use of v =
(cx+ % 22)8 e (¢ et+g a?) yields

1

w c—|—\/(:2—|—2b im0 @i
I = / s 0" )67”dv
b
log
w _ 1 /v 9 > i1\ 3 o
= e Vdv+ — (c JerZaivi) e Vdv
—log S(t bJ- log S(t) i=0
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2

Also, it is easy to show that |22 > a; v ¢ [ <1if v < (20—21))E e? (53) and | ——C——1 | < 1 if
2b Y2 a;v €

L'2 . . . .
v > (20—2}))5 e# (%), Then, by binomial expansion, I} can be written as

IT =
Flem = 8M)+§ LT, (3) G dil)
(v(Di,j,uwv( s~ log S(¢) )+%ZZ 0 T3
(3) (557 dilb — ) (v(Gm-, w) =(Gigou)),  —logS(t) <u < w;
FeT = SW)+§ XX (2) (B di)
(’V(Di,jvw) — (D j, —log S(t ))j» w <y
%(_w S FZ7 OZ] 0() sz)]
ACER) (v(Gm,w (G- logS@). u< —logS(),

* To calculate the integral I35 = ftoo 22 f(x;®) dx, the following steps is required. Making use of v =
(cx+ % 22)8 e (¢ ot3 a%), yields

w —c—|—\/02—|—2b pl aivif 2
Iy = / ( 2izo )e‘”dv
log S(t) b

v 2 ¢? . v 2\ — i+l
(—2> e Y dv+ <7> Zaiv ¢ e Ydv
—log S(t) b —log S(t) b i
2¢ (Y > 41\ 3
2 a+1l N2
— (c +20b aivﬁ) e " dv
b2 /logS<t> Z:;
2

Also, it is easy to show that |22 >°7° a; v ¢ [ <1if v < (2“—21))§ e? (53) and | ——C—— | < 1 if
2b Y2 a;v €

02 . . . .
v > (;—Zb)f e# (%), Then, by binomial expansion, I; can be written as

1;:
£ (S() - e ) + 32 ai (A(Diw) = 2Dy~ log S(y)))
- i zl 0 520 (3) ( if)ﬂdm(v(Di,j,u)—v( i3~ log S(1)))
200 () ()7 dilh — ) (v(Gi,j,w —(Gigou))
—log S(t) < u < w;
= (S0 =)+ E e  (9(Diw) = 4(Di, ~ log S(1)))
- b2 Zz ()ZJ 0(1) 02) (3)( v(D maw)*’Y(Dim*lOgS(t)))a
w < u;
22 (5(0) — e ) + 2 g a1 ( 1(Diyw) —4(Di, — log 5(1)))
~2eyBh S 5 (1) (55 dilh - ) (9(Gigow)-
V(G g, —log S(t ))), u < —log S(t).
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C. The expressions of the observed information matrix

The second derivatives of (16) can be written as:

T

o x? - (€ —Da? 1
Z_ Ve P et en) 2 BT

sba?+cuay 1ba? +cuwy) =
T 13 £E—1
1 1 1
Zew(ﬂm%cm)l(ﬁxf (2bx§+cx,-) +2¢pa? (2bxf+cxi> +
i—1
£—2 1 §—2
&y fa:z< bx —|—cxl> —x; <2bxf+caci>
r 2.4 r 4 r 2
©* (—1) T;
b () = — : Yy - i +Ny ot
; 4(<p (%bx%—l—cxi)—&—g)Q P 4(%bxf+cazi)2 ; (bz; +c)?

T 3 -1
2 1 1 1 1
,271 o (3 baitew) l4 ©? xf <2bxf+cxi> +§§<pr <2 bforco:i)

£-2 £-2
1 1 1 1 1
+§§m? <2§x?<2bx?+cwi> —§x§ <2bx?+cxi) )]

it = Boteen) (-

(Lba?+ca)+€)
'

i=1
CcCx; &2 1 2
: ( bx? +C$Z> e (3 baftem)
( ( ba? —l—cml)—l—ﬁ i1
r 2 3 r 3 r
©* ) @3 T
lp(®) = - : + W
; 2(p(3ba?+cx)+&) 2 e 2 bx +cx)2 ~ (bxito)?
r 5 -1
1 1 1
Ze”(%bm?“mi) 5302%3 <2bx?+cxi> +&pa? <2bx?+cxi> +
i=1

£ 15 2 (1 ba?4ca, o 1 2 b + o
i | 5 €7 5bai+ew 5T x; + cx;

” -1 -1
lee (D) = —Ze“’(%”%”i) Z; lbx2+cmi + & x lbx2+cxi

P 2 7 2 K3

3
1 1 1
log<2bx?+cxi>+cpxi(2bm?+cxi> log<2bx?+cxi>]

P T
Z_ Z bx —|—cmZ

bx —|—cxl +§ -
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2
b x;

CXx;

l¢< 2 (¢ <lbx2+m>+e>2‘<w

(%bl‘ +C$ =1

1 13 1 &+1
T; <2b$ +cwz> + o x; (2bm?+cxi>

_ e? (% bw?-&-c 11)

r

+> |5ea

(3ba?+cm) +&)

3
bx+cm)l£xl< bx +cwl> +

3 3
1 1 1 1
2{35?(2()30?—1—0:51') —&-21‘?(21)36?4—0331») +

4 2
=1

CXxX;

(¢ (3 ba? +emi)+¢)

x;
2 5 Gt ten) 19

CXx;

g&w(q)) =

B b x?
2(<p (%bx?—l—czi)—!-ﬁ)Q

i(_ bxf _
= 2(<p (%bx?—i—cxi)—i—f)Q (go(%bw%—ﬁ—cxi)-i-ﬁ)

1 o
(2bx?—|—cxi> log<2bx§+cxi>

Stat., Optim. Inf. Comput.

Vol. 12, January 2024



11.

12.

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.
24.

25.
26.

27.

28.

M. A. W. MAHMOUD, M. G. M. GHAZAL AND H. M. M. RADWAN 255

REFERENCES

G. S. Mudholkar and D. K. Srivastava, “Exponentiated weibull family for analyzing bathtub failure-rate data,” IEEE Transactions on
Reliability, vol. 42, no. 2, pp. 299-302, 1993.

. A. A. Ahmad and M. Ghazal, “Exponentiated additive weibull distribution,” Reliability Engineering & System Safety, vol. 193,

p. 106663, 2020.

. C.D.Lai, M. Xie, and D. N. P. Murthy, “A modified weibull distribution,” IEEE Transactions on Reliability, vol. 52, no. 1, pp. 33-37,

2003.

. L. J. Bain, “Analysis for the linear failure-rate life-testing distribution,” Technometrics, vol. 16, no. 4, pp. 551-559, 1974.
. M. E. Ghitany and S. Kotz, “Reliability properties of extended linear failure-rate distributions,” Probability in the Engineering and

Informational Sciences, vol. 21, no. 3, p. 441-450, 2007.

. A. M. Sarhan and D. Kundu, “Generalized linear failure rate distribution,” Communications in Statistics-Theory and Methods, vol. 38,

no. 5, pp. 642-660, 2009.

. Y. Tian, M. Tian, and Q. Zhu, “Transmuted linear exponential distribution: a new generalization of the linear exponential distribution,”

Communications in Statistics - Simulation and Computation, vol. 43, no. 10, pp. 2661-2677, 2014.

. A. A. Jafari and E. Mahmoudi, “Beta-linear failure rate distribution and its applications,” Journal of the Iranian Statistical Society,

vol. 14, no. 1, 2015.

. M. A. W. Mahmoud and F. M. A. Alam, “The generalized linear exponential distribution,” Statistics & Probability Letters, vol. 80,

no. 11, pp. 1005-1014, 2010.

. A. M. Sarhan, A. E. Ahmad, and I. A. Alasbahi, “Exponentiated generalized linear exponential distribution,” Applied Mathematical

Modelling, vol. 37, no. 5, pp. 2838-2849, 2013.

M. A. W. Mahmoud, M. G. M. Ghazal, and H. M. M. Radwan, “Inverted generalized linear exponential distribution as a lifetime
model,” Applied Mathematics & Information Sciences, vol. 11, no. 6, pp. 1747-1765, 2017.

H. M. Okasha and M. Kayid, “A new family of Marshall-Olkin extended generalized linear exponential distribution,” Journal of
Computational and Applied Mathematics, vol. 296, pp. 576-592, 2016.

M. K. Shakhatreh, A. Yusuf, and A.-R. Mugdadi, “The beta generalized linear exponential distribution,” Statistics, vol. 50, no. 6,
pp. 1346-1362, 2016.

J. M. F. Carrasco, E. M. M. Ortega, and G. M. Cordeiro, “A generalized modified Weibull distribution for lifetime modeling,”
Computational Statistics & Data Analysis, vol. 53, no. 2, pp. 450-462, 2008.

W. Weibull, “A statistical distribution function of wide applicability,” Journal of Applied Mechanics, vol. 18, no. 3, pp. 293-297,
1951.

I. S. Gradshteyn and 1. M. Ryzhik, Table of Integrals, Series, and Products. Elsevier/Academic Press, Amsterdam, seventh ed.,
2007. Translated from the Russian, Translation edited and with a preface by Alan Jeffrey and Daniel Zwillinger, With one CD-ROM
(Windows, Macintosh and UNIX).

. C.-S. Lee and H.-J. Tsai, “A note on the generalized linear exponential distribution,” Statistics & Probability Letters, vol. 124, pp. 49—

54,2017.

G. S. Watson and W. T. Wells, “On the possibility of improving the mean useful life of tems by eliminating those with short lives,”
Technometrics, vol. 3, no. 2, pp. 281-298, 1961.

R. C. Gupta, “Variance residual life function in reliability studies,” Metron - International Journal of Statistics, vol. LXIV, pp. 343—
355, 2006.

R. C. Gupta and S. N. U. A. Kirmani, “Residual coefficient of variation and some characterization results,” Journal of Statistical
Planning and Inference, vol. 91, no. 1, pp. 23-31, 2000.

N. Balakrishnan and M. Kateri, “On the maximum likelihood estimation of parameters of Weibull distribution based on complete and
censored data,” Statistics & Probability Letters, vol. 78, no. 17, pp. 2971-2975, 2008.

A. C. Cohen, “Maximum likelihood estimation in the Weibull distribution based on complete and on censored samples,”
Technometrics, vol. 7, no. 4, pp. 579-588, 1965.

W. Q. Meeker and L. A. Escobar, Statistical Methods for Reliability Data. Wiley Series in Probability and Statistics, Wiley, 1998.
M. E. Ghitany, E. K. AL-Hussaini, and R. A. Al-Jarallah, “Marshall-Olkin extended Weibull distribution and its application to
censored data,” Journal of Applied Statistics, vol. 32, no. 10, pp. 1025-1034, 2005.

M. V. Aarset, “How to identify a bathtub hazard rate,” IEEE Transactions on Reliability, vol. R-36, no. 1, pp. 106-108, 1987.

D. Hand, F. Daly, K. McConway, D. Lunn, and E. Ostrowski, A Handbook of Small Data Sets. Chapman & Hall Statistics Texts,
Taylor & Francis, 1993.

B. Singh, “An additive Perks—Weibull model with bathtub-shaped hazard rate function,” Communications in Mathematics and
Statistics, vol. 4, p. 473-493, 2016.

M. K. Shakhatreh, A. J. Lemonte, and G. Moreno—Arenas, “The log-normal modified weibull distribution and its reliability
implications,” Reliability Engineering & System Safety, vol. 188, pp. 6 — 22, 2019.

Stat., Optim. Inf. Comput. Vol. 12, January 2024



	1 Introduction
	2 Modified Generalized Linear Exponential Distribution
	3 Correction of the Formula for the Moments of MWD
	4 Statistical Properties
	4.1  Moments 
	4.2  Moment Generating Function 
	4.3 Mode and Quantile 

	5 Properties of the MGLED in Terms of Reliability Analysis
	5.1 Behavior of Hazard Rate Function 
	5.2 Behavior of Mean Residual Life
	5.3 Behavior of the Variance of Residual Life

	6 Maximum Likelihood Estimation
	6.1 The Parameters c, b, and  are Known
	6.2 The Parameters c, b, and  are Known
	6.3 The Parameters c, b, , and  are Unknown
	6.4 Fisher Information Matrix

	7 Applications
	7.1 Failure Data of Electronic Equipment
	7.2 Aarset Data

	8 Conclusions
	A Correction of the Formula for the Moments of MWD
	B Proofs
	B.1 Constructing the formula for the moment generating function of MGLED
	B.2 Constructing the formulas for MRL and VRL of MGLED

	C The expressions of the observed information matrix

