
STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. 10, September 2022, pp 1126–1142.
Published online in International Academic Press (www.IAPress.org)

A New Weighted Skew Normal Model
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Abstract Weighted distribution is a valuable method for constructing flexible models and analyzing data sets.
In this paper, a new weighted distribution of skew-normal is introduced with four parameters. The proposed
model is a generalized version of several distributions, such as normal, bimodal normal, skew-normal, and skewed
bimodal normal-normal. This weighted model is form-invariant under the proposed weight function. The basic
characteristics of the model are expressed. A method has been used to generate data from the model. The
maximum likelihood estimations of parameters are given and evaluated using a simulation study. The model
is fitted to the three real data sets. The advantage of the proposed model has been shown on the rival distributions
using appropriate criteria.
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1. Introduction

Many data have a bimodal nature, symmetrical or asymmetrical, that the normal distribution is not
suitable for fitting them. Azzalini [7] introduced the skew-normal distribution to model unimodal
asymmetry data. This distribution has a skewness parameter, λ, and denoted by SN(λ). Its probability
density function, pdf, is

f(x;λ) = 2ϕ(x)Φ(λx), λ ∈ R (1)

where ϕ(.) and Φ(.) are the pdf and cumulative distribution function (cdf) of standard normal distribution,
respectively. By replacing a symmetric pdf instead of Φ(x) in (1), other skew normal distributions were
introduced as skew-symmetric distributions based on Azzalini lemma (1985) [7].

Lemma 1
(Azzalini, [7]) Let f be a symmetric pdf about zero, and H is cdf of a symmetric distribution about zero.
Then

f(x;λ) = 2f(x)H(λx), x ∈ R (2)

is a pdf for any λ ∈ R.
Using this lemma, Gomez et al. [13] and Nekoukhou and Alamatsaz [30] introduced the skew t-

normal distribution and skew symmetric-Laplace distribution, respectively. The generalizations of the
skew-normal distribution of Azzalini [7] have been discussed by many authors. Nadarajah and Kotz
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[29] introduced the skew-normal-t distribution, skew-normal-Cauchy, skew normal-logistic, skew normal-
uniform distributions. Yadegarietal et al. [38] and Sharafi and Behboodian [36] expressed generalizations
of the Balakrishnan skew-normal distributions. Mameli and Musio [26] introduced the Beta skew-normal
distributions. Ma and Genton [24] and Rasekhi et al. [34] expressed flexible classes of skew-symmetric
distributions. Maleki and Nematollahi [25], and Arellano-valle et al. [4] examined the Bayesian estimates
of the skew-Normal distributions. O’Hagan and Leonard [31] and Mukhopadhyay and Vidakovic [28] have
used skew-symmetric models as priors in studying robustness. Some other studies in the field of skew
models are Azzalini [6, 8], Azzalini and Regoli[10], Azzalini and Bowman [9], Gupta and Gupta [15],
Arellano-Valle et al.[3], Henze [?] Arnold et al.[5], Martinez et al. [27], Jamalizadeh et al.[19], Gomez et
al.[13], and Kumar and Anusree [22]. Weighted distribution introduced by Rao [33] is a useful method
for constructing flexible models and analyzing data sets.

The weighted distributions have been used when the sampling mechanism records observations
according to a certain chance. Suppose that f(x; θ) is pdf of the random variable X and the probability
of the recording x of X is proportional to a non-negative weight function w(x, β). The recorded x is an
observation of Xw (weighted version of X) having the pdf

fw(x; θ, β) =
w(x, β)f(x; θ)

(E[w(X,β)]

where weight parameter βis a known or unknown. When w(x, β) = xβ , the weighted distribution called
size-biased order β. The pdf of general weighted skew normal model is

f(x, λ, β) = Cw(x, β)Φ(x)Φ(λx) (3)

where w(x, β) denotes weight function with weight parameter β and C represents the normalization
constant given by

C−1 =

∫
w(x, β)ϕ(x)Φ(λx)dx

In this paper the weight function w(xβ) = |x|β is considered and called absolute-power order β weight
function. The corresponding weighted model under this weight function is called weighted absolute-power
skew normal order β. The symmetric version (λ = 0) of model is called the weighted absolute-power
normal order β (or bimodal normal order β). This symmetric distribution denoted by BN(β), has been
introduced by Alavi [1]. The pdf of BN(β) is given by

g(x, β) =
|x|β

Γ(β+1
2 )2

β+1
2

e−
1
2x

2

x ∈ R (4)

where β ≥ 0 and Γ(.) are mode parameter and gamma function, respectively. If β = 0, distribution is
unimodal. The cdf of BN(β) denoted by G(x, β) is

G(x, β) =

{
1
2 − 1

2FT (x
2), x < 0

1
2 + 1

2FT (x
2), x ≥ 0

(5)

where FT (.) is the cdf of the random variable T distributed as the gamma Γ(β+1
2 , 1

2 ). Alavi[1] described
some of the properties of this distribution in the following theorem:

Theorem 1
Suppose X ∼ BN(β), then

1. The mean and variance of X are ?? and (β + 1), respectively.
2. X2 ∼ Γ(β+1

2 , 1/2)
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3. Y = |X| ∼ RHBN(β), where RHBN(β) is right half bimodal normal distribution with the following
pdf

f(y;β) =
2yβ

Γ(β+1
2 )2

β+1
2

e
1
2y

2

, y ≥ 0 (6)

4. Y = −|X| ∼ LHBN(β), where LHBN(β) is left half bimodal normal distribution with the following
pdf

f(y;β) =
2yβ

Γ(β+1
2 )2

β+1
2

e−
1
2y

2

, y ≤ 0 (7)

Proof See[1].
Alavi and Tarhani[2], based on Azzalini lemma [7] and the bimodal normal distribution order 2, introduced
the skew bimodal normal distribution with three parameters (SBN). In this paper, a generalized version
of [2] is introduced. In Section 2, the new weighted absolute-power skew-normal order β is introduced, and
some special cases of the model are presented. The cdf, moments and one method for generating data from
this model are presented in Section 3. In Section 4, the location-scale extension of the proposed model
is given, and its parameters are estimated by the maximum likelihood method. We used the maximum
likelihood methods, because of its asymptotically properties, such as efficiency and normality convergence.
In Section 5, using the simulation study, the maximum likelihood estimation of parameters is evaluated.
Section 6 is dedicated to the application of the proposed model to fit the actual three data sets. Section
7 presents the summarized results and suggestions.

2. Weighted absolute-power skew normal order β

In this section, using Lemma 1 and pdf of BN(β), the weighted absolute-power skew normal order β
is considered as an element of skew-symmetric family, so it can be called skew bimodal normal-normal
distribution and denoted by SBNN(λ, β). The pdf of SBNN(λ, β) is

f(x;λ, β) = 2g(x;β)Φ(λx), x ∈ R, λ ∈ R (8)

where λ is the skewness parameter and g(.) is pdf of BN(β). Figure ?? shows pdf of SBNN(λ, β) for
some values of λ and β. This distribution can model unimodal, bimodal, skew and heavy-tail datasets.
The parameter λ controls skewness and kurtosis and the mode parameter, β, affects on shape of the
distribution. The following distributions are special cases:

1. SBNN(0, 0) is the standard normal distribution.
2. SBNN(λ, 0) is SN(λ).
3. SBNN(0, β) is BN(λ).
4. If X ∼ SBNN(λ, β), then X ∼ RHBN(β) as λ → ∞.
5. If X ∼ SBNN(λ, β), then X ∼ LHBN(β) as λ → −∞.

An important property of weighted distributions is that the pdf of original and weighted distribution
have the same form under weight function except possibly for a change in the parameters. This is known
as the form-invariant property of weighted distributions. (see [1, 20]). Based on the theory of weighted
distributions, the following results are easily obtained:

1. For even β, the size-biased order β of SN(λ) is SBNN(λ, β).
2. The weighted normal distribution under weight function |x|βΦ(λx) is SBNN(λ, β).
3. The weighted BN(β) under weight function Φ(λx) is SBNN(λ, β).
4. SBNN(λ, β) under weight function |x|p is form-invarint. It means that the weighted SBNN(λ, β)

under weight function |x|p is SBNN(λ, β + p)
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Figure 1. pdf of SBNN(λ, β) for some values of λ and β.

3. Some Properties

Some properties of SBNN(λ, β) are expressed in this section.

Theorem 2
If G(x;β) and F (x;λ, β) are the cdf of BN(β) and SBNN(λ, β), respectively, then for each real x and λ

F (x;λ, β) = G(x;β)−H(x;λ, β) (9)

where
H(x;λ, β) =

1
√
πΓ(β+1

2 )

∞∑
i=0

(−1)iλ1+2iΓ(β+2
2 + i, 1

2x
2)

i!(1 + 2i)
. (10)

Proof Without loss of generality, we assume that λ ≥ 0 and x ≥ 0 in (8). We have

F (x;λ, β) =

∫ x

−∞
2g(t;β)Φ(λt)dt

=

∫ x

−∞

∫ λt

−∞
2g(t, β)ϕ(u)dudt

and

2G(x;β) =

∫ x

−∞
2g(t;β)dt =

∫ x

−∞
2g(t;β)

[ ∫ λt

−∞
Φ(u)du+

∫ +∞

λt

ϕ(u)du
]
dt

= F (x;λ, β) +

∫ x

−∞

∫ 0

λt

2g(t;β)ϕ(u)dudt+

∫ x

−∞

∫ ∞

0

2g(t;β)ϕ(u)dudt

= F (x;λ, β) +

∫ x

−∞

∫ 0

λt

2g(t;β)ϕ(u)dudt+G(x;β).
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Then

F (x;λ, β) = G(x;β)−
∫ x

−∞

∫ 0

λt

2g(t;β)ϕ(u)dudt = G(x;β) +

∫ x

−∞

∫ λt

0

2g(t;β)ϕ(u)dudt

= G(x;β) +
[ ∫ ∞

−∞

∫ λ

0

t2g(t;β)ϕ(u)dudt−
∫ ∞

x

∫ λ

0

t2g(t;β)ϕ(u)dudt
]

= G(x;β) +

∫ ∞

−∞
2g(t;β)[Φ(λt)− 0.5]dt−H(x;λ, β) = G(x;β)−H(x;λ, β)

where

H(x;λ, β) =

∫ ∞

x

∫ λt

0

2g(t)ϕ(u)dudt =

∫ ∞

x

|t|βe− 1
2 t

2

γ( 12 ,
1
2λ

2t2)

Γ(β+1
2 )2

β+1
2
√
π

dt

=

∫ ∞

x

tβe−
1
2 t

2

Γ(
β + 1

2
)2

β+1
2
√
π

∞∑
i=0

(−1)i
(
1
2λ

2t2
) 1

2+i

i!( 12 + i)
dt.

If the transformation y = 1
2 t

2 is used, then (10) is obtained using the formulas 3.381(1) and 8.354(1) in
[?] and Γ(α, x) =

∫∞
x

e−ttα−1dt. The following properties are easily obtained for function H(x;λ, β)

H(−x;λ, β) = H(x;λ, β) (11)
H(x;−λ, β) = −H(x;λ, β). (12)

For the negative values of x and λ using (11) and (12) and (λx) = 1− Φ(−λx), (9) is also confirmed. So
the proof is complete.
Theorem 3
Suppose that X ∼ SBNN(λ, β), then

1. −X ∼ SBNN(−λ, β)
2. F (x,−λ, β) = 1− F (−x, λ, β)
3. X2 ∼ Γ(β+1

2 , 1
2 )

4. |X| ∼ RHBN(λ, β)
5. −|X| ∼ LHBN(λ, β)

Proof (1) is straightforward using (8). To prove (2), we have

F (x;−λ, β) =

∫ x

−∞
2g(t;β)Φ(−λt)dt

=

∫ x

−∞
2g(t;β)[1− Φ(λt)]dt = 2G(x;β)− F (x;λ, β)

using (8), we have
F (x;−λ, β) = G(x;β) +H(x;λ, β)

and
1− F (−x;λ, β) = 1− [G(−x;β)−H(−x;λ, β)] = G(x;β) +H(−x;λ, β)

according to equation (10) the proof (2) is completed. To prove (3), using transformation Y = X2, the
pdf of Y is given by

fY (y;λ) =
1

2
√
y
[fX(

√
y) + fX(−√

y)] =
1

2
√
y
[2g(

√
y)Φ(λ

√
y) + 2g(−√

y)Φ(−λ
√
y)]

=
g(
√
y)

√
y

=
y

β+1
2 −1

Γ(β+1
2 )2

β+1
2

e−
1
2y, y > 0
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that is pdf of the gamma distribution Γ(β+1
2 , 1

2 ). Proof (4) and (5) are similar to (3). ¡�

To obtain the moments of SBNN(λ, β), the following Lemma and Theorem are necessary.
Lemma 2
Suppose f(y) is pdf of a random variable Y having a symmetric distribution about zero and H is cdf of
a symmetric distribution about zero. If pdf of random variable X is given by

f(x;λ) = 2f(x)H(λx), x ∈ R,

then

1. The even moments of X are independent of λ and the same as Y .
2. X2 and Y 2 have the same distribution.
3. |X| and |Y | have the same distribution.

Proof See Gupta et al. (2002)[16].
Theorem 4
Under the assumptions of Lemma 2, let U = |Y | and

T =

{
1, with probability H(λu)
−1, with probability 1−H(λu)

Then X = TU has pdf (2).

Proof See Azzalini (1986)[6].
Theorem 5
Suppose that X ∼ SBNN(λ, β), V = |X|, Y ∼ BN(β) and U = |Y |, then

1. For k even

E(Xk) = E(V k) = E(Uk) = E(Y k) =
Γ
(
β+k+1

2

)
2

k
2

Γ
(
β+1
2

) ,

2. For k odd

E(Xk) = 2E{Φ(λU)Uk} − E(Uk)

=
2

k
2+1−cλ

Γ
(
β+1
2

)
(1 + λ2)c+

1
2

∞∑
(n=0

(2c+ 2n− 1)!!

(2n+ 1)!!

[ λ2

1 + λ2

]n
where c = (k + β + 1)/(2) and the double factorial operator for odd and even numbers is equal to
(2n− 1)!! =

∏n
i=1(2i− 1) and (2n)!! =

∏
i=1)

n(2i) = 2nn!.

Proof. Without loss of generality we assume that λ ≥ 0 in (7). I. According to Lemma 2

E(Xk) = E(V k) = E(Uk) = E(Y k)

So

E(Y k) =

∫ ∞

−∞

yk|y|β

Γ
(
β+1
2

)
2

β+1
2

=

∫ 0

−∞

yk(−y)β

Γ
(
β+1
2

)
2

β+1
2

e−
1
2y

2

dy +

∫ ∞

0

ykyβ

Γ
(
β+1
2

)
2

β+1
2

e−
1
2y

2

dy.
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By transformation u = −y in the first integral, we have:

E(Y k) =
2

Γ
(
β+1
2

)
2

β+1
2

∫ ∞

0

uβ+ke−
1
2u

2

du.

and using t = u2

E(Y k) =
1

Γ
(
β+1
2

)
2β+1

2

∫ ∞

0

t
β+k+1

2 −1e−
1
2 tdt =

Γ
(
β+k+1

2

)
2

k
2

Γ
(
β+1
2

) (13)

II. According to Theorem 4, we have:

E(Xk) = E(TUk) = E{E(TU)Uk}
= E{(H(λU)−H(−λU))Uk} = 2E{(H(λU)− 1/2)Uk}.

Thus

E(Xk) = 2E{H(λU)Uk} − E(Uk). (14)

For SBNN(λ, β), H(.) = Φ(.), so

E(Xk) = 2E{Φ(λU)Uk} − E(Uk). (15)

On the other hand

E{Φ(λU)Uk} =

∫ ∞

0

ukΦ(λu)2uβ

Γ
(
β+1
2

)
2

β+1
2

e−
1
2u

2

du

=
2

Γ
(
β+1
2

)
2

β+1
2

∫ ∞

0

uk+βe−
1
2u

2

Φ(λu)du.

Using transformation t = u2

2

E{Φ(λU)Uk} =
2

k
2

Γ
(
β+1
2

) ∫ ∞

0

t
k+β+1

2 −1e−tΦ(λ
√
2t)dt.

Assuming c = (k + β + 1)/(2) and using the standard extension

Φ(x) =
1

2
+ Φ(x)

∞∑
n=0

x2n+1

(2n+ 1)!!

we have

E{Φ(λU)Uk} =
2

k
2

Γ
(
β+1
2

)(1
2
Γ(c) +

∞∑
n=0

2nλ2n+1Γ
(
c+ n+ 1

2

)
(2n+ 1)!!

√
π(1 + λ2)c+n+ 1

2

)
.

So for λ ≥ 0

E(Xk) =
2

k
2+1λ

Γ
(
β+1
2

)√
π(1 + λ2)c+

1
2

∞∑
n=0

Γ
(
c+ n+ 1

2

)
(2n+ 1)!!

[ 2λ2

1 + λ2

]n
. (16)

When c = (k + β + 1)/2 is an integer, Γ
(
n+ 1

2

)
= ((2n− 1)!!

√
π)/2n and the expression (16) simplifies to

E(Xk) =
2

k
2+1−cλ

Γ
(
β+1
2

)
(1 + λ2)c+

1
2

∞∑
n=0

(2c+ 2n− 1)!!

(2n+ 1)!!

[ λ2

1 + λ2

]n
.
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For λ < 0 the proof can be obtained using Φ(λx) = 1− Φ(−λx).
As an example, if β = 2 and k = 1, then c = 2 and E(X) =

√
2/π(3δ − δ3) where δ = λ/(

√
1 + λ2).

According to the idea described by Azzalini[8], the following theorem is presented for generating data
from SBNN(λ, β).

Theorem 6
Suppose that Z ∼ N(0, 1) and Y ∼ BN(β) are two independent random variables. If the random variable
X is defined as

X =

{
Y, Z ≤ λY
−Y, Z > λY,

then X ∼ SBNN(λ, β).

Proof

P (X ≤ x) =

∫ x

−∞
P (Z < λY Y = y)g(y;β)dy +

∫ x

−∞
P (Z < λY − Y = y)g(−y;β)dy

=

∫ x

−∞
Φ(λy)g(y;β)dy +

∫ x

−∞
[1− Φ(−λy)]g(y;β)dy =

∫ x

−∞
2g(y;β)Φ(λy)dy

that is cdf of SBNN(λ, β). Thus X ∼ SBNN(λ, β) and the proof is completed. Using the Theorem 6, a
method for generating data from SBNN(λ, β) is introduced by implementing the following steps:

1. Generate a random value Z, from standard normal distribution.

2. Generate a random value Y , from BN(β) distribution.

3. If λY > Z, then X = Y ; otherwise, X = −Y .
When these three steps are repeated n times, a random sample of size n can be generated from
SBNN(λ, β).
The exact and simulated density of SBNN(1, 1), are shown in Figure 2.

4. Location-Scale model

Suppose Y ∼ SBNN(λ, β). By definition X = µ+ σY , the random variable X has Location-Scale
distribution of weighted absolute-power skew normal order β. This distribution is denoted by
SBNN(µ, σ, λ, β), where µ ∈ R and σ > 0. The pdf of X is

fX(x;β, µ, σ) =
2|x− µ|β

Γ
(
β+1
2

)
2

β+1
2 σβ+1

e−
1
2 (

x−µ
σ )2Φ

(
λ
x− µ

σ

)
(17)

Note that SBNN(0, 1, λ, β) = SBNN(λ, β).
Using Theorem 5 and Newton’s binomial expansion, the kth non-central moment of SBNN(µ, σ, λ, β)

is equal to

E(Xk) =

k∑
j=0

(
k

j

)
µk−jσjE(Y j).

This distribution is unimodal for β = 0 or large values of λ and bimodal for small values of λ. The
parameters make SBNN(µ, σ, λ, β) ?exible distribution for uni/bimodal data. For the special case λ = 0,
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Figure 2. The exact and simulated density of SBNN(1, 1)

the Bimodal Normal distribution order β with mean µ and variance (β + 1)σ2 denoted by BN(µ, σ, β),
is resulted[1]. If the major and minor modes are shown with m1 and m2, respectively, For λ > 0 (λ < 0)
inequality m1 > µ > m2 (m1 < µ < m2) exists between the modes and the location parameter. When |λ|
increases, the SBNN(µ, σ, λ, β) tends to a unimodal distribution, such that for λ → ∞(λ → −∞) the
Right Half Bimodal Normal error β denoted by RRHBN(µ, σ, β) (Left Half Bimodal error β Normal
denoted by LHBN(µ, σ, β) with the following pdf is obtained:

fX(x;β, µ, σ, λ) =
2|x− µ|β

Γ
(
β+1
2

)
2

β+1
2 σβ+1

e−
1
2 (

x−µ
σ )2Φ

(
λ
x− µ

σ

)
where x ≥ µ(x ≤ µ).

4.1. The maximum likelihood estimation of parameters
Suppose x1, x2, . . . , xn is a observed random sample of from SBNN(µ, σ, λ, β), then the log-likelihood
function is

ℓ(µ, σ, λ, β) = −n
(β + 1

2

)
log 2− n log Γ

(β + 1

2

)
− n(β + 1) log σ

+

n∑
i=1

log?(|xi − µ|β)− 1

2σ2

n∑
i=1

(xi − µ)2 +

n∑
i=1

log Φ
(
λ
xi − µ

σ

)
. (18)

The maximum likelihood estimate (MLE) of µ, σ, λ and β are obtained by solving simultaneously the
following equations using numerical methods such as Newton-Raphson iteration.

−β

n∑
i=1

1

(xi − µ)
+

n∑
i=1

(xi − µ)

σ2
− λ

σ

n∑
i=1

ϕ
(
λxi−µ

σ

)
Φ
(
λxi−µ

σ

) = 0 (19)
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Table 1. Simulated means and standard errors for the MLEs of µ, σ, λ and β(n = 200)

µ σ λ β E[µ̂] (SD[µ̂]) E[σ̂] (SD[σ̂]) E[λ̂] (SD[λ̂]) E[β̂] (SD[β̂])
1 1 0 0.6 1.000 (0.041) 0.993(0.057) -0.003(0.075) 0.137(0.632)
0 1 0.5 4 0.001 (0.061) 0.992 (0.053) 0.501 (0.061) 4.108 (0.484)
0 1 1 3 -0.003 (0.078) 0.991 (0.053) 1.008 (0.126) 3.112 (0.435)
0 1 1 1 0.003 (0.041) 0.993 (0.059) 1.007 (0.136) 1.044 (0.190)

Table 2. Simulated means and standard errors for the MLEs of µ, σ, λ and β(n = 500)

µ σ λ β E[µ̂](SD[µ̂]) E[σ̂](SD[σ̂]) E[λ̂](SD[λ̂]) E[β̂](SD[β̂])

1 1 0 0.6 0.999 (0.023) 0.999 (0.036) 0.000- (0.047) 0.087 (0.609)
0 1 0.5 4 -0.002 (0.039) 1.000 (0.034) 0.498 (0.038) 4.034 (0.304)
0 1 1 3 -0.002 (0.045) 0.997 (0.034) 1.003 (0.077) 3.038 (0.252)
0 1 1 1 -0.001 (0.025) 0.997 (0.035) 1.005 (0.082) 1.017 (0.111)

−n(β + 1)

σ
+

n∑
i=1

(xi − µ)2

σ3
− λ

σ2

n∑
i=1

(xi − µ)ϕ
(
λxi−µ

σ

)
Φ
(
λxi−µ

σ

) = 0 (20)

1

σ

n∑
i=1

(xi − µ)ϕ
(
λxi−µ

σ

)
Φ
(
λxi−µ

σ

) = 0 (21)

−1

2

[
nΨ0

(β + 1

2

)
− 2

n∑
i=1

log?(|xi − µ|) + (2 log σ + log 2)n
]
= 0 (22)

where Ψ0(z) =
d
dz log Γ(z). The MLE of parameters can be calculated using the optim or nlminb

commands in R package. The existence of MLE for λ parameter in SN distribution is discussed in
[23] and [32]. They have explained if at least two elements of sample have different sign, then the MLE of
parameter λ exists. The same result is given in[27] for each class of distributions with the following pdf

f(x) = 2h(x)Φ(λx) (23)

where h(.) is a symmetric pdf. Therefore, this condition is necessary for MLE of λ because the SBNN
is a member of this class. Asymptotic distribution of the MLE of parameters is multivariate normal
distribution with mean vector (µ, σ, λ, β)′ and covariance matrix of inversed Fisher information. The score
vector and Hessian matrix are given in the ¡°Appendix¡±. Because the closed forms are not available for
MLEs, they are evaluated using a simulation study.

5. Simulation study

In this section, the expected value and standard error (in parentheses) of MLEs are obtained using the
following simulation steps: First, a sample of size n (200 and 500) is generated from the SBNN(µ, σ, λ, β)
for known parameters. In the second step, for each sample in step 1, the MLEs are computed using the
optim command by the L−BFGS −B method in the R package. Steps 1 and 2 are repeated 1000 times,
then for each parameter, the mean and standard deviation of these 1000 repetitions are calculated as
the simulated mean and standard error of the MLE. The results are presented in Tables 1 and 2. The
tables show that the estimators are unbiased asymptotically, and their efficiency increase when sample
size increases.

Figure 3 shows the densities of the simulated samples from SBNN(1, 1, 1, 1) for n = 50, 200, 500, 1000.
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Figure 3. Densities of simulated samples from SBNN(1,1,1,1)

Table 3. Descriptive statistics of datasets

data n x̄ s β1 β2

Geyser data (duration variable) 299 3.46 1.14 -0.45 -1.43
Egg size data (log of the egg diameter) 88 6.07 0.98 0.13 -1.21
Pollen data (nub variable) 481 -0.04 5.19 0.23 -0.41

6. Applications

In this section, the SBNN is fitted to the three datasets. Table 3 shows descriptive statistics for these
datasets, where β1 and β2 represent the coefficients of skewness and kurtosis, respectively. The first dataset
is used by Azzalini and Bowman [9]. This dataset is in ”MASS” in R package called ”geyser”. The data
consists of 299 pairs of measurements, referring to the time interval between the starts of successive
eruptions (waiting variable) and the duration of the subsequent eruption (duration variable) of the Old
Faithful geyser in Yellow stone National Park, Wyoming, USA. The duration variable is considered in
this article. The second dataset, called ”Egg size data”, is studied by Sewell and Young [35] and Famoye
et al. [11]. The data represent the logarithm of the egg diameters of 88 asteroid species. The histogram of
the data is roughly symmetric bimodal, as shown in Figure 6. The third dataset is called ”Pollen data”.
The nub variable of pollen data is available at http://lib.stat.cmu.edu/datasets/pollen.data. This data
are resulted from measuring geometric characteristics of a certain type of pollen. Figure 3 displays that
the distribution of the nub variable is bimodal.

Comparison of the fitted Models to the first dataset The pdf of SBN ([2]), SSCN([34]), BEP ([17]),
Mixed−N2 (two-component mixture normal with five parameters µ1, σ1, µ2, σ2 and ρ) and SBNN
(proposed model) are fitted to duration variable of the Old Faithful geyser data. The MLE of parameters
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Table 4. The MLE and standard error (in parenthesis) of parameters of the models for the duration data

Model
SBNN µ̂ = 3.116(0.018) σ̂ = 0.546(0.023) λ̂ = 0.170(0.036) β̂ = 3.802(0.368)

SBN µ̂ = 3.117(0.025) σ̂ = 0.691((0.017) λ̂ = 0.215(0.046)

SSCN µ̂ = 3.117(−) σ̂ = 0.691(−) λ̂ = 0.215(−) α̂ = 3196.176(−)

BEP µ̂ = 3.149(0.020) σ̂ = 1.306(0.091) δ̂ = 2.330(0.333) α̂ = 3.746(0.489)
Mixed-N2 µ̂1 = 4.174(0.040) σ̂1 = 0.559(0.031) µ̂2 = 1.927(0.016) σ̂2 = 0.144(0.015) ρ̂ = 0.685(0.027)

Table 5. Various goodness of fit criteria and Kolmogorov-Smirnov test statistic for the candidate distributions
(duration data)

Model AIC AICC BIC KS-Test
SBNN 651.21 643.35 666.02 0.105
SBN 682.15 676.23 693.25 0.140
SSCN 684.16 676.29 698.96 0.140
BEP 657.26 649.39 672.06 0.186
Mixed-N2 623.03 613.23 641.53 0.147

Figure 4. Histogram and pdf of the fitted models for duration data

for these models is calculated in Table 4. The Akaike criterion (AIC), modified Akaike criterion (AICC),
Bayesian criterion (BIC), and Komogorov-Sminorv test (KS-Test) for the goodness of fit are given in
Table 5. Based on KS- Test, in Table 5 the SBNN is the best model among the rival models. But Based
on AIC, AICC and BIC criteria in Table 5 the SBNN is the best model among the rival models except
for Mixed-N2. Note that the SBNN distribution doesn¡¯t need identifiability condition (switch case) for
fitting data. The histogram of data and the pdf of fitted models are shown in Figure 4. Figure 4 confirms
the superiority of SBNN .
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Table 6. The MLE and standard error (in parenthesis) of parameters of the models for the Egg size data

Model
SBNN µ̂ = 5.826(0.042) σ̂ = 0.704(0.060) λ̂ = 0.221(0.108) β̂ = 1.069(0.275)

SBN µ̂ = 5.826(0.031) σ̂ = 0.585(0.026) λ̂ = 0.183(0.086)

SSCN µ̂ = 5.904(0.092) σ̂ = 0.621(0.034) λ̂ = 0.133(0.113) α̂ = 3.762(2.193)

BEP µ̂ = 5.865(0.048) σ̂ = 1.075(0.315) δ̂ = 0.949(0.448) α̂ = 2.177(0.708)
Mixed-N2 µ̂1 = 6.746(0.091) σ̂1 = 0.606(0.071) µ̂2 = 5.001(0.040) σ̂2 = 0.223(0.030) ρ̂ = 0.612(0.054)

Table 7. Various goodness of fit criteria and Kolmogorov-Smirnov test statistic for the candidate distributions (Egg
size data)

Model AIC AICC BIC KS-Test
SBNN 229.84 222.32 239.74 0.093
SBN 236.51 230.80 243.94 0.131
SSCN 230.61 223.09 240.52 0.094
BEP 234.35 226.84 244.26 0.140
Mixed-N2 212.61 203.34 225.00 0.068

Table 8. The MLE and standard error (in parenthesis) of parameters of the modelsfor the Pollen data

Model
SBNN µ̂ = 2.009(0.085) σ̂ = 4.935(0.196) λ̂ = −0.447(0.061) β̂ = 0.280(0.069)

SBN µ̂ = 4.419(0.018) σ̂ = 3.954(0.073) λ̂ = −0.706(0.057)

SSCN µ̂ = 1.659(0.599) σ̂ = 4.017(0.201) λ̂ = −0.306(0.119) α̂ = 0.738(0.190)

BEP µ̂ = 0.20(−) σ̂ = 8.252(0.366) δ̂ = 0.000(−) α̂ = 2.690(0.283)
Mixed-N2 µ̂1 = 3.845(1.555) σ̂1 = 3.954(0.676) µ̂2 = −3.591(0.895) σ̂2 = 3.298(0.365) ρ̂ = 0.457(0.159)

Comparison of fitted Model to the second dataset
Similar to the first dataset, the pdf of SBN , SSCN , BEP , Mixed−N2 and SBNN are fitted to the
Egg size data. The MLEs of parameters for these models are calculated in Table 6. The AIC, AICC,
BIC and KS-Test for the goodness of fit are given in Table 7. Table 7 shows that the SBNN is the
best model among the rival models except Mixed−N2. But the SBNN distribution does not need a
identifiability condition (switch case) for fitting data. Histogram of data and the pdf of fitted models are
shown in Figure 5.

Comparison of fitted Model to the third dataset
Similar to the two previous datasets, the pdf of SBN, SSCN, BEP, Mixed-N2 and SBNN are fitted to
the Pollen data. The MLE of parameters for these models is calculated in Table 8. The AIC, AICC, BIC
and KS-Test for the goodness of fit are given in Table 9. Table 9 shows that the SBNN is the best model
among the rival models. Histogram of data and pdf of fitted models are shown in Figure 6. Figure 6
confirms the superiority of SBNN.

7. Conclusion

In this paper, a new weighted model with four parameters of skew-normal distributions called weighted
absolute-power skew normal of order β, was introduced. The normal distribution, the skew-normal
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Figure 5. Histogram and pdf of the fitted models for Egg size data

Table 9. Various goodness of fit criteria and Kolmogorov-Smirnov test statistic for the candidate distributions
(Pollen data)

Model AIC AICC BIC KS-Test
SBNN 2939.11 2931.19 2955.81 0.02
SBN 3359.07 3353.12 3371.60 0.16
SSCN 2940.94 2933.03 2957.65 0.02
BEP 2949.60 2941.68 2966.30 0.05
Mixed-N2 2942.16 2932.29 2963.47 0.02

distribution, the bimodal normal distribution and the skew bimodal normal distribution are special cases
of this model. A method for generating data from this model was presented. The maximum likelihood
estimates of parameters were obtained by numerical methods and evaluated using a simulation study.
This model was fitted to the duration of the eruption of the famous Old Faithful geyser data, Egg size
data and Pollen data. The superiority of the model was shown by some goodness of fit criteria on the rival
distributions. Although the estimates proposed in this paper have been shown to work better than other
methods, comparing these estimates with Bayesian estimates may be the subject of further research.
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Figure 6. Histogram and pdf of the fitted models for Pollen datat
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Appendix

Score vector and hessian matrix
Suppose x1, x2, . . . , xn is an observed random sample of size n from SBNN(µ, σ, λ, β) with the log-
likelihood function (18). The following elements of the score vector are obtained by deriving from (18)
relative to the parameters

ℓµ = −β

n∑
i=1

1

(xi − µ)
+
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2

where Ψ0(z) =
d
dz log Γ(z) and Ψn(z) =

dn

dzn log Γ(z).
The hessian matrix is given by 

ℓµ,µ ℓµ,σ ℓµ,λ ℓµ,β
ℓσ,µ ℓσ,σ ℓσ,λ ℓσ,β
ℓλ,µ ℓλ,σ ℓλ,λ ℓλβ
ℓβ,µ ℓβ,σ ℓβ,λ ℓβ,β


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where
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