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Abstract We study the non-autonomous stochastic predator-prey model with Beddington-DeAngelis functional
response driven by the system of stochastic differential equations with white noise, centered and non-centered
Poisson noises. It is proved the existence and uniqueness of the global positive solution of considered system.
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1. Introduction

The study of dynamics of predator-prey systems is one of the important subjects in population dynamics.
The predator-prey model usually described by the system of differential equations

dz?) = a(t)(ar = bi(t) = f(2(t) y(®)y ),
WO y(t)as + ef (a(). y(O)u(t).

where z(t), y(t) represent the population density of prey and predator respectively at time ¢, a; is the
growth rate of prey, by measures the strength of competition among individuals of species x, as is the
death rate of predator, ¢ denotes the conversion coefficient, f(z,y) is the functional response of the
predator. In [1] and [2] authors proposed the Beddington — DeAngelis functional response of the form
f(z,y) = x/(mix + may + ms). There are considerable evidences in nature that predator species may be
density dependent. So we need to take into account levels of predator density dependence.
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466 DYNAMICS OF THE PREDATOR-PREY MODEL

In [3] the authors study the deterministic model of the density dependent predator-prey system with
Beddington-DeAngelis functional response. This model is driven by the system of differential equations

B Cba(t) Cly(t)
di(t) = () <‘“ () m1x<t>+mzy<t)+ms)dt’

dy(t) = y(t) (—az —bay(t) + miz(t) f,ig(t) + ms3

(1)
dt.

All parameters in system (1) are positive and by is the predator density dependence rate. In [3] the authors
study the conditions under which the model (1) has a positive equilibrium and when this equilibrium is
globally asymptotically stable.

In the paper [4] it is considered the stochastic version of the model (1) in the following form

B (e — Cly(t)
dz(t) = x(t) <a1 biz(t) myx(t) + may(t) + ms

dy(t) = y(t) <—a2 —boy(t) + maa(t) fig(t) + mg

> dt + ax(t)dw: (t),
(2)

) dt — By(t)dws(t),

where w1 (t) and ws(t) are mutually independent Wiener processes. The authors proved that there is a
unique positive solution to the system (2). It is shown that there is a stationary distribution of the solution
of system (2) and it has ergodic property under small white noise. The sufficient conditions under which
the system (2) is nonpersistent are obtained.

Population systems may suffer abrupt environmental perturbations, such as epidemics, fires,
earthquakes, etc. It is natural to introduce centered and non-centered Poisson noises into the population
model for describing such discontinuous systems. So, we take into account not only “small” jumps,
corresponding to the centered Poisson measure, but also the “large” jumps, corresponding to the non-
centered Poisson measure. It is worth noting that the impact of centered and non-centered Poisson noises
to the stochastic non-autonomous logistic model and to the stochastic two-species mutualism model is
studied in the papers [5] — [8].

In this paper we deal with the non-autonomous stochastic predator-prey model driven by the system
of stochastic differential equations

) 1V () — ci(t)ws—i(t) b (D) o (D12 () o
dalt) = t) ) ()= o S ) () 4 (D100

+/’Yi(t, )xi(t—)ﬁl(dt,dz) +/5i(t,z)mi(t—)ug(dt,dz), JTZ(O) =x;,0>0,1=1,2,
R R

3)

where z1(t) and x5 (t) are the prey and predator population densities at time ¢, respectively, w;(t),i = 1,2
are independent standard one-dimensional Wiener processes, v;(t, A),i = 1,2 are independent Poisson
measures, which are independent on w;(t),i = 1,2, vy (t, A) = v1(t, A) — tI1(A4), E[vi(t, A)] = tI;(A),i =
1,2, II;(A),i = 1,2 are a finite measures on the Borel sets A in R.

In the following we will use the notations X (t) = (x1(t),z2(t)), Xo = (210, 220), | X (t)] = \/22(t) + 22(t),
R ={X eR?: z; > 0,22 > 0},

ai(t) = as(t) + /R 5i(t, =)l (dz),
Bi(t)= oi(t) +/[’yi(t, z)—In(14;(t, 2))]I;1 (dz) —/ In(14+0;(t, z))|I2(d2),

2
R R

i = 1,2. For the bounded, continuous functions f;(t),¢ € [0, +00),7 = 1,2, let us denote

fisup = Supfi(t)u fiinf = inf fz(t)v 1= 172
t>0 t>0
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0.V. BORYSENKO AND O.D. BORYSENKO 467

We prove that system (3) has a unique, positive, global (no explosion in a finite time) solution for any
positive initial value and that this solution is stochastically ultimate bounded. The sufficient conditions
for stochastic permanence, extinction, non-persistence in the mean, strong and weak persistence in the
mean of solution are derived.

The rest of this paper is organized as follows. In Section 2, we prove the existence of the unique
global positive solution of system (3) and derive some auxiliary results. In Section 3, we prove the
stochastic ultimate boundedness of the solution of system (3), obtain conditions under which the solution
is stochastically permanent. The sufficient conditions for extinction, non-persistence in the mean, strong
and weak persistence in the mean of the solution are derived.

2. Existence of global solution and some auxiliary lemmas

Let (Q,F,P) be a probability space, w;(t),i=1,2,t>0 are independent standard one-dimensional
Wiener processes on (€, F,P), and v;(t,A),i=1,2 are independent Poisson measures defined on
(Q, F,P) independent on w;(t),i = 1,2. Here E[y;(t, A)] = tIL;(A),i = 1,2, 1;(t, A) = v;(t, A) — tIL;(A),i =
1,2, II;(+), ¢ = 1,2 are finite measures on the Borel sets in R. On the probability space (Q2, F,P) we consider
an increasing, right continuous family of complete sub-o-algebras {F;}1>o.

We need the following assumption.

Assumption 1

It is assumed, that a;(t),bi(t), c¢;(t), 04(t),7(t, 2), 8:(t, 2),i = 1,2, m;(t),j = 1,3 are bounded, continuous
on t functions, a;(t) > 0, biint > 0, ¢jing > 0,7 = 1,2, min{m;ins,j = 1,3} > 0, and In(1 + ~;(¢, 2)),In(1 +
0i(t,2)),i = 1,2 are bounded, II;(R) < 00,i =1, 2.

In what follows in this paper we will assume that Assumption 1 holds.

Theorem 1
There exists a unique global solution X(t) of system (3) for any initial value X (0) = X, € R, and
P{X(t) eR3} =1,Vt>0.

Proof. Let us consider the system of stochastic differential equations

_ i1 ci(t)ers=i) v, (t A
dui(t) = [(_1) <ai ()= mi (t)evr® + my(t)ev2® + my (t)) “by(t)e ™ — By(1)| dt
+o(t)dw; (t) + / In(1 + i(t, 2)) i (dt, dz) + / In(1 + 6;(¢, 2)) Do (dt, dz), (4)

R R
UZ(O) = lnxio, 1= ].,2

The coefficients of system (4) are local Lipschitz continuous. So, for any initial value (v1(0),v2(0)) there
exists a unique local solution Z(t) = (v1(t),v2(t)) on [0,7.), where sup, . |2(t)| = +oo (cf. Theorem 6,
p.246, [9]). Therefore, from the Itd’s formula we derive that the process X (¢) = (exp{v1(¢)}, exp{v2(t)})
is a unique, positive local solution to system (3). To show this solution is global, we need to show that
Te = +00 a.s. Let ng € N be sufficiently large for z;9 € [1/ng,n¢],i = 1,2. For any n > ng we define the

stopping time
1 1
n =inf ¢ ¢ ,Te) o X(t -, -, .
T, m{G[OT) ()§Z<nn)x<nn>}

It is easy to see that 7, is increasing as n — 4+o00. Denote 7o, = lim,,_, o, 7, Whence 7o, < 7, a.s. If we
prove that 7o = co a.s., then 7, = oo a.s. and X (¢) € R2 a.s. for all ¢ € [0, 400). So we need to show that
Too = 00 a.s. If it is not true, there are constants 7' > 0 and ¢ € (0, 1), such that P{r < T} > ¢. Hence,
there is n; > ng such that

P{r, <T}>e, Vn>ns. (5)
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468 DYNAMICS OF THE PREDATOR-PREY MODEL

2
For the non-negative function V(X E —1—Inz;), ©; >0, k; >0, ¢ =1,2 by the Ito’s formula

we obtain

C; (t)aig,,i (t)
my (t)z1(t) + ma(t)z2(t) + ms(t)

WO = 30k (0 el < 1) (o) -

=1
=b;(t)z; () (xs(t) — 1) + Bi(t) + /51»(757 2)x;(t)a(dz) p dt + Z ki ¢ (2:(t) — 1)oy (t)dw; (t) (6)
R
+ /[%(t 2)x;(t—) — In(1 + v (¢, 2))] 71 (dt, dz) + /[5¢(t, 2)xi(t—) — In(1 + 6;(¢, 2))| o (dt, dz)
R R

For the function

ft, 1, 22) = —kib1()2] + k1 (a1 () + b1 (t))z1 — kaba(t)23 + ko <—a2 + bo(t / da(t, )z (dz) >

kici(t)za — kicy(H)z122 + koco(t)T129 — koo (t)z1
my(t)z1 + ma(t)zs + ms(t) k1(B1(t) — a1 () + ka(Ba(t) + az(t)),

x; > 0,1 =1,2, we have

2
(k2c2sup — Kk1€1inf)T122

t Z1,T zln 1' + (Qisu "l‘bzsu ;) +
1,22) 2 12 + (@isup D))t e + ma(Ds + ma (D)
kic1su :
+ |:Tlnlfp + kl(ﬂlsup - alinf) + k?(ﬂ?sup +a28up):| y Lq > 077' = 1a2
2in

If we put k1 = casup, k2 = C1inf, then there is a constant L = L(ky, k2) > 0, such that f(¢,z1,22) < L. So
from (6) we obtain by integrating

V(X(T' A1) < V(Xo) + L(T Ay) + Z ki / (zi(t) — D)oy (t)dw;(t)
TNy, = TNy, (7)
// Yi(t, )z (t—) —In(14+~;(¢, 2))] 71 (dt, dz)+ // —)=In(14;(t, 2))|P2(dt, dz)
Taking the expectation we derive from (7)
E[V(X(T ANT,))] <V(Xo) + LT. (8)

Set Q,, = {7, < T} for n > ny. Then by (5), P(Q2,,) = P{r, <T} > ¢, ¥n > n;. Note that for every w € Q,,
there is some i = 1,2 such that z;(7,,w) equals either n or 1/n. So

V(X (7)) > 2min{¢1inf, C2sup } min{n — 1 — Inn, % —1+1Inn}.
It then follows from (8) that
V(Xo) + LT > E[lq, V(X (7,))] > 2e min{cy inf, C2sup} min{n — 1 — Inn, % —1+Inn},
where 1q, is the indicator function of €2,,.
Letting n — oo leads to the contradiction oo > V(Xy) + L(k1, k2)T = oco. This completes the proof of

the theorem.
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0.V. BORYSENKO AND O.D. BORYSENKO 469

Lemma 1
The density of the population z;(t),i = 1,2 obeys

nT; (t)
t

lim sup
t—o0

<0,i=1,2 a.s.
Proof. By the It6’s formula we have for i = 1,2

ci(s)xs—i(s)
ma(s)r1(s) +ma(s)ra(s) +ms(s)

e'Inwx;(t) —Inzy = /eS {lnxi(s) + (=1 ai(s) -
» (9)
—bl(s)xl 7' +

(In(1 + (s, 2)) = vils, 2)](dz) o ds +1bi(t),

%\

where

t
e’ In(1 + (s, 2))1(ds, dz) —|—/ e’ In(1 4 §;(s, 2))va(ds,dz), i =1,2.

—

Wi(t) = /esoi(s)dwi(s) +
0

(=)

R

By virtue of the exponential inequality ([6], Lemma 2.2) we have
P{ sup Ci(k,t) > 3} <e " Yo<k<l1l >0 i=12
0<t<T

where

I\H

Ci(ﬁat) _ 7/Jz(t) B g/e2sgf(s)ds / ]_ +fyl(s Z)) —1— ke ln(l +'71(5 Z))] Hl(dZ)d
0

0R

_% // [(1+46i(s,2))" — 1] Ha(dz)ds, i = 1,2.
0R

Choose T = kr,k e N7 > 0,k =e %7, 3 =0e*"Ink, 6 > 1 we get

1
P{ sup  (i(k, t)>96k71nk;} 5, i=12.
0<t<kr k

By Borel-Cantelli lemma for almost all w € €2, there is a random integer ko(w), such that Vk > ko(w) and
0<t<kr

¢

< 2 k / s)ds + kT // (1 + (s, 2) Tl ek In(1 +’yi(s,z))} IT; (dz)ds
e T

’ (10)

/ 1+5 (s,2) o —1} My (dz)ds + 0™ Ink, i = 1,2.

0OR

By using the inequality 2" <1+ 7(x—1), Vo >0, 0<r <1 for o =1+7(s,2), r=e*"*7, then for
r=1+6(s,2), r=e"* we derive from (10) the estimates
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470 DYNAMICS OF THE PREDATOR-PREY MODEL

t t

1 / 2s 2 s s
Vi(t) < 5z O/e o; (s)ds—l—//e [vi(s,2) = In(1 + 7;(s, 2))] Hl(dz)ds+//e 0i(s, 2)a(dz)ds (11)

0 R 0 R

So from (9) and (11) we get for i = 1,2

t i nx; tes nzi(s —1)1 |ai(s) — Ci(5>x3—i(8)
e'na;(t) <1 lo+0/ {1 i(s) + (=1) [ i(s) ml(S).CCl(S)+m2(8)x2(8)+m3(s):|
_bl(s)xl(s) o 0'1‘22(5) (1 . es—kr) -l—/(SZ(S,Z)Hg(dZ) d8+96k7 Ink < Inzi

R
—l—/es[lnxi(s) — biinti(s) + Kilds + 0eF™ Ink < Inzo + L(e' — 1) 4 0™ Ink, Yk > ko(w),0 < t < kT,

0

for some constant L > 0, where K1 = a1 gup; K2 = ®2sup + C25up/M1 inf-
So for any (k — 1)7 <t < k7, Yk > ko(w) we have

In;(t) _ynzy L 4 0e*T Ink
-
It —° Int lnt( e+ ek=DmIn(k — 1)1

,0=1,2 a.s.

Therefore

Inx; (¢
lim sup nz;(t) <fe",i=1,2, V0> 1, V7T >0, a.s.
t—o00 lnt

If6 ] 1, 7] 0, then we obtain

Inx;(t .
lim sup nzi(t) <1,i=1,2 a.s.
t—00 Int

So

Inax,(t )
limsup%()go,z:lﬂ a.s.

t—o0

Lemma 2
Let p > 0.Then for any initial value x;,9 > 0,7 = 1,2 we have

limsup E [ (1)] < Ki(p), i = 1,2,

t—o0

where K;(p) > 0,7 = 1,2 are some constants depending on p.
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0.V. BORYSENKO AND O.D. BORYSENKO 471
Proof. Let 7,, be the stopping time defined in Theorem 1. Applying the It6’s formula to the process
V(t,x;(t)) = e'a?(t), i = 1,2,p > 0, we obtain for i = 1,2

tATn

VAEANTh,zi(tATh)) = xfo+/esxf(s) {1+p {(1)1'1 (ai(s)ml(s)xl(
0

ci(s)xs_i(s) >
s)+ma(s)w2(s)+ms(s)

— bz(s)xl(s)} + M + / [(1+7i(s,2))? — 1= pvi(s,2)] 11 (dz)

2
R
+/[(1+5Z-(s 2))P —1]1I5(dz) ds+0/pesw (s)oi(s)dw;(s //e [(147:(s, 2))P —1] 1 (ds, dz)

t/\'r71

//e 2P (s—) [(1+ 6:(s, 2))P — 1] in(ds, dz).

(12)
Under Assumption 1 there are a constants K;(p) > 0,i = 1,2, such that
i1 (g (s)— ci(s)z3—i(s) (s (s)| o PP a7 (s)
ex“{Hﬁ(” (0T )~ o) + 2 (13)

R R
From (12) and (13), taking the expectation, we obtain
E[V({tA T, zi(t A1y))] < 2y + K;(p)et,i = 1,2.
If n — oo, then we get
e'E2?(t)] <zl + Ki(p)e', i =1,2.
Hence limsup,_,  E [z7(t)] < K;(p), i = 1,2.

Lemma 3
Under condition p;ins > 0,7 = 1,2, where p1(t) = a1(t) — c1(t)/ma(t) — f1(t), p2(t) = —az(t) — B2(t), we
have

0
limsupE [<1t)> 1 <L;i#), 0<0<1,i=1,2,

t—o0 J)(
where L;(§) > 0,7 = 1,2 are some constants depending on 6.

Proof. For the processes U;(t) = 1/x;(t), i = 1,2 by the Itd’s formula we derive

PR N P (a5
M@_m@+!W)(”(*) T e )
+bi(8)zi(s) + o3 (s) + / %Hl(dz) ds — /U»(s)o-(s)dwi(s)
—// Ui(s— )1 ri(z)z (ds,dz) // z,)z) 2(ds, dz).

0R
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472 DYNAMICS OF THE PREDATOR-PREY MODEL

Then, applying again the It6’s formula we get for 0 <0 < 1,i =1,2

(1+U; (1)’ < (1—|—U-(0))0—|—/0(1—|—U($))972 (1+Ui(8)Ui(s)
il ci(s)si(5) , 252 o
x| (1) (x) ()21 (5) + 1 () (5) +m3()>+b() i(s) +07(s) ]R/l—&-%‘(s,z)nl(d)

0—1_, 1 ! 0
+TU() (S)+9/[1+U < 1+’yzsz 1+U()> _1>
R
(1

S,z 0 (14)
+0(1+Ui(s))[{i)$(i 5 ]Hl (dz) +%/ +U(s <1+51( 3 Héi(s)) —1| Iy(dz) % ds
]R
t 9
/9(1+U( NOIU; (s)04(s)dw (s +// ( 1+’y;9(;)z)> —(1+Ui(s—))‘9] 1 (ds,dz)

0 R
t

(1 + 14 5 s)z)> -+ Ui(s_))G] va(ds,dz) = (1+Ui(0))0+/9(1+Ui(5))g_2Ji(8)ds

0

I

_Il,stoch( ) + I2,stoch( ) + IB,stoch(t)a

where I s10cn(t),j = 1,3 are corresponding stochastic integrals in (14). Under the Assumption 1 there
exists constants |K1(0)| < oo, |[K2(0)| < oo such, that for the functions J;(t),7 = 1,2 we have the estimate

50 < =020 ) - 20 - [t - 07 - 2 [ [0+ ue.2) - 1] m(az)

R R

—5 [ 048027 = 1] a(d2) o+ UK (6) + Kal) = ~U2(O)Kin(t.0) + Ui()Kia(6) + Kia0),
R

where @;(t) = ay(t) — c1(t)/ma(t), as(t) = —as(t). Here we use the inequality (z + y)? < x? + 0291y,
0<b0<1,z,y>0.
Due to

lim | -o2(t) +$/[(1 it 2)) 70 — 1T (d2) +$/[(1 +6,(t,2))"0 — 1]Iy(dz)
R

R

—|—/ln(1 + vi(t, 2) My (dz) + /ln(l +0;(t,2)a(dz) | = 91—i>%1+ A;(t,0) =0,

R R
and condition p;inr > 0,7 = 1,2 we can choose a sufficiently small 0 < 8 < 1 to satisfy
Klo(e) 1nf Klo(t 9) %I;Ifo‘[pz(t) — Al(t,G)] >0, 1=1,2.
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0.V. BORYSENKO AND O.D. BORYSENKO 473

Therefore from (14) and estimate for J;(¢),7 = 1,2 we get
d[(1+Us(t)?] <01+ Ui(t)? 2 [~UZ () Kio(0) + Us(t) Ki1 (0) + Kio(0)]dt
01 Uit=) \’ |
—0(1 + Uz(t)) Ui(t)O'i(ﬂdwi(t) —|—/ [(1 + W) — (1 + Uz(t—)) ] Vl(dt,dz)
R
yl

R

(15)

Uit-) 1\’ i -
(1 + MM) -1+ Ui(t_))9‘| o(dt,dz), 1 =1,2.

By the It6’s formula and (15) we have
d [eM(1+U;(1)] = XeM(1 4+ Ui (t)?dt + e Md [(1+ Us(t))]
<M1+ Uy (1)’ [—Uf(t) <Ki (6) — 2) + Us(t) <Ki (0) + 2;) + Ki2(0) + g dt
U;(t—)

—0e (1 + U (1) Ui(t) o (t)duwi(t) + BM/ l(l Tt

R
o [
R

Let us choose A = A(6) > 0 such that K;o(8) — \/0 > 0, i = 1,2. Then we have

> — (1 + U (t=))?| 1 (dt, dz) (16)

0
<1 + %) -1+ Ui(t_>)91 Do(dt,dz), i=1,2.

(1+ Uy(t))?2 [—Uf(t) <Kz- (6) — 2) + Ui(t) (Ki 6) + ?) + Ki2(0) + 2} <K,i=12 (17

for some constant K > 0. Let 7,, be the stopping time defined in Theorem 1. Then by integrating (16),
applying (17) and taking the expectation, we obtain

0
E {e/\(“\“)(l + Ui(t A Tn))ﬂ < (1 + 1) + gK (eM—1),i=1,2.
Zi0
Letting n — oo leads to the estimate
1\’ o
A 0 A .
From (18) we derive

0
limsup E [(x,l(t)> ] =limsupE [Uf(t)] <limsupE [(1 + Ui(t))e} < iK,i =1,2.

t—o0 t—o0 t—o0 )\(9)

This completes the proof of lemma.

3. The long time behavior

We need the following definitions.

Definition 1 (see [10])
The solution X (¢) to the system (3) is said to be stochastically ultimately bounded if for any ¢ € (0, 1),
there is a positive constant x = x(g) > 0, such that for any initial value X, € Ri, the solution of system
(3) has the property that
limsup P{| X (¢)| > x} < e.
t—o00
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474 DYNAMICS OF THE PREDATOR-PREY MODEL

Definition 2 (see [11])
The solution X (t) = (z1(¢), 22(¢)) to the system (3) is said to be stochastically permanent if for any ¢ > 0,
there are positive constants H = H(e), h = h(e) such that for i = 1,2

liminf P{x;(t) < H} > 1—¢, liminfP{z;(t) >h} >1—¢,
t—o00 t—o0

for any inial value X, € R2.

Theorem 2
The solution X (¢) to the system (3) is stochastically ultimately bounded for any initial value X, € R2.

The proof is a simple application of the Chebyshev’s inequality and Lemma 2.

Theorem 3
Under conditions of Lemma 3 the solution X (¢) of system (3) is stochastically permanent for any initial
value Xy € R?.

The proof follows from the Chebyshev’s inequality, Lemma 2 and Lemma 3.

Remark 1

The presence of non-centered Poisson noise in the model (3) is crucial for the predator population, because
if 52(t,z) =0, then pg(t) = —ag(t) — Bz(t) <0,Vte [0, OO)

Theorem 4

If for i = 1,2 we have

t

a = h?;i‘jp % /qi(S)ds <0, where q1(t) = ai(t) = f1(t), 2(t) = —aa(t) + 7221(8)
0

then solution X(t) = (x1(t),22(t)) of system (3) with the initial value X, € RZ will be extinct:
lim; o0 z;(t) = 0, ¢ = 1,2 almost surely (a.s.)

- BQ(t)v

Proof. By the Itd’s formula we obtain

nai{t) =In 9”/ {(‘1)i_1 [“”(3)‘ ) £ e m3<s>] ‘ﬁi(s)‘bm“(s)} “ o)

t
+M1,(t) < lnxio +/ qi(s)ds + Mi(t)7 1= ]_72
0

where the martingales

Mi(t):/ s)dw;(s —|—//ln +7i(s,2))1(ds, dz) +
0 R

0

In(1 + 6;(s, 2))e(ds,dz), : =1,2  (20)

Q

0 R

has quadratic characteristics (Meyer’s angle bracket process)

1112(1 +0i(s,2))Ia(dz)ds < Kt, i = 1,2

—

<Mi,Mi>(t):/o ds+j/ (1 + 7i(s, 2))Iy (dz)ds +
0 R

(=)

R

for some constant K > 0. Then the strong law of large numbers for local martingales ([12]) yields
limg_, oo M;(t)/t = 0,7 = 1,2 a.s. Therefore, from (19) we derive
¢

i(t . 1 _ ,
limsupxi() ghmsupg/qi(s)ds:q;‘ <0,i=1,2 as.

t—o00 t—o00
So limy 00 x;(t) = 0,7 =1,2 a.s.
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Theorem 5
If g =0, i=1,2, then the solution X (t) = (z1(t), z2(t)) of system (3) with the initial value X, € R% will
be non-persistent in the mean:

¢

1

lim f/xl-(s)ds =0,7=1,2 as.
0

t—oo t

Proof. From the first equality in (19) we derive
¢ ¢
Inz;(t) <lnmzj + /qi(s)ds — iint /xi(s)ds + M;(t), i =1,2, (21)
0 0

where martingales M;(t),i = 1,2 are defined in (20). From the definition of ¢, ¢ = 1,2 and the strong law
of large numbers for M;(t),i = 1,2 it follows, that Ve > 0, 3top > 0, and IQ. C 2, P(Q) > 1 — £ such that

t
1 t
7/qz(s)d8§(ﬂ<+§7 Jgg, Z:]-a?v Vtzto, WGQE
t 2 t 2
0
Hence, from (21) we derive for i = 1,2
t t
Inz;(t) —Inz;o < t(qg +¢)—b; inf/flfi(s)ds =te —b; inf/flfi(s)d87 YVt > tg, w € Q.. (22)
0 0

Let yi(t) = fot x;(s)ds, i = 1,2 then from (22) we have
dy;(t
In (%) <et — byt yi(t) + Inxo, i = 1,2, Vt > tg, w € ..

So
dt
By integrating last inequality from ty to ¢t we obtain

exp{biint yi(t)} < zoexplet}, i =1,2, Vt > 1y, w € Q..

b infTi0

exp{biins yi(t)} < (exp{et} — exp{eto}) + exp{bimnt vi(to)}, i = 1,2, Vt > tg, w € Q..

Therefore

yi(t) < In |exp{b;int yi(to)} + exp{et} —exp{eto})|, 1 =1,2, Vt > ty, w € Q..

b inf 40 (
i inf €

So

t

1
limsupg/xi(s)dsg c ,1=1,2, we ..

t—o0 7 inf

Since € > 0 is arbitrary and X (t) € R% almost surely, we have

lim —
t—oo ¢

zi(s)ds =0, i=1,2, as.

—
S—_
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Theorem 6
If for i = 1,2 we have

t

1
pf = limsup n /pi(s)ds > 0, where p;(t) = a1(t) —

t—o00

C1 (t)
meo (t)

— Bi(t), pa(t) = —aa(t) — Ba(t),  (23)

then the solution X () = (x1(t), z2(t)) of system (3) with initial value X, € R will be weakly persistent

in the mean:
t

1
jj;‘ = ]imsupt/xi(s)ds >0,1=1,2, a.s.
0

Proof. If the theorem statement is not true, then P{z} = 0} > 0, i = 1, 2. From the first equality in (19)

we derive
t

t
1 ) 1 ; 1 isu M; 1
nz;(t) > 1 T40 n 7/pi(s)d8 _ u/xi<s>d5+ &’ i=1,2, (24)
¢ t { t ¢

0 0

where martingales M;(t),i = 1,2 are defined in (20). For Vw € {w € : ZF = 0} due to the strong law of
large numbers for martingales M;(¢),7 = 1,2 we obtain

nT; (t)
t

. 1
lim sup
t—o00

>pr>0,i=1,2

Therefore |
it .
P{wGQ: limsup%() >O} >0, 1=1,2.

t—o0

But from Lemma 1 we have
P{weQ: limsupw SO} =1,i=1,2.
t—o0 t
This is a contradiction.
Theorem 7 L
If pis = ligg}f t/o pi(s)ds > 0,4 =1,2, where p;(t),i = 1,2 are defined in (23), then

1 t _i* .
Tiw = liminff/ xi(s)ds > P ,i1=1,2, a.s.
0

t—00 biint

Therefore the solution X (t) = (21(t), z2(t)) of system (3) with initial value X, € R% will be strongly
persistent in the mean: Z;, > 0 almost surely, i = 1, 2.

Proof. From (24) we get

t t
Inz;(t) > Inzy + /pi(s)ds - bisup/xi(s)ds + M;(t), i=1,2, (25)
0 0

where martingales M;(t),i = 1,2 are defined in (20). From the definition of p;.,¢ = 1,2 and the strong law
of large numbers for M;(t),i = 1,2 it follows, that Ve > 0, Jto > 0, and 3Q. C Q, such that P(Q.) > 1 — ¢,

M(t
#Z_f, i=1,2, VYt > tg, w e Q..

9

N ™
[\

t
0
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Hence, from (25) we have
t
Inz;(t) > Inzo + t(Pix —€) — bisup /xi(s)ds, 1=1,2, Vt > tg, w € Q..
0

Applying the same arguments for the processes y;(t) = fot x;(s)ds, i = 1,2 as in the proof of Theorem 5,
we derive the estimate

1

yi(t) >

ﬁi*_a

— [ebi o t0) . o0 (e@i**E)t - e““*a)m)] i =1,2, Vit > ty, w € Q..
i sup

So

¢
1 1*'_
liminff/xi(s)dsz b E, i=1,2 we Q..

t—oo ¢ bisup
0

Using the arbitrariness of € > 0, we complete the proof of the theorem.

Remark 2
If in the model (3) we have
¢
lim 1 c2(s)
t=oo t Jy ma(s)

ds =0,

then p5 = @ and under the absence of non-centered Poisson noise in the predator model d2(¢, z) =0,
we obtain pj = g3 < 0. Therefore by Theorems 4 and 5 predator population will be extinct or will be
non-persistent in the mean. But for sufficiently large d2(¢,2) > 0 we have pa. > 0 and by Theorem 7 the
predator population will be strongly persistent in the mean. So, the presence of non-centered Poisson
noise in the model (3) is crucial for the persistence in the mean of predator population.

4. Conclusions

In this paper, we consider the non-autonomous stochastic predator-prey model with Beddington-
DeAngelis functional response driven by the system of stochastic differential equations with white noise,
centered and non-centered Poisson noises. So, we take into account not only “small” jumps, corresponding
to the centered Poisson measure, but also the “large” jumps, corresponding to the non-centered Poisson
measure. For the considered system, sufficient criteria for the existence and uniqueness of a global positive
solution are obtained. We derive sufficient conditions of stochastic ultimate boundedness, stochastic
permanence, non-persistence in the mean, weak and strong persistence in the mean and extinction of the
population densities in the considered stochastic predator-prey model. The results strictly generalize the
existing results, so it is meaningful and important.
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