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Abstract We construct optimal extrapolation estimates of 7 based on random polygons generated by n independent points

uniformly distributed on a unit circle in R?. While the semiperimeters and areas of these random n-gons converge to =
almost surely and are asymptotically normal as n — oo, in this paper we develop various extrapolation processes to further
accelerate such convergence. By simultaneously considering the random n-gons and suitably constructed random 2n-gons
and then optimizing over functionals of the semiperimeters and areas of these random polygons, we derive several new
estimates of 7 with faster convergence rates. These extrapolation improvements are also shown to be asymptotically normal
as n — oo.
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1. Introduction

Given a convex set K C R%, the stochastic properties of the convex hull K,, generated by n independent points
chosen at random in K have been studied by many authors. For example, for K C R? bounded and convex, and
the random points uniformly distributed over K, Rényi and Sulanke [13, 14] derived limiting expressions for the
expected values of the number of vertices, the perimeter and the area of K,,. In the case of a unit disk in R2,
Hsing [7] further proved that the asymptotic variance of the area A,, of the convex hull K, is of the order n~°/3

and satisfies the central limit theorem n%/6(A,, — E(A,)) <> N'(0, 02) where 02 = lim n5/3Var(A,,) is a positive

constant and the notation =5 denotes convergence in distribution [3, 5, 15]. In [17], Vu further extended these results
to general dimensions d > 2 and established central limit theorems for the volume and the number of all lower-
dimensional faces of the random polytope K,,. As an example of unbounded sets, Hueter [8] considered n random
points independently and normally distributed in the plane R? and showed that the area A,, of the corresponding

convex hull satisfies the central limit theorem (A,, — 27 logn)/logn 5N (0,273/2) as n — oo.

More recently, Bélisle [2] (see also [19, 21]) studied the case when the points are independently and uniformly
randomly selected on the unit circle in R2. In such cases, the resulting convex hull is an inscribed random n-
gon which can be obtained by simply connecting all adjacent vertices on the circle. Additionally, a random
circumscribing n-gon may also be constructed which is tangent to the circle at each of the random vertices [20].
Then the semiperimeter S,, and the area A,, of the random inscribed n-gon and the semiperimeter (and area)
S/ of the random circumscribing n-gon all converge to 7 with probability 1 (abbre. as w.p.1) as n — oo with
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242 OPTIMAL EXTRAPOLATION ESTIMATES OF 7

S, =m+n"100(1), A, =1 +n"19(1) and S/, = 7 +n"'(1) for any § > 0, where each o(1) represents
a random variable that converges to 0 w.p.1 as n — oo. Moreover, the distributions of S,,, A, and S, are also
asymptotically normal with n/2(S,, — (7 — 7% /n2)) £ N(0,1079), n®/2(A,, — (7 — 473 /n2)) = N(0, 1607°)
and n®/2(S" — ( + 273 /n2)) £ N(0,407°). See also [18] for extensions of these convergence results to cases

when the vertices are not independently or not uniformly distributed on the circle.
In the special case when the vertices happen to be equally spaced on the circle, such cyclic polygons
3

become regular polygons inscribed in or circumscribed about the circle with S, =nsin =7 — g5 +
5 5 . - 3 . 5 _

T20n% — Sodons T = T+ O(”:Q)s Ap=gnsin2f =g — 20, 4 20, _ AT+ ... =74+ 0(n"?) and S, =

ntan - =+ 35 + 125’;4 + 31127216 + - =7+ O(n~2) for large n. Since Archimedes, these geometric quantities

have provided famous approximations of 7 [1, 10, 16]. By further applying extrapolation methods [9, 12] which go

back to Huygens, it is easy to see that the weighted average )),, = %Sn + 38, =n+ % +--=7+0(n%)

generates a far more accurate estimate of = than either S,, or S/, alone. In fact, by including also A4,, it is
possible to further kill the error terms at the order O(n~?) to obtain Z,, = 135, — 14, + 25, =7 + ﬁ +
<=1+ 0(n%). In [19, 20], such linear combinations have been shown to hold also for random cyclic

polygons with V,, = 25, + 5, = 7+ n "3 %0(1) and Z,, = 125, — tAn + &5, = 7+ n""T0(1). Moreover,
YV, and Z,, are also asymptotically normal with n%/2(Y,, — (r + 67° /n%)) £ N/(0,81367'0) and n'3/2(Z,, — (r +
4877 /nS)) L5 N(0,7792128714).

Note that the original Archimedean approach also incorporates an important doubling process of the number
of vertices of the regular polygons with the famous geometric-harmonic-mean relations 1/S,, + 1/S!, = 2/5%,.,
S,S%, = S2,. providing the key tool for efficient computations of the semiperimeters Sp,, and S, of the
corresponding regular 2n-gons directly from the semiperimeters .S,, and S/, of the preceding regular n-gons. With
each iteration of this doubling process, the approximation errors decrease roughly by a factor of 1/4, that is, Sa,, —
7~ 1(S, — ) and S}, — 7 ~ 1(S), — 7). Similarly, for Y, = 25, + 35}, and Z,, = £S5, — t A, + £S5, we
have Vs, — 7 & %G(yn —7), Zop — TR 6%1(23” — 7). By applying again extrapolation techniques, we may obtain

: : _ 4 1 _ 5 __ 16 1 _
several improved estimates through, for exgmple, Xy=38m—3Sn=m—geat+ Vi =1Vm— =Vn =
32 16 g1 2 lg/ - _ = +_ 64z 1z _ 208 14 2 g
55 + 1550 — 3550 — E*S;n =T — 1o T > and Z0 =220, — 5520 = —5555n + 31540 — 5550 +
19042; Son + %Sén =7 — m + -+ -. In fact, by optimizing %\;%r all linegar combinstions ofggé A, Sjl(ind Son,

. f . _ / -

Ay, (which equals Sy,), S5, we can further obtain W,, = — 5752 Si + 352 An — 336550 + 3065920 + 593520 =
S
221760010

In this paper, we aim to extend these extrapolation estimates to the more interesting case of random inscribed
and circumscribed polygons. However, unlike the case of regular polygons, the process to double the number of
vertices of a random polygon is more complicated and how this is done may affect the corresponding optimal
extrapolation estimates. Such an effort was first made in [19] where the author proposed three different approaches
for the doubling process, namely, independent doubling, equal bisection and random bisection respectively, albeit
for the relatively easy case of inscribed polygons only. The first approach simply uses an independent set of 2n
vertices independently and uniformly distributed on the circle. The second approach retains the original n random
vertices and at the same time inserts n new vertices by equally bisecting each of the resulting n arcs. The third
approach offers a kind of hybrid of the above two approaches where instead of the midpoints, a new random vertex
is inserted on each of the n arcs separated by the original random vertices. Here we follow the same doubling
approaches, but include also random circumscribing polygons so that we can take full advantage of the estimates
made available by the doubling process to obtain even faster rates of convergence than those derived in [19].

The equal bisection approach turns out to be the closest to the classical Archimedean case. As is
shown in [19], in terms of linear combinations of S, and S,,, exactly the same expression X, =
35S, — 35, satisfies X,, =7 +n"3(1) for any ¢ >0 with n%?(X, — (r — «°/n?)) £y N(0,113710/8).
Similarly, for Y, = 25, + 15, and Z = %Sn — %An + 2.5, we can derive the extrapolation improvements
y;i = %y%z - %yn = _%Sn - 4*158; + %55271, + ﬁsén’ Z:; = %ZZH - ézn = _%Sn + 31T5An - %S;LZF

190425527,, + %Sﬁn with Vi =14+ n"5T0(1), Z:=7n+n""0(1) and n'3/2(Y;: — (m — 977/ (2n5))) =
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N(0,136971714/2), n17/2(Z,’; — (7 — 1279 /n¥)) £ N(0,6989472718). On the other hand, by directly optimizing
over all linear combinations of the quantities S,,, Ay, S.,, Son, S5, (again with A, = S,,), we can obtain the same

: : 976 3 2 . 4006 _ 945 : 21/2
optimal estimate W, = — %S, + 532 A, — 3225, + 399895, + S48} =7+ n~9"0(1) with n 12(W,, —

(m — 18071t /n1%)) £> N (0,22852044000722). See Theorems 4.1-4.2 below for details.

However, for the independent doubling and random bisection approaches, due to additional sources of the
randomness, it becomes much harder (or impossible) to achieve the same level of extrapolation improvements.
For example, when combining S] and S5,, no matter how we choose the coefficients, there is no way to
cancel the leading order error terms in S/, and S, to improve upon X/, = S5, + BS!, = 7+ n~"1*9(1). Due
to this, we choose instead to minimize the bias in its leading error term. This yields & = 4/3 and 5 = —1/3
for independent doubling with n®/2(X’ — ) £ A'(0,207%/3), and a =2, 8 = —1 for the random bisection
approach with n®/2(X, — ) £ A(0,167°). Similar conclusions may also be drawn for Y* = a5, + 8V, and
Z¥ = aZay + fZ,. See Theorems 3.1-3.2 and 5.1-5.2 for details.

The remainder of the paper is organized as follows. First we state some useful preliminary results in Section
2. Then we present the three doubling processes and establish the corresponding optimal extrapolation estimates
respectively in Sections 3, 4 and 5.

2. Preliminaries

2.1. Random divisions of the unit interval

Letn >2and Xy :=0< X; < --- < X;,—1 < X,, := 1 be the order statistics of n — 1 independent and uniformly
distributed random points on the unit interval. It is well-known [4, 11] that the n spacings X; — X;_1, i =
1,2,--- ,n, are identically distributed with common probability density function (PDF) f(z) = (n — 1)(1 — x)"~2
for 0 < z < 1, and for any i # j, the joint PDF of X; — X;_; and X; — X,;_4 is given by f(z,y) = (n — 1)(n —
2)(1—z—y)"3forz >0,y >0,andz +y < 1.

Let k€ N and D, = Y., |X; — X;_1/*. Then it is easy to compute that E(D,, ;) = kIn!/(n +k — 1)! =
Kl n*=1, Var(D, x) ~ {(2k)! — (1 + k?)(k!)2}/n?*~1 for large n. Furthermore, we have

Lemma 2.1 (Asymptotic convergence of D,, . [2, 19])

For any £ € N and § > 0, it holds that
1.n*=179D, 1 — 0in probability, and n*=27°D,, ; — 0 w.p.1 as n — oo,

2. Vn(n* 1D, — kl) £ N(0,02) where 02 = (2k)! — (1 + k2)(k!)2.

2.2. Random cyclic polygons

Given n independent random points uniformly distributed on the unit circle, we label them P; = (cos 6;,sin6;),
0 <4 < n in counterclockwise direction where 0y < 67 < --- < 0,1 < 0, = 0y + 27 and P, represents the same
point as Fy. Without loss of generality, we assume 6y = 0. A further rescaling 6; = 27X, then yields 0 =
Xo< Xy <---< X, 1 <X, =1, which amounts to a random division of (0,1) by n — 1 independent random
points uniformly distributed over (0,1). By connecting these consecutive vertices, we obtain a random inscribed
n-gon P P,---P, with semiperimeter and area given respectively by S, => "  sinm(X; — X;_1), A4, =
% Sy sin2m(X; — X q).

By using Lemma 2.1 and the Taylor approximation |sinz — Z;il(—l)i_lﬁat%_l < mm%’l“ of
the sine function for any m € N and z € R, it is known that [19]

1'7

Z 2] 1Dn2] 1+TL (2m 1)+5 (1)7 (1)
(25 —1)!
Jj=1

m j 122] 2 )

Z LS WD, 5 T BT DR, )
= 2] —1)!
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On the other hand, the tangent lines through any two consecutive vertices P;_; and P; intersect outside the circle
tapoint Q; = (LSmXitXiy) sinm(Xi+Xio1)) g ting th int tivel imilarly obtai

atapoint Q; = (cosw(xﬁxi,l) ' cosT(Xi—Xi_1) ) y connecting these points consecutively, we can similarly obtain
arandom circumscribing n-gon Q1 Qs - - - @, which is tangent to the circle at each P; with both semiperimeter and
area now given by S/, = 3.7 | tan A0 = S tanw(X; — Xioq).

Note that if §; — 6,_1 > = for some i, or equivalently, A, := maxi<;<n |X; — X;_1| > 1/2, such random
circumscribing polygons actually do not exist (when A,, = 1/2) or fall completely outside the circle (when A,, >
1/2). Also, due to the singularity of tan z at x = /2, even if A,, < 1/2, S/, may become unbounded when A,, gets

zl Bzi(f(42)i)(!1*4 ) p2i—1 _

4 208 + Za° + FLa” + 55229 + .- where B; is the jth Bernoulli number, together with Lemma 2.1 and the
exponential decay property of the tail probability Pr(A,, > t) for any ¢ € (0,1) as n — oo, it is still possible to
obtain a similar asymptotic expansion for .S/, for any m > 1 [20]:

close to 1/2. Nevertheless, by using a cut-off technique for the Taylor series tanz =

" Boj(—4)(1—47) . o
S,:L:Z 2]( (g]g' )’/TQJ 1’Dn,2j—1+n (2 1)+50(1). (3)

In particular, for m = 1, we see that S,,, A,,, S, — m w.p.1 as n — oo. Furthermore, as in the case of regular
polygons, by using linear combinations of S,,, A,, S},, we can obtain the following extrapolation improvements.

Lemma 2.2 ([19, 20])

Let X, = 35, — $A,, YV, = 25, + 35, and Z, = 185, — L A, + 2.5/ Then for any § > 0, it holds that X,, =
T +n"300(1), Yy =m14+n"390(1), Z, =7 +n"0(1) and n®/?(X, — (7 — 4x°/n?)) N N(0,3616710),

nY2(Y, — (7 + 67°/n)) S N(0,8136710), n13/2(Z, — (r + 4877 /n®)) S5 N(0, 7792128714).

j=1

3. Independent Doubling of Random Cyclic Polygons

To extend the classical extrapolation methods based on Archimedean polygons [1, 9] to the case of random cyclic
polygons, we use similar ideas in [19] to double the sides of a random n-gon so that the semiperimeters and
areas of the random n-gons and 2n-gons may be combined to generate higher order accurate estimates of .
We start in this section with the relatively easy case of independent doubling, that is, the random 2n-gons are
generated by 2n independent points uniformly distributed on the unit circle in R?, independent of how the vertices
of the preceding random n-gons are chosen. Thus we have two independent sets of random divisions of (0, 1),
one for the n-gons by 0 = Xy < X3 < --- < X,,_1 < X,, =1, and one for the 2n-gonsby 0 =Y, < Y; < --- <
Yon—1 < Ya,, = 1. The semiperimeters and areas of the newly constructed random 2n-gons can now be expressed
as Sop, = Yo" sinm(Y; — Yi1), Aoy = 13027 sin2n(Y; — Yio1), Shy, = Yoo tanw(Y; — Yio1).

With the availability of the additional estimates Sa,,, A2, and S%,,, we may apply extrapolation techniques to
derive improved estimates for 7. By replacing n with 2n in Lemma 2.2, similar convergence estimates clearly also
hold for Xy = 352, — 5 A2n, Von = 3520 + 355, and Za, = 1255, — 1 Ao, + & 55, Here we focus on the
construction of further extrapolation improvements, making full use of the semiperimeters and areas of both the
n-gons and the 2n-gons.

We start with linear combinations of S/, and S5, in the form of X! = a5}, + S, where «, 8 € R. Clearly
for X! — m as n — oo, it is necessary (and sufficient) that oo+ 5 = 1. Taking m =2 in (3) yields S, =
T4 $73Dy 3 + n 3 00(1) and Sh, = m + $73Day 3 + 3 00(1), and hence X, = 7 + 273 (aDap 3 + BDn 3) +
n=3+00(1) where D,, 5 = .1 | X; — X;_1[® and Dy, 5 = 3o, |V; — Y;_1|? are independent of each other. As a
result, no matter how we choose the coefficients « and /3, there is no way to eliminate the leading order error term
containing aDy,, 3 + 8D, 3 to achieve X = 7 + n_3+50(1). In view of this, we turn to minimize instead the bias
in &, which implies E(aDa,, 3 + 5Dy 3) = 0, or equivalently, a + 43 = 0. Together with o + 5 = 1, this yields
a=4/3, 3= —1/3,and hence X}, = 7 + 173D}, 5 + n 3 90(1) where D}, 5 = 4D3p 3 — 3Dn 3.

By Lemma 2.1, X/ clearly satisfies n'~°(X/ — ) — 0 w.p.1 for any § > 0. Also, due to the independence

of Dyn3 and Dy, it holds that n®2D} 5 = 2n®/%(Dap 3 — 3!/(4n?)) — 2n®/%(D, 3 — 31/n?) £, N(0, 60).
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By using Slutsky’s theorem [6, 15] (with 0 < & <1/2), we then obtain n®/?(X/ — ) £>./\/(O 20776/3)
Similarly, by combining S,, with S5, or A, with S}, we can obtain V), = 255, + £5, =7+ :7°D;, 5
n30(1), 2} = 884, + LA, =7+ 2mD; 4 + n3H00(1) with n®/2(Y), — ) S N(0,576/3), 5/2(241 -
) 5N (0,807 /27). Thus, we obtain the following asymptotic results of X/, )/ and Z/,.

Theorem 3.1
Let X = 355, — 35/, Y/, = 255, + 5, and Z, = 855 + $A,. Then for any § > 0, it holds that X, = 7 +

n~1+0(1), YV, = + n~1H00(1), 2! =1 +n"1 (1) and n¥2(X! — 1) S N(0,2079/3), n/2(V, —7) S

N(0,575/3), n%/2(2! — 7) £ N(0, 8075 /27).

Next, by further combining V,, = 25, + 15, and Vap, = 253, + 355, we obtain Y = ada, + BVn =7 +
2T (aDaon 5 + BDp5) +n " 0(1) where a,f € Rand a + B =1. Agam since there is no way to eliminate the
term aDay, 5 + 8D, 5, We choose «, 8 such that E(aDa,, 5 + 6D, 5) = 0. This yields o = 16/15, 8 = —1/15, and
hence Vi = 12Yon — 5 Vn = — 35S0 — 3550 + 3252 + 1255, = 7+ 5557 Dy 5 + 1" 00(1) where D} 5 =
16Dy 5 — D5 satisfies n/2D}; o = —n%%(Dy, 5 — 5‘/n )+ 16n9/2(7>2n,5 — 51/(16n)) £ A(0,4881600).

Finally, by combining Z, =185, — 1A, + 28, and Z5, = 155,, — 1 Ao, + 25}, we get Z; =

64 1 _ 16 2 102i _ 1 % —745

t32m — 532n = —5i5on + 315A 9455, 915 O2n — 315A2n 945S2n T+ G657 7Dn77 +n~0(1)
where D} ; = 64Dy, 7 — Dy 7 satisfies n'3/2D; . = —n'3/2(D,, 7 — 71/n8) + 64n'3/%(Dyy 7 — 7!/(2n)°) =N
N (0,128862316800). Therefore, it follows that

Theorem 3.2

Let ), = _TQ5S 415 Sy + rS% + %Sén and  Z) = 940 375 An 940 nt 19042;S2n - 315A2n

528 85,. Then for any &§ > 0, it holds that V; =7 +n=30(1), Z;'; = 7 +n"(1) and n¥2(YV* — 1) 5

N(0,1356710/25), n13/2(2x — ) £ N(0, 432896714 /147).

4. Bisection of the Random n-gon

Next, we take the bisection approach to construct random 2n-gons, namely by inserting a new vertex P;_;/ =
(cos0;_1/2,sin6;_1/5) exactly half way between any two consecutive vertices P;_; and P; of the existing random
n-gon, where 0;_; /5 = (0;—1 + 0;)/2. With the same rescaling 0;_, o = 2mX;_; /5, we obtain 0 = Xy < X, /5 <
X1 << Xy < X,_1/2 < X, = 1. While this may also be viewed as a random division of (0, 1), the 2n — 1
points X, /5, X1, -+, Xy—1, X,—1/2 do not correspond to the order statistics of 2n — 1 independent points
uniformly distributed on (0, 1), and thus the corresponding random 2n-gons do not behave the same as random 2n-
gons generated directly by 2n independent points uniformly distributed on the unit circle. Nevertheless, these newly
constructed random 2n-gons turn out to be the closest to the Archimedean approach. For notational convenience,
their semiperimeters and areas are again denoted by Ss,,, Aa,, S5,,. Then we have S, = 2 Z?:l sin %,
S, =2% 0t % with Ay, =31 sinm(X; — X;_1) = S,. By using the Taylor expansions for
tan z and sin z, s1m11ar to (1), (2) and (3), we have, for any m > 1,

Son = X5 (1) g Dngjor + 0 37D 00(1),

Ay, = Z;ﬁ:l(,l)jfl %Dnm_l i @m=DHo5(1),

Spy = Y, B O D i1+ B0 (1),

By combining S,,, A,, with Ss,, or As,, it is known [19] that &}, = %Sgn — %S’n, Vn = %Agn - %An, Z, =
%Szn — %Sn + %An provide improved approximations of w. Here, by including also S/, or S}, we aim to
construct additional higher-order extrapolation estimates of 7.

First, we consider X! = ozS’Qn + 65” with o+ B =1. By using S5, =7+ 157Dy 3+ 17557 Dnys +
n~"o(1) and S, =7+ 37°Dp3+ 7 Dps +n "0(1), we have X, =m+ 57 (a+48)Dns+

Stat., Optim. Inf. Comput. Vol. 9, March 2021
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257 (a4 163)Dy, 5 + n°+90(1). Note that by setting o + 43 = 0, it is now possible to eliminate the leading
error term involving D,, 3 in X},. Together with a + 3 = 1, this yields o = 4/3, 8 = —1/3, and thus X, = 355 —

15, =1 — 7Dy 5 + n"H0(1) with n%2(X), — (7 — 47° /n*)) = —&7°n%2(D,, 5 — 51/n*) + n=1/2+30(1).

By Lemma 2.1, we have n%/2(D,, 5 — 5!/n*) EX N (0,3254400). Then by applying Slutsky’s theorem, we obtain
no2(X! — (r — 4n®/n*)) =N N(0,3616710) as n — oco.

Similarly, we may combine Sj, and S, or Sj, and A, to obtain Y, =255 + 1S, =m+
257Dy s + 0 5H00(1) and Z], = 885, + LA, =7+ £a°D, 5 + n~3H00(1) with n®/2(Y), — (7 + 7°/n?)) £,
N(0,226710) and n®/2(2!, — (7 + 87°/(3n4))) £ N(0, 14464710 /9). We note that these estimates for X, ),

and Z/, are stronger than those in Theorem 3.1 for the case of independent doubling.

Theorem 4.1

Let X =38, — 15, YV, =28, + 1S, and 2] = 85}, + 1 A,. Then for any § > 0, it holds that X =
T +n"300(1), YV, =n14+n"3%90(1), Z =7 +n"30(1) and n®/2(X! — (7 — 4n°/n?)) £ N(0,3616710),
RV, — (7 + 7% /) S N(0,226710), n/2(2! — (1 + 875/(3n))) S5 N(0, 14464710 /9).

Sl

n?

Next, to eliminate the error term containing D, 5, we combine ), = %Sn + %S; and )», = %Szn +
£S5, to obtain Vi =18Y,, — £V, = -2, — =5, + 2280, + 1255, =T — 11557 D,z + 1 T00(1). By
further combining Z,, = 125, — £ A, + 25, and Z5, = 185,, — 1 A,, + 254, we also have Z} = 822, —
5520 = — 2850 + g1 An — 53590 + et Son + 52555, =T — 355557 Pn,o + 1" T00(1). Finally, like in the

T 945 315 . 945 945 945 S 30240 . .
Archimedean case, by optimizing over all linear combinations of S,, A,, S/, and Ssy,, S5, (again with
_ : 976 3 4 _ 2 ar . 4096 64 cr 1 11
Agn = Sp), we can obtain W, = —336=5n + 555 An — 3365550 + a5 920 T G93520 = T~ 3317667 Pnoan +

n~11+90(1). Therefore, we obtain the following theorem.

Theorem 4.2

Let V¥, Z* and W, be defined as above. Then for any ¢ > 0, it holds that Y} = 7 +n~5%%(1), Z} =7 +
n=T+90(1), W, = 1 +n"%%(1) and n!3/2(Y* — (7 — 977 /(2n%))) S N(0,136971714/2), n'7/2(Z* — (7 —
1279 /n®)) £ N(0,6989472718), n2/2(W),, — (m — 180711 /n10)) £ AC(0, 22852044000722).

5. Random Bisection

Finally, we consider a variation of the above bisection process by allowing each newly added vertex
P10 between the two consecutive vertices P; and P,_; to be uniformly randomly chosen on the arc

P;_1 P;, with each P;_;,, also independent of the others. For each newly added point P;_;/, the rescaled
Xi_1/2 can now be written as X;_;,5 = X;_1 + (X; — X;_1)U; where Uy,Us,--- ,U, are independent and
uniformly distributed over (0,1) and are also independent of X5, X5, -+, X,,_1. The semiperimeters and areas
of the newly constructed random inscribed and circumscribing 2n-gons can now respectively be expressed
as Sa, = > sin{m(X; — X;_1)Us} +sin{m(X; — Xim1) (1 — Up)}, Ao = 2370 sin{2n(X; — X;0)Ui} +
sin{27r(Xi — Xi_l)(l — Uz)}’ Sén = Z?:l tan{ﬂ'(Xi — Xi—l)Ui} + tan{ﬂ(Xi — Xi_l)(l — Uz)}

Denote M, = 31 | X; — Xi—1|*{UF + (1 — U;)*}. Then, similar to (1), (2) and (3), we have, for any m > 1,

m _qyi—1 . (9m—
S2n:Zj:1 %sz "Mpaj_1 +n @m=1)+34(1),

_1)i—192j—2 .
A = Y7L St 7 M g1 + ™ G +0(1),

Shn = Yy PG T My g1 4 m” D4 o(1),

Note that UF + (1 — U;)* follows the same distribution as D5 j. Thus it is easy to compute that E(M,, ;) =
E(Dy x)E(D,, 1) = O (n‘(’“‘l)) and Var(M,, ) = E(D, 2r)Var(Da i) = O <n‘(2k‘1)> for large n.
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Lemma 5.1 ([19])
Let n,k € N and § > 0. Then n*~279M,, ;, — 0 w.p.l as n — oo and n*~Y/2(M,, \ — k:!n_(k VE(Dy 1)) £

N(0,57) where 57 = (2K)E(D3,,) — (1+ 1) () E(D1)%, E(Da) = 21, and B(D3,) = 527 (1+ &)

The next lemma establishes asymptotic estimates for general linear combinations of M,, ;, and D,, , and will be
proved later in Section 6.

Lemma 5.2
Let M}, . = MMy i, + X2 Dy Where Ay, Ay € R. Then nF~2=%(M;, | —7) — 0 w.p.1 as n — oo for any 6 > 0

and n*- 1/2{ ke <k+1>\1 +/\2) k!/nk= 1} £ N(0,52) where 52 = A252 + A2o2 + TrMAeo; and of =
(28)! — (1 + k2)(k1)2.

In particular, for k = 3, we have from Lemma 5.1, M,, 5 = n=1*%0(1) and n®/2(M,, 5 — 3/n2) < N(0, 126).
Since Sz, =7 — 37M,, 3 + n=300(1), Agy =7 — $mMps+n"30(1) and Sh, =7+ My 5+

~3+90(1), it follows that n'=°(Sy,, — 1) — 0, n'~9(Ag, — 7) — 0,n' (S5, — 1) — 0 w.p.1 as n — oo for any
§ > 0. By Slutsky’s theorem, we obtain immediately, n%/2(Sa,, — (7 — 73/(2n2))) <> N(0, 77°/2), n®/2(As,, —
(r — 273 /n2)) £ N(0,567%) and n5/2(S}, — (r + 73 /n?)) = N(0, 1475).

To construct extrapolation improvements of 7 based on the semiperimeters and areas of both the random n-gons
and the newly constructed random 2n-gons, we again start with linear combinations of S5, S/, in the form of
X, = aS), + BS), with o+ 8 = 1. Using S}, = 7+ 275 M,, 3 + n=39(1), S, = 7 + 173D, 5 + n=3F0(1),
we obtain X, = 7 + +73 (@M, 3 + 8Dy 3) + n 3 00(1) where aMy, 3+ D5 =3 1 | Xi — X1 [*{a[U} +
(1 —U;)3] + B}. Here again, there is no way to eliminate the leading error term oM, 3 + 3D, 3. Consequently,
we choose « and § such that E(aM,, 35 + 5D, 3) = O. This yields « = 2, f = —1 and thus X, = 25} — S/ =
T4 M}, 5+ n"300(1) where M}, 3 = 2M,, 3 — Dy, 3. Similarly, by combining S, with Sy, or S3,, with An,
we can obtaln Y, =185, +1S, =71+ Ew?’Mng +n73%0(1) and 2] = 255, + t A, =7+ ETM; 4
n~3%90(1). By Lemma 5.2, we have n5/2/\/lfl’3 =5 N(0, 144). Then by Slutsky’s theorem, we obtain n5/2(XT’L -
) £ N(0,1679), n%/2(Y! — 1) £ N(0,79) and n®/2(2!, — ) S5 (0, 6475 /25). Therefore, we have

Theorem 5.1
Let X, =285, — S, YV, =355, + %S, and Z, =255, + tA,. Then for any 6 >0, it holds that X, =
7 4+n"100(1), YV, =71 +n"11(1), 2/, = 7 +n"'T90(1) and n®/?(X — 7) £ N(0,167%), n®/2(Y!, — ) £,

N(0,78), n/2(2!, — ) £ N(0, 6475 /25).

Similarly, for a + 3 =1, we have ) = ado, + BV, =7+ 35 (a./\/ln 5+ B8Dn5) + n~5%90(1). By setting
E(aMy 5+ 8Dy 5) =0, we geta = 3/2, f = —1/2sothat Vs = 5V, — 2yn = %S 1S’ + S5, + %Sén =

T4 35 M} 5 + n 2 0(1) where M}, 5 = 3 My, 5 — 4D, 5 satisfies n?/2 M, £ N0, 583200)

Finally, we combine Z, and Z, to obtain Z}=1%2,, — 12, = 12 S+ EA, — 25, +%28,, —
AAs + BSh, =7+ 1odM* 7 +n""T90(1) where n7=—3Dp7+3Muy  satisfies 13/2/\/1;‘%7 =N
J\f (0,10984028160). Therefore, we conclude as follows.
Theorem 5.2

Let Y and Z; be defined as above. Then for any & > 0, it holds that Y = 7 + n~390(1), Z; = 7+ n~5%%0(1)
and n®/2(V: — ) £ N(0,1458710), n'3/2( 2 — 1) S5 N(0, 14944256714 /15).

6. Proof of Lemma 5.2

The proof of Lemma 5.2 follows similar ideas as in [2, 19]. Using the equivalent representation

Vi v Vi )
Y Vi XL Vi LV
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where V1, Vo, ..., V, are independent standard exponential random variables, we can rewrite

iy VI MIUF + (1 = UF)] + Ao}
(i V" '

By the multivariate central limit theorem, we can now obtain, as n — oo,

s <<1 Y ‘fi’“{kz[gﬂ (‘i —UP)+ M) _ (Z;)) £ N (0, =)

where pi = E(VF{M[UF + (1 —UF)] + X)) = KNE(Dor) + A2), ps=E(V;))=1 and X* is the
covariance matrix of the random vector (VE{\[UF + (1 —UF)]+ A2}, Vi) with 3, = Var(VF{\ [UF +
(1 =UM]+A2}) = (Qk)!E[(/\1772,k + A2)?] = (K1)2(ME(D2) + A2)?, B35 = Var(Vi) =1 and X, = X5, =
Cov(VF{M[UF + (1 = UF)] + X2}, Vi) = k- K{(ME(Da k) + Na).

Finally, we choose f(z,y) = zy~* with 2L = y=k, 25 = —kxy~*~1. Then we have f(X 3" VF{\[UF +

(1= UM+ Ao}, £ 300, Vi) = nbIM;, with Fuisms) = (G h + Ao)kY, GL(pi, p3) = 1 and §L(ui, us) =
—kk! (k+1 A+ )\2) Thus by Cramér’s theorem [6], we have, as n — oo,

M = MMy i+ XDy =

\/71(”’“—1/\/1;,,6 - (k+1)‘1 +)\2) k!) :nk—1/2< = (k:Jrl)\l —&-)xz) k!/n*= 1) —>N( 7)

where 67 = (1, —kk!(:2p 1 + A2)) B (1, —kk! (2 M + Az)) = \352 + Mo? + i M deo?.
This finishes the proof of Lemma 5.2.

7. Conclusions

Given n independent points uniformly distributed on the unit circle in R?, we studied in this paper the problem of
developing optimal extrapolation improvements of random approximations of 7 based on geometric quantities such
as the semiperimeter and area of the corresponding random cyclic polygons. By simultaneously considering these
random n-gons and suitably constructed random 2n-gons and optimizing over functionals of their semiperimeters
and areas, we derived several new estimates of 7 with faster convergence rates. In addition, we also proved that
these extrapolation improvements are asymptotically normal as n — oco. It would be interesting to further extend
such asymptotic convergence results to higher dimensional cases or for more general non-uniform or non-i.i.d.
distributions.
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