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1. Introduction

Non-stationary and long memory time series models are wildly used in different fields of economics, finance,
climatology, air pollution, signal processing etc. (see, for example, papers by Dudek and Hurd [9], Johansen
and Nielsen [22], Reisen et al.[44]). A core example — a general multiplicative model, or SARIM A(p,d, q) x
(P,D,Q)s — was introduced in the book by Box and Jenkins et al. [5]. It includes both integrated and seasonal
factors:

W(B*)(B)(1 — B)Y(1 — B*) Pz, = ©(B*)0(B)e, (1)
where {¢; } is a sequence of i.i.d. random variables, and where ¥(z) and O(z) are two polynomials of degrees of P
and @ respectively which have roots outside the unit circle. The parameters d and D are allowed to be fractional.
When |d + D| < 1/2 and |D| < 1/2, the process (1) is stationary and invertible. The paper by Porter-Hudak [43]
illustrates an application of a seasonal ARFIMA model to the analysis of the monetary aggregates used by U.S.

Federal Reserve. Another model of fractional integration is GARMA processes described by the equation (see
Gray, Cheng and Woodward [16])

(1—2uB+ BY%; =&, |ul <1 )

For the resent results dedicated to the statistical inference for seasonal long-memory sequences, we refer to the
paper by Tsai, Rachinger and Lin [48], who developed methods of estimation of parameters in case of measurement
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errors. In their paper Baillie, Kongcharoen and Kapetanios [3] compared MLE and semiparametric estimation
procedures for prediction problems based on ARFIMA models. Based on simulation study, they indicate better
performance of MLE predictor than the one based on the two-step local Whittle estimation. Hassler and Pohle [19]
(see also Hassler [18]) assess a predictive performance of various methods of forecasting of inflation and return
volatility time series and show strong evidences for models with a fractional integration component.

Another type of non-stationary processes are periodically correlated, or cyclostationary, processes introduced
by Gladyshev [13], which belong to the class of processes with time-dependent spectrum and are widely used in
signal processing and communications (see Napolitano [40] for a review of recent works on cyclostationarity and
its applications). Periodic time series are also considered as extension of seasonal models [2, 4, 29, 41].

One of the fields of interests related to time series analysis is optimal filtering. It aims to remove the unobserved
components, such as trends, seasonality or noise signal, from the observed data [1, 6].

Methods of parameters estimations and filtering usually do not take into account the issues arising from real data,
namely, the presence of outliers, measurement errors, incomplete information about the spectral, or model, structure
etc. From this point of view, we see an increasing interest to robust methods of estimation that are reasonable in
such cases (see Reisen, et al. [45], Solci at al. [47] for the examples of robust estimates of SARIMA and PAR
models). Grenander [15], Hosoya [20], Kassam [24], Franke [10], Vastola and Poor [49], Moklyachuk [35, 36],
Luz and Moklyachuk [31], Liu et al. [28] studied minimax extrapolation, interpolation and filtering problems for
stationary sequences and processes.

This article is dedicated to the robust filtering of stochastic sequences with periodically stationary long memory
multiple seasonal increments, or sequences with periodically stationary general multiplicative (GM) increments,
introduced by Luz and Moklyachuk [33]. In the recent years, models with multiple seasonal and periodic patterns
are in scope of interest, see Dudek [8], Gould et al. [14] and Reisen et al. [44], Hurd and Piparas [21]. This motivates
us to study the time series combining a periodic structure of the covariation function as well as multiple seasonal
factors. The discussed problem is a natural continuation of the researches on minimax filtering of stationary
vector-valued processes, periodically correlated processes and processes with stationary increments which have
been performed by Moklyachuk and Masyutka [37], Moklyachuk and Golichenko (Dubovetska) [7], Luz and
Moklyachuk [30, 32] respectively. We also mention the works by Moklyachuk, Masyutka and Sidei [38, 39, 34],
who derive minimax estimates of stationary processes from observations with missed values, and the work by
Kozak and Moklyachuk [27], where the interpolation problem for stochastic sequences with periodically stationary
increments was studied.

The article is organized as follows. In Section 2, we recall definitions of generalized multiple (GM) increment
sequence Xg%(é' (m)) and stochastic sequences &(m) with periodically stationary (periodically correlated,
cyclostationary) GM increments. The spectral theory of vector-valued GM increment sequences is discussed.
Section 3 deals with the classical filtering problem for linear functionals A¢ and A ¢ which are constructed from
unobserved values of the sequence £(m) when the spectral densities of the sequence £(m) and a noise sequence
n(m) are known. Estimates are obtained by applying the Hilbert space projection technique to the vector sequence
€(m) + 7j(m) with stationary GM increments under the stationary noise sequence 7j(m) uncorrelated with &(m).
The case of non-stationary fractional integration is discussed as well. Section 4 is dedicated to the minimax (robust)
estimates in cases, where spectral densities of sequences are not exactly known while some sets of admissible
spectral densities are specified. We illustrate the proposed technique in the case of particular types of the sets,
which are generalizations of the sets of admissible spectral densities described in a survey article by Kassam and
Poor [25] for stationary stochastic processes..

2. Stochastic sequences with periodically stationary generalized multiple increments

2.1. Preliminary notations and definitions
Consider a stochastic sequence &(m), m € Z, and a backward shift operator B,, with the step p € Z, such
that B,&(m) = &(m — p); B:= By. Then B;, = B,B,, -...- B,. Define an incremental operator X(d) (B) =

w5
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1012 FILTERING OF SEQUENCES

(1—Bg)h(1— B2)® ... (1-By)%, where d:=dy +ds+...+dp, d=(d1,ds,...,d,) € (N), 5=

(s1,82,...,8-) € (N and 1z = (p1, 2, ..., pr) € (N*)" or € (Z\ N)". Here N* = N\ {0}.

Within the article, &;,, denotes Kronecker symbols, () = %

Definition 1
For a stochastic sequence £(m), m € Z, the sequence

XD (Em)) = XUB)E(m) = (1 - B3 )™ (1 - Bi2)% .- (1 - By )% e(m)

B

11=0 =0

<Clir>§(m—,u181l1 = prSely) 3)

is called a stochastic generalized multiple (GM) increment sequence of differentiation order d with a fixed seasonal
vector 5 € (N*)" and a varying step @ € (N*)" or € (Z \ N)".

(4)

The multiplicative increment operator Xﬁ.g(B) admits a representation

r n(y)
d sivdi __
By =T[a-B)% =3 e (k)B*,
=1 k=0

where n(y) := >__, p;s;d;. The explicit representation of the coefficients e (k) is given in [33].

Definition 2
A stochastic GM increment sequence X(ﬁ‘g(f (m)) is called a wide sense stationary if the mathematical expectations
Exa(Ema) = (),
d d d _
Exyr s(E(mo +m)xe) s(6(mo)) = DL (mi iy, i)

exist for all mg, m, [t i1, iy and do not depend on mg. The function cgfl) (zz) is called a mean value and the function

Déd) (m; Ty, fiy) is called a structural function of the stationary GM increment sequence (of a stochastic sequence
with stationary GM increments).

The stochastic sequence £(m), m € Z determining the stationary GM increment sequence x(ﬁ‘g(g (m)) by (3) is
called a stochastic sequence with stationary GM increments (or GM increment sequence of order d).

Remark 1

Spectral properties of one-pattern increment sequence ij’{(g (m)) :== &M (m,p) = (1 — B,)"é(m) and the
continuous time increment process £ (™ (t,7) = (1 — B, )™£(t) are described in [50], [51].

2.2. Definition and spectral representation of stochastic sequences with periodically stationary GM increment

In this section, we present definition, justification and a brief review of the spectral theory of stochastic sequences
with periodically stationary multiple seasonal increments.

Definition 3
A stochastic sequence {(m), m € Z is called a stochastic sequence with periodically stationary (periodically
correlated) GM increments with period 7" if the mathematical expectations

ExU(Em+1)) = Ext(e(m)) = &2 (m, ),
Ex po(€tm + D)X 1o €k +T)) = DY (m+ T,k + Ti iy Tip) = DY2 (. k; iy, )

exist for every m, k, 11y, iy and T' > 0 is the least integer for which these equalities hold.
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It follows from Definition 3 that the sequence

forms a vector-valued sequence £(m) = {&(m)},_1 5 1 .m € Z with stationary GM increments as follows:

L& d d
WG m) = 3 Yt () (gl st = )
Lh=0 1,—=0 L r
d d,

d dr

= Z...Z(—l)ll+"‘+l* ). E((m—pisily — .o — prsply) T +p— 1)
L=0  1,=0 h Lr

= X(nc,l)zﬂg(ﬁ(mT +p-—1)), p=12,...,T,

—

where X (§p( )) is the GM increment of the p-th component of the vector-valued sequence &(m).

Example ]
Define a T-periodic seasonal autoregressive integrated moving average model (PSARIMA) {X,,,m € Z}, with
multiple seasonal patterns by relation

¢m(B)(1 _BT)dH(I)i,m(B)(l _BTSi) m — am H@'Lm 5m,

i=1

where {e,,} is a sequence of i.i.d. random variables, and where all polynomials ¢,,,(2), 0, (2), @i m(2), Osm(2)
are T-periodic by parameter m functions, 1 < s; < ... < s,.. Define

(I)m(z) = (bm(z) H(I)i,m(z) = Z (I)m(k)zka

and put ®,, (k) = 0 for k& > q1, ©,,(k) = 0 for k& > ¢o. Then the increment sequence
Y BT d H BTS m
is periodically stationary and allows a stationary vector representation

with
Y., = (Y1, Y, Y, ) X = (Xr, X X )
m mTy ImT+1y--y ImT+T—-1 ) m mTy mT+1y---> mT+T—1 )
Em = (EmTsEmT 11, s EmT+T—1) ' . We can write the relation

1 q2
IOY 4 Y Yo =Sep + ) Siem-t,
=1 =1
where II(k,j) = ®r(k — j), B(k,j) = Or(k — j) for k> j, II(k,j) =0, E(k,j) =0 otherwise. II;(k,j) =
Op(IT +k — 5), Bi(k, ) = Ox(IT + k — 5) [9], provided det(TT + >/ TI;2%) # 0 for |z| < 1 [17].
A GM increment sequence is defined as

X (Xpn) = (1 - BH) dH - B EX,,, m e Z.
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The following theorem describes the spectral structure of the GM increment [23], [33].

Theorem 1
1. The mean value and the structural function of the vector-valued stochastic stationary GM increment sequence

X(ﬁ %(f (m)) can be represented in the form

) = e]ut 5)
i=1
@ — T aam (@ —iay (@ 1
D§ (mHU/luU/Q) - [77 XH1( )X/J,Q( )|ﬁ(d)(2)\)‘2dF()\)7 (6)
where
‘ T ' T [sj/2]
B | e N 1 |

j=1 kj=—I[s;/2]

¢ is a vector, F'(\) is the matrix-valued spectral function of the stationary stochastic sequence X ( m)). The

(
vector ¢ and the matrix-valued function F'(\) are determined uniquely by the GM increment sequence X(g %(5 (m)).
(d)

s

) = [ e

2. The stationary GM increment sequence x\"2(£(m)) admits the spectral representation

1 .
Wdzgw) (A), (7)

where Z£<d> (A) ={Z,(\)}}= is a (vector-valued) stochastic process with uncorrelated increments on [—m, )

connected with the spectral function F'(\) by the relation
E(Zp(A2) = Zp(M))(Zq(A2) — Zg(A1)) = Fpq(A2) — Fpq(A1),

—T< M <X<m pqg=12,....T.

Consider another vector-valued stochastic sequence with the stationary GM increments ((m) = £(m) + 7(m),
where 7j(m) is a vector-valued stationary stochastic sequence, uncorrelated with &(m), with the spectral
representation

m) = [ evmaz, (),
where Z,(A) = {Z, ,(\)}—1.

to the spectral function G(X) [17]. The stochastic stationary GM increment X(ﬁd)g(g? (m)) allows the spectral
representation

A € [—m, ), is a stochastic process with uncorrelated increments, that corresponds

(4)

T —iA ™
X;(id,l%( (m)) = /_Tr emng(d()( ))dZan)()\)Jr/_ﬁ eikmxg)(eiM)dZ"()‘)’

while dZ,,(\) = (@ (i\))7'dZ,n)(X), A € [—7, ). Therefore, in the case where the spectral functions F'(\) and
G(N) have the spectral densities f(\) and g()), the spectral density p(\) = {p;;(\)}7 _j—1 of the stochastic sequence

5 (m) is determined by the formula
p(A) = FA) + BN Pg(N).
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2.3. Stochastic sequences with GM fractional increments

In the previous subsection, we describe the GM increment sequence X(ﬁd)g(f (m)) of the positive integer orders
(di,...,d,). Here we consider the case of possibly fractional increment orders d;.

Within the subsection, we put the step 7 = (1, 1,. .., 1). Represent the increment operator Xéd) (B) in the form

XHPN(B) = (1= B)fotPo TT(1 = Byt Py, (8)
j=1

where (1 — B)%o+Do s an integrating component, R;, j = 0, 1,.. ., r, are non-negative integer numbers, 1 < s; <

. < s,. Below we describe a representations d; = R; + D;, 5 =0,1,...,7, of the increment orders d; by stating
conditions on the fractional parts D;, such that the increment sequence i(m) := B)fo H (1 —B% YRig(m)
is a stationary fractionally integrated seasonal stochastic sequence. For example 1n case of smgle 1ncrement pattern
(1 — B*" )" +P" this condition is |D*| < 1/2.

A sequence X( +D) (£(m)) is called a fractional multiple (FM) increment sequence.

Consider a generating function of the Gegenbauer polynomial:

(1 -2uB+ B?)~ Z C9D(u)B™,

where

L (—1)k(2u) 2T (d — k + n)

kl(n — 2k)IT(d)

k=0

The following lemma and theorem hold true [33].

Lemma 1
Define the sets M; = {vy, = 27k;/s; : k; =0,1,...,[s;/2]},j =0,1,...,r, and the set M = ngo M. Then
the increment operator XéD) (B) := (1 - B)Po H (1 — B*i)Pi admits a representation
XiD)(B) = H (1 —2cosvB + Bz)f)“
veM
= (=Bl )P J[  (1-2cosvB+ B*)"
ve M\{0,7}
o'} -1 0
— (Z G (m)Bm) =Y G;.(m)B™,
m=0 m=0
where
Gl.(m) = > 11 CP) (cos v) ©)
0<ni,..., npx <m,ni+...4+nx=mvrvemM
Gp.(m) = Z H P (cosv). (10)

0<n1,....;npx <Myni+...4npx =mrveM

=|M|, D, = Z;:o D;,I{v € M,}, D, =D, forv e M\ {0,7}, D, =D, /2forv=0and v = 7.

Theorem 2
Assume that for a stochastic vector sequence ( ) and fractional differencing orders d; = R; + D;, j =

0,1,...,r, the FM increment sequence x( +D)( (m)) generated by increment operator (8) is a stationary sequence

Stat., Optim. Inf. Comput. Vol. 9, December 2021
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with a bounded from zero and infinity spectral density fT()\). Then for the non-negative integer numbers R;,

j=0,1,...,r, the GM increment sequence xg? (£(m)) is stationary if —1/2 < D, < 1/2 for all v € M, where
D, are defined by real numbers D;, j = 0,1, ...,r,in Lemma 1, and it is long memory if 0 < D,, < 1/2 for at least

one v € M, and invertible if —1/2 < D,, < 0. The spectral density f(\) of the stationary GM increment sequence

X%Rg) (£(m)) admits a representation

FO) = B e R e R = P e )| Fov,

where

2 —2
2 > _ > .
‘X(TD) (671)\)‘ E GZ_* (m)efz)\m _ § G];* (m)efz/\m
m=0 m=0

s iauy-2D.
H |(€ w_ez)\)(ew_ev\” ’

veM

coefficients G} (m), Gy. (m) are defined by (9), (10).

The spectral density f(\) and the structural function DéR) (m,1,1) of a stationary GM increment sequence

X%R; ({ (m)) exhibit the following behavior for the constant matrices C' and K:

. | (i)\)|_2\X(TR)(e_M)|2f(/\) ~ Clv—\~2P~ when A — v, v € M (for properties of eigenvalues of
generalized fractional process, we refer to Palma and Bondon [42])
. DéR) (m, 1,1) ~ K 3 1.5, w0 1?77~ cos(mv), as m — oo, see Giraitis and Leipus [12].

Example 2

1. For the increment operator (1 — B)fotDo(1 — B2)EatDi Ay = {0}, My ={0,7}, M = {0,7}, the
Gegenbauer representation is (1 — B)Po+DP1(1 4+ B)P1. The stationarity conditions are as follows: |D| = |Dg +
Di| < 1/2, |Dy| = |Dy| < 1/2.

2. For the increment operator (1 — B2?)f1+Di(1 — B3)B24D2 Ay = {0, 7}, My ={0,27/3}, M=
{0,27w/3, 7}, the Gegenbauer representation is (1 — B)P1+P2(1 —2cos(27/3)B + B%)P2(1 + B)P1. The
stationarity conditions are as follows: |D| = | Dy + Ds| < 1/2, |Day /3| = |D2| < 1/2, |Dx| = |D1| < 1/2.

3. For the increment operator (1 — B2?)fi+Di(1 - pHRe+D2o Ao = {0, 7}, My ={0,7/2,7}, M=
{0, 7/2, 7}, the Gegenbauer representation is (1 — B)P1+P2(1 + B2)P2(1 + B)P1+P2 The stationarity conditions
are as follows:|D| = |Dx| = |D1 + Da| < 1/2, | Dy /2| = |D2| < 1/2.

3. Hilbert space projection method of filtering

3.1. Filtering of vector-valued stochastic sequence with stationary GM increments

—

Consider a vector-valued stochastic sequence &(m) with stationary GM increments constructed from

—

transformation (4) and a vector-valued stationary stochastic sequence 7j(m) uncorrelated with the sequence £(m).

Let the stationary GM increment sequence X(ﬂ(%)g

have absolutely continuous spectral functions F'(\) and G(X) with the spectral densities f(\) = { fi; ()

(E(m)) = {X(ﬂ‘g(gp(m))}g;l and the stationary sequence 7j(m)

T
i j—1 and

g(A) = {gi;(N) ijl respec.tively. Without loss of generality assume that Ex(ﬁd%(g(m)) =0, Eﬁ’(m)' =0andp > 0.
Filtering problem. Consider the problem of mean square optimal linear estimation of the functional

o0

AE= (@(k) TE(—k), (1)

k=0

Stat., Optim. Inf. Comput. Vol. 9, December 2021
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which depends on unobserved values of a stochastic sequence &(k) = {€ »(k)}_, with statlonary GM increments.

Estimates are based on observations of the sequence (k) = £(k) + (k) at points k = 0, —1, —2, . . ..
We will suppose that the following conditions are satisfied:

« conditions on coefficients @(k) = {a,(k)}1_;, k>0

p=1°

oo

> ldk)|| < oo, Zk+1 (k)| < oo, (12)
k=0

k=0

¢ the minimality condition on the spectral densities f(\) and g()\)

™ @ (i\)]? -1
| o [W“)' (70 + 189 2o () ]dA<oo. (13)

d —1
X (e 2

The second condition (13) is the necessary and sufficient one under which the mean square error of the optimal
estimate of functional Ag is not equal to 0.

We apply the Hilbert space estimation technique proposed by Kolmogorov [26] which can be described as
a 3-stage procedure: (i) define a target element (to be estimated) of the space H = Lo(Q2, F,P) of random
variables v which have zero mean values and finite variances, Ey = 0, EMQ < 00, endowed with the inner product
(71,72) = Ey173, (ii) define a subspace of H = Ly(€, F, P)generated by observations, (iii) find an estimate of the
target element as an orthogonal projection on the defined subspace.

Stage (i). We first represent the functional Ag as Ag = AE — A1, where

oo

AC = (a(k)TC(—k), Af=">_(alk)) i(—k).
k=0

k=0

Note, that under conditions (12), the functional A7j belongs to the space H. To find the optimal estimate of the
functional A¢, it is sufficient to find the estimate of the functional A/

AE = AC - A7, (14)

since the functional Ag depends on values of the stochastic sequence (k) which is observed. The mean square
errors of the optimal estimates A and A7j are connected by the relation

A (f.9: 4¢)

L2 o L2
E‘Ag—Aﬂ :E)Ag—Aﬁ—AchAﬁ‘

E ‘Aﬁ— Eﬁf —A (f,g;ﬁﬁ) .

Relation (14) implies that any linear estimate ZE of the functional AE allows the representation
AE = S (@(0) T (ER) + ) — [ Fal) gt 0 (), (1)

where fzﬁ()\) = {hp(N)}]_, is the spectral characteristic of the estimate AL
Stage (ii). The set of the observed GM increments {Xg’;(f (k) + x(fdz(n(k)) .k <0}, 7 > 0 generates a closed
linear subspace H(£(9) 4-1(4)) of the Hilbert space H = Lo(£2, §, P). The functions

ik (d) (i L
e /\kx(ﬁ)(e A)mélv 5l = {5lp}g:17 l = ]-7"'7T7 k S Oa
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1018 FILTERING OF SEQUENCES
generate a closed linear subspace LJ(p) of the Hilbert space Lz (p). The relation

1

mdzswunm (A)

d) , =, d) /> T i d), —j
YO (ER)) + X7k = / My (i)

implies a map between the elements ei’\kX(Hd ) (e~ (B@(iN))~15; from the space LY(p) and th elements

X(ﬁd%(f(lc)) + X(ﬁd%(ﬁ(k)) from the space H°(¢(4) + (@) respectively.

Stage (iii). The estimate /Tﬁ’ is found as an orthogonal projection of the functional A7 from the space H =
Ly(Q, §, P) on the subspace H°(£(® + (D), This projection is characterized by the following conditions:

1) Ajj € HO(E +n(®);

2) (Aif — Aqf) L HO(E +5(®).

Define the following matrix-valued Fourier coefficients:

7w LT ey BD N - .
K 7 ix(k+7) 1 o
Sk el @7 g NPT (NdA, k> 0,5 > —n(y),
n X (e7)]
n O NP e (2 .
FE, = g [ e PN k20,
k. 2 J_. \X(gd)(e_M)P
1 T i _ .
Qs = 5 [ PPN N, kg0,

Define the vectors a = ((@(0)) 7, (@(1))", (@(2))",...)" and az = ((@z(0)) ", (@z(1)) ", (@=z(2))",...) T, where
>

the coefficients az(k) = d_z(k — n(v)), k > 0,
mAn(y)
igm)= Y e (l-m)il), m>-n(y). (16)

l=max{m,0}

Denote by Py, S;; and Q matrices with the matrix-values entries (P); , = Pfk, Sk = Slﬁ_H ken(y) (Quk =
Qi k> 0.

Theorem 3
A solution A to the filtering problem for the linear functional A¢ of the values of a vector-valued stochastic

sequence &(m) with stationary GM increments under conditions (12) and (13) is calculated by formula (15). The
spectral characteristic ﬁﬁ(A) and the value of the mean square error A(f, g; A¢) are calculated by the formulas

S . , . (D (4
()T = [X() (Ale™) Tg) — (Cale)T pl(A)M’ a7)

where

A(efi)\) — Zd(k)eii)\k, C’ﬁ(ei)‘) — Z (Pﬁlsﬁaﬁ)k ei)\(kJrl)’

k=0 k=0
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and
PR N 2
A (£,9:4€) = & (f.9: A7) = E | A7 - A7
1 [7 1 . » ‘ ; _ _
- 5/ Sy (6 AT OGN 7 g0 )
- Xz (e v
x (€ FVA@E™) + 18D N FCr(e™) ) dn
1™ [N i —i i - -
s [ (A ) o) = (™)) 0 ()
T Xz (e7)]
x (0 (e )g (N A(™) = Crle™)) dA
= <Sgaﬁ, P;Sﬁag> +(Qa,a). (18)
Proof
See Appendix. O
The filtering problem for the functional Ax¢ is solved directly by Theorem 3 by putting @(k) = 0 for k > N.
To solve the filtering problem for the pth coordinate of the single vector £ (=N), we put @(N) = 51,, a(k) = 0 for

k+N.

Define a matrix S v with the 7' x T matrix entries (Sz n)i,m = S} 4 mn(y) forl>0,0<m <N+ n(vy) and
(Sz,~n)i,m = 0forl > 0, m > N + n(v). Define another matrix Q  with the 7' x T matrix entries (Qn )i x = Qr.k-
0<Il,k<N,and (Qn);r = 0 otherwise.

The following corollaries take place.

Corollary 1
A solution A NE to the filtering problem for the linear functional A NE of the values of a vector-valued stochastic

—

sequence &(m) with stationary GM increments under condition (12) is calculated by the formula
N T
V€= D@ T @)+ 78 = | (b ()T 0o 0 ). (19)
k=0 -

The spectral characteristic ﬁg, ~(A) of the optimal estimate A N§ is calculated by the formula

7 d) (i —i (i — ﬁ(d) (iA)
()T = [ () (An(e7™) TgN) = (CREN)T | p7 ) (20)
Xz (e")
where
N 00
Ax(e) = D alk)e™,  Ch(e™) = 3 (Pr S vagy), 4D
k=0 k=0
and
iﬁ,N = (dﬁ7N(O)7dﬁ7N(1)7~"7617,N(N+n(7))307~")—r7
apn(k) = dgan(k—n(y), 0<k<N+n(y),
min{m+n(v),N}
a_pn(m) = > e (I —m)i(l), —n(y) <m <N. Q1)
l=max{m,0}
The value of the mean square error A(f, g; A N{) is calculated by the formula
5 - 2
A(fgAnE) = A(F.9: A7) = E|Ady - A7y
= <Sﬁ,Naﬁ,N,P§15n,Naﬁ,N> + (Qnan,an), (22)
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where ay = ((@(0))7, (@17, @2)7,...,@N)T,0,..)7.

Corollary 2 R
The optimal linear estimate &,(—N) of an unobserved value &,(—N), N > 0, of the stochastic vector sequence

—

¢(m) with GM stationary increments based on observations of the sequence &(m)+ ij(m) at points m =

—

0,—1,—2,..., where the noise sequence 7j(m) is uncorrelated with £(m), is calculated by the formula

T

E(~N) = (&(—N) + 1p(~N)) - / (i) T (N AZer o (V): 23)

—T

The spectral characteristic of the estimate Ep(—N ) is calculated by the formula

B (iN)

7 —i INY T -
(O = [ PP )(5,) g0 = (CF ()T 07 ) (24)
Xm (e)
where -
Cﬁp(e“) _ Z (Pilsu’Naﬁ,N,p)k eiMk+1)
k=0
and
= _ = T (= T - T T
an,Np = 0,...,0, (aﬁ,N’p(N)) ) (aﬁyN,p(N +1) ..., (aﬁ,N,P(N +n(v) ,0,...) ",
aunp(k) = dganplk—n(y), N<k<N+n(y),
d_gnNp(m) = ey (N — m)gp7 N —n(y) <m < N.
The value of the mean square error of the estimate Zp(—N ) is calculated by the formula
~ 2
A(£g&N) = A(fg7(-N)) =E|np(-N) = 5(~N)|
— (Spnagnp Pr'Spvan ) + <Q0705p, 5p> . (25)

Remark 2
The filtering problem in the presence of fractional integration can be solved using Theorem 3 and Corollaries 1, 2
under conditions of Theorem 2 on the increment orders d;.

3.2. Filtering of stochastic sequences with periodically stationary GM increment

Consider the filtering problem for the functionals

o) N
A=Y "aO(k)E(—k), AnE = aO(k)E(—k) (26)
k=0 k=0

which depend on unobserved values of a stochastic sequence £(m) with periodically stationary GM increments.
Estimates are based on observations of the sequence &(m) + n(m) at points m = 0,—1,—2,..., where the
periodically stationary noise sequence 7(m) is uncorrelated with £(m).

The functional A¢ can be represented in the form

[e%s) co T
A = ) aOm)E(=k) =D aOmT +p—1)E(-mT —p+1)
k=0 m=0 p=1
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where

—

E(m) = (&1(m), &2(m), ..., &r(m)) ", &(m) =E(mT +p—1);p=1,2,....T; @7

and
a(m) = (a1(m),az(m), ..., aT(m))T, ap(m) = al® (mT+p-1);p=1,2,...,T. (28)

In the same way, the functional A7 is represented as

An = Za@(k)n(fk) = Z (@(m)) " ij(—m) = Af,
k=0 m=0
where
ii(m) = (m(m),m2(m), ..., np(m)) ", ny(m) =n(mT +p—1);p=1,2,...,T. (29)

Making use of the introduced notations and statements of Theorem 3 we can claim that the following theorem
holds true.

Theorem 4
Let a stochastic sequence £(m) with periodically stationary GM increments and a stochastic periodically stationary

—

sequence 7(m) generate by formulas (27) and (29) vector-valued stochastic sequences £(m) and 7j(m) with the
spectral densities matrices f(A) = {fi;(\) ijl and g(A) = {g:;(N) ijl. A solution A¢ to the filtering problem
for the functional A¢ = Ag under conditions (12) and (13) is calculated by formula (15) for the coefficients @(m),
m > 0, defined in (28). The spectral characteristic l_iﬁ()\) = {hp(N)};—, and the value of the mean square error

A(f; Xﬁ ) of the estimate /Tf are calculated by formulas (17) and (18) respectively.

The functional A ;€ can be represented in the form

M N T
Apé = D aD®RC(=R) =D D aD(mT +p—1)E(-mT —p+1)
k=0 m=0 p=1
T N
= D D apm)g(—m) = (@(m))E(-m) = ANE,
m=0 p=1 m=0

where N = [22], the sequence £(m) is determined by formula (27),

@m)" = (ar(m),az(m),...,ar(m)",
ay(m) = aS(mT+p—1;0<m<N;1<p<T;mT+p—1<M;
ap(N) = 0, M+1<NT+p—-1<(N+1)T-11<p<T. (30)

An estimate of a single unobserved value £(—M), M > 0 of a stochastic sequence £(m) with periodically
stationary GM increments is obtained by making use of the notations {(—M) = &,(—N) = (gp)Tf (N), N = [4],
p= M 41— NT. We can conclude that the following corollaries hold true.

Corollary 3

Let a stochastic sequence &(m) with periodically stationary GM increments and a stochastic periodically stationary
sequence 7(m) generate by formulas (27) and (29) vector-valued stochastic sequences £(m) and 7j(m). A solution
A m& to the filtering problem for the functional Ay§ = A N«f under condition (13) is calculated by formula (19)
for the coefficients @(m), 0 < m < N, defined in (30). The spectral characteristic and the value of the mean square

error of the estimate A m& are calculated by formulas (20) and (22) respectively.

Corollary 4
Let a stochastic sequence £(m) with periodically stationary GM increments and a stochastic periodically stationary
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—

sequence 7(m) generate by formulas (27) and (29) vector-valued stochastic sequences &(m) and 7(m). A
solution {(—M) to the filtering problem for an unobserved value £(—M) = §,(—N) = (gp)T ‘(—N), N = (2],
p=M + 1 — NT, under condition (13) is calculated by formula (23). The spectral characteristic and the value of

the mean square error of the estimate £(— M) are calculated by formulas (24) and (25) respectively.

4. Minimax (robust) method of filtering

Solutions of the problem of estimating the functionals Af and A N{ constructed from unobserved values of the

stochastic sequence & (m) with stationary GM increments X(ﬂd)g(«f (m)) having the spectral density matrix f(\) based

—

on its observations with stationary noise £(m) + 7j(m) at points m = 0, —1, —2, ... are proposed in Theorem 3 and
Corollary 1 in the case where the spectral density matrices f() and g()) of the target sequence and the noise are
exactly known.

In this section, we study the case where the complete information about the spectral density matrices is not
available, while some sets of admissible spectral densities D = Dy x D, is known. The minimax approach of
estimation of the functionals from unobserved values of stochastic sequences is considered, which consists in
finding an estimate that minimizes the maximal values of the mean square errors for all spectral densities from a
class D simultaneously. This method will be applied for the concrete classes of spectral densities.

The proceed with the stated problem, we recall the following definitions [35].

Definition 4

For a given class of spectral densities D = Dy x D, the spectral densities fO(\) € Dy, g°()\) € D, are called the
least favourable densities in the class D for optimal linear filtering of the functional A¢ if the following relation
holds true

A(f%,6%) = A((f°,9%): £0,9°) = max _ A(h(f,9); f,9)-

(f,9)EDs XDy

Definition 5 .
For a given class of spectral densities D = Dy x D, the spectral characteristic 2°()\) of the optimal estimate of the
functional A¢ is called minimax (robust) if the following relations hold true

HO()\) S HD — m Lg(p),
(f,9)€Ds xDy
min max A H; , = max A EO; g).
heHp ([:9)€D;xDy (h: ,9) (f,9)€D; x D, (A5 f.9)

Taking into account the introduced definitions and the relations derived in the previous sections we can verify
that the following lemma holds true.

Lemma 2

The spectral densities f° € Dy, ¢° € D, which satisfy the minimality condition (13) are the least favourable
spectral densities in the class D for the optimal linear filtering of the functional A¢ if the matrices PY, SY, Q°
defined by the Fourier coefficients of the functions

BDENPN (™) 2 0) 7L IBDEN P (™) 720N 0) L NN @)

where
P’ = ) + BN P (),

determine a solution of the constrained optimization problem

(f,g)Iélg;{ng (<Sﬁaﬁ, P;Spag> +(Qa, a>) = <S%aﬁ, (P%)_ls%ag> + <Q0a, a> . 3D

The minimax spectral characteristic h® = hiz(f°, ¢°) is calculated by formula (17) if hz(f°, ¢°) € Hp.
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The more detailed analysis of properties of the least favorable spectral densities and the minimax-robust spectral
characteristics shows that the minimax spectral characteristic h° and the least favourable spectral densities f° and
g form a saddle point of the function A(h; f, g) on the set Hp x D. The saddle point inequalities

A(h; f0,6°) = AR 10, ¢°) > A(R% f,9) ¥(f,9) € D,Yh € Hp
hold true if h° = hiz(f°, ¢"), hz(f°, ") € Hp and (f°, ¢°) is a solution of the constrained optimization problem

A(f,9) = —Aha(f°,¢°): f,9) — inf, (f,9) € D, 32)

where the functional A(hz(fY, ¢%); f, g) is calculated by the formula

A(hﬁ(fovgo); fa g)

1 " |ﬁ(d)(i)‘)|2 % —1 i -1 —1
= 5 / WW(x?(eA)(A(e )TN = (CHEDT) BP) TN )

% (D (e M)g (N A(e™) = C(e) ) dx

LW; (d)_ix —iX\\ T £0 (d) (3 [12( (0 (oIAT 0 -1 0 -1
*%/, NG (P AE™ )TN + [BDENECHENT) B g ()

% (€PN AE) + 8D ENECHe ™) ) dA

_ <s%am P~ s%aﬁ> +(Q%, a) 33)

with

M8

i —1 'L 3
Che™) = ((PR) " Shag) P00,

o

B
Il

0

The constrained optimization problem (32) is equivalent to the unconstrained optimization problem

Ap(f,9) = A(f,g) + d(f, g|D) — inf, (34)

where d(f, g|D) is the indicator function of the set D, namely §(f, g|D) =0 if (f,g) € D and §(f|D) = +o0
if (f,g) ¢ D. The condition 0 € OAp(f°, g°) characterizes a solution (f°, g°) of the stated unconstrained
optimization problem. This condition is the necessary and sufficient condition that the point (f°, ") belongs to
the set of minimums of the convex functional Ap(f, g) [36, 46]. Thus, it allows us to find the equalities for the
least favourable spectral densities in some special classes of spectral densities D.

The form of the functional A(hz(f°, ¢°); £, g) is suitable for application of the Lagrange method of indefinite
multipliers to the constrained optimization problem (32). Thus, the complexity of the problem is reduced to finding
the subdifferential of the indicator function of the set of admissible spectral densities. We illustrate the solving
of the problem (34) for concrete sets admissible spectral densities in the following subsections. A semi-uncertain
filtering problem, when the spectral density f(\) is known and the spectral density () belongs to in class Dy, is
considered as well.
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4.1. Least favorable spectral density in classes Dy x DY)

Consider the minimax filtering problem for the functional Ag for sets of admissible spectral densities DE,

—

k =1,2,3,4 of the sequence with GM increments £(m)

f

D} = {f(A) = :Wf<A>dA‘P}’

D - {f()\) = /_:Wmmmp}

Dy — {f(/\) o~ _:WMWWLT}
{ro

7 D —ixy |2
L[ b e ) <Bl7f(A>>dAp},

Di = — | ZE
° 2m J 5 1BE(iN)

where p,pi,k =1,T are given numbers, P, B; are given positive-definite Hermitian matrices, and sets of
admissible spectral densities DY, k = 1,2, 3,4 for the stationary noise sequence 7j(m)

T

o)
<
~
Il
—
Q
—
>

V) <9 U, o |

—T

g\ = Q} |

T

o)
<
)
I
—
Q
=
>

V)] £ Tl £ T 5 [

—T

Te [g(\)}dA = q},

DY = a0 < o) <. 5 |

—T

Grk(N)dX = qi, k = LT}7

™

>,
<G
S
I

{gm (B2, V) < (BargV) < (B2, U 5 |

o <BQ,9(/\)>d/\=fJ},
™ J)_n
where the spectral densities V (\), U () are known and fixed, ¢, g, k = 1,T are given numbers, ), B are given
positive definite Hermitian matrices.

From the condition 0 € OAp(f°, ¢°) we find the following equations which determine the least favourable
spectral densities for these given sets of admissible spectral densities.

Define
™) = () A@e™) T (\) — (™),
CPO(N) = ‘X(ﬁd)(e_i/\w(A(e—i,\))Tfo()\)+ (d)(e_i’\)(CO(e“))T
A TGV e me

For the first pair of the sets of admissible spectral densities D}O X Dgl we have equations

(d) (,—iry|2 (d) (,—iry|2

0 i 0/ i |X@(€_i’\)|2 - o Ix@(e‘i’\)ﬁ
CP(eM)CP (™) = (Mpom> (B-B* +T1(\) +Ta(N) <,g’<d>(M)|2p0(A)>’ (36)

where @, 3 are vectors of Lagrange multipliers, Iy (\) <0 and T';(A) = 0 if ¢°(A) > V(A), T'2(A\) > 0 and
T2(A) =0if g°(\) < U(N).

Stat., Optim. Inf. Comput. Vol. 9, December 2021



MAKSYM LUZ, MIKHAIL MOKLYACHUK 1025

. o . 2 .
For the second pair of the sets of admissible spectral densities DJ%O x DY~ we have equation

FO( Ay SO iA L [ D)2 ’

CL (N0 (€)= a W?O()\) ) (37)
0/ X 0/ ix 2 |Xgi)(e_i)\)|2 0

Co(eM)C (™) = (B2 +m1(\) +72(N) W? ORI (33)

where o2, 3% are Lagrange multipliers, 1 (\) < 0 and 1 () = 0if Tr[g°(\)] > Tr[V(N)], 72(\) > 0 and y2(\) =
0if Tr[g°(\)] < Tr [U(N)].
For the third pair of the sets of admissible spectral densities D}”’co X D‘l}?’ we have equation

i iAy* ‘X(;)(B_M)P ) |x(ﬁd)(e_u)|2
LML () = (WWpO()\)> {o3du}y (WPO(A) 7 )
g0/ idy g0 idy* ‘X(ﬁd)(e_M)P ) |X(ﬁd)(e—u)|2
CﬁO(e /\)Cﬁo(e o= (WWPO(A)> {(5k +71k(A) + ’VQk()‘))(Skl}f,l:l (WPO()\) (40)

where o2, 37 are Lagrange multipliers, oy, are Kronecker symbols, y1x(A) < 0.and 1(A) = 0if g% () > v (N),
Y2k ()\) > 0and ’}/Qk(/\) =0if ggk ()\) < ukk()\)
For the fourth pair of the sets of admissible spectral densities D;%O X Dg4 we have equation

; . |X@)(67i>\)|2 |Xgi)(efi)\)|2
C%O(@/\)C%O(BA) = o’ (WPO(/\) B WPO(A) ; (41)

00, i (00 A T TR I 0 o G L YRR W 0 o [ "
CL ()T ()" = (B7+7m(\) +7%() Wp (A) | By Wp A |, 42)
where o?, 32 are Lagrange multipliers, v (\) < 0 and ~v{(\) = 0 if (Ba, g°(\)) > (Ba, V()\)), ¥5(\) > 0 and
73(A) = 0if (Ba, g°(N)) < (B2, U(N)).
The following theorem holds true.

Theorem 5 .
The least favorable spectral densities f°()\) and g°(\) in the classes Df x DY", k = 1,2, 3,4, for the optimal

linear filtering of the functional Ag are determined by pairs of equations (35)-(36), (37)-(38), (39)-(40), (41)-
(42), the minimality condition (13), the constrained optimization problem (31) and restrictions on densities from

the corresponding classes D x ng, k =1,2,3, 4. The minimax-robust spectral characteristic hz(f°, g°) of the
optimal estimate of the functional A¢ is determined by the formula (17).

4.2. Semi-uncertain filtering problem in classes D. of least favorable noise spectral density

Consider a semi-uncertain filtering problem for the functional Ag, where the spectral density f(\) of the sequence

—

with GM increments £(m) is known and the spectral density g(\) of the stationary noise sequence 7j(m) belongs
to the sets of admissible spectral densities D* k = 1,2,3, 4

! {gm
: {gm

s

=)
I

Trlg()] = (1= T ]+ T W (), - [

—T

T [g(A)]dA = q};

s

4
I

) = (1= ke V) + 2w, - [

—T

k(N dA = qi, k = 17T};
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™

D} = {gu)\wl,gu»=<1—s)<Bg,gl<x>>+e<BQ,W<A>>,;W / <Bz,g<A>>dA=q};

—T
T

D = Lo = (-2 + e, 2 [

—T

g = Q},

where g1 () is a fixed spectral density, W () is an unknown spectral density, ¢, g,k = 1,7, are given numbers,
Q, B, are given positive-definite Hermitian matrices.
The condition 0 € dAp(f, ") implies the equations which determine the least favourable spectral densities of

the noise sequence 7j(m).
Define

d) —i
CL5M () = M
IOV

. (Al DTN + x50 (NG ()T,
where C5™(e?) is determined by the matrices P57, S5¢ defined by the Fourier coefficients of the functions

BDEN P (™) 72(F(N) + 18D NP (M) 7,
BD NP (672" (A (FA) + 8D (0 [2g° (1) 7L

For the sets of admissible spectral densities Df, k =1,2,3,4, we have equations, respectively,

), —i
D ()2

TGy W+ |ﬁ<d><z‘A>|2gO<A>)) SENCEY

C%se'rni(eik)c%semi (ei)\)* _ (62 + Yo ()\)) (
where 32 is a Lagrange multiplier, v2(\) < 0 and yo(\) = 0if Tr [¢g°(\)] > (1 — &)Tr [g1(\)],

(d)(—ixy|2
g,semi/ i\ g,5emi _GA\x __ ‘Xﬁ (6 )|
G () C " (e)

(FO+ 18D NP W)

RGO
s o T |X(HCI)(€_M)|2 (d) (:y1[2 .0
* {8 + RO (PO +1BDENECW) @)

where 37 are Lagrange multipliers, 77 (\) < 0 and v2(\) = 0if g2, (A) > (1 —€)g},.(N),

d) —i
I (e

g,semi/ i\ g,5emi; _GA\x __ 2 /
Cﬁ (e )Cﬁ (€)= (8" +71(N) |6(d)(i)\)|2

(f(/\) +18 (i>\)|2go()\)>

D (emid) 2 |
< By U+ BO@P W) @9
where 57 is a Lagrange multiplier, 74(3) < 0 and 7(\) = 0f (Ba, 6"(V) > (1= £)(Ba, g1(\)

(ﬁl) e_M 2
= W (700 + 189 W)
8@ (iN)]2

where 3 is a vector of Lagrange multipliers, '(A) < 0 and ['(A) = 0if g°(A) > (1 —&)g1(A).
The following theorem holds true.

g,Semi /s i\ g,5emi ;i\
CZ () CF™ M (e)

x (8- B +1(V) (FO+ 18D W) . @6)
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Theorem 6

The least favorable spectral density g°()\) in the classes D¥, k = 1,2, 3, 4, for the optimal linear filtering of the
functional A¢, where the spectral density f (M) of the sequence with GM increments £l (m) is known, is determined
by equations (43), (44), (45), (46), the minimality condition (13), the constrained optimization problem (31) for the
fixed f(A) and the restrictions on density from the corresponding classes DY, k = 1,2, 3, 4. The minimax-robust
spectral characteristic hz(f, g°) of the optimal estimate of the functional Af is determined by the formula (17).

5. Conclusions

In this article, we present methods of solution of the filtering problem for stochastic sequences with periodically
stationary long memory multiple seasonal increments, or sequences with periodically stationary general
multiplicative (GM) increments, introduced in the article by Luz and Moklyachuk [33]. These non-stationary
stochastic sequences combine periodic structure of covariation functions of sequences as well as multiple seasonal
factors, including the integrating one. A short review of the spectral theory of vector-valued generalized multiple
increment sequences is presented. We describe methods of solution of the filtering problem in the case where the
spectral densities of the sequence £(m) and a noise sequence 7(m) are exactly known. Estimates are obtained

—

by applying the Hilbert space projection technique to the vector sequence &(m) + 7j(m) with stationary GM
increments under the stationary noise sequence 7j(m) uncorrelated with £ (m). The case of non-stationary fractional
integration is discussed as well. The minimax-robust approach to filtering problem is applied in the case of spectral
uncertainty where densities of sequences are not exactly known while, instead, sets of admissible spectral densities
are specified. We propose a representation of the mean square error in the form of a linear functional in L; with
respect to spectral densities, which allows us to solve the corresponding constrained optimization problem and
describe the minimax (robust) estimates of the functionals. Relations are described which determine the least
favourable spectral densities and the minimax spectral characteristics of the optimal estimates of linear functionals
for a collection of specific classes of admissible spectral densities. These sets are generalizations of the sets
of admissible spectral densities described in a survey article by Kassam and Poor [25] for stationary stochastic

processes.

Appendix

Proof of Theorem 3 N
The condition (A77 — Aij) L HO(¢@ + (D)) implies the relation which holds true for all k& < 0:

E (47— A7) (X3 (Em) + x3Gi(m)))
- L (A(e_i/\) -9 (i}\)ﬁﬁ(z\))T g(A)e_iAkxgi)(ei’\)d)\

2 ) .

1 " T T —ixk (d) iX 1 _
“57 | B TS  (€) —msit =0

Thus, for all k¥ < 0, the function ﬁﬁ(/\) satisfies the relation
(d)

" —i YRS > Xﬁ (eik) —i o~
/_ ] [(A(e™™) T gNBD(N) — (ie(0) b o =

The latter relation implies that the spectral characteristic Eﬁ()\) allows a representation of the form (17) with

Cr(e™) =) Glk)er Y,
k=0
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where &z(k) = {czp(k)}1_,, k > 0, are unknown coefficients to be found.

p=1°
The condition A7j € H° (¢4 + (4)) implies the following representation of the spectral characteristic hz(\):

() = W)X (€ s b 1(M Z e,
=0

which leads to the relation holding true for all > 1:

B ()2

—i)\l o
= d\ =0. (47)
I (=) 2

/ D AT Tg) — (Cale™)T | p7

In terms of the matrix-valued Fourier coefficients Skﬁ j for k> 0,7 > —n(y), P, k L Qr,; for k,j > 0, relation
(47) is presented as a system of linear equations

oo
Z Sl+1 m-p(m Z 1k Ca(k), 120,
m=—n( k=0

or in the matrix form as
S*aﬁ = Pﬁcﬁ7

where the vectors ez = ((6:(0)) ", (z(1)) ", (€u(2) ... )T, ag = ((@(0) T, (@(1) ", (@z(2)",...)", the
coefficients ap(k) = a_,(k —n(y )), k>0 and the linear operators Py, S;; are defined in Subsection 3.1.
Therefore, the unknown coefficients ¢z (k), & > 0, are calculated by the formula

&a(k) = (P;'Spag), , k>0,

where (P;Sﬁag) ,» k= 0, is the kth T-dimensional vector element of the vector PEISgaﬁ.
The derived expressions justifies the formulas (17) and (18) for calculating the spectral characteristic l_ig()\) and
the value of the mean square error A ( fr9; gf ) of the estimate EE of the functional AE (]
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