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1. Introduction

The generalized order statistics (gos) is a scheme. It provides a broad structure for models of ordered random
variables. [18] introduced this concept. It has been steadily growing and bringing out more consideration among
researchers since its inception. Generalized order statistics is described in the following.

Let n > 2 be a given integer and, . = (my,ma, - ,Mp_1) € Rr—1 | k> 1Dbe the parameters such that
n—1
fyT:k—&—n—r—i—ij >0forl<r<n-—1.
Jj=r
Suppose X (1,n,m, k), -, X(n,n,m,k), are n gos from an absolutely continuous distribution function df F()

with probability density function pdf f (), if their joint pdf is given in Equation (1)

k (H%) (H [Fe)]™ s “’“’“) [Fn)]™™ f o) 1)

P

for F71(0+) <2y <@y < -+ <z, < F(1).

At the different values of m;, v; and k, Equation (1) reduces to several models. For. e.g., order statistics (m =
0, k = 1), k*" record values (m = —1 [19]) and (m = —1, k = 1) corresponds to upper record values Chandler
[10]. In reliability theory, these models play an important role. [11] and [14] provided the detail discussions on gos.
In statistical analysis, the contribution of doubly truncated distributions is of importance. It covers many areas of
study. It is applied in biostatistics, reliability (left truncation), survival analysis (right truncation) and cosmology
(double truncation), and non-truncated case.
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842 MOMENTS OF GENERALIZED ORDER STATISTICS

Several publications are appeared on doubly truncated distributions in the literature. Detailed surveys are found in
([1,2,3,4,5,7,8, 12, 15, 16, 17]) and among others.

[6] introduced the power-linear hazard rate distribution (PLHRD) as follows.

A random variable (r.v.) X ~ PLHRD(«, 7, ), if its cdf and pdf are given respectively by

F(fE) = 1—67{%m2+5aﬁ$6+1}7 l’>0, aa’YZ(), 5> _1a andé#_l (2’)
fl@) = (aa® +ryx)e 137552 o5, 3

The exponential, Rayleigh, Weibull, Linear hazard rate (LHR), Power hazard rate (PHR), and Quadratic hazard
rate (QHR) are the special case of (4). The given distribution has tremendous applications in life testing, reliability,
and other fields due to its desirable properties of the different hazard rate features. For more details see ([6]).

For given P; and ()
Q1 Py
fl@)dz=Q and flx)dx = P.
0 0

Then, pdf of doubly truncated PLHRD is,

(axd 4+ yz)e 1o +aFr2"" )

fl(x): P*Q ) .TJE(Q]_,Pl), a;72076>_17 (4)
and the corresponding df F(z) is
_ 1
Fl(l’):— 2+mfd($), xE(Ql,Pl),a,720,5>—1, (®)]
or
filw) = (aa® +y2) [Py + Fy ()] (6)
where
1—p 1-Q
P = 7’ = —-—
’ pP—Q @ p—Q
P = =1- 3PP} =1 {3Q+sHAT)

The key intent of this research is to present the moments features of doubly TP-LHR distribution and
characterization results.
2. Single Moments

Casel: m; =m; =m
In view of (1), the pdf of a single gos, is given by

Cr_ = - _
Ix(ronmi) (T) = = 11)' [F(:L’)P ! f(x)gn HF(x)], —oco<z<o0 (7
where .
F({E) =1- F(ZC), C’r‘fl = H'Viv
i=1
and

gm(x) = { Tirolg[%l__<i)j $)m+)]’ Zi :1 z €10,1).
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CaselIl: y; # v, 1 # j.
The pdf of r — th gos is

fx(rnmpy (@) = Croa Z a;(r)f(z) [F(q;)]”fl .

where

V5 ’71

In the following, we derive the single moments based on doubly TP-LHR distribution and deduced many earlier
results. The single moments of gos have a pivotal role in calculating mean, variance of record values and order
statistics.

Theorem 2.1. For TP-LHR distribution given in Equation (4) and forn € N,m € R,2 <r <mn,

E[Xj(T,m,n,k)] = PQB |:{_’_?;_’_1E [Xj+5+1(7“,n — l,m,k +m)] — E [Xj+5+1(1" — I,TL — l,m,k —I—m)]}

+{ 12E[X7+2(r n—1,m,k+m)] —E[Xj+2(r—1,n—1’m’k+m)]H

- Jj+é+1 . o1,
+j+5+1 {3 B [XTHH (e m, k)] — B [ X (e = 1,n,m, k)] }

{’yr [XJ+2 (r,n,m, k)| — [Xj+2(r —1,n,m,k)]}

where
C r—1 .
B— r—2 _ ( i > (n 1Lk+m) ’y(n 1,k+m)
C,SCLELIH_m) ];[ i — 1)/’ H
n—1,k4+m

=k+m+n—-1—i)im+1)=~—1.

Proof: The below mention expressions have been obtained from the Equations (6-7)

Or—l

E [Xj(r,n,m,k‘)] = =1

[ RGP (e 5@l 4 B g @)

which can be written as

Py Py
- PQa/ PR () g Py (e )]d;p+ Cr— S ng/ 2T ()] gr [y ()] dae
Q1 Q1

f o 1 o I+1 1
Jj+ T* JHLIr Yr T —
e R e )!7/1 SR (@) g1 [P (@) d
Py 1,k4+m
E[Xj(r,n,m,k)] = (f:_f)| P2 {a/ xj+5[F1(:17)]’Y£n_ ) )gfnfl[Fl(x)]dx

/ AR <"‘1”“*m)g;1[F1<x>de}

P1 Pl
ta / 2By ()] g [y () da + / S HF (@) g [F (o)) da

1
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E[X7(r,n,m. k)] = (TCT-;)! [ PoaHIH () g HT ™ @) 4 B (@) + B ()] (10)
where
Py
S (@) = / P E @) g Ry (@) de,
P
H'P (@) = / POy ()] g [Fy ()] da.
1

By implementing integration by parts method, we get

(r—1)!

Ht(Z(S_LHm) (z) = o o {EIX™* (rn—1,m,k+m) — E[X" T (r—1Ln—1,mk+m)}
and
T () = - 2()7’0(”1_)1!7““1) {EX"™*(r,n—1,mk+m) — EIX*P(r —1,n—1,m,k+m)]}.
r—2
Similarly
H (2) = o 5(47; I)g(!r =3 {BIX* (r n,m, k)] — BIXTF (e — 1,n,m, k)] }
and

HEO @) = e (B m, k)] = BX0 = L, K]}

Inserting the value of Hf_tgLHm) (r), Ht(ifl’ker)(a:), Ht(_z;sk)(a:) and Ht(ilk)(x) in Equation (10) and solving the
resulting terms, the Equation (9) is determined.

Corollary 2.1. For Case II (; # ~;), replacing m by n, results may be obtained.

Remark 2.1.

(1) For order statistics (m = 0,k = 1), Equation (9) obtained as

pixt = p oot - st b {2 et - pt
b A DEEY T - B
by { = H VBRG] - BT
(ii) For k — th records values (m = —1), Equation (9) reduced as.
E(Xp)* = P <,£1>1 HJ e E(XU(”)MH)k_l}
H{Apa - o, |
+ﬁ {kE(X{;(Ff)“)’“ - E(ngfjll))k} + j% {kE(X{If))’“ - E(ngf_l))k}
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(iii) Setting P =1 and @Q = 0, i.e., (P, = 0) for non- truncated case in Theorem 2.1,

1 (e
E 4<] - < 1 |: r
( r,n,m,k) ] 5 1 g

agrees with [13].
(iv) Some doubly truncated distributions are the special case of Theorem 2.1, which is given in Table 1.

B(XIH0TLy _ p(xitot )] n ]L [%E(ij ) = B(X+? )}

r,n,m,k r—1,n,m,k +92 r,n,m,k r—1,n,m,k

Table 1:
S.No. | @ | v | o | Doubly Truncated Distribution | Author
1 - 10 0 Class of truncated distribution [1]
2 - | = 0 linear exponential distribution [16]
3 -1 0| a1 Weibull distribution [17]
4 - 10 — power hazard rate distribution -

3. Product Moments

Case I: m; = m; =m.
The joint density function of two gosis (1 < r < s < n),

CS* n m r—
fX(r,n,m,k),X(s,n,m,k)(:L'ay) = (7“ — 1)!(8 _1 r— 1)| [F(l’)] f(m)gm 1F($) X

B (F () = hin(F (@) [F()] " f(y), =00 <@ <y < oo, (11)
CaseIl: v; # ~v;,%# j, 1,5 =1,2,-,n — 1. The joint pdf of the r — th and s — th gos,1 <r < s < n,is

Pty e (9) = Cot 3 af(s) (F(y)) J [Zam)[ﬁ(x)w

j=r+1 i=1

where

S

. 1

az(-T)(s): H <‘_ ‘>, r+1<i<s<n.
jertlgpi N9 T

In this section, the recurrence relation for product moments of gos from doubly TP-LHR distribution has been

presented. The product moments based on gos are enabled to compute the covariance of record values and order

statistics.

Theorem 3.1. For doubly TP-LHR distribution revealed in Equation (4)and1 <r <s<n—1,m € R,n > 2and
1,7 >0
E[Xi(r,n,m,k)Xj(sm,m,k] =

P,B*

{A:HE (X (r,n—1,m k+m) X7 (s, n — 1,m, k +m)]

-F [Xi(r,n —1,mk+m)X7 (s — 1 n—1,m, k+ m)]}
i i _ 42 .
+{],+2E[X (ry,m—1,m,k4+m)X'"(s,n 1,m,k+m)]
-F [Xi(r,n —1,mk+m)X (s —1,n—1,m, k + m)] }
—i—j!ﬁ {'ySE [Xi(r,n, m, k)XjJr‘Hl(s, n,m, k)] - F [Xi(r,n,rm k)XH‘S“(s —1,n,m, k)]}
Jrﬁ {’ysE [Xi(r,n,m,k)Xj“(s,n,m,k)} —-F [Xi(r,n,m, E)X7+2(s —1,n,m, k)]} (13)
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where

C s—1 i
B* _ s—2 _ 7 )
oyt 11 <% - 1>

i=1

Proof: From Equation (11), we have

Cs—l i

P
E[X"(r,n,m, k)X (s,n,m, k)] = = Dis—r =1 / ' [Fy (2)]™ fr(x) gl [Fy(2)] K (z)dx (14)

where

Py
K(x) =/ 3 [hn (F1(y)) = o (FL ()7 HE ()]~ fi(y)dy. (15)

Now using (6) in (15), we get
P i
K {a/ W [ (Fy (1) = (B @) [Fa(y) " dy
P i
—H’/ T R (F1(y)) — hm(Fl(x))]S*”*l [Fl(y)]’ys—ldy}

" Jj+é s—r—1r4 Vs
ta / Y (hn(Fu(9)) — o (F1 (2)) " B ()] dy

Py
JW/ Y B (Fi () = han (FL(2)))"" 7 [Fa(y)] " dy

= P {ak {7 @) £ KT @)+ ak P @) + K (@) (16)
where
Ky () = / " Y B (F ) — bR R Gy
and

Py
K (2) = / Y (Fy(y)) — o (Fy ()] B ()] dy.

Integrating by parts taking '+ for integration, we attain,

P
K (@) t+51+1{'v | B Fi) = b (B @) B D )y
Py _
(s=r=1) [y b (B) ~ BB @) B ) <y>dy}
and
(n—1,k+m) 1 Pl t+6+1 s—r—1[f (n—lktm)—1
K00 = g e [ 0 ) ~ B ) RO fiw)dy

(n—1,k+m)—1

Py
(s=r=1) [ S ) — o (F ()R ﬁ(y)dy} ~
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Similarly
(n,k) 1 P t+2 s—r—1771 ys—1
KEO@ = gt [0 A = bR B G Ay
P -
(s —r— 1)/ Yy 2 i (Fi(y)) — hm(Fl(x))}”Z{Fl(y)}%*mfl(y)dy}
and
(n—1,k+m) 1 Pl t+2 s—r—1[f (n=1kdm)—1
KT = g [0 i) — b (B A @) fr(y)dy

(n—1,k+m)—1

(s—r—1) / Y2 (Fy(9)) — o (B ()] 2B ()] f1(y)dy} .

Upon substituting for Kt(zgl’ﬂm) (v), Kt(ﬁfl’“m) (), Kt(i;;k') (x) and Kt(ﬁ’lk) (x) in Equation (16) and then putting

the resulting terms for K (z) in Equation (14). On simplification, Equation (13) yields.
Corollary 3.1. Replacing m by 7 results may be obtained for Case II (v; # ;).

Remark 3.1.

(i) For order statistics (m = 0, k = 1), the Equation (13) reduces as

. . 6% . . . .
B X = P [{ S P XU - B X
v i j i j
+ {ME[X'I‘:TL—17 Xﬁtf—ﬂ - E[Xr:n—lv Xitfn—l]}]
b s B X B X
J

(i) For non- truncated case, Theorem 3.1 reduces as

i j o j j+8+1 i j+5+1
E ( ﬁ,n,m,k’ Xg,n,m,k> = m |:’Y$E[Xfl',n,m,k7 Xg,n,m,k] - E[X:',n,m,k7 ngl,n,m,k]:|
v i j+2 i j+2
+m [VSE[Xi,n,m,k’ Xg,n,m,k] - E[X:',n,m,k7 ngl,n,m,k]i|

as verified by [13].
(iii) Product moments of records can be attained from Equation (13), at m = —1.
(iv) Table 2 contains some doubly truncated distributions as a particular case of Theorem 3.1

Table 2:
S.No. | a | v | o | Doubly Truncated Distribution | Author
1 - | - 0 linear exponential distribution [16]
2 0] a1 Weibull distribution [17]
3 - 10 - power hazard rate distribution -

Stat., Optim. Inf. Comput. Vol. 12, July 2024
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4. Characterization

In this section, doubly TP-LHR distribution is characterized via the single moments of gos.

Theorem 4.1: A random variable X is to be distributed with pdf given in Equation (4), for which the necessary
and sufficient conditions are represented as,

E[Xj(T,m7n, k)] =
_* L B el 1
PQB|:{,+6+1E|:X (r,n 1,m,k‘+m)} E[X (r—1,n 1,m,k‘+m)]}
& j+o+1 . G46+1 B
jHy+1 {E [X (T,n,m,k)} E [X (r—1,n,m, k)]}
wr {E [X7F2(r,n,m, k)] — E [X7*2(r — 1,n,m, k)] }. 17

Proof: The necessary part follows from Equation (9). If the expression in Equation (17) is satisfied, then Equation
(17) can be rearranged, as follows

Py
b L PR @A e =

Py
" {j CTTe i, PR G R @I @A

Py
ety [ R R @ >A1<x>dx}

j+2(r—1)!
Qnyy CT— n J 11 Yo T—2
e L R  R@ @) Ae)s
L0 G /”1 IRE (@) g 2R (1)) () Aa(2)d (18)
j+2(7'71)! Qll‘ 1(X gm 1\X X 2(x)ax.
where,
Arte) = =B R@), and Ax(e) = PRI )[R
Let ~
a(@) = =[F@)) g5, ' [F1 (). (19)

Differentiating Equation (19), w.r.t. z, we get

2(e) = (A @) g2 ()] (@) [W . 1)[&(@1’”} .

[Fi(z)]
Thus
Crfl P Vi n Yr—1 r— 1
b [ R Er e R @) ) =
« Crfl P Y Cr,1 Py . ’
P. JHo+l, d / j+2 d
2{(j+5+1) (7‘—1)!/1 W () Gra 1) fy, & erlolde
o Craawr o j+o+1,) v Croavr F 42
+(j o) 1)!/62 x 2z, (z)dz + 20— 1) o, "%z, (z)dz. (20)
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Integrating R.H.S. in Equation (20) by parts and make use of the values of z,, (z) and z., _;(x) from Equation
(18), we get

Py
(rcill)l/ z’ [F1($)]7"7lg:,:1[Fl(x)]fl(x)dx =

Py P,
P oty [ B @P e R @y R P A e
Crfl

P Py
+QM/ xj+6[F1(a:)]"”‘_lg:n_l[ﬂ(x)]dx+’y%/ I Fy (2)] g [Fy ()] de

which reduces to,

C._, [P .. _
ﬁ / 2 P ()] g R (@)][f1(2) = (a2 + y2)(Pr + Fi(2))]de = 0. 1)

The Miintz-Szasz generalized theorem [9] has been implemented to the Equation (21), to get the below mentioned
result

fi(z) = (az® + yx) [Py + Fi(z)]

which is Equation (6) and above relationship holds between pdf and cdf of TP-LHR distribution. Hence the
Theorem 4.1 is proved.

5. Conclusion

The power-linear hazard rate distribution was suggested by Tarvirdizade and N. Nematollahi [6]. It can be used
where the hazard rate has both forms of power and linear. In this paper, we have derived moments properties
based on gos from doubly TP-LHR distribution. The doubly truncated distribution is broadly used as it possesses
non-truncated, left and right as a particular case.
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