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Abstract This is a pioneering work, introducing a special class of complex numbers, wherein their absolute values and
arguments given in a Polar coordinate system are integers, which when considered within the complex plane, constitute

Unicentered Radial Lattice and similarly for quaternions and Euclidean R? and R® Spaces. The corresponding Optimization
Problems are introduced as well.
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1. Introduction

Its well-known in number theory a complex number whose real and imaginary parts are both integers: Gaussian
Integer. The Gaussian integers are the set: Z[i] := {a + bi | a,b € Z}, where i’ = 1. Gaussian integers are closed
under addition and multiplication and form commutative ring, which is a subring of the field of complex numbers.
When considered within the complex plane the Gaussian integers constitute the 2- dimensional integer lattice. The
Gaussian integers form unique factorization domain: it is irreducible if and only if it is a prime(Gaussian primes).
The field of Gaussian rationals consists of the complex numbers whose real and imaginary part are both rational
(see, e.g., [11]).

The norm of a Gaussian integer is its product with its conjugate:

N(a + bi) = (a + bi)(a — bi) = a* + b°.
The norm is multiplicative, that is, one has:
N(zw) = N(z2)N(w), z,w € ZJi].

In [19] was introduced the following subset of the Gaussian Integers:

Zyp[i] := {a + bi | a,b € P}, where P is a subset of the Prime numbers, Zp[i] C Zl]i].

Another well-known integral subclass of complex numbers are Eisenshtein integers: complex numbers of the form:
z =a+ bw, where a and b are integers and w? +w + 1 =0 . The Eisenshtein integers form a triangular lattice in the
complex plane, in contrast with Gaussian integers, which form a square lattice in the complex plane. The Eisenstein
integers form a commutative ring as well and similar to Gaussian integers form a Euclidean domain,which supposes
unique factorization of Eisenshtein integers into Eisenshtein primes. Similar integral subclasses can be defined for
quaternions: Lipschitz and Hurwitz Integers(quaternions).

Quaternions are generally represented in the form: ¢ = a + bi + ¢j + dk, where,a € R, b€ R, c € R, d € R, and
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926 POLAR INTEGERS AND POLAR OPTIMIZATION

i, j and k are the fundamental quaternion units and are a number system that extends the complex numbers [2, 7].

The set of all quaternions H is a normed algebra, where the norm is multiplicative: ||pg || = ||p || |l¢||,p € H,q €
H, ||¢||? = a® +b* + ¢ + d°
This norm makes it possible to define the distance d(p, ¢) = ||p — ¢ || which makes H into a metric space.

Lipschitz Integer(quaternion) is defined as:
L:={¢q:q=a+bi+cj+dk|a,b,c,deZ}.

Lipschitz Integer (quaternion) is a quaternion, whose components are all integers.
In [19] was introduced the following subset of the Lipschitz Integers:

Lp:={qg:qg=a+bi+cj+dk|ab,c,decP} LpCL.

Hurwitz Integers(quaternion) are defined as:
HU:={q:g=a+bi+cj+ dk| a,b,c,dEZJr%}.
and, correspondingly we can introduce:
HUp :={q:qg=a+bi+c¢j+dk|abc,decP+ %},HUP C HU.

Thus, Hurwitz Integer (quaternion) is a quaternion, whose components are either all integers or all half-integers.
The initial motivation for the introduction of the Polar System was the study of circular and orbital motion.
Polar Coordinates are used in navigation, e.g., air traffic control, modeling of radially symmetric systems, e.g.,
groundwater flow equation, gravitational fields, radio antennas. Radially asymmetric systems may also be modeled
with Polar Coordinates: e.g., microphone’s pickup pattern(see, e.g., [4]).

The Spherical Coordinate System is used in geography, astronomy, ergonomic design, 3D game development, 3-
dimensional modeling of loudspeaker, partial differential equations, volume integrals, rotational matrices(see, e.g.,
[14]).

The Cylindrical Coordinate System is used for computation of water flow in a straight pipes with round cross-
sections, heat distribution in a metal cylinder, electromagnetic fields, accretion disks in astronomy and so on(see,
e.g., [13]).

It is well-known that an optimization problem can be represented in the following way: given a function f :
G — R from some set G to the real numbers; sought: an element xzy € G such that f(zg) < f(x) for all = €
G,(“minimization”), or such that f(z¢) > f(z) for all z € G (“maximization”).

Typically, G is some subset of the Euclidean space R", specified by a set of constraints and the function f is called
an objective function or target function.

Its well-known in Optimization Theory the case when G is some subset of integer points: Integer Optimization
(see, e.g., [6, 9]). A general model of mixed-integer optimization could be written as: max/min f(x) subject to
g1(2) <0,...,gm(x) <0,z € RF x Z* , where f,g1,...,gm : R” — R are arbitrary nonlinear functions.

In [18, 19] Complex, Quaternionic and Prime Optimization are considered.

The purpose of this paper is to introduce and describe novel subclasses of numbers: Polar Complex Integers,
Polar Complex Hurwitz-like Integers, Polar Quaternionic Integers, Polar Quaternionic Hurwitz-like Integers, Polar
Euclidean Integers, Polar Euclidean Hurwitz-like Integers, Spherical Euclidean Integers, Spherical Euclidean
Hurwitz-like Integers, Cylindrical Euclidean Integers, Cylindrical Euclidean Hurwitz-like Integers and the
corresponding optimization problems.

2. Polar Complex Integers

Let us introduce a new subclass of complex numbers and a new approach for their definition accordingly: Polar
Complex Integers.
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Its well-known for a complex number z = Re(z) + Im(z)i = a + bi, a € R, b € R, i? = -1, to use an alternative
option for coordinates in the complex plane: polar coordinate system that uses the distant of the point z from the
origin and the angle, subtended between the positive real axis and the line segment in a counterclockwise sense(see,
e.g., [3, 12, 16, 17]).

The absolute value of the complex number: r = |z| is the distance to the origin of the point, representing the
complex number z in the complex plane.

The argument of z: ¢ = arg(z), is the angle of the radius with the positive real axis . Note that there are two
notations of angle ¢: in degree and in radian.

Together, r and ¢ gives another way of representing complex numbers, the polar form. Recovering the original
rectangular coordinates from the polar form is done by the formula called trigonometric form:

z = r(cos ¢ + isin ¢).

Recall that addition of two complex numbers can be done geometrically by constructing the corresponding
parallelogram.
Given two complex numbers: z; = 71 (cos ¢1 + isin ¢1) and zo = ro(cos ¢o + isin ¢ ), multiplication of z; and 2y
in polar form is given by:
2129 = rra(cos(P1 + ¢2) +isin(¢pr + ¢2)).
Similarly, division is given by:
21 71

= —(cos(¢1 — ¢2) +1isin(¢1 — ¢2)).
22 T2
Using polar form, let us introduce the following new subclass of complex numbers, Polar Complex Integers:
PZ[i] :={z:z=r(cosp+ising) |z € C,r € Z,¢ € Z,—180° < ¢ < 180°}.

Theorem 1. Polar Complex Integers are closed under multiplication.
Proof. It follows from the formula:

2129 = r1ra(cos(¢1 + ¢2) +isin(¢r + ¢2)).

Theorem 2. Polar Complex Integers are not closed under addition.
Proof. Let us consider z; = 0 + 1li and z; = 1 + 0i. For degree notation, where z; = 1(cos 90° 4 isin 90°) and
22 = 1(cos 0° 4 isin 0°), absolute value of z; + 22 is an irrational number.
Theorem 3. Polar Complex Integers are not closed under division.
Proof. It follows from the formula:
2= D (cos(n — ¢o) +isin(dr — ¢a)).
22 T2
Corollary 1. Polar Complex Integers are mutually primes if and only if their absolute values are mutually primes.
Theorem 4. Polar Complex Integers form countable infinite set.
Proof. It follows from the definition.
Similarly to aforementioned Hurwitz integers, let us introduce Polar Complex Hurwitz-like Integers:

1 1
PHU[i] := {z: z = r(cos¢p +ising) |z € C,r € Z + §7¢> €Z+ 57—180O < ¢ < 180°},

and similarly to aforementioned Gaussian Rationals, the corresponding set of Polar Complex Rationals can be
introduced as well.

Theorem 5. Polar Complex Hurwitz-like Integers form countable infinite set.

Proof. It follows from the definition.

The corresponding Prime-subclasses can be introduced as well:

PZpli] :={z:z=r(cos¢p +ising) |z € C,r e P,¢p € P, —180° < ¢ < 180°}, PZp[i] C PZ[i],
1 1
PHUp[i] := {2 : z = r(cos¢p +ising) [z € C,r e P+ §,¢ eP+ 5,—180O < ¢ < 180°},
PHUpi]  PHUJi].
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928 POLAR INTEGERS AND POLAR OPTIMIZATION

3. Unicentered Radial Lattices of Polar Complex Integers and Polar Complex Hurwitz-like Integers

As we mentioned above, when considered within the complex plane, the Gaussian integers constitute the 2-
dimensional integer lattice and the Eisenshtein integers form a triangular lattice in the complex plane, in contrast
with Gaussian integers, which form a square lattice in the complex plane.

As it follows from the definition:

PZ[i] :={z:z=r(cosp+ising) |z € C,r € Z,¢ € Z,—180° < ¢ < 180°},

by fixing the integer radius r € Z, Polar Complex Integers, when considered within the complex plane, constitute
Unicentered Radial Lattice.
Accordingly, for the Polar Complex Hurwitz-like Integers, as it follows from the definition :

1 1
PHUJi| :={z: 2z =1r(cos¢p +ising) |z € C,r e Z+ 5,(;5 cZ+ 5,—180O < ¢ < 180°},

by fixing the integer radius r € Z, Polar Complex Hurwitz-like Integers, when considered within the complex
plane, constitute Unicentered Radial Lattice as well.

4. Polar Quaternionic Integers

Similarly, we can introduce Polar Quaternionic Integers.
Indeed, its well known to represent quaternions as pairs of complex numbers:

g=a+bi+cj+dk < (a+ bi,c+ di).(Cayley-Dickson construction)
Correspondingly, considering each of two parts in polar form:
a+bi =r(cos¢ +ising),c+ di = p(costp +isiny),

let us introduce Polar Quaternionic Integers:

PL:={q:q=a+bi+c¢j+dk < (a+bi,c+di),a+ bi =r(cos¢ +ising),
c+di=p(cosyp +isiny) e H,r e Z,p € Z,p e Z,7p € Z,—180° < ¢ < 180°, —180° < ¢ < 180°},

and Polar Quaternionic Hurwitz-like Integers:

PHHU :={g:g=a+bi+ ¢+ dk < (a+bi,c+di),a+ bi =r(cos¢ +1isin¢),c+ di = p(cosy) +
ising) |[geH,reZ+ L, ¢9cZ+LipeZ+ 3, cZ+ L —180° < ¢ <180° —180° < ¢ < 180°}.
The corresponding Prime-subclasses can be introduced as well:

PLp:={q:q=a+bi+c+dk < (a+bi,c+di),a+ bi =r(cos¢ +isin¢),c+ di = p(cos) +
isiny) |[geH,reP,¢pcP,peP,yp € P,—180° < ¢ < 180°,—180° < ¢ < 180°}, PLp C PL,

PHHUp .= {q:g=a+bi+cj+ dk < (a+bi,c+di),a+ bi = r(cos¢ +ising),c+ di = p(cosyp +
ising) |geH,r eP+3,0eP+1,peP+ 4,9 eP+1,-180° < ¢ < 180°,—180° < ¢ < 180°},
PHHUp, C PHHU,
and, similarly to aforementioned Gaussian Rationals, the corresponding set of Polar Quaternion Rationals can be
introduced as well.

5. Polar Euclidean Integers

Using Polar Coordinate System, let us introduce the following novel subclass of Integer numbers for Euclidean
two-dimensional Space R?: Polar Euclidean Integers:

PR’Z := {(z,y) : x =rcos ¢,y =rsing |(z,y) € R® ,r € Z,¢ € Z,—180° < ¢ < 180°},
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and Polar Hurwitz-like Integers:
1 1
PR*HU := {(x,y) : x =rcosp,y = rsine |(z,y) € R® ,r e Z + 5,(;5 eZ+ 5,—180O < ¢ < 180°},

and the corresponding Prime-subclasses can be introduced as well:

PR?*Zp := {(x,y) : z = rcosp,y = rsiné |(z,y) € R®,r € P, ¢ € P,—180° < ¢ < 180°},
1 1
PR?HUp := {(z,9) : x = rcos¢,y = rsin¢ |(z,y) e R, r e P+ §7¢> eP+ 5,—1800 < ¢ < 180°},

PR?Zp c PR?’Z,PR’HUp C PR?HU.
Similar to the Polar Complex Integers, by fixing the integer radius r € Z, Polar Euclidean Integers, when considered
within R? plane, constitute Unicentered Radial Lattice.

6. Spherical Euclidean Integers

Using Spherical Coordinate System , let us introduce the following novel subclass of Integer numbers for the
Euclidean 3-dimensional Space: R3: Spherical Euclidean Integers:

SR?Z .= {(z,y,2) -z =rcospsinf,y =rsing sinh,z=rcos¢ |(z,y,2) e R®,r e Z,¢ € Z,0 € Z,—180° <
¢ < 180°, —90° < 6 < 90°}, and Spherical Hurwitz-like Integers:

SR°HU := {(z,y,2) iz =rcos¢sinf,y =rsing sinf,z=rcos¢ |(z,y,z) € R reZ+ %,(b eZ+ %79 €
Z+1,—180° < ¢ < 180°,—90° < 6 < 90°},

and the corresponding Prime-subclasses can be introduced as well:

SR*Zp := {(z,y,2) : 2 = rcos¢sinf,y = rsin¢ sinf, z = rcos d |(z,y,2) €R*r €P,p € P, € P, —180° <
¢ < 180°, —90° < 0 < 90°},

SR’HUp := {(,y,2) : & = rcos¢sinb,y = rsing sinf,z =rcos¢ |(z,y,2) e R* r e P+ %,qb eP+ %,9 €
P+ 1, —180° < ¢ < 180°, —90° < 6 < 90°},SR*Zp C SR’Z,SR’HUp C SR’HU.

Similar to the Polar Complex Integers, by fixing the integer radius r € Z, Spherical Integers, when considered
within R? Euclidean Space, constitute Unicentered Spherical Lattice.

7. Cylindrical Euclidean Integers

Using Cylindrical Coordinate System, let us introduce the following novel subclass of Integer numbers for the
Euclidean 3-dimensional Space R3: Cylindrical Euclidean Integers:

CR’Z := {(z,y,2) :x =rcosg,y =rsing,z =z |(z,y,2) eR®,r e Z,¢p € L,z € Z,—180° < ¢ < 180°},

and Cylindrical Hurwitz-like Integers:

1 1 1
CR*HU := {(z,y,2) : . = rcosp,y = rsing, z = z |(x,y, 2) 6R3,r€Z+§,¢€Z+§,ZGZ+§,—180° < ¢ < 180°},

and the corresponding Prime-subclasses can be introduced as well:

CR*Zp := {(z,y,2) :x =rcosp,y =rsing,z =z |(x,y,2) € R:,rePopcP zcP,—180° < ¢ < 180°},
1 1 1
CR*HUp := {(z,y,2) iz =rcos¢,y =rsing,z = z|(z,y,2) e R® r e P+ 5,(256 P+ 5% eP+ 5,7180O < ¢ < 180°},

CR’Zp C CR’Z, CR’HUp C CR’HU.

By fixing the integer radius r € Z, Cylindrical Integers, when considered within R® Euclidean Space, constitute
Uniaxial(around z-axis) Cylindrical Lattice (Note that Polar Coordinate System can be generalized for the n-
dimensional Euclidean Space R™).
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8. Polar Complex Integer Optimization

Let us introduce a new class of Optimization problems, where G (see Section 1) is some subset of the Polar
Complex Integers and target functions f : C — R and f : C® — R are real-valued complex variable functions:
“Polar Complex Integer Optimization”.

8.1. Polynomial Polar Complex Integer Optimization

pcop = {max |c,2™ + ...+ c1z| subject to

la1n 2™ 4+« +a112] < b,y |amnz™ + -+ am1z] < b,

z€PZI[i]l, a;; €C,b; eR,¢c; €C, 1 <i<m,1<j<n,neN,meN}
(More sophisticated examples would contain rational meromorphic complex functions).
Similar, if z € PZp[i], or z € PHUi], or z € PHUpIi].

8.2. Linear Polar Complex Integer Optimization

Ipcopa = {max |c1z1 + ... + cpzn|  subject to

la1121 + oo + @1nzn| < b1, ooy |amiz1 + o + Gmnzn| < b,

Re(a1121 + ... + a1nzn) < di, -+, Re(amiz1 + ... + amnzn) < dm,

Zj e PZ][i], Qij e C,b; GR,Cj eC,d;eR1<i<m,1<j §n,n€N,m€N}.
Ipcopb = {max |c121 + ... + ch2,| subject to

a1121 + ... + @1nzn = b1, - -, @miz1 + ... + GmnZn = b,

arg(ai1z1 + ... + a1nzn) =di, -+, A(am121 + .. + Gmnzn) = dpm,

Zj € PZ[i], aij € C,b; € C,Cj €C,(Az=0),d; e R 1<i<m,1<j<n,neNmeN}
Similar, if z; € PZpli], or z; € PHUII], or z; € PHUpIi].

8.3. Quadratic Polar Complex Integer Optimization

gpeop = {max |27 + ...+ 22 —iz;29] subject to

la1121 + oo + a1nzn] < b1, o0, |amizr + oo + Gmnzn| < b,

Im(a1121 + . + a1pzn) < di, -+, Im(am121 + . + Gmnzn) < dpm,

zj € PZ], a;; € C,b; e R,c; € C,d; e R,11<i<m,1<j<nneN,meN}
Similar, if z; € PZpl[i], or z; € PHUII], or z; € PHUp[il.

8.4. Nonlinear Polar Complex Integer Optimization

npcop = {max |e* —sin(nz)| subjectto |cos(7z) | <a, 0 <Re(z) <b 0 <Im(z) <c
z€PZLIil, ac R,beR,c € R}.
Similar, if z € PZp[i], or z € PHUII], or z € PHUp[i].

9. Polar Quaternionic Integer Optimization

Let us introduce a new class of Optimization problems, where G (see Section 1) is some subset of the Polar
Quaternionic Integers and target functions f : H— R and f : H” — R are real-valued complex variable functions:
“Polar Quaternionic Integer Optimization”.

9.1. Polynomial Polar Quaternionic Integer Optimization

qpop = {max ||c,q™ + ...+ c1q|| subject to
lla1ng™ + ... + a11¢|| < b1, -+, ||amng™ + ... + amaql] < by,
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gePL, a;; e H,b; eRc; e H1<i<m,1<j<nneN,meN}
By introducing the slack variables w; > 0, ..., w,, > 0 the above inequalities can be converted into the following
equations:

||a1nqn + ...+ aiiq || +wyp = b17 R ||amnqn + ...+ am14 H + Wy, = an~
Similar, if ¢ € PLp, or ¢ € PHHU, or ¢ € PHHUp.

9.2. Linear Polar Quaternionic Integer Optimization

Ipqopa = {max ||c1q1 + ... + cngn|| subject to

Ha11Q1 + ...+ aannH S b17 Ty ||am1q1 + ...+ aann” S bma
g €PL, a;; e H)b; e Ric; e H,1<i<m,1<j<n,neN,meN}
By introducing the slack variables w; > 0, ..., w,, > 0 the above inequalities can be converted into the following
equations:
Hanlh + ...+ aingn || +wyp = b17 Tty ||am1q1 + ... + Gmndn || + Wy, = by

Ipqopb = {max ||c1q1 + ... + ¢cnqn|| subject to

a11q1 + ... + 01nGn = b1, -+, Am1qr + oo F GnGn = b,

g €PL, a;; e H,b; e H,c, e H,1<i<m,1<j<n,neN,meN}L
Similar, if ¢; € PLp, or ¢; € PHHU, or ¢; € PHHUp.

9.3. Nonlinear Polar Quaternionic Integer Optimization

ngpopa = {max ||¢} + ... + ¢i|| subject to
by < ||a11Q1 + ...+ aann” <ecp, -, b < Ham1q1 + ...+ amn‘]n” < Cm,
g €PL, a;; e H,b; e R,c; e R,b; >0,1<i<m,1<j<nneN,meN}
Similar, if ¢; € PLp, or ¢; € PHHU, or ¢; € PHHUp.
ngpopb = {max |[le” —log(q) || ~subjectto  |[p|| <a, |lg[| <D,
p,q € PL,a,b € R}.
Similar, if p, g € PLp, or p,q € PHHU, or p,q € PHHUp.

10. Polar Euclidean Integer Optimization

Let us introduce a new class of Optimization problems, where G (see Section 1) is some subset of the Polar
Euclidean Integers and target functions f : R? — R : “Polar Euclidean Integer Optimization”.

10.1. Linear Polar Euclidean Integer Optimization

lpeop = {max cjz+ coy subjectto

a1+ ay < b, a21® + azy < by,

(z,y) € PR’Z, a;; e Rb; € Rc; eR1<i<2,1 <5< 2}
Similar, if (z,y) € PR?HU, or (z,y) € PR?HUp, or (z,y) € PR*Zp.

10.2. Nonlinear Polar Euclidean Integer Optimization

npeop = {max z*+y* subjectto

anx + appy < by, a1 + azy < ba,

(z,y) € PR?’Z, a;; eR,b; e R,1 <i<2,1<j <2}
Similar, if (z,y) € PR?HU, or (z,y) € PR?HUp, or (z,y) € PR*Zp.
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11. Spherical Euclidean Integer Optimization

Let us introduce a new class of Optimization problems, where G (see Section 1) is some subset of the Spherical
Euclidean Integers and target functions f : R® — R : “Spherical Euclidean Integer Optimization™.

11.1. Linear Spherical Euclidean Integer Optimization

Iseop = {max c1z+ coy+c3z  subject to

a1 + a2y + a3z < by, a1 + a2y + agzz < by,

(z,y,2) € SR3Z, a;; e R,b; e R,c; e R;1<i <21 <5 <3}
Similar, if (z,y, 2) € SR®HU, or (z,y, z) € SR*HUp, or (z,y,2) € SR*Zp.

11.2. Nonlinear Spherical Euclidean Integer Optimization

nseop = {max 2 +y?+ 22 —xy subjectto
a1 + a2y + a3z < by, a1 + a2y + agzz < by,
(z,y,2) €SR?Z, a;; e R, b; e R,1 <0 <2,1 <5 <3}
Similar, if (z,y, 2) € SR®HU, or (z,y, z) € SR*HUp, or (z,y, 2) € SR*Zp.

12. Cylindrical Euclidean Integer Optimization

Let us introduce a new class of Optimization problems, where G (see Section 1) is some subset of the Cylindrical
Euclidean Integers and target functions f : R®> — R : “Cylindrical Euclidean Integer Optimization™.

12.1. Linear Cylindrical Euclidean Integer Optimization

Iceop = {max c12 4 coy +c32  subject to

anx + azy + aizz < by, a1 + agy + azzz < b,

(z,y,2) ECR3Z, a;; € R,b; ER,¢; eR,1<i<2,1<j<3}.
Similar, if (z,y, z) € CR3HU, or (z,y, 2) € CR*HUp, or (z,y, z) € CR3Zp.

12.2. Nonlinear Cylindrical Euclidean Integer Optimization

nceop = {max 2+ y?+ 2% —xy subjectto

an + agy + aizz < by, an + azny + asz < by,

(z,y,2) €ECR3Z, a;; € R,b; e R;1<i<2,1< 5 <3}
Similar, if (z,y, z) € CR3HU, or (z,y, 2) € CR*HUp, or (z,y, z) € CR3Zp.

13. Mixed Polar-Spherical-Cylindrical-Prime-Integer-Real-Complex- Quaternionic Optimization

mpscop = {min xz2||p? — pq + 72| iz} — 2323| — 2 + y3 3+
1P} = prqus + ¥l Im(iz — 232627) + ujvi — u3vi+

u%v% + Uqvyg — uévé‘wé + ugvg’wg - u%v%w? + ugvg’wg—&—
4,4, .4 3,3 .3 2,2 2 3,3 .3
UgUg Wy — UTGVTpWTg T UT1 V1 WT1 — UT2VT2WTg
subject to
xy > N,

ar < ||pl| < b1, a2 < lg|| < b2, a3 < ||r|| < bs, ag < |21 < by,
as < |zo| < bs,ap < |z3| <bg,ar <x < bz, ag <y < bg,a9 < z < by,
a0 <t <b,x€Z,ycl, 2P, t €R,
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air < ||p1]| < b1, a2 < |lqrl| < bizya13 < |[s]] < b3, a1 <7y < bag,
a5 < z4 < bis,a16 < 25 < big, a17 < 26 < bi7, a18 < 27 < bis,

a; € Rb; €Rya; > 0,1 <4 <18,

¢ <u; <dj,e; <v; < fi,e; € R d; €Re; €R f; e Rj1 <0< 12,
9j Swj < hj,g; €Rh; €RE5<j <12, NN,

peH,geL,r € Lp,z1 € C, 2 € Zl[i], 25 € Zpli],

p1 € PL,q, € PHHU, s € PLp, r; € PHHUp,

z4 € PZ[i], z5 € PHUIi], z5 € PZpl[i], z; € PHUpIi],

(u1,v1) € PR?Z, (up,v2) € PR*HU, (u3, v3) € PR*Zp,

(ug,v4) € PR*HUp, (us, vs, ws) € SR*Z, (ug, v, wg) € SR*HU,
(uz,v7,wy) € SR®Zp, (us,vg, wg) € SR*HUp,

(UQ, 1}97’11}9) S CR3Z, (ulo,’l}lo, wlo) S CRgHU,

(u11,v11,w11) € CR*Zp, (u12, v12,w12) € CR3HUP}.

14. Open Problems

Despite wide proliferation of Integer Optimization, it would be preferable to develop specific methods and
algorithms for the Polar Integer Optimization problems. The corresponding complexity evaluation for the Polar
Integer Optimization Problems would be developed as well: for example in binary encoded length of the coefficients
(see, e.g., [1, 5, 9]), and, in particular, finding conditions for the polynomial-time optimization.

Recall that PRIMES is in P (see, e.g., [1, 5]).

15. Conclusion

We unveiled a special class of complex numbers, wherein their absolute values and arguments, given in a Polar
Coordinate System are integers, which when considered within the complex plane, constitute Unicentered Radial
Lattice and similarly for quaternions, as well as for Euclidean Polar, Spherical and Cylindrical Coordinate Systems.
The corresponding Optimization problems were unveiled as well.
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