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1. Introduction

Non-stationary and long memory time series models are wildly used in different fields of economics, finance,
climatology, air pollution, signal processing etc. (see, for example, papers by Dudek and Hurd [9], Johansen
and Nielsen [26], Reisen et al.[54]). A core example — a general multiplicative model, or SARIM A(p,d, q) x
(P, D, Q)s — was introduced in the book by Box and Jenkins [5]. It includes both integrated and seasonal factors:

U(B*)y(B)(1 - B)!(1 - B*) Pz, = ©(B*)§(B)er, (1

where ;, t € Z, is a sequence of zero mean i.i.d. random variables, and where ¥(z) and ©(z) are two polynomials
of degrees of P and () respectively which have roots outside the unit circle. The parameters d and D are allowed
to be fractional. In the case where |d + D| < 1/2 and |D| < 1/2, the process (1) is stationary and invertible. The
paper by Porter-Hudak [53] illustrates an application of a seasonal ARFIMA model to the analysis of the monetary
aggregates used by U.S. Federal Reserve. Another model of fractional integration is GARMA processes described
by the equation (see Gray, Cheng and Woodward [19])

(1—2uB+ BY%; =&, |ul <1 )
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For the resent results dedicated to the statistical inference for seasonal long-memory sequences, we refer to the
paper by Tsai, Rachinger and Lin [58], who developed methods of estimation of parameters in case of measurement
errors. In their paper Baillie, Kongcharoen and Kapetanios [3] compared MLE and semiparametric estimation
procedures for prediction problems based on ARFIMA models. Based on simulation study, they indicate better
performance of MLE predictor than the one based on the two-step local Whittle estimation. Hassler and Pohle [22]
(see also Hassler [21]) assess a predictive performance of various methods of forecasting of inflation and return
volatility time series and show strong evidences for models with a fractional integration component. One of the
fields of interests related to time series analysis is optimal filtering. It aims to remove the unobserved components,
such as trends, seasonality or noise signal, from the observed data [1, 6].

Another type of non-stationary processes are periodically correlated, or cyclostationary, processes introduced
by Gladyshev [15], which belong to the class of processes with time-dependent spectrum and are widely used in
signal processing and communications (see Gardner [11, 12], Hurd and Miamee [24], Napolitano [50] for a review
of the works on cyclostationarity and its applications). Periodic time series are considered as an extension of a
SARIMA model (see Lund [34] for a test assessing if a PARMA model is preferable to a SARMA one) and are
suitable for forecasting stream flows with quarterly, monthly or weekly cycles (see Osborn [51]). Baek, Davis and
Pipiras [2] have introduced a periodic dynamic factor model (PDFM) with periodic vector autoregressive (PVAR)
factors, in contrast to seasonal VARIMA factors. Basawa, Lund and Shao [4] have investigated first-order seasonal
autoregressive processes with periodically varying parameters.

Methods of parameters estimations and filtering usually do not take into account the issues arising from real data,
namely, the presence of outliers, measurement errors, incomplete information about the spectral, or model, structure
etc. From this point of view, we see an increasing interest to robust methods of estimation that are reasonable in
such cases (see Reisen, et al. [55], Solci at al. [57] for the examples of robust estimates of SARIMA and PAR
models). The paper by Grenander [18] should be marked as the first one where the minimax (robust) extrapolation
problem for stationary processes was formulated as a game of two players and solved. Hosoya [23], Kassam
[28], Kassam and Poor [29], Franke [10], Vastola and Poor [59], Moklyachuk [41, 42], Liu et al. [33] studied
minimax (robust) extrapolation (prediction), interpolation (missing values estimation) and filtering (smoothing)
problems for the stationary sequences and processes. Recent results of minimax extrapolation problems for
stationary vector processes and periodically correlated processes belong to Moklyachuk and Masyutka [44, 45, 46]
and Moklyachuk and Golichenko (Dubovets’ka) [16, 7, 43] respectively. Stationary sequences associated with
a periodically correlated sequence are investigated by Makagon et al. [39, 40]. Processes with stationary and
periodically stationary increments are investigated by Luz and Moklyachuk [35, 36, 37, 38]. We also mention
works by Moklyachuk and Sidei [48], Moklyachuk, Masyutka and Sidei [49], who derive minimax estimates
for stationary processes from observations with missed values. Kozak, Luz and Moklyachuk [31, 32] studied the
estimation problems for stochastic sequences with periodically stationary increments.

This article is dedicated to the robust forecasting problem for stochastic sequences with periodically stationary
long memory multiple seasonal increments, or sequences with periodically stationary general multiplicative (GM)
increments, introduced by Luz and Moklyachuk [37]. Estimates of the unknown values of the sequence with
periodically stationary GM increments are based on observations of the sequence with the stationary noise
sequence.

The article is organized as follows. In Section 2, we recall definitions of generalized multiple (GM) increment
sequence ijd%(g (m)) and stochastic sequences &(m) with periodically stationary (periodically correlated,
cyclostationary) GM increments. The spectral theory of vector-valued GM increment sequences is discussed.
Section 3 deals with the classical forecasting problem for the linear functionals A¢ which are constructed from
unobserved values of the sequence £(m) when the spectral densities of the sequence £(m) and a noise sequence
n(m) are known. Estimates are obtained by applying the Hilbert space projection technique to the vector-valued
sequence &(m) + 7(m) with stationary GM increments under the stationary noise sequence 7j(m) uncorrelated
with £ (m). The case of non-stationary fractional integration is discussed as well. Section 4 is dedicated to the
minimax (robust) estimates in cases, where spectral densities of sequences are not exactly known while some sets
of admissible spectral densities are specified. We illustrate the proposed technique on the particular types of the
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sets, which are generalizations of the sets of admissible spectral densities described in a survey article by Kassam
and Poor [29] for stationary stochastic processes.

2. Stochastic sequences with periodically stationary generalized multiple increments

2.1. Definition and spectral representation of a periodically stationary GM increment

In this section, we present definition, justification and a brief review of the spectral theory of stochastic sequences
with periodically stationary multiple seasonal increments. This type of stochastic sequences will allow us to deal
with a wide range of non-stationarity in time series analysis.

Consider a stochastic sequence £(m), m € Z defined on a probability space (2, F, P). Denote by B,, a backward
shift operator with the step ¢ € Z, such that B,,§(m) = £(m — p); B := By. Then B, = B,B, - B,.

Define the incremental operator

n(vy)
d s s Sr\dr __
X(ﬁ%(B) =(1- Bﬁll)dl(l _ Bui)dz (1= Bﬂr)d = Z ev(k)Bk,
k=0

where d:=dy+do+...+d,, E:(dhdg,...,dr)E(N*)r, 51(51782,...,ST)€(N*)T and n=
(1, p2s -y pr) € (N¥)" or € (Z\N)", n(y) :=>;_, wisid;. Here N* =N\ {0}. The explicit formula for
the coefficients e, (k) is given in [37].

Definition 2.1
For a stochastic sequence £(m), m € Z, the sequence

XD (E(m)) == XSLU(B)E(m) = (1 — B3 )™ (1 — B2)% - (1 - By ) é(m) =

dy dr
=) ) (mphteth (73) e (‘;T>g(m —pasily — - = prsely) 3)

11=0 1»=0

is called a stochastic generalized multiple (GM) increment sequence of differentiation order d with a fixed seasonal
vector 3 € (N*)" and a varying step @ € (N*)" or € (Z \ N)".

Definition 2.2
A stochastic GM increment sequence X(ﬁd)g(f (m)) is called a wide sense stationary if the mathematical expectations
EX(¢mo) = (@),
d d d _
Exg, =(60mo + m))xgi<(E(mo)) = DY (mi iy, i)

exist for all mg, m, [i, i, , iy and do not depend on mg. The function &gd) (@) is called a mean value and the function

Déd) (m; iy, i) is called a structural function of the stationary GM increment sequence (of a stochastic sequence
with stationary GM increments).

The stochastic sequence £(m), m € Z determining the stationary GM increment sequence x(;%(é (m)) by (3) is
called a stochastic sequence with stationary GM increments (or GM increment sequence of order d).

Remark 2.1
For spectral properties of one-pattern increment sequence X/(an (€(m)) := €M) (m, pu) = (1 — B,,)"E(m) see, e.g.,

[36], p. 1-8; [61], p. 390-430. The corresponding results for continuous time increment process &™) (t,7) =
(1 — B;)"™&(t) are described in [60], [61].
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2.2. Definition and spectral representation of stochastic sequences with periodically stationary GM increment

In this subsection, we present definition, justification and a brief review of the spectral theory of stochastic
sequences with periodically stationary GM increments.

Definition 2.3
A stochastic sequence £(m), m € Z is called a stochastic sequence with periodically stationary (periodically
correlated) GM increments with period 7" if the mathematical expectations

d d
EXY)(E(m+T)) = Exi(em)) = 2 (m, ),
B s (m+ DXL o€k +T)) = D (m+ Tk + Ty, p) = DY (m, ks Ty, 7o)

exist for every m, k, iy, i, and T' > 0 is the least integer for which these equalities hold.
Using Definition 2.3, one can directly check that the sequence

&m)=€&mT+p-1), p=1,2,....,T; meZ (C))

—

forms a vector-valued sequence {(m) = {§,(m)},_, , 7, m € Z with stationary GM increments by the relation

X (&p(m) = X E(mT +p—1)), p=1,2,...,T,

where X (§p( m)) is the GM increment of the p-th component of the vector-valued sequence £(m).
The spectral structure of the GM increment is described in the following theorem [27], [37].

Theorem 2.1

1. The mean value and the structural function of the vector-valued stochastic stationary GM increment sequence
@) (& b d in the f

X;.5(§(m)) can be represented in the form

) = e]ut 5)
=1
d _ T iam (@) iy (d 1
DY (m; iy i) = / A (€)X (€ RirCrsvEeAO ©)
where
r r [s;/2]
XD (™) = T —emPmenyd, (N H [T G —2mik;/s)%,
i=1 =1 k;=—[s;/2]

c is a vector, F'(\) is the matrix-valued spectral function of the stationary stochastic sequence X (

)- T

(m
vector ¢ and the matrix-valued function F'(\) are determined uniquely by the GM increment sequence x(ﬁ +( “(m ))

2. The stationary GM increment sequence X( ) (f( )) admits the spectral representation

= 4 1 -
XD (E(m)) = / e D (e ) Sy e O; (7)

where dzg(d) (A) ={Z,(\)}]_, is a (vector-valued) stochastic process with uncorrelated increments on [—m, )
connected with the spectral function F'(\) by the relation

E(Zp(A2) = Zp(M1))(Z4(A2) = Zg(M1)) = Fg(A2) = Fpg(A1),

—T< M <X<m pqg=12,...,T.
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Consider another vector-valued stochastic sequence with the stationary GM increments f (m) = g(m) +
7(m), where 7j(m) is a vector-valued stationary stochastic sequence, uncorrelated with £(m), with a spectral
representation

ii(m) :/ ez, (M),
where Z,(\) = {Z,, ,(\)}1. p=D

to the spectral function G(A) [20]. The stochastic stationary GM increment X( )(C (m)) allows the spectral
representation

A € [—m, ), is a stochastic process with uncorrelated increments, that corresponds

T (d) —z)\ T
d) (7 mX ) 7 m —i 7
XS (Cm)) = / e ig@( 5y e () + / g (e Mz, (),

while dZ () = (8@ (zA))*len<n) (M), A € [—m, ). Therefore, in the case where the spectral functions F'(\) and
G(\) have the spectral density matrices f(X\) = {fi;(A\)}];=; and g(X) = {gi;(A)}],—,, the spectral density matrix

p(A) = {pij(A)}] =, of the stochastic sequence C(m) is determined by the formula

3,j=1°

p(A) = ) + B (N Pg(N).

2.3. Moving average representation of periodically stationary GM increment

Denote by H = L2(Q2, F, P) the Hilbert space of random variables ¢ with zero first moment, E¢ = 0, finite second
moment, E|¢|? < oo, endowed with the inner product (¢, ) = E¢7j. Denote by H (£(?) the closed linear subspace
of the space H generated by components {X( )( &(m)),p=1,...,T; m € Z} of the stationary stochastic GM

increment sequence £(%) = {xﬁ,g(g,,( N}L_,, 7 > 0, and denote by H9(£4) the closed linear subspace generated

p=1
by components {X(ﬁ‘g(fp(m)), p=1,...,T; m < q}, ¢ € Z. Define a subspace

g(d) m J2g g‘(d)

qEZ

of the Hilbert space H(£(9)). Then the space H(£(9)) admits a decomposition H(£(9) = S(£D) @ R(£D) where
R(£) is the orthogonal complement of the subspace S(£(4) in the space H (£(9).

Definition 2.4

A stationary (wide sense) stochastic GM increment sequence X (_’( ) = {X(d)( &p(m))}_, is called regular if
H(D) = R(£®), and it is called singular if H(£(®) = (f(d)).

Theorem 2.2 B

A stationary stochastic GM increment sequence X,,( (m)) = {X(ﬁcg(fp(m))}gzl is uniquely represented in the
form

d d
Xiaa () = XGi5(€5,(m)) + Xiix (Emp () ®)
where X (5371)( m)),p =1,...,T is aregular stationary GM increment sequence and X(d (sp(m)),p=1,...,T
isa smgular stationary GM increment sequence. The GM increment sequences X (5 rp(m)),p=1,...,T and

Xu é(55 »(m)),p=1,...,T are orthogonal for all m, k € Z. They are defined by the formulas

(s p(m) = ER (6, (m))SED)),
XD (Erpm) = X m) — X D(esp(m), p=1,....T.
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Consider an innovation sequence £(u) = {e;(u)}7_,,u € Z for a regular stationary GM increment, namely, the

sequence of uncorrelated random variables such that Ecy (u)g;(v) = 6j0u0, Elex(w)]? = 1,k, i =1,...,q;u € Z,
and H" (D) = H (&) holds true for all 7 € Z, where H"(¢) is the Hilbert space generated by elements {e,(u) :
k=1,...,¢;u <r}, d; and 0, are Kronecker symbols.

Theorem 2.3

A stationary GM increment sequence X( )(5 (m)) is regular if and only if there exists an innovation sequence

&(u) = {ex(u)}}_,,u € Z and a sequence of matrix-valued functions (¥ (k, 77) = {<pz (k, ,u)}J l’q , k >0, such

that
199 NIRRT IR SIS A ®

k=0 i=1 j=1
Representation (9) is called the canonical moving average representation of the stochastic stationary GM increment
sequence X( )(f(m)).

The spectral function F'(\) of a stationary GM 1ncrement sequence X( )(f (m)) which admits the canonical
representation (9) has the spectral density f()\) = {fi;(A)}];—; admitting the canonical factorization

FO) =le™™)e*(e™™), (10)

where the functlon @(2) = > pep(k)z* has analytic in the unit circle {z:|z| <1} components ;;(z) =
Yoo pii(k)Fi=1,...,T;5=1,... 7q. Based on moving average representation (9) define

or(z) =Y oDk w2 =D op
k=0 k=0
Then the following relation holds true:
O 1 o [N et ]
—IA\, k[ —1IN I
(e ~(e = —————f(\ fN). an
90#( )SO,U.( ) |B(d)(ZA)‘2 ( ) jHl H[S /2 o |)\ Utk /s ‘Qd ( )

The one-sided moving average representation (9) and relation (11) are used for finding the mean square optimal
estimates of unobserved values of vector-valued sequences with stationary GM increments.

2.4. Stochastic sequences with GM fractional increments

Now we extend the definition of the GM increment sequence x é( ¢(mn)) of the positive integer orders (dy, ..., d,)
to the fractional ones. Within the subsection, we put the ste = (1,1,...,1). Following the results of [37],

represent the increment operator X( )( B) in the form

,
XUB) = (1= B)r P [ - Byt (12)
j=1

where (1 — B)fo+Do s an integrating component, R;, j = 0, 1,...,r, are non-negative integer numbers, 1 < s; <
. < s,. Below we describe representations d; = R; + D;, j = 0,1,...,r, of the increment orders d; by stating

conditions on the fractional parts D;, such that the increment sequence

T

j(m) == (1= B)™ [ (1 = B*)"&(m)

j=1

is a stationary fractionally integrated seasonal stochastic sequence. For example, in case of single increment pattern
(1 — B )®+P" this condition is | D*| < 1/2.
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Definition 2.5
A sequence X(R+D) («5 (m)) is called a fractional multiple (FM) increment sequence.

Consider the generating function of the Gegenbauer polynomial:

k n—2k
-~ 2 (a)( @) () — (=1)%(2u)" " I'(d — k +n)
(1 —-2uB+ B*) E C) Cy (u) E K(n — 26)T(d) .
The following lemma and theorem hold true [37].

Lemma 2.1
Define the sets M; = {vy, = 27k;/s; : k; =0,1,...,[s;/2]},j =0,1,...,r, and the set M = U;:o M. Then
the multiple seasonal increment operator admits the following representation:

T

By = 1-B>JJa-B)" =[] (1 - 2cosvB + B
j=1 veM
= (1-BPotPttberq 4 g)Pr I (1-2cosvB+ B?)P
ve M\{0,7}

(Z G B’”) =Y Gy.(m)B™,
m=0

where
Gl(m) = Z H CP) (cosv), (13)
0<ny,.co,npx <m,ni+...4+npx=mvem
Gp.(m) = Z H CP) (cos ). (14)

0<n1,...,npx <m,ni+...4+npx =mrvem

=|M|, D, = Z;:o D;,I{v € M,}, D, =D, forv € M\ {0,x}, D, = D, /2 forv = 0and v = .

Theorem 2.4

Assume that for a stochastic vector-valued sequence 5 (m) and fractional differencing orders d; = R; + D,

j=0,1,...,r, the FM increment sequence x( f )(f (m)) generated by increment operator (12) is a stationary

sequence with a bounded from zero and mﬁmty spectral density f}(x\). Then for the non-negative integer numbers
R;, j=0,1,...,r, the GM increment sequence x( )(f(m)) is stationary if —1/2 < D, < 1/2 for all v € M,

where D,, are defined by real numbers D;, j =0,1,...,r in Lemma 2.1 and it is long memory if 0 < D, < 1/2

for at least one v € M, and invertible if —1/2 < D,, < O. The spectral density f () of the stationary GM increment

sequence XS )(§ (m)) admits a representation

7O = B R e P )| R0 = P e )| T,

where

—z>\m

k- (1

—'LA
k:*

D
o

The further properties of the spectral density f(A) and the structural function DéR)(

m, 1,1) of a stationary GM
increment vector sequence X( )(§ (m)) as well as for examples of an application of Theorem 2.4, can be found in

the works by Palma and Bondon [52], Giraitis and Leipus [14], Luz and Moklyachuk [37].
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3. Hilbert space projection method of forecasting

3.1. Forecasting of vector-valued stochastic sequences with stationary GM increments

Consider a vector-valued stochastic sequence E(m) with stationary GM increments constructed from the
sequence &(m) = {&,(m)}]_, with the help of transformation (4). Let the stationary GM increment sequence

X(ﬁd%(f (m)) = {Xid)s (€p(m))}]_, has an absolutely continuous spectral function F'(\) and the spectral density

( )_{fU( ) i,j=1"
Let 7j(m) = {n,(m)}._, be an uncorrelated with the sequence ¢(m) stationary stochastic sequence with

absolutely continuous spectral function G() and spectral density g(A) = {g;; () iT] 1

Without loss of generality assume that the mean values of the increment sequence X ( (m)) and the stationary
sequence 7j(m) equal to 0. We will also consider the increment step 1 > 0.

Extrapolation (forecasting) problem. Consider the problem of mean square optimal linear estimation of the
functionals

oo N
AE =) (k) TE(k), AnE=> (@(k))"Ek), (15)
k=0 k=0
which depend on unobserved values of the stochastic sequence E (k) with stationary GM increments. Estimates are
based on observations of the sequence ((m) = £(m) -+ 7j(m) at points m = —1, -2, .. ..
First of all we indicate some conditions which are necessary for solving the considered problem. Assume that
coefficients @(k) = {a,(k)}% p=1- k > 0, and the linear transformation D" which is defined in the following part of
the section satisfy the conditions

> llak)]) < e, Z’HlH k)|? < oo, (16)
=0 k=0
D lIDHa)| < oo, > (k+1D)[[(D*a)y|* < oo. 17)
k=0 k=0

Assume also that spectral densities f(A) and g(\) satisfy the minimality condition

@) ()2 -
[ [lﬁw (50 + 199 @) g0) ] I < . %)

X (e= )2

This is the necessary and sufficient condition under which the mean square errors of the optimal estimates of the
functionals AE and A NE are not equal to 0.

We apply the Hilbert space estimation technique proposed by Kolmogorov [30] which can be described as
a 3-stage procedure: (i) define a target element (to be estimated) of the space H = Lo(Q2, F,P) of random
variables v which have zero mean values and finite variances, Ey = 0, E|’y\2 < 0o, endowed with the inner product
(v1;v2) = Ey172, (ii) define a subspace of H generated by observations, (iii) find an estimate of the target element
as an orthogonal projection on the defined subspace.

Stage i. The functional A does not belong to the space H = Lo (€2, F, P). With the help of the following lemma
we describe representations of the functional as a sum of a functional with finite second moments belonging to
H and a functional depending on the observed values of the sequence 5 (k) (“initial values”) (for more details see
[36, 37]).

Lemma 3.1 B
The functional A¢ admits the representation

AE = AC — Aif= HE - V¢, (19)
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where . .
H¢ := Bx( — A,

k=0 k=—n(y)
the coefficients b(k) = {b,(k)}1_1, k= 0,1,... and ¥(k) = {v,(k)}I_,, k = —1,~2,..., —n(y) are calculated by
the formulas
k+n(v) .
i(k) = Y diagp(e(l—k)b(l), k=—-1,-2,...,—n(v), (20)
1=0
b(k) = Y _ diagp(dg(m — k))d(m) = (D"a), k=0,1,..., (1)
m=k

DF is the linear transformation determined by a matrix with the entries (D¥)(k, j) = diagy(dz(j — k)) if 0 < k <
j, and (DP)(k,j) = 0if 0 < j < k, diagy(x) denotes a T x T diagonal matrix with the entry z on its diagonal,
a=((@0))",(@@Q1))",...)", coefficients {dz(k) : k > 0} are determined by the relationship

k=0 =1 \7;=0
Corollary 3.1 .
The functional Ay ¢ admits the representation
AnE = AnC = AniT = HnE = VG, (22)
where . .
Hn¢ = BnxC — AnT],
N N
ANG = (@(k)"C(k),  AniT=") (k) "if(k),
k=0 k=0
—1
Bnx( = Z W) TXLCR), Val= > (an(k)TE(R),
k=—n(v)
the coefficients by (k) = {bn. (k) 1 k=0,1,...,N and 0n (k) = {vnp(k)} ], k= —1,-2,..., —n(y) are
calculated by the formulas
NAk+n(7)
av(k) = Y diagr(e,(l—R)bv(D), k=—1,-2,....~n(y), (23)
1=0
EN(k) = ZdlagT m k)) (m) = (D%aN)ka k:o,l,...,N, (24)
m=Fk

DY, is the linear transformation determined by an infinite matrix with the entries (D%)(k, 5) = diagp(dz(j — k)
if 0 <k <j<N,and (D¥)(k,j) =0ifj < korj, k> N;ay = ((@0))",(@1)",...,@n)",0...)7.
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The functional H § from representation (22) has finite variance and the functional VC depends on the known
observations of the stochastic sequence ¢ C(k) at points k = —n(y), —n(y ) +1,...,—L Therefore, estimates A§
and Hf of the functionals Af and H{ and the mean-square errors A(f, g; AE) = E|A§ A§|2 and A(f, g; Hg)
E|HE — HE |2 of the estimates A& and H satisfy the following relations

Af=HE -V, (25)
A(f, g; A€) = E|AE — AE]? = E|HE — HEP? = A(f, g; HE). (26)

Therefore, the estimation problem for the functional Ag is equivalent to the one for the functional H 5 This problem
can be solved by applying the Hilbert space projection method proposed by Kolmogorov [30].
The functional H¢ admits the spectral representation

T ™

HE = (éﬁ(e )) T (e )dZ§<d>+n<d>(A)— / (/T(eiA))TdZn(A),

—r BD(iN) -
where
Zgﬁ zAk _ Z(Dﬁa)keikk’ 1[1'(61')\) _ Za(k)ei)\k.
k=0 k=0 k=0
Stage (ii). Introduce the following notations. Denote by H~ (5 () 4 ) the closed linear subspace generated

by values {xu 6( (k) + xL 1( ik)) :k=-1,-2,-3,...,, i >0 of the observed GM increments in the Hilbert
space H = Lo(Q), F, P) of random variables ~y w1th zero mean value, Ey = 0, finite variance, E|y|? < oo, and the

inner product (y1,7v2) = Ey17s.
Denote by Ly~ (f(A) + |B@(iN)|>g(\)) the closed linear subspace of the Hilbert space Lo(f(\)+
1B@(iN\)[2g(\)) of vector-valued functions with the inner product <gl,gz>:f:,(!h()\))T(f()\)+

18D (iX)[2g(\))g2(X)d) which is generated by the functions

zz\k (d )( —7,)\)

X o, O ={0pto l=1,..., Ty k< -1,

1
BN

where §;,, are Kronecker symbols.
The representation

- " 1
UEW) + 0 = [ M) e o (3

yields a one-to-one correspondence between elements

. . 1 .
ez/\kX(d) (672)\) 5

" BN
from the space Ly~ (f(\) + 8@ (i))|?g(\)) and elements X (_'( k)) + Xidl(ﬁ( k)) from the space HO’(fgg +
d
).
Relation (25) implies that every linear estimate A¢ of the functional A¢ can be represented in the form
™ —1
Af= | (V)T dZecyo V) = D (8a(k) T (ER) +7i(R)), 27
- k=—n(7)

where f_iﬁ()\) = {hp(A)};—, is the spectral characteristic of the optimal estimate HE.
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Stage (iii). At this stage we find the mean square optimal estimate H 5 as a projection of the element H. 5 on the
subspace H%~ (ﬁidl + (d)) This projection is determined by two conditions:

s p, 9
1) HE € HO (6L + 0y,
(d))

2) (HE — HE) 1 HO (5}2 + i
The second condition implies the following relation which holds true for all £ < —1

™ (d) (—ix T
[ [(ﬁAe’*)TW—%(A)) (700 + 18D ) -
A( 0 - W —i =
— (A(e™) gD <M>] ST

This relation allows us to derive the spectral characteristic ﬁg()\) of the estimate H¢ which can be represented in

the form

(d) (,—ix VTEOTEENY .
i)™ = (Bl )™ (7o) Ty ) L) (P00 + 18D EgN) -

B (i) Xftd)(e’i’\)
S (d) (i) ) -1
~(Gate)TZZEL (50 1 15@0Pe) L @8)
(d) (,—ix
Xz (e=™)
where -
Ag(e?) = AP (e72) = 3 a(k)e™,
k=0
g (m) = > em=Da@), m=>0, (29)
l=max{m—n(v),0}
Cr(e™) = Galk)e™,
k=0
coefficients &z(k) = {cpp(k)})_1, k =0,1,..., are unknown and have to be found.

It follows from condition 1) that the followmg equations should be satisfied for 7 > 0
"l A (i |»3(d)(i>\)|2 . -t
(Br(e™)T = (Ale™) T~ g (FO) + 18D @NPN) -
e ()12

- (A (i\)]2 -1 -
O g o (T 150 @0Re) =0, 6o

Define for k, j > 0 the Fourier coefficients of the corresponding functions

—T

™ S\\ (2 117
I RN ) BN [g(,\) (f()\)+|ﬁ(d)(i)\)|2g()\)) 1] d\;

kd " om |X(d)(e iny[2
ao_ 1 " e ! ) |ﬁ (7’)‘)‘2 (d) (s -17" .
e e e (70 + 5 @R) | ax

T _q T
Qus= 5 [ D [0 (500 + IFO@PaW) 9] an
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Making use of the defined Fourier coefficients, relation (30) can be presented as a system linear equations

bi(j) Z?*E =Y Pléak), 5 >0, (31

k=0

determining the unknown coefficients &;(k), k > 0. This system of equations can be written in the form
DFa — Tﬁag = PﬁCﬁ,

where
ag = ((@x(0)) ", @) " (@(2) .- )"
e = ((@(0) ", (E(1) ", (E(2) .. )T,
a=((a(©)", @)’ @e2)’..)"
P;; and T;; are linear operators in the space /5 defined by matrices with the 7' x T matrix entries (P7); , = P/,
l,k>0and (Tg),, = Tfk, I,k > 0; the linear transformation D* is defined in Lemma 3.1. ’

Consequently, the unknown coefficients ¢iz(k), £ > 0, which determine the spectral characteristic Hﬁ()\) are
calculated by the formula
(k) = (P;'DFa — P 'Trag)k, k>0, (32)
where (P;Dﬁa - P;Tﬁaﬁ)k, k > 0, is the kth T-dimension vector element of the vector P;Dﬁa - P;Tﬁaﬁ
and the function Ci;(¢™) is of the form
= (P;'Dla — P Tyag)e™.
k=0
Remark 3.1 .
The problem of projection of the element H¢ of the Hilbert space H on the closed convex set H 0_(5(;) + n(n))
has a unique solution for each non-zero coefficients {a@(0),d(1)),da(2),...}, satisfying conditions (16) — (17)

Therefore, equation (32) has a unique solution for each vector D*a, which implies an existence of the inverse
operator Pﬁl.

The spectral characteristic l_z'g()\) of the optimal estimate H 5 of the functional H 5 can be calculated by the
formula

(d) r—ix =y
FOMT — (BT XE ( ) BDEY) z o agyT @ (31 2a( )=
BDN) (& _ N\
- <Z<P;1D“aP;1Tuan>kelm> (FO) + 8D N Pg(N) T, (33)
X(ﬁd)(e_“\) k=0

The value of the mean square error of the estimate EE is calculated by the formula

.
- ( ﬂﬁ(eiA))TQ()\) + <Z(Py1D”a — P,LlTuau)keik’\> X

2
k=0

MG

W(f()\) +BDENPgA) TN (FA) + BDEN)[Pg(N) ! x
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x [g(NAg(e™) + (P Diia — P Trag)peik™ | dA+
k=0
1 i . .. [e’e] T
+5- XD (=M (A(e™) T F(A) = [BD (N[ <Z(p;1Dua _ P,IlTuau)ke““> "
- k=0

%( SO+ 1BDENPgA) T gN) (F(V) + 8D (IA) Pg(V) '

P (e

x| FO) A(ei) — [BD (i) 22 1D“a—Pu1T#a#)kei’M1 D —

k=0

= (D"a — Tyay, P;' D'a — P ' Trap) + (Qa,a). (34

where Q is a linear operator in the space ¢ defined by the matrix with the 7' x 7" matrix elements

(Qur = Qui Lk >0; (F,5) =377 (T(k)) "5(k) for vectors &= ((£(0))",(@(1)", (@2)",...)". 7=
(@O @) @ @) ") "

Theorem 3.1

Let £(m), m € Z, be a stochastic sequence which defines stationary nth increment sequence X(ﬁd%({ (m)) with
absolutely continuous spectral function F'(A) which has spectral density f()\). Let 7j(m), m € Z, be an uncorrelated
with the sequence & (m) stationary stochastic sequence with absolutely continuous spectral function G(\) which has
spectral density g(\). Let the minimality condition (18) be satisfied. Let coefficients d(k), k > 0, satisfy conditions
(16) = (17). The optimal linear estimate A§ of the functlonal A{ which depend on the unknown values of elements
¢(m), m > 0, based on observations of the sequence £(m) + 7j(m) at points m = —1,—2, ... is calculated by
formula (27). The spectral characteristic hi () of the optimal estimate EE is calculated by formula (33). The value
of the mean-square error A(f, g; 25) is calculated by formula (34).

Corollary 3.2 B B B -
The spectral characteristic /() admits the representation fiz(\) = hi(\) — h%()\), where
(d) (,—ix
- = X (e7)
(h}T(A))T = (Bp(e' ))TE(T(M)*
- T
—1 IO (d) (i 1)]2 ~1
X( )(e s (; Da)y, ) (F)+ 12N Fg(N) ™, (35)
- DG -
(200 = L (o) Tg ) ) + 15962 o)~ -
Xp (e7%)

—_— 00 T
W(Z@;mau)keﬂ (F) + BN Pg() " (36)

d .
X(ﬁ ) (e—z)\) k—0
Here Eﬁ()\) and ﬁ%(/\) are spectral characteristics of the optimal estimates Ef and Eﬁ of the functionals B¢ and
Aff respectively based on observations £(m) + 7j(m) at points m = —1, -2, .. ..

_ From Theorem 3.1 obtain the optimal estimate A NE of the functional A NE of the unknown values of elements
&(m), m=0,1,2,..., N, based on observations of the sequence £(m) + 7j(m) at points m = —1,—2,.... Let
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—

a(k) =0, k > N. Then the spectral characteristic EE ~(A) of the linear estimate

x —1
A= | (hpn )T dZeorgon V) = Y (T (k)T (ER) + (), (37
o k=—n(v)
is calculated by the formula
, B N Ca BT TSV

(hzn (V)" = (Br.n(e™)) (Am (@) g (L) + 8D @NPg(N) -

ﬁ(d) (Z)\) B Xgi) (677;)\)

- 0o T
- ICOR (Z(P;D%aN - P;TH,Nau,meM) O+ 18D G8)

e \iso

where

min{m,N}
Ginm) = >, e(m=Dal), 0<m<N+n(y), (39)
l=max{m—n(v),0}

operator T v is a linear operator in the space ¢» defined by the matrix with the 7" x 7" matrix entries (Tgz n);,m =
TP 12 0,0 <m < N +n(y). and (Tyn)im = 0.1 > 0,m > N + n(7).

The value of the mean square error of the estimate A Nf is calculated by the formula

A(f,g; AnE) = A(f, 9; HnE) = E|HyE — HyE? =

4 (@ (G 2)]2 S )
_ | M{(AH,N@”))%(AH

= y _
2 J_ . |X(ﬁ)(€_l>‘)‘2

0o T
T (Z(PEID%E‘N - PﬁlTu,Nau,N)keikA> } X
k=0

< (FO) + [BDGEN)Pg(N)) L) (FN) + [BDEA) Pg(A) ™ x

X Q(A)Eﬁ,w(e“) + Z(P;D%aN - PﬁlTﬁ,Naﬁ,N)kei“ d\

k=0
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1 " 1 A\ T
= _ A
g B e CRTE N
00 T
- ‘6([1)(2/\”2 <Z(P;1D%3N - P;leNaH}N)keiM‘) :|><
k=0

< (FO) + 18D N Pa(0) " gN) (FN) + 18D N PgA) " x
. [f(AMNW)—

— \5(d)(i>\)I2Z(PE1D%aN _ PulTH,Naﬂ,N)keikA] d\ =

= <D%3N — Tﬁ)Naﬁ’N,Pngﬁj\,aN — PngENaﬁ’]\ﬂ + (QNaN,aN>, (40)

where Qv is a linear operator in the space ¢» defined by the matrix with the 7' x T matrix elements (Qn);.r = Q1.k»
0<1l,k <N,and (Qn);r = 0 otherwise.
The following theorem holds true.

Theorem 3.2

Let £(m), m € Z}, be a stochastic sequence which defines stationary nth increment sequence X( )(5 (m)) with an
absolutely continuous spectral function F'(\) which has spectral density f(\). Letij(m), m € Z, bé an uncorrelated
with the sequence £(m) stationary stochastic sequence with an absolutely continuous spectral function G()\) which
has spectral density g()). Let the minimality condition (18) be satisfied. The optimal linear estimate A NE of the
functional A NE which depend on the unknown values of elements 5 (k),k=0,1,2,..., N, from observations of the
sequence &(m) + 7j(m) at pomts m = —1,—2,...1s calculated by formula (37). The spectral characteristic Eﬁ N()\)

of the optimal estimate A N{ is calculated by formula (38). The value of the mean-square error A(f, g; A Nf) is
calculated by formula (40).

As a corollary from the proposed theorem, one can obtain the mean square optimal estimate of the unobserved
value Ay & =&,(N) = (&(N))"8p, p=1,2,...,T, N >0 of the stochastic sequence with nth stationary
increments based on observations of the sequence £(m) + 7(m) at points m = —1, -2, ...

Corollary 3.3
The optimal linear estimate §p( ) of the unobserved value &,(N), p=1,2,...,T, N >0, of the stochastic

sequence with stationary GM increments from observations of the sequence 5 (m) +7(m) at points m =
—1,-2,...is calculated by formula

—1

&(N) = /ﬂ(ﬁu,N,pm)TdZ}mW»<A>— S @an ()T ER) + k). @D)

o k=—n(v)
The spectral characteristic l_im ~.,p(A) of the estimate is calculated by the formula

-

(h V)T = X,(ﬂ)( —id) (5 Zd Mk) B
mNp B(d) )

- (el/\N‘sp) 9()\)3( VAN (f(N) + |ﬂ(d)(i/\)\29()\))—1

N (Xrso(Prida N,y — Pngﬁ,N§ﬁ7N7p)keiAk)T

d .
X (e )

(FO) +1BDENPg(A)E (42)
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where
dpny = ((dg(N)8)T, (da(N —1)8,) ", (da(N —2)8,)", ..., (d(0)8,),0,...)T,
agnpy = (0,...,0, &‘EN@(N))T» (@, N p(N + 1))T s (@, N p(N +n(y ))) ,0,.. )Tv
dpnp(m) = ey(m—=N)3,, N<m<N+n(y)

The value of the mean square error of the optimal estimate is calculated by the formula

A(f,9:6(N)) = El&(N) = §(N)? =

LT BN (@ (g )T
-/ Ix()()l[x () (¢278y) g0+

.
o0
T (Z(Pulduw,p - PulTu,Nﬁu,N,p)kem> } X

k=0

< (fO) +BDENPgA) T (FV) + B (@A)Pg(A) 7

oo
X {g()\)xid)( TN (eTMWE,) + ) (P vy — Py T v v ke [t
k=0

1 i 1 W i T B
“ar | e e )0

o T
— B3N] (Z 7N m‘PElTu,N";u,N,p)keMk) }X

k=

X () + BN PgA) T g(N) (F(A) + 18D (0 Pg(A) 7%

(=)

oo

" [f xir” (72 (7Y 8,) — [B@ NP 7N — P T v v p) ke | dA =
k:O
= (dz.np — TaNaz Ny Py dz g — Po Trnag ) + (Qoodp, ). (43)

Remark 3.2
The filtering problem in the presence of fractional integration can be solved using Theorem 3.1, Theorem 3.2 and

Corollary 3.3 under conditions of Theorem 2.4 on the increment orders d;.
3.2. Forecasting based on factorizations of the spectral densities

In Theorem 3.1, Theorem 3.2 and Corollary 3.3, formulas for finding forecasts of the linear functionals A&, An¢
and the value £(p), p > 0, are derived using the Fourier coefficients of the functions

8D (N2

g OGO+ PO "

B ()2

o )+ 1890 ]
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Assume that the following canonical factorizations take place

(d)( 7z>\)|2

Xz (d (e~ N Ox (e~ N
B O+ BOEPI0) = OO,

—z>\ Za —zAk7 (44)

oo

g()\) _ Z g(k)ei)\k _ (I)(efi/\)q)*(efi)\) 71)\ Z¢ 7i)\k. (45)
k=0

k=—oc0

Define the matrix-valued function ¥ (e ™) = {¥;;(e~™) }J LT by the equation
\Ijﬁ(e_i/\)@ﬁ(e_M) = Eq,

where E, is an identity ¢ x ¢ matrix. One can check that the following factorization takes place

(N2 ) )
M( () + 18D N PgN) ! = Wi(e ) ale ™),
71)\ Z 7i)\k7 (46)
k=0
Remark 3.3

Any spectral density matrix f(\) is self-adjoint: f(\) = f*()\). Thus, (f(A))" = f()). One can check that an
inverse spectral density f~1()\) is also self-adjoint f~1(\) = (f~1(\))* and (f71(\)) T = f~1(N).

The following Lemmas provide factorizations of the operators Py and T, which contain coefficients of
factorizations (44) — (46).

Lemma 3.2

Let factorization (44) takes place and let ¢ x T matrix function U7(e~**) satisfy equation ¥z (e~"*)O5z(e~*) = E,
Define the linear operators ¥z and O in the space ¢, by the matrices with the matrix entries (V3)x,; = ¥z(k — j),
(Op)k,j =0k —j)for0 < j <k, (¥p)k,; =0, (Op)s,; =0for0 <k < j. Then:

a) the linear operator P admits the factorization

b) the inverse operator (P;) " admits the factorization
(Pr)™! = 6x(67) "

Proof. Making use of factorization (46), obtain the relation

(A (i \)]2
W [0 + 189 e ]
= > Balm)e = (W) e )
_ Z Z WL (K k + m) zAmZZ¢ﬁT (ke +m)em.
o m=0 k=0
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Thus, Pg(m) = 3.2 g (k)g(k +m), m > 0, and Pz(—m) = (Pg(m))*, m > 0. In the case i > j, we have
P, = Z¢ (= )Pl = §) = (Tp) " ¥a)i,
and, in the case 7 < j, we have
Pf,bj :Pﬁ(i_j) J—Z Zw l—l l_J) ((‘I’ﬁ)Tﬁﬁ)i,j,

which proves statement a).
From factorizations (44) and (46), obtain

E, = \I/F(e_M _M = Z (Z Yk )) e 47
7=0 \k=0

Thus, we derive the relations

-
|
<.

diag(di;) = Ur(k)0a(i —j — k) =Y (i — p)balp — j) = (VzOp)iy, O

0 p=t

which 1mply V-0, = E,. Using P = (V) "V, we get (07) Pz =", and PO, = (U;) ', or (07)" =
Uz (P;) "t and G)“ = (P ,L)*l(\If )T The last two relations imply

05:(05)" = (Pp) ™' (V) " Un(Pr) ' = (Pr) '"Pp(Pp) ™" = (Pp) ",

>
Il

which proves statement b). O

Lemma 3.3
Let factorizations (44) and (45) take place. Then the operator T admits the representation

Tz = (Y7) ' Zg,

where Zy; is a linear operator in the space ¢, defined by a matrix with the entries

oo

kg = > Upl=gl—k), gk)y= D m)¢*(k+m), kj=>0.
I=j

m=max{0,—k}

Proof. Factorizations (45), (46) and Remark 3.3 imply

OIONE } o ‘
Ty (U 3OO = e ey
:i‘l’%u —z/\lZZ z)\j _ZZ\PT l—l—k) ik

1=0 kEZ j=0

Then -
(T@)ky =Tk —j) = > _ Ui (m— k) Zz(m — j) = (V1 Zg)x
m=k

The representation for the entries (Zy)x,; = Zz(k — j) follows from

iz z)\] _77 —z/\ ZZ\P gy l— zAk. 0

=0 kezZ 1=0
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Remark 3.4
Lemma 3.2 and Lemma 3.3 imply the factorization

(Pp) ™' Trag = O5(0) " (Vg) ' Zgay = OpZpay = Opey,
where ey := Zgyag.

Assuming that factorizations (44), (45), (46) take place and making use of Remark 3.4, spectral characteristic
(33) and mean-squarer error (34) can be presented in terms of the coefficients of the mentioned factorizations.
Make the following transformations:

BOGNE
X (e 2

= (Z 1/;% (k)e’i)‘k Z eﬁ(m)ei)‘m, (48)

where ez(m) = (Zgag)m, m > 0, is the m-th vector entry of the vector e = Zyay.
Using factorizations (45) and (46) conclude the following transformations:

= Zd),j(k)eMk) ( Z Zﬂ(k)ei)\k> Zaﬁ(j)em
k=

w;(k)e_i’\k> Z eg(m)e“‘m. (49)
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Making use of (48) and (49), formula (36) for the spectral characteristic ﬁ%()\) of the optimal estimate 277 can be
presented as

R2(\) = M idl(k)e’i’\k ief(—m)eﬂ-)‘m
[z B (iN) - Iz z

(d) —ix oo X 2=
_ M (Z ¢I(k:)e”’“> Z ZZ}(Z)@(mH‘+l)ap(j)6%m

k=0 m=1 j=0 [=0
(d)/_—ix %) 50
X (e ) —1 olh. —idm
- M(ZW% ) > (FrChme ™
k=0 m=1
(d)(_—ix
X (€77) _ B
- /I;(T(Z/\)\Ij—ﬁr(e MCugle™™),

Cug(m) = Zg(m + k)agz(k) = Za(l) Z (1 +m+ k)ag(k Z(j) ) (Pag)m,

Making use of the inverse operator (Pz) ™! factorization and following the transformation steps of (48) obtain

the formula for the spectral characteristic i_%()\) of the optimal estimate B¢

(), —ix .
7 Xg (5 8D (iN)[? , I
N = e (Bu(e*) Nopsr (7O + 180 2g(0) |

k=0
= B (e (S e ) 33 o+ e
B(d)(Z)‘) g k=0 ! m=0 p=0 H
(d)( —ix
Xﬁ (6 ) = —1 T
= @ (N (Bi(e™) = (e (™)
(d)( —ix
Xﬁ (6 ) —i ~ —1
= g Y0,
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where
a(e?) = i(QTD“A ZZ@T Vbiz(b + m)e ™,
m=0 m= Op 0
C_«'Ml(efi)\) _ i(QTB e tAMm _ Z Z QT l_)'ﬁ p m) —idm
m=1 m=1p=m
= Z ZQT (m+p) l_;ﬁ (p)e” am
m=1 p=0

315

vector 07 = ((6(0)) ", (6z(1)) 7, (6z(2))7,...); A is a linear symmetric operator determined by the matrix with

the vector entries (A)y ; = d(k +j), k, j > 0; ]§ﬁ is a linear operator, which is determined by a matrix with the

vector entries (ﬁg)w b (k —]) for0 < j <k, (B )k kg = 0for0 <k <j.
Then the spectral characteristic ha () of the estimate A§ can be calculated by the formula

(d) —z)\ 00
z X ( et D " —iAm
i = Sy (i) £ (58,

(d)( —ix =1
- Xg(()(z/\))\pl(e—u) (C’#H,l(e_i’\) — C_"N’g(e—i,\))
(d) (,—ix _
- Eu(eM)Xg(gm)) — h(N),

P Xitd)( ) T (k)e—iMk
hﬁ(A) = ﬁ(d) Z)\ Zw

> <Z(9;D/LA) iAm Z MCM;Q) e—iAm)
m=0 m=1

(d) (,—ix
XM ( ) —i N i =~ —4
- B (iN) \If;(e *) (rﬁ(e M)+ Clgle /\)) .

The value of the mean square error of the estimate Zf is calculated by the formula

A (f,g;ﬁé) =E ‘Hg - ﬁgr
= % jr (g(eiA))Tg(A)g(eiA)dA
b [ )T () + BN P )il

L[ B(d)(i)‘) T (IANT A (N
7% —ﬂm h*(e )) g()\)Aﬁ(e )\)dA

A (f,g;ﬁﬁ)

1 (™ B(T(i)\) . -
2 —— (4 __(piA
2T S D (e=in) (")) g(M)hg(er?)dA

= || ag|* + |Paz|} + (65 D" A — C,. 4, 0 DM A)
— (03 D*A, Zgraz) — (Zag, v Chg), »

(50)

D
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where || 7|3 = (Z, )1, (Z,9)1 = > pey (F(k)) Ty(k) for the vectors & = ((Z(0)) ", (Z(1) T, (Z(2)",..)", §=
(@O, @), @2)",.. )T

The obtained results are summarized in the form of the following theorem.

Theorem 3.3
Let £(m), m € Z, be a vector stochastic sequence which determines the stationary GM increment sequence

X(ﬁ%(f (m)) and let 7j(m), m € Z, be vector stationary stochastic sequence, uncorrelated with &(m). Suppose that
the coefficients d@(k), k > 0, satisfy conditions (16) — (17) and the spectral densities f(A) and g()) of the stochastic
sequences &(m) and 77(m) admit the canonical factorizations (44) — (46). Then the spectral characteristic f_iﬁ()\)
and the value of the mean square error A(f, g; ZE) of the optimal estimate XE of the functional AE based on
observations of the sequence 5 (m) + 7j(m) at points m = —1, —2, ... can be calculated by formulas (50) and (51)
respectively.

3.3. Forecasting of stochastic sequences with periodically stationary increment

Consider the problem of mean square optimal linear estimation of the functionals
oo N
A9 =Y "aD(k)9(k), An9 = a(k)I(k) (52)

which depend on unobserved values of the stochastic sequence ¥(m) with periodically stationary increments.
Estimates are based on observations of the sequence ((m) = 9(m) + n(m) at points m = —1,—-2,.. ..
The functional Ad can be represented in the form

A9 = i P (k)9(k) = i Z D (mT +p—1)9(mT +p—1)
k=0 m=0 p=1
co T 00
= 3 S apm)gm) = 3 (@m)TE(m) = A,
m=0 p=1 m=0

where

E(TTL) = (El(m)a€2(m)’ cee ’gT(m))Tv
&(m)=9dmT+p—-1);p=1,2,....,T; (53)

=1
—~
3
~
Il
—
Q
=
—
3
—
=
[\v]
—
3
N2
“@
~
—
3
N
N

ap(m) =a(mT+p—1);p=1,2,...,T. (54)

Theorem 3.4
Let a stochastic sequence ¥(k) with periodically stationary increments generate by formula (53) a vector-valued

stochastic sequence E (m) which determine a stationary stochastic GM increment sequence x( )(g(m)) with
the spectral density matrix f()). Let 7j(m), m € Z, ij(m) = (n1(m),n2(m), ..., nr(m)) ", ny(m )—n(mT+p—
1); p=1,2,...,T, be uncorrelated with the sequence 5 (m) stationary stochastic sequence with an absolutely
continuous spectral function G(A) which has spectral density matrix g(A). Let the minimality condition (18) be
satisfied. Let coefficients @(k), k > 0 determined by formula (54) satisfy conditions (16) — (17). Then the optimal

linear estimate Av of the functional A¥ based on observations of the sequence (m) = ¥(m) + n(m) at points
m = —1,-2,... is calculated by formula (27). The spectral characteristic iz(\) = {h,(X)}]_, and the value of
the mean square error A(f; EC ) of the optimal estimate A\C are calculated by formulas (33) and (34) respectively.
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The functional A ;¢ can be represented in the form

M N T

Avd = Y aPD®)Ik) =YY a(mT +p— 1)I(mT +p—1)
k=0 m=0 p=1
N T N . B
= Y apm)gm) = Y (@m)TE(m) = AxE,
m=0 p=1 m=0

where N = [22], the sequence £(m) is determined by formula (53),

@m)" = (ar(m),as(m),...,ar(m))",
ap(m) = a’(mT+p—1;0<m<N;1<p<T;mT+p—1<M;
ap(N) = 0 M+1<NT+p—-1<(N+1)T-11<p<T. (55)

Making use of the introduced notations and statements of Theorem 3.2 we can claim that the following theorem
holds true.

Theorem 3.5

Let a stochastic sequence ¥(k) with periodically stationary increments generate by formula (53) a vector-valued
stochastic sequence £(m) which determine a stationary stochastic GM increment sequence x( )(§ (m)) with the
spectral density matrix f(A). Let {7j(m),m € Z}, 7(m) = (n1(m),n2(m), ..., nr(m))", ny(m) = n(mT +p —
1); p=1,2,...,T, be uncorrelated with the sequence E (m) stationary stochastic sequence with an absolutely
continuous spectral function G(\) which has spectral density matrix g(\). Let the minimality condition (18) be
satisfied. Let coefficients d(k),k > 0 be determined by formula (55). The optimal linear estimate A MG of the
functional A,;¢ = AnE based on observations of the sequence ¢(m) = 9(m) + n(m) at points m = —1, —2, .

is calculated by formula (37). The spectral characteristic iz x(\) = {hg, Np(A)}_, and the value of the mean

square error A(f; Ay;() are calculated by formulas (38) and (40) respectively.

As a corollary from the proposed theorem, one can obtain the mean square optimal estimate of the unobserved
value ¥(M), M > 0 of a stochastic sequence ¥J(m) with periodically stationary increments based on observations

of the sequence ¢(m) = ¥(m) + n(m) at points m = —1, —2,... Making use of the notations J(M) = J,(N) =
(£(N )6, N =[2],p=M+1— NT, and the obtained results we can conclude that the following corollary
holds true.

Corollary 3.4

Let a stochastic sequence ¥(k) with periodically stationary increments generate by formula (53) a vector-valued
stochastic sequence ¢(m) which determine the stationary stochastic GM increment sequence X( )(f (m)) with
the spectral density matrix f()). Let 7(m), m € Z, ij(m) = (n1(m),n2(m), ..., nr(m)) ", ny,(m )_n(mT+p—
1); p=1,2,...,T, be uncorrelated with the sequence 5 (m) stationary stochastic sequence with an absolutely
continuous spectral function G(\) which has spectral density matrix g()). Let the minimality condition (18) be
satisfied. The optimal linear estimate 9 (M) of the unobserved value J(M), M > 0 of a stochastic sequence ¥(m)
with periodically stationary increments based on observations of the sequence ((m) = J(m) + n(m) at points
m = —1,—2,... is calculated by formula (41). The spectral characteristic Eﬁ’ N.p(A) of the estimate is calculated
by the formula (42). The value of the mean square error of the optimal estimate is calculated by the formula (43).

3.4. Forecasting of one class of cointegrated vector stochastic sequences

Consider two seasonal vector stochastic sequences {£(m), m € Z} and {C(m),m € Z} with absolutely continuous
spectral functions F'(A\) and P()) and spectral densities f(\) and p()\) respectively. Assume that both of them have
the same order d and seasonal vector s.
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Definition 3.1

Within this subsection, a pair of seasonal vector stochastic sequences {£(m), m € Z} and {{(m), m € Z} are called
seasonally cointegrated if there exists a constant a # 0 such that the linear combination sequence (| (m) — o (m)
is a stationary vector stochastic sequence.

Under the forecast of two seasonally cointegrated stochastic sequences we understand the mean-square optimal
linear estimates of the functionals

0 N
AE =N (k) TE(R),  AnE =D (@(k)TER),
k=0 k=0

—

which depend on the unobserved values of the stochastic sequence £(m) based on observations of the stochastic

sequence f (m) at points m = —1,—2, . ... Applying the results of Subsection 3, the forecasts can be found under

an assumption that the vector sequences £(m) and {(m) — a&(m) are uncorrelated.
Let the minimality condition holds true:

/W Tr lwwp(/\)ll d\ < oo. (56)

d) (p—i
P (e

Determine operators P%, T%, Q@ with the help of the Fourier coefficients

=g [ o o]

k,j d —i
T i (e
T

w5 _ 1 T —ix(k—j 1 . -
B =5z [ s (00 -0 6o o

ki or e E

RO S A S |
Q=g | © B@N]

of the functions
-

() (i\)]? _ -
T2 T s [0~ a27 ) )] (57)

X (e=id) 2 I (e=ih)2

700 PO () = a2f (1)

1 T

) (p—i
e ()2
in the same way as we defined operators Pz, Ty, Q. Theorem 3.1 implies that the spectral characteristic h%()\) of
the optimal estimate

Ai= [ o) TdZw () - i (T (k) "¢ (k), (58)
-7 k=—n(v)

of the functional Ag is calculated by the formula

(d) ¢ ,—ix
Za o (i Xﬁ (6 )
(hﬁ()\»T = (Bx(e A))Tﬁ(T(D\)—
1 .

- ()T ~ AN
A (=) B (i)

—_— o T
—X‘f()()”i) (Z((P::)1Dﬂa—<P3>lTﬁau>keikk> ) 659
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The value of the mean square error of the estimate X{ is calculated by the formula

Af,g:A8) = o /Wllﬂ 1 )|2(Hﬁ(e“))T(p(A)—an(/\))ﬂL

+ (Z((Pﬁ)—lpﬂa — (Pg)—lTZtaH)keim> ]

k=0
|BD (iN)[? 4 .
W(p(/\)) ) (X))~ %
1 5 (p(A) — @ f(N)A(ei) + ((P2)~'Dfa — (P2)~1Thag)pe’ | dA+
|6 ( )| k=0
1 ™ o T
+5- (Az(e™)TF(A) = [BD(iX) 2 <Z((PZ‘)—1D#3 _ (Pﬁ)_lTﬁau)kei“>
T k=0
T A () = a7 0) )
X | FO) Ar(e) — |8 (ix \Qi ~1DFa — (P2)~ 1T3au)ke““*1 A\ =
k=0
= (D"a - Tjap, (Pf)~'D'a— (P7) ™' Tjag) + (Q%a,a). (60)

Theorem 3.6

Let £(m), m € Z, and {(m), m € Z be seasonally cointegrated stochastic sequences with the spectral densities
f(A) and p(X) respectively. Suppose that the spectral density p()\) satisfy the minimality condition (56) and
the coefficients @(k), k > 0, satisfy conditions (16) — (17). If the stochastic sequences &(m) and ((m) — af(m)
are uncorrelated, then the spectral characteristic ﬁ%()\) and the value of the mean square error A(f, g;ﬁ{)
of the optimal estimate 21\{ (58) of the functional Ag based on observations of the sequence 5 (m) at points
m = —1,—2,... are calculated by formulas (59) and (60) respectively.

Let operators PZ, T% y, QR be defined by the Fourier coefficients of the functions (57) in the same way as

we defined operators Py, T n, Q. Theorem 3.2 implies that the spectral characteristic l_i%’ ~(A) of the optimal
estimate

p. -1
AnE= [ e nNdZe (V) = D (@ (k)T (k) (61)
o k=—n(7)

of the functional A NE is calculated by the formula

(d) / —ix
« Xu, ( )

()T = (B (7)) s~

()TN — ) GO -
X (€72)B (i)

—_— o T
o ,B(d)(z)\) (Z((Pg)lDK]aN_(PZ)1T,O:,Nau,N)k€ik>\> (p(/\))il. (62)

d .
X (e ) \i=o
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The value of the mean square error of the estimate A ~& is calculated by the formula

1 S

A AnE) = 5 || A @) () — a0+

> T
+ (Z((P,‘f)_lD%aN — (P%)'TY vagn)re ik)\> ] «
k=0

() (i\)]2
M ()7 (p(N) '

1 2 F(0)) Ay (e
[IB e P SO A e

(o]
+ 3 (P2)~1DRay — (P2)~1T2 vay v)ke® | dA+

k=0

1 " 1 PIAN T _
r = /[w( AT )

00 T
(Z 1D‘1<,aN (Pz)lTiNaH’N)keik)\) ] X

k
B ()2

W (M) () = aF (V) (p(N) ' x

1 — = = )
X lﬂ(d)(i)\)Pf()\)A“’N(eM) — Z((P%)_le{aN — (Pz)_sz7Na“7N)k€lk)“| d)\ =
k=0

= <D%3N — T%yNaﬁ,N, (P%)_lD?VaN - (P%)_lT%7Naﬁ7N> + <Qj‘\‘,aN,aN> . (63)

Theorem 3.7

Let £(m), m € Zand ((m), m € Z be seasonally cointegrated stochastic sequences with the spectral densities f())
and p(\) respectively. Suppose that the spectral density p(\) satisfy the minimality condition (56). If the stochastic
sequences & (m) and ¢ (m) — @¢(m) are uncorrelated, then the spectral characteristic ﬁ% ~(A) and the value of the
mean square error A( f, g; A ~E) of the optimal estimate AnE (61) of the functional A& based on observations of
the sequence 5 (m) at points m = —1, —2, ... are calculated by formulas (62) and (63) respectively.

Let the spectral densities f(\) and p()\) admit the factorizations

|X(d)( —iA )2
TF@nE Y = OO O™ Ze‘* e (64)
(@ (i \)]2
|)|<?d)(i):z\|)|2 (p()\))fl _ (\I/%( 71)\)) \I/a( 72)\), a 71)\ Zw 77,)\]6 (65)
BN 00) — 02 f() = 2@ N, e = etk (66)
k=0
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Let operators and vectors ij, e &30‘, b, Z%, 9%, @g be defined by coefficients of the canonical factorizations (64)
— (66) in the same way as were defined operators and vectors C,, ¢, (T), @, Zy, 0, @ﬁ. From Theorem 3.3 we obtain
that the spectral characteristic Eg()\) of the optimal estimate 215 of the functional A{ can be calculated by the
formula

(d) (,—ix oo ‘ o0 _ . A
hi(\) = ’W (;J(wﬁ(k»%“k) Z:l () Ba—vncy,) e (67)

The value of the mean square error of the estimate gf is calculated by the formula

Afg: A = 1(07) Tag® + | B*azl? + ((05)TD*A ~F;Cy . (03) D' A )

.90
—((63)" D" A Zag) — (Ziag U5Ch, ) (68)

Theorem 3.8 B
Let £(m), m € Z}, and ((m), m € Z, be seasonally cointegrated stochastic vector sequences with the spectral
densities f(A) and p(A\) which admit the canonical factorizations (64) — (66). Suppose that the coefficients a(k),

k > 0, satisfy conditions (16) — (17). Then the spectral characteristic hg()\) and the value of the mean square error

A(f,g; 25) of the optimal estimate X{ of the functional Ag based on observations of the sequence 5 (m) at points
m = —1,—2,... are calculated by formulas (67) and (68) respectively.

4. Minimax (robust) method of forecasting

Values of the mean square errors and the spectral characteristics of the optimal estimates of the functionals Ag and
ApNE depending on the unobserved values of a stochastic sequence £(m) which determine a stationary stochastic

GM increment sequence X(ﬁ(g

&(m) + 7j(m) at points m = —1, —2, ... can be calculated by formulas (33), (34) and (38), (40) respectively, under
the condition that spectral densities f(\) and g(\) of stochastic sequences &(m) and 7j(m) are exactly known.

In practical cases, however, spectral densities of sequences usually are not exactly known. If in such cases
a set D = Dy x D, of admissible spectral densities is defined, the minimax (robust) approach to estimation of
linear functionals depending on unobserved values of stochastic sequences with stationary GM increments may be
applied. This method consists in finding an estimate that minimizes the maximal values of the mean square errors
for all spectral densities from a given class D = Dy x D, of admissible spectral densities simultaneously.

To formalize this approach we present the following definitions.

Definition 4.1
For a given class of spectral densities D = Dy x D, the spectral densities f°(\) € Dy, g°(\) € D, are called least

favorable in the class D for the optimal linear forecasting of the functional Ag if the following relation holds true:

A(f, 6% = A, 9%): £0,9°) = max _ A(h(f,9); f,9)-

(f,9)EDs XDy

(£(m)) with the spectral density matrix f(\) based on observations of the sequence

Definition 4.2
For a given class of spectral densities D = Dy x D, the spectral characteristic h°(\) of the optimal linear estimate
of the functional A€ is called minimax-robust if there are satisfied the conditions

h’(\) € Hp = ﬂ LY (f(N) + B (iN)2g(N)),
(£,.9)€EDs XDy

i A(h; - A(RC: £, g).

jin L max (h; £, 9) o (h°; f,9)
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Taking into account the introduced definitions and the derived relations we can verify that the following lemmas
hold true.

Lemma 4.1
Spectral densities f° € Dy, g° € D, which satisfy condition (18) are least favorable in the class D = D x D, for

the optimal linear forecasting of the functional Ag if operators P%, T%, QP determined by the Fourier coefficients

of the functions
B (i) ?

BOGNE

gy (=) 2
1B (N
e (e )[2

[P OR) + 18P )]
T
2+ 1BV

-
[ + 18D ) g ]
determine a solution of the constrained optimisation problem

DFa — Tgag, P-'DFa — P_'Tyay
(f,g)rél%;(ng« a mam v a I #au> + (Qa, a))

= (D"a — TYagz, (PY) "' DFa — (P)) "' T%az) + (Q’a, a). (69)
The minimax spectral characteristic h® = hiz(f°, g°) is calculated by formula (33) if hz(f°, ¢°) € Hp.

Lemma 4.2
The spectral densities f© € Dy, q° € D, which admit canonical factorizations (11), (44) and (45) are least

favourable densities in the class D for the optimal linear forecasting of the functional Ag based on observations of

the sequence &(m) + 77(m) at points m = —1, —2, ... if the matrix coefficients of canonical factorizations (44) and
(45) determine a solution to the constrained optimization problem

[@Taz|* + ||®ag|}+ (65 D"A —;C, g, 05 DM A)
— (65 D"A, Zpag) — (Zgaz, ¥;C,4), — sup, (70)

oy = OOV o i (o) - 5@ (ix) Pt N)ar e ) € Dy,
D (e)p

g(\) = B(e”)@*(e7™) € D,
The minimax spectral characteristic h° = hz(f°, ¢°) is calculated by formula (50) if hy(f°, ¢°) € Hp.

Lemma 4.3
The spectral density g° € D, which admits canonical factorizations (44), (45) with the known spectral density f(\)
is the least favourable in the class D, for the optimal linear forecasting of the functional A¢ based on observations

—

of the sequence &(m) + 7j(m) at points m = —1,—2, ... if the matrix coefficients of the canonical factorizations
| BOGNP (=0 1y ik ) (o= g0y i)
FO)+ 1890200 = LTI (SR g gyemini ) (S aompe e ) )
|Xﬁ (=P \ido k=0

() = (Z ¢°(k)e“k> (Z ¢°(k)e“’“> (72)

k=0 k=0
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determine a solution to the constrained optimization problem
1@ agl® + |[Pag|i+ (07 D"A —Cpg. 05 D"A)
(05 D" A, Zpag) — (Zpag, ¥;Cpq), — sup, (73)
g(\) = B(e7)@*(e™™) € D,
The minimax spectral characteristic RO = fzﬁ( f,g°) is calculated by formula (50) if /_ig( f,q°) € Hp.

Lemma 4.4
The spectral density f© € Dy which admits canonical factorizations (11), (44) with the known spectral density g(\)

is the least favourable spectral density in the class D for the optimal linear forecasting of the functional Ag based

on observations of the sequence &| (m) 4+ 7j(m) at points m = —1,—2,... if matrix coefficients of the canonical
factorization
(d) i\ 2 oo *
0 (d) (:y)|2 _ 1BV oAk 0 (1)e Mk
PO+ [BDANPg(N) = g | D0 Z i : (74)
|Xg (e=M)PP \ido
and the equastion U9 (e~**)0%(e~**) = E, determine a solution to the constrained optimization problem
(65 D" A — 9 C,, 4,65 D' A) — (01 D" A, Zpag) — (Zpag, ¥;;C,u.4), — sup, (75)
/B(d) iA 2 —1 * (o —1 : —1 k([ —1
) = LTI g (e e) - 15 i) e ) € Dy
X (em)?

for the fixed matrix coefficients {¢(k) : k > 0}. The minimax spectral characteristic 7° = i_ig( f°,g) is calculated
by formula (50) if hz(f°, g) € Hp.

For more detailed analysis of properties of the least favorable spectral densities and minimax-robust spectral
characteristics we observe that the minimax spectral characteristic A" and the least favourable spectral densities
(°, ¢°) form a saddle point of the function A(h; f, g) on the set Hp x D.

The saddle point inequalities

A(h; £0,6%) > AR £, ¢°) > AR f,9) Yf € Dy,Vg € D,,Vh € Hp

hold true if % = hiz(f°, ¢°) and hz(f°, ¢°) € Hp, where (f°,¢°) is a solution of the constrained optimization
problem _

A(f,9) = —A(hu(f°,¢%); f,9) — inf, (f,9) €D, (76)
where the functional A(hz(f, ¢%); f, g) is calculated by the formula

A(ha(f°,9%): f.9) =

)T (O + 18D (NP0 (1)~
N Az (e”‘)+C’0(6”‘) d\+

™ (i \)]2 L.
=g [ s ()T + o)
)
)(e_“‘

21 J_r s (e=)[2
% (fOA) + 8@ (iN)2¢°
< [g'0r
We L -
l/;(d)(iw( RS0 <e—“><02<eﬂ>>ﬂ x
i)

L™ [ BN
+%/ <|X(d)(€ M)|2>
X (FOA) + 18D NG N)) T g(N) (SO + IBD NP ()
(e -

Wfo(/\) a(e) — (=) TY(ei) | d,
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where

= (PY)~'D"a— (P}) "' Thaz),e™™,
k=0

or it is calculated by the formula
A (hu(foago); f7 ) =

T —iA\ |2 -
-~/ w< 0 (M) U M) F ) (B ) T A

1 ("

+ % _Tr(rﬁﬂ(e_M))T\I’%(e_M)g()\)(\IJ%(e_M)) md)\’
where . )
r%f(e*“‘) = Z((@O)TD“A A H u g e~ M
m=0 m:l
I‘%,g(e_ik) = X%i)(e_i)‘) (Z((&O) D”A h\m + Z q/)# o g —zz\m) _ (@%(G_M))TA(ei’\),
m=0

The constrained optimization problem (76) is equivalent to the unconstrained optimisation problem

Ap(f.g9) = A(f.g) +6(f, gDy x Dy) — inf, a7

where §(f, g|Dy x D) is the indicator function of the set D = Dy x Dg. Solution (Y, go) to this unconstrained
optimization problem is characterized by the condition 0 € dAp(f°, %), where AR (f°, g°) is the subdifferential
of the functional Ap(f, g) at point (f°,¢g") € D = Dy x D,, that is the set of all contmuous linear functionals A
on Ly x L; which satisfy the inequality Ap(f,g) — Ap(f°,¢°) > A((f,9) — (f° 4°), (f,9) € D (see [42, 56]
for more details). This condition makes it possible to find the least favourable spectral densities in some special
classes of spectral densities D = D¢ x D,.

In the case of cointegrated vector sequences (in terms of Subsection 3.4) we have the following optimization
problem for determining the least favourable spectral densities:

Ap(f,p) = A(f,p) + 6(f,p|Dy x D,) — inf, (78)

A(f.p) = —A (h(f°,0); f.p) ,
A (R (f°,9%); f.p) =

—

1 4 1 ; o T
27r/ {b’(d)'P( AN TN — a0 (N) + (C20(e)) }

(%)
m ") FO) (B N)
[m 1 g 7' = o U A + c“(e“ﬂ At
vor | |t st 0 - (%)
8@ (A2

RO O~ (p(A) — @2 F(N) (p° (M)~ x
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1 T BDENI® e
x Wfo()\) ﬁ(e)‘)—mcﬁo(e M) dA,
m

(@) =3 ((PR)") 7 (D"a— (T)Pag) ) e

A solution (f°, p°) of this optimization problem is characterized by the condition 0 € dAp (2, p°).

The form of the functionals A(hz(f°, ¢°); £, g), A(hz(f°,p%); f,p) is convenient for application the Lagrange
method of indefinite multipliers for finding solution to the problem (77). Making use of the method of Lagrange
multipliers and the form of subdifferentials of the indicator functions 6( f, g|Dy x D), d(f, g|Ds x Dp) of the sets
Dy x Dy, Dy x D, of spectral densities, we describe relations that determine least favourable spectral densities in
some special classes of spectral densities (see [36, 42] for additional details).

4.1. Least favorable spectral density in classes Dy x DY)

Consider the forecasting problem for the functional Ag which depends on unobserved values of a sequence { (m)

—

with stationary increments based on observations of the sequence £(m) + 7j(m) at points m = —1,—2, ... under
the condition that the sets of admissible spectral densities D’}O, D‘%, k =1,2,3,4 are defined as follows:

(d)

™ \d efi)\ 2
D}y = {f(A) = WM)“:P }
) 1 /™ ‘X(ﬁd)(e—u\)‘z
Djo = {f()\) %/ﬁ WTT[JC()\)](D\ZP },
. 1 7r ‘Xgi)(efi)\)‘z
Dy = {f(/\) 27T/—7r Wfkk()\)d)\ =pi,k=1,T },
s 1 (e
Djo_{f(/\) %/7 W(’L)\)P<Bl’f(/\)>d/\_p}’

DY = {gm‘m) <90 U 5 [ gir= Q} ,

2r J_,

TV < Tlg] < O o [ Trlgiin = q},

2 J_.

Y,? = {gw

1 i _
Uk (A) < gre(A) < ugr(N), */ ik (N)dX = qi, k = 1aT}7

D3 = oy L

s

Dy, = {Q(A)‘ (B2, V(N)) < (B2,9(N) < (B2, U(N)), %/ (Ba, g(\)) dX = q}.

—T

Here spectral densities V' (\), U(\) are known and fixed, p, px, q, ¢k, k = 1, T are given numbers, P, By, @), Bs are
given positive-definite Hermitian matrices.
Define

CI(e™) 1= " (N Az(e™) + > ((PY) ™' D'a — (P)) "' Than) e,
k=0
C(e) = x (e M BD N O A(e™) — = (7)Y ((PR) 7' Da — (P) ™ Thag)ee™ .
k=0
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From the condition 0 € OAp(fY, g°) we find the following equations which determine the least favourable
spectral densities for these given sets of admissible spectral densities.
For the first set of admissible spectral densities D}O X D‘% we have equations

(o) (efe) = (B2 oy 4 sainytgdoan ) -
" A N G e )

‘X(jl)(e—i/\)‘Q
) ( O <fO<A>+lﬁ”%z‘»ﬁf@))), (79)

*

(C%O(ei)\)) (C%O(ei/\)) _
(Ix(d)(e‘“)I?

b gyE U0 + I8¢ (z‘A>|2gO<A>>> (- B +Ta()) + Ta(0)x

G (2 o4 g 80

W(f()JFW (@N[Fg"(N) |, (80)
where &y and 3 are vectors of Lagrange multipliers, the matrix I';(A) < 0 and I’y (A) = 0 if go(X) > V/(}), the
matrix I'o(A) > 0 and T'3(A\) = 0if go(A) < U(N).

For the second set of admissible spectral densities D;o X Dgg we have equations

. (d) (—ixy|2 2
(cPe™) (efe™) = a3 (W(f°(A>+|B<d>(M>|Qg°(A))> ! 81)
90/ ix 90/ iANF _ [ p2 |X(ﬁd)(6_i/\)|2 0 (d) (:y\]2 .0 i
(CZ (M) (CL (M) = (B2 +mn(N) +72(V) W(f N +BYENFg(N) | . (82)

where o}, 3% are Lagrange multipliers, the function 71 (A) <0 and y1(A) = 0 if Tr[go(A)] > Tr [V/(N)], the
function y2(A) > 0 and y2(A\) = 0 if Tr [go(N)] < Tr [U(N)].
For the third set of admissible spectral densities cho X D‘l}g we have equations
71‘/\)‘2

* (,d) e T
(che™) (efe™) = ("“ ( . <f°<A>+|/3<d><m>2g°<A>>) {a%duty

IO
\X@ (e=)[2
(W“ T 'ﬁ(d)(W'QgO(A))) . @83)
(CL(e™) (CL (™) =

e (e=M)P?
ERIGVE

(f° + Iﬁ(‘”(M)QQO(A))> {(BR +mr(V) + 72k(k))5kz}£l:1 x

d) —i
<xfﬂ<e 2
>< —

|ﬁ(d) (iM)]2 (fo(/\) + |ﬂ(d)(i/\)|290()\))> , (84)

where af‘-k, (% are Lagrange multipliers, &y, are Kronecker symbols, functions v1x(\) < 0 and y15(\) = 0 if
9%, (X) > v (N), functions 2, (A) > 0 and y25,(A) = 0if g2, () < wr(N).
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For the fourth set of admissible spectral densities D;%O X D% we have equations

—i/\)|2

* (,d) e
(CFe™) (efe™) =03 (X“ : : (fO(AHIB(d)(M)QgO(A))) Bl

BDENE
‘X(,d)(e*i/\)‘Q
X <|g(‘1)(i)\)|2(f0(/\)+ |ﬁ(d)(i)\)|290()\))> . (85)

D o o) gt
W(f( )+ 18D (N 2° (V) | BS x

(DS o) pwaegon ) 6o
IO )

(C2 (™) (CF(e™)” = (B> + (V) + %) (

where 3, a7}, are Lagrange multipliers, functions v (A) < 0 and { (\) = 0if (Ba, go(\)) > (B2, V())), functions
¥4 (A) > 0and v5(X) = 01if (Bg, go(A)) < (B2, U(X)).
The following theorem holds true.

Theorem 4.1

Let the minimality condition (18) hold true. The least favorable spectral densities fo()), go()), in the classes D’;O X
Dg’;, k=1,2,3,4 for the optimal linear extrapolation of the functional Ag from observations of the sequence
5(m) + 7(m) at points m = —1,—2, ... are determined by equations (79)—(80), (81)—(82), (83)—(84), (85)—(86),
respectively, the constrained optimization problem (69) and restrictions on densities from the corresponding classes
D’;O, D‘L/fg, k =1,2,3,4. The minimax-robust spectral characteristic of the optimal estimate of the functional A¢ is
determined by the formula (33).

If the spectral densities f(A) and g(\) admit canonical factorizations (11), (44) and (45), we can derive the
following equation for the least favourable spectral densities.
For the first set of admissible spectral densities D}, x Dy,

(xhp(6) (2 p(€™)" = (On(e™™) Ty - a7O(e=), (87

*

(x.4(6™) (xhg(e™)" = (Bale™™) (5 B* + T1(N) +T2(N)Ox(e=?) (88)

where &y and j3 are vectors of Lagrange multipliers, the matrix I'; (A) < 0 and I'y(A) = 0 if go(X) > V()), the
matrix 'o(A) > 0and T’y () = 0if go(A) < U(N).
For the second set of admissible spectral densities D%, x Dy;> we have equations

(s () (s (e) = 07 (O(e ™) TOm(e—), (89)

(rg(e™) (14(e™)" = (8% + 11(N) +72(\)(On(e™)) TOp(e), (90)
where aff, 3% are Lagrange multipliers, the function ~1(A) <0 and ~;(A\) = 0 if Tr[go(A\)] > Tr[V()\)], the
function y2(\) > 0 and v2(A) = 0if Tr [go(A)] < Tr [U(N)].

For the third set of admissible spectral densities Df}o X Dgg we have equations

(19,5 (e™) (2,4(e™)" = @le ™) {0udua} ), Onle ™), o1

*

(3, (e™) (15,4 (e™) " = (@™ )T {82 + 718 (N) + 726Nk}, Ople ), ©2)
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where ozftk, (% are Lagrange multipliers, &y, are Kronecker symbols, functions v1x(\) < 0 and y15(\) = 0 if
9% (X) > v (N), functions 2 (A) > 0 and y25,(X) = 0if g2, () < wr(N).
For the fourth set of admissible spectral densities D% o ¥ D‘% we have equations

(1 (€M) (1,5 ()" = 03 (On(e™™) T Bi1Oz(e=), 93)
(rhg(e™) (154(e™) = (8% + 1 (V) +75(\) (O ’A))TBz@ (e=), (94)
where 3%, a}, are Lagrange multipliers, functions v; (A) < 0 and 7} (A) = 0if (Ba, go(\)) > (B2, V())), functions

24(3) > 0 and 15(A) = O {Ba. go(A) < (B U(A).
The following theorem holds true.
Theorem 4.2
The least favorable spectral densities fo()), go()) in the classes D, x DY, k = 1,2,3,4 for the optimal linear

forecasting of the functional A¢ from observations of the sequence & ( ) + 7j(m) at points m = —1,—2,... are
determined by canonical factorizations (11), (44) and (45), equations (87)—(88), (89)—(90), (91)-(92), (93)-(94),
respectively, constrained optimization problem (70) and restrictions on densities from the corresponding classes
D’;O, Dg’;, k = 1,2, 3, 4. The minimax-robust spectral characteristic of the optimal estimate of the functional A€ is
determined by the formula (33).

Theorem 4.3
If the spectral density g(\) is known, the least favorable spectral density fo()\) in the classes D’Jfo, k=1,2,3,4

for the optimal linear forecasting of the functional A£ from observations of the sequence £(m)+ 7j(m) at
points m = —1,—2, ... is determined by canonical factorizations (11) and (44) , equations (87), (89), (91), (93),
respectively, constrained optimization problem (75) and restrictions on density from the corresponding classes D’Jfo,

k =1,2,3,4. The minimax-robust spectral characteristic of the optimal estimate of the functional Ag is determined
by the formula (33).

4.2. Least favorable spectral density in classes Dy x DY, for cointegrated vector sequences

Consider the forecasting problem for the functional Ag which depends on unobserved values of a sequence 5 (m)
with stationary increments based on observations of the vector sequence ¢(m), cointegrated with £(m) in terms
of Definition 3.1, at points m = —1,=2,... for the sets of admissible spectral densities D},, DYk, k = 1,2,3,4,

where the sets DY are defined in Subsection 4.1, the sets Dy are the following:
w |X(d)( —i)|2
717
B2

™ D (e
ENVICIONE

Dy, = {p(A)‘V(A) <p(N) SUN), - / (\)dA = Q}’

Dgi:={pu>

TV < T )] < T UL 5 [ T pV]r = o,

" e I
) < P < v 5 [ T (VA = gk =TT |,

D%—MMwﬂm»ﬂ&mm<wﬂm»I/WM@%wammwn.
' A R AT S ICIOY R
Here spectral densities V()\),U(\) are known and fixed, q,qy,k = 1,T are given numbers, ), By are given
positive-definite Hermitian matrices.
Define

X(d) (6 z)\)

Wﬁ( eM PP (N) = fO(N) + Z ( 2)9) " (Da — (T%) a“))k Mk

k=0

0 7
CL (e?) =
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XD ey = o }
Chn(e?) = P AeN ) = 32 (@) (D7~ (T)°an) ) e,
k=0

The condition 0 € dAp(f°, p°) implies the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.
For the first set of admissible spectral densities D}, x Dy, we have equations

(I (™) (CRu(e™) — 0% (CR() (Chiue™) =
(d) (,—ixy|2 (d) (,—ixy|2
- ('X“ (e |)2 p (A)) a - ('X“ e |)2| p (A)>7 95)

B (i) B (i)
(d)/ —ixy(2 (d) (,—ixy|2
(Cha(e™) (CRa(e™)” = (Wp (A )) (8- F* +T1(N) +T2(N) (wp <A>> D)

where dy and 3 are vectors of Lagrange multipliers, the matrix I'y(A) < 0 and I'y (A) = 0 if go(X) > V(}), the
matrix To(A) > 0 and Iy (A) = 0if po(A) < U(N).
For the second set of admissible spectral densities D? o X D‘% we have equations

; DY 2 e iy (a0 iy oz (R
(CIoe™) (G (™) = a2 (L (e™) (C(e™) :af< GagE P ™) oD
- . e
(CPL(™) (CEL (€M) = (B2 + (M) +12(N) (Mp (/\)> : (98)

where a}, 3 are Lagrange multipliers, the function 71(\) <0 and v1(A) = 0 if Tr[po())] > Tr [V(N)], the
function y2(A) > 0 and yo(A\) = 0 if Tt [po(N)] < Tr [U(N)].
For the third set of admissible spectral densities cho X D‘l}g we have equations

(C(E™) (CH ™) =0 (L (™) (Cfhue™) =

|X(d)( 7z)\)|2 |X(d)( 71/\)|2
<|ﬁ@l)(2)\)2p A) {Ot?fk-(skl}zl:l Wp ()\) , (99)

o 0 |X(d)( —iX |2
(C2 (™) (C (™))" = W? '(N) ] x

d —1
P e™MP

BN ?

where afck, (% are Lagrange multipliers, &y, are Kronecker symbols, functions v;x(\) < 0 and y15(\) = 0 if

pgk()\) > Uk:k()\)a functions ’ygk()\) > 0and ng()\) =0 1fp2k()\) < ukk(/\)
For the fourth set of admissible spectral densities D}, x Dy, we have equations

(I ™) (CRu(e™) =07 (C(e) (Chiale™) =
| Iz ( _M)|2 | (d)( —M)|2
o (TW)W (A)>B (TBW)QPO(A) . (101
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PO (i PO [ IANE (a2 4 |X(d)( M, T
(Cha(e™) (Cr(e™) = (B2 + 71N + %) | a@rma P’ (V) | By x

B@@EN "
. <|X(d)( 7z>\)|2

ERIGE pm))’ e

where o}, 32, are Lagrange multipliers, functions ~{ () < 0 and 71 (A) = 0if (Ba, po())) > (B2, V(})), functions
Y5(A) = 0and 75 (A) = 0if (Bz,po(A)) < (B2, U(N)).

The following theorem holds true.
Theorem 4.4
Let the minimality condition (56) hold true. The least favorable spectral densities fo()), po(A), in the classes
Dko X Dvp, k =1,2,3,4 for the optimal linear forecasting of the functional Af from observations of the vector
sequence 5(m), cointegrated with 5( ) in terms of Definition 3.1, at points m = —1,—2,... are determined
by equations (95)—(96), (97)—(98), (99)—(100), (101)—(102), respectively, the constrained optimization problem
(69) with g(\) := [B@(i\)|~2(p(\) — a?f(N\)) and restrictions on densities from the corresponding classes
Dfy, DYy, k = 1,2,3, 4. The minimax-robust spectral characteristic of the optimal estimate of the functional A€ is
determined by the formula (59).

4.3. Least favorable spectral density in classes D. x D1

Consider the prediction problem for the functional A€ which depends on unobserved values of a sequence & (m)
with stationary increments based on observations of the sequence {(m) + 77(m) at points m = —1, —2, ... under
the condition that the sets of admissible spectral densities D’Jﬁg, D§1 s+ k =1,2,3,4 are defined as follows:

X | (d)( —z/\)|2
D}, - {f(A) T O] = (- T ] + T WL o [ B
7 |X(d)( 71)\)|2
D} = {f(/\) Fie) = (1 =€) figA) + ewpr(N), 5= /_ Wfkk( YA\ = pi, k=1 T}
T (d) —ixy|2
Dy, = {100] Bac S0 = (=) B + 2w o [N oy ar =)
T —iAY|2
s - [ )

Djys = {gw\;ﬂ [ o) - aian< s}

1

%/ |9k (A) = g (W) | dA < 6, b = LT} ;

D25 = {gw

D15 = {g(A)‘;ﬂ /_: [(B2,9(A) = g1(A))] dX < 5} :

1 S
3 [l = g ar < 8% =TT

Here fi()), g1(\) are fixed spectral densities, W () is an unknown spectral density, p, px, k = 1,7, are given
numbers, P is a given positive-definite Hermitian matrices, 6, 63, k = 1,T, §7,4,j = 1, T, are given numbers.

From the condition 0 € OAp(f°, ¢°) we find the following equations which determme the least favourable
spectral densities for these given sets of admissible spectral densities.

Dy = {gw
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For the first set of admissible spectral densities D} x D} 415 We have equations

. (d) (,—ixy|2 2
(Ce™) (™) = (@3 +30) <|X”(.)(f°( ) +18D NP (A >>) L o)

[ERIOTE
10 (I gy [ PP o)
(CEN) (CE) = ) { ST (P + OGO ) a0k
o [ ) g an=s (105)

where o}, 3 are Lagrange multipliers, the function 1 (A) < 0 and 1 () = 0if Tr [fo(A)] > (1 — &) Tr [f1(N)], the
function |y2(A)| < 1 and

72(A) = sign (Tr (go(A) — g1(N))) : Tr(go(N) — g1(A)) # 0.

For the second set of admissible spectral densities DJ%E X D§1 s we have equation

(ce™) (cfte™) =
g (e ™) T
(/B(d)()P( '\ + |B (Z)\)|290(>\))> {(a?k + 7/%@))51«5},67[:1 X

|X(d)( —id)|2
X<W( “) + 184 (zA)IQgO(A))>, (106)

(C%O(ei’\)) (C%O(e“))* -

| (d)( —7>\)|2 i
B <|g(()2(f0( ) ‘B(d)(MN ) {Bkvk 5kl}k,l:1 X
|X(d)( —M)|2
’ (B“)()IQ( O +15¢ (M>|290(A)>>, (107)

1
5 ngk = gre(N)| dh = b, (108)

where a7, 87 are Lagrange multipliers, functions 4 (A) < 0 and v (A) = 0if £, (A) > (1 — ¢) f, (1), functions
[v2(A)| < Land

() = sign (g (V) = gir (V) + gik(N) = gre(N) #0, k=1, T.

For the third set of admissible spectral densities D3, x D 15 We have equation
FO( A for i _
(ce™) (cfe™) =
s (e @ 20 .
= (@3 + ) | Tamroe A+ 80N (V) | By x

B (iN)[?
(d) (,—ixy|2
(W( ) + I <m>|290<A>>>, (109)
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(C%O(ei)‘)) (C%O(ei)‘))* _
a2 |X(d)( oLk 2 0 T
= B2 (A) 7|2( ")+ 18N (N) | By x

B (iX)
(d) (,—ixy|2
(W( ) + I <A>|290<A>>>, (10)

1 s
o _ﬂ\(Bzvgo()\)*91()\»\60\:5, (111)

where a7, 3% are Lagrange multipliers, function v{(X) < 0 and v{(A) = 0 if (By, fo(N)) > (1 — )(B1, f1(\),
function |v5(\)| < 1 and

V2(A) = sign (B, go(A) = g1(A)) (B2, 90(A) — g1(A)) #0.
For the fourth set of admissible spectral densities D7, x D;ll s we have equation
FO/ A for i _
(o) (efte) -

(d)r—ixy|2
<|X(|)2|( O(\) + |8 (zA)QgO(/\))> (A - af +T(X)x

By
(d),—ixy|2
(W( o) + |5 (A)PgO(A))), (12)

(CR(E™) (CR™) =

|X(d)( —iX |2
(( () + 5@ (zA)FgOu») (B (), %

| (iN)]2
<|X(d)( —z>\)|2
X L —

2 0
EGIGNE (F7) + 18 @A) g (/\))>, (113)

1 [ ;
o | 195 =g da =4, (114)
where dy, f;; are Lagrange multipliers, function I'(A) <0 and I'(A) =0 if fo(A) > (1 —¢€)fi(A), functions
[7i;(A)] < 1 and

g?j (A) — gz'lj(/\)
’9% (A) = gz‘lj ()‘)’
The following theorem holds true.
Theorem 4.5
Let the minimality condition (18) hold true. The least favorable spectral densities fo()A), go(A) in classes
Dk X D’;l s+ k =1,2,3, 4 for the optimal linear extrapolation of the functional Ag from observations of the vector
sequence 5( ) 4+ 7(m) at points m = —1, —2, ... are determined by equations (103) — (105), (106) — (108), (109) —

(111), (112) — (114), respectively, the constrained optimization problem (69) and restrictions on densities from the
corresponding classes D’]ig, D§1 s+ k =1,2,3, 4. The minimax-robust spectral characteristic of the optimal estimate

’Yij(>\) = : g?j()‘) - Q}j(A) #0,4,5=1T.

of the functional Ag is determined by the formula (33).
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Let the spectral densities f(\) and g(\) admit canonical factorizations (11), (44) and (45). Then we derive the
following equation for the least favourable spectral densities.
For the first set of admissible spectral densities D}E X D;l s We have equations

(1% 1 (e™) (12 4(™)” = (03 + 71 (1) (O(e™) Onle ), (115)
(a(e) 2(6™)" = B2 @l ) O (116)
[ T (g0) - su() ar = (117)

—T

where o}, 3 are Lagrange multipliers, the function 1 (A) < 0 and 1 () = 0if Tr [fo(A)] > (1 — &) Tr [f1(N)], the
function |y2(A)| < 1 and

72(A) = sign (Tr (go(A) — g1(A))) + Tr(go(A) — g1(A)) # 0.

For the second set of admissible spectral densities D,%g X D§1 s we have equation

(r9 £ (e™) (x5, 1(€™)" = ©a(e™ N { (% + RN}y, Oule™), (118)
(04 (e™)) (19, (€™)" = (O(e ™)™ {BFE N}y, Onle™), (119)
2 | lab) — gh] ar = . (120)

where o, B are Lagrange multipliers, functions v, (A) < 0 and v;(A) = 0if £, (A) > (1 =€) f3;.(A), functions
[72(A)| < Land

T(A) = sign (g2, (N) = e (V) = gie(N) — g (V) #0, k=1,T.
For the third set of admissible spectral densities che X D31 s we have equation

(r0.5 (™) (£,1(e™) " = (03 + 1 (N)(©(e™) B,O{e ™), (121)
(¥g (™) (15,4 (e)) " = B2V (Op(e™™)) T B2Og(e= ™), (122)
o [ B2~ O x = (123)

where a7, 8% are Lagrange multipliers, function v{(X) < 0 and v;(A) = 0 if (By, fo(N)) > (1 — )(B1, f1(\),
function |v5(\)| < 1 and

Y5(A) = sign (Bz,go(A) —g1(N)) 1 (B2, 90(A) — g1(\)) # 0.

For the fourth set of admissible spectral densities D;%E X D;ll s We have equation

(r% (™) (r% £ (™) = (O(e ™) T(dy - @} + T(N)Og(e= ™), (124)
(19, (€) (2% 4 (™) = ©a(e™™) T {8 (N (W}, Ol ™), (125)
% j |9%5(N) — g, (V)] dx = 67, (126)

where d¢, f3;; are Lagrange multipliers, function I'(A\) <0 and I'(A\) =0 if fo(A\) > (1 —¢)fi(A), functions
[7i;(A)] < 1 and

ggj (A) — gilj()‘)
|9?j (A) — gilj(A)|
The following theorem holds true.

Yij(A) = gy (N) —gh(A\) #0, 4,5 =1T.
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Theorem 4.6

The least favorable spectral densities fy(A), go(A) in the classes D’;E x DF

g
forecasting of the functional A{ from observations of the vector sequence E (m) + 7j(m) at points m = —1, -2, ...
by canonical factorizations (11), (44) and (45), equations (115) — (117), (118) — (120), (121) — (123), (124) — (126),
respectively, the constrained optimization problem (70) and restrictions on densities from the corresponding classes
D’JEE, D’g“l s+ k =1,2,3,4. The minimax-robust spectral characteristic of the optimal estimate of the functional Ag is
determined by the formula (33).

Theorem 4.7
If the spectral density g(\) is known, the least favorable spectral density fo(\) in the classes D’ffa, k=1,2,3,4

15,k =1,2,3,4 for the optimal linear

for the optimal linear forecasting of the functional A from observations of the sequence &(m) + 7j(m) at points
m = —1,—2,... is determined by canonical factorizations (11) and (44) , equations (115), (118), (121), (124),
respectively, constrained optimization problem (75) and restrictions on density from the corresponding classes D’JEE,

k =1,2,3,4. The minimax-robust spectral characteristic of the optimal estimate of the functional Ag is determined
by the formula (33).

4.4. Least favorable spectral density for cointegrated vector sequences in classes D. x Dy

Consider the minimax forecasting problem for the functional A€ which depends on unobserved values of a vector

sequence &(m) with GM increments based on observations of the Vector sequence ¢(m), cointegrated with &(m)
in terms of Definition 3.1, at points m = —1, —2, ... for the sets of admissible spectral densities D’]ﬁs, k=1,23,4,

defined in Subsection 4.3 and D§1 s» k=1,2,3,4, defined as follows:

()

1 ™ |Xﬁ (6_»‘)|2 |
2m /ﬂ @ | ) =)A< 5} ;

D;m = {Q(A)

()

1 ™ |X* (efiA)|2
%/ W ek (A) = Phx (V)| dA < 65,k =T1,T 3

m |y D (p—iry|2
217/_77%(1')\”)!|<B2’p(/\)_p1()\)>d)\§5};

Dfms = {P(A)

Dﬁm = {p()\)

Dl e ”X(ﬁd)(e_M)P A LA < 8,0, i =1,T
pls — p( )%/ﬂWW’pij( )_pij( )| < 05,4, =1, .

Here p; (\) is a fixed spectral density, 0,8y, k = 1,T, 67,4, = 1, T, are given numbers.
The condition 0 € dAp(f°, g°) implies the following equations which determine the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first set of admissible spectral densities D}E x D}, ; we have equations

(d) (,—ixy (2
D Cae

(G (™) (€I (™) = 02 (€2, () (G (™) = (a3 + 7 0) ( i <A>) - a2)

B (i)
) 2
(C”O (em)) (CPO (em))* — B2 (\) M 0()\) (128)
o o - V2 |6(d)(l>\)|2 p )
T (d) —ixy|2
1 gl
o / Ww (Po(A) — pr(N))] dA = 6, (129)
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where o}, 3 are Lagrange multipliers, the function 1 (A) < 0 and 1 () = 0if Tr [fo(A)] > (1 — &) Tr [f1(N)], the
function |y2(A)| < 1 and

Y2(A) = sign (Tr (po(A) — p1(A))) + Tr (po(A) — p1(A)) # 0.

For the second set of admissible spectral densities D?a X Df)l s we have equation
0 i 0 in)" 0 ¢ g 0 ia*
(CE0,6) (C20(6)) — e (G2, ™) (™)

(d) (—iny (2 (D) (e=iM) |2
_ (me) {0+ HONsu)L,_, <Wp0<x>> . a30)
(d); —ixyi2 (d) [ ,—iXy|2
(O (™) (Ol (™) = (Wp )Um V) s (Wp ‘”)’ (43n

T (d) [, —ixy|2
/_W|kk (A) = pie (V)] dX = b, (132)

where a7, 87 are Lagrange multipliers, functions 4 (A) < 0 and v (A) = 0if £, (A) > (1 —¢) f, (1), functions
[v2(M)| < Land

Ye(A) = sign (pR(A) = pre(N) : PRe(A) — pre(X) #0, k=1,T.

For the third set of admissible spectral densities D3_ x D 15 We have equation
0/ in 0 in )T 0 (A 0 (oA —
(CLe™) (CRue™) = a3 (CI (™) (Co2, (™))

, / |X(d)( 71)\)|2 |X(d)( 71)\)|2
= (a”+m(N) (Wpo(/\)> B (WW ()\)>, (133)

) . . . / |X(d)( —z>\)|2 |X(d)( —1A>|2
(Cﬁ(,)a(e /\)) (Cﬁ?a( A)) = B4 (N) (WPO()\)> By (WPO()\) ) (134)

D) —iay )2
X+ e
o | WKBZ,po(A)—pl(A)MdA:@ (135)

where a7, 8% are Lagrange multipliers, function v{(X) < 0 and v (A) = 0 if (By, fo(N)) > (1 — &)(B1, f1(N),
function |v5(\)| < 1 and

Ya(A) = sign (Ba, po(A) — p1(N)) = (B2, po(A) — p1(N)) # 0.

For the fourth set of admissible spectral densities D} e X D 15 We have equation
(CLe™) (Cfe™) = a2 (I, (7)) (CHL ()" =

(d)/ —ixy|2 (d)/ —ixy|2
<|X|5d<())2|p W) (- a +T(A) (W (A)>, (136)

(d)( —L>\)|2

B@GNE

PO (A PO (i e
(g ey - (3 o

L —iAY|2
p’(A )) {Bi (A (A )}ijl (W ()‘)>a (137)
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(@) (,—iXy|2
L G [ ' ;
27/_ ECIO AL pi (V)] dx = o7, (138)

where &y, f8;; are Lagrange multipliers, function I'(A) <0 and I'(\) =0 if fo(A) > (1 —¢)f1(A), functions
[7i ()] < 1L and

O (\) —pl ()
1) = 2N =i )| ) —pL(N) £0, ij =TT,

) =)
The following theorem holds true.

Theorem 4.8
Let the minimality condition (56) hold true. The least favorable spectral densities fo(A), po(A) in classes D’;E X

D’;l s+ k =1,2,3,4 for the optimal linear filtering of the functional Ag from observations of the vector sequence

— —

¢(m) cointegrated with £(m) in terms of Definition 3.1, at points m = —1, —2, ... are determined by equations
(127) = (129), (130)—(132), (133) — (135), (136) — (138), respectively, the constrained optimization problem
(69) with g(\) := |BD (N[ ~2(p(A) — a®f()\)) and restrictions on densities from the corresponding classes
D’JEE, D’;l 5»k =1,2,3,4. The minimax-robust spectral characteristic of the optimal estimate of the functional A€is
determined by the formula (59).

5. Conclusions

In this article, we dealt with stochastic sequences with periodically stationary GM increments introduced in [37].
We give a definition of one class of vector seasonally cointegrated sequences related to stationary GM increment.
These non-stationary stochastic sequences combine periodic structure of covariation functions of sequences as well
as integrating one.

We derived solutions of the forecasting problem for the linear functionals constructed from the unobserved values
of a sequence with periodically stationary GM increments. Estimates are based on observations of the sequence
with a periodically stationary noise. We obtained the estimates by representing the sequence under investigation as
a vector-valued sequence with stationary GM increments. Based on the solutions for these type of sequences, we
solved the corresponding problem for the defined class of seasonally cointegrated vector sequences. The problem
is investigated in the case of spectral certainty, where spectral densities of sequences are exactly known. In this
case we propose an approach based on the Hilbert space projection method. We derive formulas for calculating
the spectral characteristics and the mean-square errors of the optimal estimates of the functionals. In the case of
spectral uncertainty where the spectral densities are not exactly known while, instead, some sets of admissible
spectral densities are specified, the minimax-robust method is applied. We propose a representation of the mean
square error in the form of a linear functional in I,; with respect to spectral densities, which allows us to solve the
corresponding constrained optimization problem and describe the minimax (robust) estimates of the functionals.
Formulas that determine the least favorable spectral densities and minimax (robust) spectral characteristic of the
optimal linear estimates of the functionals are derived for a wide list of specific classes of admissible spectral
densities. B

These least favourable spectral density matrices are solutions of the optimization problem Ap(f, g) = A(f,g) +
5(f,9|Ds x Dy) — inf, where §(f, g|Ds x D,) is the indicator function of the set D = D x D,. Solution (f°, ¢°)
to this unconstrained optimisation problem is characterized by the condition 0 € dAp(f°, ¢°), where dAp (f°, ¢°)
is the subdifferential of the functional Ap(f, g) at point (f°, ¢°) € D = Dy x D,. This condition makes it possible
to find the least favourable spectral densities in some special classes of spectral densities. These are: classes Dy of
densities with the moment restrictions, classes D;5 which describe the “§-neighborhood” models in the space L1
of a fixed bounded spectral density, classes D. which describe the “c-contaminated” models of a fixed bounded
spectral density, classes DY which describe the “strip” models of spectral densities.
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