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Abstract Most of the introduced transformations have many applications in reliability. For example, the total time on test
(TTT) and excess wealth (EW) transforms are useful concepts in various fields. This paper presents bivariate 777 and EW
transforms. Also, the bivariate location independent riskier (LIR) transform has been considered. In addition, we present the
conditions for establishing the TT"T" transform ordering in the bivariate mode and its relationship with EW order and some
stochastic orders. Also, we establish that the bivariate 77T transform order as well as the presentation of the new better than
used in bivariate 77T transform class. Finally, we describe the relationship between 777 and EW transforms with aging
classes in the bivariate mode.
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1. Introduction

The total time on test (777) transform has attracted the attention of researchers in several fields of applications, such
as reliability engineering, economics, analysis of censored data, maintenance schedule, model identity, stochastic
orders, and so on. This concept and its plot were first introduced by Barlow and Proschan (1975). We refer to
Barlow and Campo (1975), Barlow (1979), and Klefsjo and Westberg (1996) for further study on the application of
the TTT plot. In the context of reliability analysis, Nair et al. (2008) investigated the properties of the 77T transform
order and its applications via quantiles. The TTT plot is also a useful tool for analyzing lifetime data. Bergman and
Klefsjo (2014) have used this chart to examine the behavior of the failure rate function. Especially, the 77T plots
were used by Rao and Prasad (2001) to estimate maintenance intervals for failure data with the increasing failure
rate. Recently, Gamiz et al. (2020) also used the T7TT plot as a graphical tool for aging trends recognition.

One of the practical and useful concepts in the study of bivariate distributions is the copula. First presented by
Sklar (1959), copulas represent a helpful approach to demonstrating multivariate peculiarities by unraveling the
joint dependence structure from the marginal behavior. This approach is especially valid for applications where
the adaptability of copulas seems desirable over the immediate fitting of multivariate distributions, which might be
challenging to characterize and manage Nelsen (2006).

In this article, we express the three transforms, 777, excess wealth (EW), and location independent riskier (LIR),
for the bivariate state when we have nonnegative variables and then examine their relationship with each other. Also,
we specifically examine the properties of 71T transform and express its relation with the concepts of dependence
and some concepts of reliability, such as the aging and new better than used in bivariate total time on test transform
(NBUT).
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2. Preliminaries

Let n units be placed on life test at age O and let N (u) be the number of units alive (on test ) at age u (time u).

Then the TTT at time = shows by T, ( fo u)du. Barlow and Proschan (1975) called {7}, (z);x > 0} the
total tlme on a test process Since & (“) = F( ), where F,, = 1 — F, is the empirical survival function, it is clear
that 27, (x) — [ F(u)du almost surely as n — oo.

Let X 1 and X5 be two random variables with the corresponding cumulative distribution functions F; and F» and
probability density functions f; and f,, respectively. In addition, for i = 1,2, let F; = 1 — F; be the survival (tail)
function, let F;*(u;) = inf{wx; : F;(2;) > w;},u; € (0,1), be the quantile function, and let F;"*(0) and F; *(1) be
the lower bound and upper bound of the support of the random variable X;, say Sr,.

Definition 2.1. For the nonnegative continuous random variable X, the 77'T" transform is defined as

()
T (u) = /0 Flz)dr.

Given the fact that 0 < p = F(X) < oo, the scaled TTT transform ¢ (u) of X is shown as ¢ (u) = TXT(") Barlow
and Campo (1975) was the first that introduced the scaled 77T transform, which is also free scale. The scaled
TTT transform has proved to be an extremely useful tool in a variety of reliability applications, including model
recognition, characterizing different aging properties, and analyzing various maintenance and burn-in problems.

Definition 2.2. Let X and Y be two random variables with distribution functions F and G that have finite means.
Then X is said to be smaller than Y in 77T transform order, denoted by X <, Y, if

Tx(u) <Ty(u) forallue (0,1).
Definition 2.3. In the bivariate mode, consider the two-variable function
C:[0,1*> — [0,1].

Then C(u, v) is a two-dimensional copula if

C(u,0) = C(0,v) = 0 for every u,v € [0, 1],

* C(u,1) =wand C(1,v) = v for every u,v € [0, 1],

. C(ug,vg) (ug,vl) C(uy,v2) + C(ug,v1) > 0 for every wuy, vy, usz,ve € [0, 1], such that u; < ug and
v < ve.

Sklar’s theorem shows that if (X7, X5) is a random vector with joint distribution F' and marginal distribution
functions F; and F5, then
F(z1,m2) = C(Fi(21), Fa(22)).

The most important copula families are Frechet, Gumbel, Normal, FGM, Clayton, and so on. As mentioned, one
of the most important copulations that shows a positive dependence is the Clayton copula, which is also used in
this article and defined as follows.

Definition 2.4. )

a) If O(-) has the form Ce(u,v) = [u=? +v=% —1] 0, then we say it Clayton copula with parameter 6 >
—1,0 # 0. When 6 — 0, it is reduced to an independent copula.

b) If C(-) has the form C¢(u,v) = uv exp{—6In(u) In(v)}, then we say it Clayton copula with parameter § > 1.

There are various criteria for measuring the relationship between random variables. Some of these criteria do
not depend on marginal distributions and are called nonparametric correlation criteria. One of the most famous of
these criteria is the Kendall’s tau, which is denoted by 7 and is defined as follows.
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2 SOME PROPERTIES OF TOTAL TIME ON TEST AND EXCESS WEALTH IN BIVARIATE CASES

Definition 2.5. Let (X7, X5) be a random vector with joint distribution F', marginal distribution functions F;
and F5, and copula function C. Then

Xl,XQ —4/ / 151,1'2 dF((El,.’EQ)—].

= 4[1 /01 C(u,v)dC(u,v) — 1.

Definition 2.6. Let X = (X, X2) be a bivariate random variable with F'(x1, z2). The distribution F'(z1, z2) is
said to have
a) Bivariate New Better than Used (BN BU) if

F(xy +t, 29 +5) < F(xy,29)F(t, 5), x1,Z2,t,8 > 0;

b) Bivariate New Better than Used in Average (BN BU A) if

/ / u+tv—|—s)dvdu<Fts / / F(u,v)dvdu, Ty, 29,t,5 > 0;

¢) Bivariate New Better than Used in Failure Rate (BN BU F'R) if
F(x1 +t,22 + 5) < exp[—r(0,0)V/t? + s2]F (21, x2), Ty, T2,t,8 >0,

where r(-,-) = F ( ) denotes the failure rate of F;

d) Bivariate New Better than Used of Second Order (BN BU(2)) if and only if

/ / uvdvdu>/ / u+tv+s)d du, r1,Ta,t,8 > 0;

e) Bivariate Harmonic New Better than Used Expectation (BH N BUFE) if
o) oo 71 + o
F(u,v)dvdu < pexp{———1, x1, T2 > 0,
1

wherem,u E X1X2 fO fO l‘l,l‘g dxldarg

3. Main Results

The concept of T'I"T transform is well known due to its applications in different fields of study such as reliability
analysis, econometrics, stochastic modeling, tail orderings, and ordering distributions. Bralow and Proschan (1975)
extended the TTT concept to the multivariate case. They assumed that (X, Y") have joint life distribution F'(z,y),
that (X1,Y1),...,(X,,Y,) are n independent observations on (X,Y), and also that N(u,v) is the number of
pairs (X;,Y;) such that X; > u and Y; > v. Then N(u,v) is the number of pairs “on test” at joint times u and
v. They called T, (x,y) fo JJ N(u,v)dudv, the joint TTT. If F,,(x,y) = w is the joint empirical survival
probability, then 17, (z,y) = [ [/ Fn(u, v)dudv and

lim T (z,9) / / (u,v)dudv, (1)
n—oo M
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where F(u,v) = P(X > u,Y > v). Itis obvious that

/ / W (u,v)dudy = — ZXY

Definition 3.1. Let (X1,Y7), ..., (X,,Y,) be n independent observations of nonnegative vector variable (X,Y)
and let (X(;),Y(;)) be order statistics. In this case, we define the bivariate total time on test statistic in (0,t) as
follows:

TTT (t1,t2) = (X( ),Y( )) e+ (n—s+ 1)(X(S) — X(s,1)7Y(S) — Y(s—l))
+(n = s)(t1 — X(s), t2 — Y(s)), (2)

wherein X(S) <t < X(S+1) and )/(S) <ty < Yr(s_i_l).

According to the concept presented by Barlow and Proschan (1975), the 777 transform in the bivariate mode
can be written as follows.

Definition 3.2. Let X = (X1, X5) be a bivariate vector variable that has joint life distribution F'(x1,z2) and
marginal distribution functions F; and F, respectively. The bivariate 777 transform is shown by T'x, x,(p1,D2)
and thus expressed as

(p1) (p2)
TXl,X2 (p17p2) :/ / F(u,v)dvdu, P1,P2 € (Oa 1)7 (3)
0 0

where F; *(p;) and F; *(p,) are quantile functions. It can be easily shown that T'x, x, (p1,0) = T, x,(0,p2) = 0.
Also, the scale bivariate 77T transform is defined as below:

Fl(p1) rFyt(p2) &
Px1,x5 (P1,P2) = b’ " Jo? P20 F(u, v)dvdu
1,2 )
o F

, ,p2 € (0,1). 4
(u, v)dvdu pip2 € (0,1) @

We define a nonparametric estimate for T'x, x, (p1,p2), p1,p2 € (0, 1), as follows:

T, x5 (p1,2) =n(m1 X (1), P2Y(1) 0<py pa<i]

1 —_n .
+ - [n(Xay, Yay) + -+ (0 =5+ DX = X-1), ) = Yi-1)]

, J J
+ (=)= -2 = )X = Xy Y = Yo <,
j=1,2...n-1. 5)

<M]7
—_ n

Remark 3.3. The transform introduced in (3) is nondecreasing relative to p; and p, because

ITx, x,(p1,p2) 2 (p2) F(F ' (p1),v)
, _ 7d ,
p1 /o Ji(F 1 ( )) =y

ITx, x,(p1,p2) ) F(u, Fy ' (p2))
A, A2\ A — 2 2 d
Ops / FaFs )
O*Tx, x,(p1,p2) _ F(F (p1), Fy ' (p2))
Ip20p ST () f2(Fy Hp2)) —

Definition 3.4. Let X = (X3, X5) and Y = (Y1,Y>2) be two nonnegative random vectors with finite dual
expectation. Then X is said to be smaller than Y in the sense of bivariate 77T order and denoted by (X, X2) <4
(Y1,Ys) if

TX1,X2(p17p2) S TY1,Y2(p17p2)7 (plvp?) S (Oa ]-)2
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4 SOME PROPERTIES OF TOTAL TIME ON TEST AND EXCESS WEALTH IN BIVARIATE CASES

In the following paragraphs, by examining the bivariate 77T plot of the random vector (X, X») that X; and X5
have Weibull and exponential marginal distribution, respectively, we study the sensitivity analysis of the diagram
to the change of parameters.

Remark 3.5. Equation (1) can be written as follows for EW transform:

hm W,L x,y) / / (u, v)dudv, (6)
and as a result the bivariate EW transform is
WX17X2(p17p2) = /_ /_ F(u,v)dvdu, P1,P2 € (07 1) (7)
p1 p2

Also, the scale bivariate EW transform is defined as below:

’ (p1.p2) = fF 1(p1)f (p ) F(u,v)dvdu
X1,X 1, P2
1 2 fo fO

, ,p2 € (0,1). 8
(u, v)dvdu piopz € (0.1) ®)

Bivariate LIR transform for nonnegative variables can be obtained similarly. For this purpose, assume that
(X,Y) is a vector variable consisting of nonnegative variables that have joint life distribution F'(x,y), that
(X1,Y1),...,(X,,Y,) are n independent observations on (X,Y’), and also that N*(u,v) is the number of
pairs (X;,Y;) such that X; <u and Y; <wv. Then LIR,(z,y) = [ [/ N*(u,v)dudv, is the joint location

N*(z.y)
n

independent riskier. If F,(x,y) = is the joint empirical cumulative distribution, then 2LIR,(z,y) =

fo fo (u,v)dudv and

Ty
lim 1 LIR (x,y) = / / F(u,v)dudv, )

As a result, the bivariate LIR transform is

P1 D2
LIRx, x,(p1,p2) = / / F(u,v)dvdu, p1,p2 € (0,1). (10)
0 0

Example 3.6. Let X = (X7, X2) be a nonnegative random vector that variables X; and X are two components
of a system that have Weibull marginal distribution and exponential distribution, respectively, and whose lifetime
is positively dependent. We use the Clayton and Gumbel copulas to investigate the lifetime dependence of these
two components. The sensitivity analysis of bivariate 777 is performed according to changes in the exponential
distribution parameter, parameter of copulas, and Weibull distribution shape parameter. To do this, the two
parameters are considered constant, and the results are studied based on the changes of the third parameter.

a) As a basic case, we obtain the value of integral (4) for the Weibull distribution with the parameters shape 2
and the scale 1, the standard exponential distribution, and Clayton copula with the parameter # = 1, which is equal
to 58.61538. The value of the integral is called the 77T value, and it is obtained by a calculation for 20 values of
p1 and ps of [0, 1]. Increasing the exponential distribution parameter has no effect on the amount of 77T value and
its surface. Indeed with increasing the value of 0, its surface increases slightly in the interval [—1, —0.6], and as a
result, the TTT value increases. Then it decreases slightly in the interval [—0.6, 1.9] and finally increases slightly
for § > 1.9. Table 1 shows the values in 7-Kendall and the 7I'T" value in terms of different §. Finally, increasing
the Weibull distribution shape parameter also increases the 77T value. This result is well illustrated in Table 2 and
Figure 1. As can be seen, increasing the shape parameter of the Weibull distribution and keeping other parameters
constant increase the bivariate 777 statistic and the distance of its surface from the origin.
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Table 1. T'T'T value and 7-Kendall for different Clayton copula parameters.

T TTT value

-1 -1 59.49852
-0.9 -0.818 59.61836
-0.6 -0.429 59.74324
-0.59 -0.418 59.74109
-0.5 -0.333 59.70456
-0.1 -0.053 59.30375
-0.001 | -0.0005 | 59.19368
0.1 0.048 59.09114
0.5 0.2 58.79597
0.9 0.310 58.63971
1 0.375 58.61538
1.5 0.394 58.54916
1.8 0.474 58.53882
1.9 0.487 58.53852
1.91 0.489 58.53856
2 0.5 58.53945

6 0.75 58.81151
200 0.99 59.51554

Table 2. TTT value for different shape parameters with Clayton copula.

« | TTT value
2 58.61538
4 73.02312
10 | 80.30703
20 | 87.03152

b) By considering the Gumbel copula with parameter § = 1, the 77T value is equal to 59.19261 for marginal
distributions Weibull(2,1) and Exp(1). As before, increasing the exponential distribution parameter has no effect
on the amount of 77T value, but by increasing the value of 6, the T'I"T value and its surface increase slightly in
the interval [1,2.1]. Then it decreases slightly in the interval [2.1,164] and finally increases slightly for § > 164.
Table 3 shows the values in 7-Kendall and 77T value in terms of different values of the Gumbel copula parameter.
Finally, increasing the shape parameter increases the 77T value. This result is well illustrated in Table 4 and Figure

2.
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(@) a =2

b)a=14
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(©) a=10 d) a =20

Figure 1. Bivariate 77T plot for different values of shape parameter « with Clayton copula.

3.1. Bivariate TTT transform

The univariate right-spread or EW function was introduced by Fernandez-Ponce et al. (1996), and it was extended
to a multivariate case by Fernandez-Ponce et al. (2011). In this section, we present a new definition of bivariate
TTT and LIR transforms based on the multivariate case of Fernandez-Ponce et al. (2011). Also, the bivariate TTT
transform enables us to define a new stochastic order based on the new transform. For this purpose, let x = (z1, z2)

be a vector in R?. Let X be a random vector in R? with distribution function F(-,-). The Bivariate u-quantile for
X, also called regression representation, was introduced by O’brien (1975) as follows.
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Table 3. T'T'T value and 7-Kendall for different Gumbel copula parameters.

T TTT value
1 0 59.19261
1.1 | 0.091 | 59.40976
1.6 | 0.375 | 59.75881
2 0.5 59.76551
2.1 | 0.524 | 59.75849
2.2 | 0.545 | 59.75015
3 0.667 | 59.67657
4 0.75 59.61146
20 0.95 59.49075
100 | 0.99 59.48428
164 | 0.994 | 59.48411
165 | 0.994 | 59.48436
170 | 0.994 59.4857
200 | 0.995 | 59.52231
1000 | 0.999 | 68.52647

Table 4. TT'T value for different shape parameters with Gumbel copula.

« | TTT value
2 59.19261
4 73.37082
10 | 83.45642
20 | 87.10735

Let ug = (u1,u2) be a vector in [0, 1]%. Then the bivariate u-quantile for X, denoted by %(uz), is defined as

1 (w) = F);l (w1),  @2(uz) = F);2|X1:561(u1)’

where F'~ = inf{z : F(z) > u} and ua = (uq,u2). Also the bivariate x-rate vector concept is denoted by x*(x),
and it is defined as z7(z1) = P(X; < x1) and z%(z2) = P(X2 < x2|X; = x1), where xo = (21, z2). The right-
upper orthant at a point z is denoted by C'(z), and it is defined as C(z) = {x € R? : z < x}. At the end, the upper-
corrected and lower-corrected orthant at a point z, for the random variable X, are shown as Ry(z) and R, (z) and
defined as

Ru(z) = {x € B 2 Fy,(53(1), 2 2 Fy L, (#3(22)),

Ry(z) = {x € R*: 01 < Fy, (a}(21)), @2 < Fy, x _, (#5(22))}.

By considering that, the support of a random vector X is characterized as Supp(X) = {x € R? : P[X € By(¢)] >
0, for all € > 0}, where Bx(¢) is the centered ball at x with radius e. Then the following definition can be given.
Definition 3.7. Let X be a nonnegative random vector. Then the dual expectation associated to X, when it exists,
is defined as the real value

x = / P[X € Rx(t)]dt.
Supp(X)

Fernandez-Ponce et al. (2011) showed that for a bivariate random variable X = (X7, X5)

[ee]
px =vx — / Fi(t)Fy, x,—;(0)dt,
Fx, ©

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Figure 2. Bivariate 77T plot for different values of shape parameter o with Gumbel copula.

where vx = f;; ©)
1

EW transform as follows:

Fy(t)E[X3|X; = t]dt. Especially, if X is a nonnegative lifetime random variable, then
fix < vx. Also, if Supp(X) = [0, +00)?, then jix = vx holds. Fernandez-Ponce et al. (2011) defined the bivariate

EWx (u) /R " P[X € Rx(t)|dt, ue[0,1)2 (11)

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Now, based on the said content, we denote the lower-corrected orthant at a point z for the random variable X, by
R, (z), defined as

Ry(z) = {x € R*: 21 < Fy (2}(21)), @2 < Fy, x,_,, (25(22))}.

Now based on this concept, we define the 77T and LIR transforms in a bivariate mode and their corresponding
stochastic orders in Definitions 3.8 and 3.9.

Definition 3.8. Let X be a nonnegative random vector with finite dual expectation. The bivariate 77T and LIR
transforms associated to X is, respectively, defined as

Tx(u) = / P[X € Rx(t)dt, uel0,1)? (12)
R [%(w)]
LIRx(u) = / P[X € Rx(t)|dt, ue[0,1)2 (13)
R [%(u)]

If X is a nonnegative random vector with finite dual expectation, then the following results can be easily obtained:
* Tx(u) is increasing.
e 0 < Tx(u) < Tx(o0) = jix forall uin [0,1)2.
e If X; and X, are independent, then Tx (u) = Tx, (u1)Tx, (uz).

Definition 3.9. Let X and Y are two nonnegative random vectors with finite dual expectation. Then X is said to
be smaller than Y in the sense of bivariate 77T order, denoted by X <;; Y, if

Tx(u) < Ty (u), ue(0,1)2 (14)

also Y is in the sense of bivariate location independent riskier order, denoted by X <;;,- Y, if
LIRx(u) < LIRy(u), u€ (0,1)2 (15)
It can be easily written
Fy (1) _
Tx (u1,uz) = /0 Fx, (t1) T, x, =t (u2)dts.

Therefore for X = (X3, X5) and Y = (Y1, Y2), we can write X <, Y if

X1 <we Y1,

[X2| X1 = 21] <ppe [Yo|Y1 = 1] whenever z1 < y.

According to the results of section 6.B of the Shaked and Shantikomar (2007), the following results are easily
obtained.

Remark 3.10. Let X = (X7, X») and Y = (Y7, Y3) be two random vectors.

e If X <,; Y, then X <4; Y, wherein <, is a usual stochastic order.

o If X <5t Y, then X <4; Y, wherein <, is a strong stochastic order.

e If X; <4 Y;,i=1,2,...,n, X, and Y have a common copula, then X <;; Y.

e If X, <4 Yi,i=1,2,...,n, X, and Y have a common copula and E(X;) = E(Y;), then X <.,, Y.

Stat., Optim. Inf. Comput. Vol. x, Month 202x



10 SOME PROPERTIES OF TOTAL TIME ON TEST AND EXCESS WEALTH IN BIVARIATE CASES

Also, consider the relationship between stochastic order and 777 transform order. Then Theorem 6.B.15 of
Shaked and Shantikomar (2007) can be rewritten as follows.

Corollary 3.11. Let {Z;}"_; be a sequence of independent random variables. If Z; <;, Z5 <;,<;p -+ <ip Zp,
then

(Z1, 20+ Zay oD Zi) St (Zmys Doy + Ty os D Zm)
i=1 i=1

n

Sttt (vazn + Z’I’L—17 .. -aZZi)a

i=1

for every permutation (7,72, ..., m,) of (1,2,...,n).
In a special case, if X; <;,. X5, then

(X1, X1+ Xo) <ppr (X2, X1 + Xo).

Fagiuoli et al. (1999) showed that X <;;. Y <— X <., Y. Accordingly, every result that holds for the EW
order can be reworded by means of the location independent riskier order.

Example 3.12. Let X = (X3, X5) and Y = (Y1,Y2) be two vector variables with bivariate exponential
distribution introduced by Marshall and Olkin (1967), given by

F(z1,22) = exp{—A121 — Aax2 — A2 max(z1,x2) }, (16)

wherein x1,29,A1, 2 >0 and A;o > 0. Marshall and Olkin (1967) presented the properties of the
introduced bivariate distribution and its applications and used the BV E(\1, A2, A\12) to represent it. Now let
X ~ BVE(A,A2,A12) and let Y ~ BV E(61, 05, 612). By performing simple calculations, for ¢ = 1,2, we have

Fi(w:) = exp{—(\ + A2)a} and 7 (p) = — 552,

As aresult, if A; + Ao > 6; + 6012, i = 1,2, and Ay > 0o, then it is simply shown that

Xl Sttt Y17
[Xo| X1 = 21] <ppe [YolY1 = 91] whenever z1 < y1,

and consequently, X < Y.

Example 3.13. Let X = (X;,X3) and Y = (Y1,Y2) be two vector variables with bivariate exponential
distribution introduced by Gumbel (1960), given by

F(l’l,lﬂg) = GXp{fAll'l — Aoy — 51’11‘2}, $1,$2,>\1,)\2,5 > 0. (17)

Lai and Xie (2006) also studied this distribution and examined its aging properties. We use BGE (A1, A2, d) to
represent it. Now let X ~ BGE (A1, A2,01) and let Y ~ BGE(64, 02, J2). By performing simple calculations, for

i = 1,2, we have F;(x;) = exp{—\;z;} and F, ! (p) = —M.
If A\ > 01 and Ay + 6121 > 05 + b0, then

X1 <we Y1,
[Xo| X1 = 21] <pue [Yo|Y1 = 1] whenever z1 <y,

and as aresult X <;;; Y.
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4. New Better than Used in Total Time on Test Transform

The NBUT concept was introduced by Ahmad et al. (2005). Based on that a random variable X or F' is said to be
new better than used in 77T transform order, denoted by N BUT, if

Xt <o X,

or equivalently, X € NBUT if and only if

Filo) ) )
/ F(z+t)de < F(t) / F(z)dx, pe(0,1),
0 0

where X; = [X — t|X > t],t € {z : F(x) < 1}, named residual life variable, and denotes a random variable whose
distribution is the same as the conditional distribution of X given that X > ¢. When X is the lifetime of a device,
X can be regarded as the residual lifetime of the device at time ¢, given that the device has survived up to time .
We have a simple calculation for p € (0, 1),

Fx!(p)=F{(F{t)(1—p)+p) —t.

In this section, the NBUT concept for the bivariate mode is presented, and its properties are examined. Also the
bivariate 77T, EW, and LIR transforms provided for inactivity time variables. Zahedi (1985) defined a residual
life variable in bivariate as follows:

X = [X1 —t1, Xo —to| X1 > 81, X9 > ta],  t1,t2 >0, (18)
The survival function of X is defined as below:

F(.’lﬁl + 11,20 +ﬁ2)

F , = = 19
X, (71, 72) Flt.ta) (19)
Now the NBUT concept is defined as follows in the bivariate case:
X e NBUT < X <yt X.
According to equation (3), this means that
(x +t , Lo+t
/ / ! tl ; 2) 2)d331d332 < Tx,,x,(p1,p2), (20)
1a 2

wherein
A=F ' (Fi(t) (1 —p1) +p1) — b1,
B = F; 1 (Fy(t2)(1 — pa) + pa) — ta.

Example 4.1. Let X = (X3, X3) and Y = (Y3,Y5) be two vector variables with bivariate Pareto distribution
introduced by Mardia (1970), given by

F(l‘l,l‘g) = (1 +a1x1 + a2$2)_>\7 T1, T, a1, as, A > 0. 21

Lai and Xie (2006) also studied this distribution in Example 9.3, p. 272, and we use the BPFE(a, b, )\) to represent
it. By performing simple calculations, for i = 1,2, we have Fj(z;) = (1 + a;z;)*, F; *(p) = (1171%71 and

7

[(1=p) 3+ (1—p2) % 12— (1—p)F = (1—po)* +1
a1a2(1 )(2—)\) ’

TXl,Xz (P17P2) =

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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[1+a1(z1+t1)+az(wz+tz)]

also Fxt (IC1,$2) (14+aiti+asta)=>

we have

. Hence for ¢1, ¢ > 0 and p1, p2 € (0, 1), according to equation (20),

[1+ al (z1+t1) + as(z2 + t2)] 7
X e NBUT < daday < Ty, D).
/ / 14+ a1ty +a2t2) 201 = £ X ,Xz(pl p2)

Remark 4.2. For any vector variable X = (X7, X5), let
X' =[t; — X1,t2 — Xo| Xy < t1,Xo < t], t€{z:F(z)<1}. (22)

When X is the lifetime of two devices, X' can be regarded as the bivariate inactivity time of the devices at time
t and

F(z1 4+ t1,x2 + t2)

FXt (],‘1, Q,‘Q) = F(tl tg) (23)
Therefore
Telp / / 11002 0 0) (24)
t17 t2)
¢ ¢
EWxi(p Flant iz tte) ) o0 (25)
tla tQ)
LIRy(p / / Flantti oo 4t) )i, (26)
F(ty,t2)
wherein

A =Fr Y (Fu(t)(1—p) — t,
B = Fy M (Fa(t2)(1 — p2)) — to.

5. Relationship Aging Classes in Bivariate
Rizwan and Hussainy (2016) and Basu et al. (1983) have expressed some aging classes in a bivariate mode and
examined their properties. In this section, we describe the relationship between 77T transform and aging classes
in a bivariate mode.

Proposition 5.1. Let X = (X7, X2) be a bivariate random variable with F'(x1, z2). The following results can be

written, for F'(x1, x2), as follows:
a) F(xz1,22) € BNBU, BNBU(2), BNBUA if

1 (pl) 2 (;D2 _
TXl,XQ(pl7p2) Z / / FXt(uav)dUdv7 P1,D2 S (07 1)
0 0

b) F(z1,22) € BNBUFR if

F ) Byt (p2) Fu+t,v+s)
T yD2) = . dudv, ,p2 € (0,1).
X% (P1:2) /0 /0 expl—r(0,0)vE + 57] Pz € (0,1)
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¢) F(z1,22) € BHNBUE if

Ft !
EWx, x, < pexp{——1 (p1): L (p2)

}a D1,D2 € (O’ 1))
wherein p = fooo fooo F(u,v)dvdu.

Proof To prove each of the cases, use Definition 2.6. By integrating the sides of the relevant inequalities and
also replacing #; = F; '(p1) and 2 = F; ' (p2) by performing simple calculations, the desired result is obtained.

Example 5.2. Let X = (X, X3) be a vector variable with bivariate exponential distribution introduced in (16).
By doing the desired calculations, we have

1 z/ / exp{—A1x1 — A2y — Ao max(x1, x9) }dradry
o Jo
1 1 1 1 1

— (g Sy S
A2 (/\1 + /\12) [r>a2] + Al (/\2 + )\12) [w2>an] + A1+ A2+ Aig (o =a2]
_In(1—py) _In(1—pg)
A1t+A12 Ao2+A12
Tx,,x,(P1,D2) =/ exp{—A\1z1 — Aaxa — A2 max(z1, x2) fdwada;
0 0
P1 1 X2
:(m)(g(l — (1 = p2) 22702 ) 13, 5.0,)
P2 1 S
+(m)()\7(1 — (1= p1) 0 ) gy >0 + T (P) 2, 2]
wherein Ty (p) = 5—55o; - Moreover,

oo oo
EWx, x,(p1,p2) —/l “ >/1 o )eXP{—)\Nh — Xoxg — Ajp max (w1, x2) fdradr,
n(1—p n(1p
~Sira YT e

1 —P1 1 S T
= ——— -— 1 — A2+ I
()\1 +)\12)()\2( P2) 202 ) (1) 5 0]
1 — P2 1 S T
) Gr 4= PO ) e + EWx () 1=,
wherein EWx (p) = ﬁ-
_In(1—py) _In(1-p3)
A1 FX12 Ag+A12
LIRx, x,(p1,p2) =/ / [exp{—A121 — Azz — Aip max(z1, 22)}
0 0
+exp{—(A\1 + A12)z1} + exp{—(A2 + A12)z2} — 1]dz2dry
P1 1 =25
= —_— ) — ]_ — 1 - A2+AL
{()\1+)\12)(/\2( (1 = p2)re¥hiz))

p1In(l —p2) —p2In(l —py)

(A ) (Aa + ) Hizi>ea)
A1
HIEZ o) (- (- p) 7))
_p2In(1 —p1) — piIn(1 — ps) v
(M1 + A2)(Ae + App) )
In(1—py)ln(l—p2) . Wl—-p)
(A1 + A2) (A2 + Ai2) AL+ Ao+ Ao

TX (p)“-[xl:ﬂ?z] :

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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Now, we can examine each of the cases of Proposition 5.1.

» Forpy,ps € (0,1), 1 > xo, we have
ESICCE2ST)) Ay 22
A2 < (1—py) NN (1—pg)™ " %Pz = F(xy,22) € BHNBUE.
e For p1,p2 € (0,1), 1 < x2, we have

S
LVICSE2ST-)) A1

A2 ArEA L D

ﬁﬁ < (1 7])2) A2+A12 (1 7]71) EEETERITREN F(Il,IQ) € BHNBUE.

e Forpy,ps € (0,1),t1,t2 > 0and 1 > xo,
F(z1,22) € BNBU, BNBU(2), BNBUA if

(5225 ) (5 (1 = (1 = po) 52953 )) P (t, t2)

> (el bl fexp{—Aots} — exp{ 525 In(1 — p2)}],

and for z, < x5, F(z1,22) € BNBU, BNBU(2), BNBUA if

(222 (- (1 — (1 — p1) 5 ) F(tr, 1)

2 exp{—(A2+A12)t2
> (Pzopllatiuallahyoxp{ Nty } — exp{ 2% In(1 — p1)}).

Note that for 21 = x5, the results will be the same as the univariate case.

6. Conclusions

In this article, we expressed the 77T, EW, and LIR transforms in a bivariate mode and examined its features.
Also, considering an example, drawing a diagram of this transform, and assuming different modes of changing the
parameters of the marginal distributions and the copula parameter were considered to show the dependence of the
two variables. We performed the sensitivity analysis for this diagram. In continuation, based on the right-upper
orthant concept, 77T and LIR transforms were rewritten, and some notes about stochastic orders in the bivariate
mode were stated. Then we introduced the class N BUT and all three transforms for the inactivity time variable in
a bivariate mode. Finally, the relation of bivariate 777" with some concepts of aging was obtained.
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