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Abstract 'We propose solution of the problem of the mean square optimal estimation of linear functionals which depend on
the unobserved values of a continuous time stochastic process with periodically correlated increments based on observations
of this process with periodically stationary noise. To solve the problem, we transform the processes to the sequences of
stochastic functions which form an infinite dimensional vector stationary sequences. In the case of known spectral densities
of these sequences, we obtain formulas for calculating values of the mean square errors and the spectral characteristics of the
optimal estimates of the functionals. Formulas determining the least favorable spectral densities and the minimax (robust)
spectral characteristics of the optimal linear estimates of functionals are derived in the case where the sets of admissible
spectral densities are given.
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1. Introduction

In this paper, we study the prediction problem for a continuous time stochastic process £(t), ¢t € R, with periodically
correlated increments (9 (¢, 7T) = A%_¢(t) of order d and period T', where A&(t) = £(t) — &(t — s), based on
observations of the process £(¢) with a periodically correlated noise stochastic process 7(t), t € R. The resent
studies, for example, by Basawa et al. [1], Dudek et al. [6], Reisen et al. [40], show a constant interest to the
non-stationary models and robust methods of estimation.

1.1. A brief review of the previous results and the literature

Kolmogorov [18], Wiener [47] and Yaglom [49] developed effective methods of solution of interpolation,
extrapolation (prediction) and filtering problems for stationary stochastic sequences and processes. For a particular
problem, they developed methods of finding an estimate Z(¢) constructed from available observations that
minimizes the mean square error A(Z(t), f) = E|z(t) — Z(¢)|? in the case where the spectral density f(\) of the
stationary process or sequence xz(t) is exactly known and fixed. Such estimates are called optimal linear estimates
within this article.

The developed classical estimation methods are not directly applicable in practice since the exact spectral
structure of the processes is not usually available. In this case the estimated spectral densities can be considered as
the true ones. However, Vastola and Poor [46] showed with the help of the concrete examples, that such substitution
can result in a significant increase of the estimate error. Therefore it is reasonable to consider the estimates, called
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1250 PREDICTION OF PROCESSES WITH PERIODICALLY CORRELATED INCREMENTS

minimax-robust, which minimize the maximum of the mean-square errors for all spectral densities from a given
set of admissible spectral densities simultaneously. The minimax-robust method of extrapolation was proposed
by Grenander [12] who considered the estimation of the functional Az = fol a(t)z(t)dt as a game between two

players, one of which minimizes the mean square error A(f, /Tx) by ZC and another one maximizes the error by f.
He showed that the game has a saddle point solution under proper conditions. For more details see the further study
by Franke and Poor [7] and the survey paper by Kassam and Poor [17]. A wide range of results has been obtained
by Moklyachuk [26, 27, 28, 29, 30]. These results have been extended on the vector-valued stationary processes
and sequences by Moklyachuk and Masyutka [32].

The concept of stationarity admits some generalizations, a combination of two of which — stationary dth
increments and periodical correlation — is in scope of this article. Random processes with stationary dth increments
x(t) were introduced by Yaglom and Pinsker [38]. The increment sequence x(?(t,7) = AZx(t) generated by
such process is stationary by the variable ¢, namely, the mathematical expectations Ex(?(t,7) and Ex(® (¢ +
5,7 )x(® (¢, 75) do not depend on t. Yaglom and Pinsker [38] described the spectral representation of such process
and the spectral density canonical factorization, and they also solved the extrapolation problem for these processes.
The minimax-robust extrapolation, interpolation and filtering problems for stochastic processes with stationary
increments were investigated by Luz and Moklyachuk [21].

Dubovetska and Moklyachuk [5] derived the classical and minimax-robust estimates for another generalization
of stationary processes — periodically correlated (cyclostationary) processes, introduced by Gladyshev [11]. The
correlation function K (¢,s) = Ex(¢)x(s) of such processes is a T-periodic function: K(t,s) = K(t+T,s+T),
which implies a time-dependent spectrum.

Periodically correlated processes are widely used in signal processing and communications, see the books by
Gardner [8], Hurd and Miamee [14], Napolitano [34] and the reviews by Napolitano [36, 35], Gardner et al.
[9], Serpedin et al. [42]. In the recent decade a major contribution to the topic was made by the Workshops on
Cyclostationary Systems and Their Applications, Grodek, Poland, [2, 3].

Periodic time series are often considered as an extension of SARIMA model [1, 25, 37] and are used for
forecasting stream flows with quarterly, monthly or weekly cycles, see Osborn [37]. Particularly, Lund [25]
proposed a test assessing if a PARMA model is preferable to a SARMA one. He also showed that the model’s
performance improves when it includes a fractional integration. A long-range dependence is widely investigated
and confirmed as a reasonable assumption for practical applications. As an example, see Porter-Hudak [39] for the
investigation of the seasonal ARFIMA model with application to the monetary aggregates used by U.S. Federal
Reserve, or Reisen, et al. [40] for a semiparametric robust fractional parameters estimation in the SARFIMA model
illustrated by the forecasting of SO pollutant concentrations. The long-range dependence defined in terms of the
third order cumulants of the time series has been studied by Terdik [44, 45].

In this paper, a continuous time stochastic process £(t) with periodically stationary dth increments is studied. Its
structural function D4 (t, s; T, 75T := EED (t, 7, T)€@ (s, 7T) is a T-periodic function by the variables ¢ and
s: DD (t, s; T, T) = DD (t + T, s+ T; 7T, mT) [24]. We deal with the problem of the mean-square optimal
estimation of the linear functionals A = fooo a(t)é(t)dt and Ayré = fO(NH)T a(t)€(t)dt which depend on the
unobserved values of the process £(¢) based on observations of this process with periodically stationary noise at
points ¢ < 0.

Similar problems for discrete time processes have been studied by Kozak and Moklyachuk [19], Luz and
Moklyachuk [22, 23]. The problem of estimation of continuous time stochastic process £(t) with periodically
stationary dth increments based on observations of the process without noise at points ¢ < 0 was studied by Luz
and Moklyachuk [24].

1.2. Contributions

The main contribution of this paper is the developed classical and minimax solutions to the prediction problem
for the continuous time stochastic process with periodically stationary increments observed with a periodically
correlated noise. It is presented in sections 4 — 6.
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1.3. Organization

The paper is organized as follows. In section 2, we describe a presentation of a continuous time periodically
stationary process as a stationary H-valued sequence. This approach is extended on the periodically stationary
increments in section 3. The traditional Hilbert space projection method of prediction is developed in section 4.
Particularly, formulas for calculating the mean-square errors and the spectral characteristics of the optimal linear
estimates of the functionals A¢ and A 7€ are derived under some conditions on spectral densities. An approach to
solution of the prediction problem which is based on factorizations of spectral densities is developed in section 5. In
section 6 we present our results on minimax-robust prediction for the studied processes: relations that determine the
least favourable spectral densities and the minimax spectral characteristics are derived for some classes of spectral
densities.

2. Continuous time periodically correlated processes and generated vector stationary sequences

In this section, we present a brief review of properties of periodically correlated processes and describe an approach
to presenting it as stationary H-valued sequences. In the next section, this approach is applied to develop the
spectral theory for periodically correlated increment processes.

Definition 2.1 (Gladyshev [11])

A mean-square continuous stochastic process 1 : R — H = Lo(Q, F,P), with En(t) = 0, is called periodically
correlated (PC) with period T, if its correlation function K (¢, s) = En(t)n(s) forall ¢, s € R and some fixed T > 0
is such that

K(t,s) = En(t)n(s) = En(t + T)n(s + T) = K(t + T,s + T).

For a periodically correlated stochastic process 7(t), one can construct the following sequence of stochastic
functions [4], [31]

{nj(w) =n(u+3T),ue(0,T),j € Z}. (1)

The sequence (1) forms a Lo ([0, T); H)-valued stationary sequence {7;,j € Z} with the correlation function

Bn(l,j)<mﬂ7j>H/0 E[??(U+ZT)77(U+J'T)WU/O Ky(u+ (I =5)T, u)du = By(l - j),

~ 1 ; o -~
{er = \?T62”Z{(71)A [g}}“/T, k=1,2,3,...}, (€,€r) = 0k;. 2)

Making use of this basis the stationary sequence {7;,j € Z} can be represented in the form

= Mk, 3)
k=1

where

e—27ri{(—1)k[§]}v/Tdv.

_ 1 /7
Mej = Ny, €x) = \/T/o n;(v)

The sequence {n;,j € Z}, or the corresponding to it vector sequence

{il; = (e, k=1,2,...)",j € Z},
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1252 PREDICTION OF PROCESSES WITH PERIODICALLY CORRELATED INCREMENTS

is called a generated by the process {n(t),t € R} vector stationary sequence. The components {7} : k =
1,2,...;j € Z of the generated stationary sequence {7;,j € Z} satisfy the relations [15], [26]

0o

The correlation function R,,(j) of the generated stationary sequence {7, j € Z} is a correlation operator function.
The correlation operator R,,(0) = R, is a kernel operator and its kernel norm satisfies the following properties:

oo

113 = > (Ryer. ex) < Py,
k=1

The generated stationary sequence {n;,j € Z} has the spectral density function g(A\) = {gxn(\)}7°,_,, that is
positive valued operator function of variable A € [—m, 7), if its correlation function R, (j) can be represented in
the form

Ry} = = [ Mg Ear

We finish our review by the statement, that for almost all A € [—m, 7) the spectral density f(\) is a kernel operator
with an integrable kernel norm

00 1 T B 00
> or [ aOVEai = SR = Il < P
k=1 - k=1

3. Stochastic processes with periodically correlated dth increments

For a given stochastic process {£(t),t € R}, consider the stochastic dth increment process

d
€0 (tr) = (1= 8,0 = -1 () ete - ) @

=0

with the step 7 € R, generated by the stochastic process £(t). Here B, is the backward shift operator: B, £(t) =
Et—71), TR

We prefer to use the notation &(4) (¢, 7) instead of widely used A%&(t) to avoid a duplicate with the mean square
error notation.

Definition 3.1

A stochastic process {£(t),t € R} is called a stochastic process with periodically stationary (periodically
correlated) increments with the step 7 € Z and the period 7' > 0 if the mathematical expectations exist and satisfy
the relations

E€Dt+T,7T) = ED(t,7T) = D(t,7T),
ECDt+ T, nT)eD (s + T, 7nT) = DDt +T,s+T;nT,mT)=DD, s;nT,mT)

forevery t, s € R, 71, 2 € Z and for some fixed T > 0.

The functions ¢(®(¢,7T) and DD (t, s; 7T, 7T) from the Definition 3.1 are called the mean value and the
structural function of the stochastic process £(t) with periodically stationary (periodically correlated) increments.

For the stochastic process {¢(t),t € R} with periodically correlated increments £(® (¢, 7T) and the integer step
7, we follow the procedure described in the Section 2 and construct a sequence of stochastic functions

(€0 ) = €200 = €0 (u+ JT,7T), we [0,7),j € 7). ®
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Sequence (5) forms a Lo([0,T); H)-valued stationary increment sequence {{;d), Jj € Z} with the structural
function

T
Bew(l,j) = (&7, = / E[¢\) (u 1T, 1 T)E (u + 4T, 7 T)]du
0
T
- / DDt (1 - )T, T 7Tt = Beo (1 — ).
0

Making use of the orthonormal basis (2) the stationary increment sequence {g§d> ,J € Z} can be represented in the
form

where

§(d) <§(d) \F/ 5(ul) o= 2mi{(— )[5]}”/Tdv.

We call this sequence {fﬁd) ,J € Z}, or the corresponding to it vector sequence

(€96, =Y =) k=12..." =G, k=12..)",jeZ}, 7

an infinite dimension vector stationary increment sequence generated by the increment process {£(? (¢, 7T),t
R}. Further, we will omit the word vector in the notion generated vector stationary increment sequence.

Components {& ,(C';)} :k=1,2,...;j € Z of the generated stationary increment sequence {gj(.d), j € Z} are such
that, [15], [26]

B =0, (€] = Z El¢ 12 < Pecor = Bec (0),

and
f(d)f(d) (Rew) (I — J; 71, T2) €k, €n)-

The structural function Rea) (j) := Re (j; 71, T2) of the generated stationary increment sequence {£ ](-d), JjEZ}is
a correlation operator function. The correlation operator R (a) (0) = Ry is a kernel operator and its kernel norm
satisfies the following limitations:

d ~ o~
1ED12 = 3 (Rewr e, &) < Pecor-
k=1

Suppose that the structural function R (j) admits a representation

~ - 1 (" . ; : 1 ~ -
(Rew (G311, m2)e, €n) = 5= [ €M1 — e M)A — &™) g (f(N)er, €n)d.
2 J_ . A2d
Then f(A) = {fin () }zfn:l is a spectral density function of the generated stationary increment sequence {§J(-d) ,J €
Z}. It is a positive valued operator functions of variable A € [—m, ), and for almost all A € [—x, ) it is a kernel
operator with an integrable kernel norm

OC 1 " 717‘ 1T 1 ~ o~ N ol
3 27/ = e L = ) (PN B = > (Rewer, ér) = 1I¢ll5 < Pecw- ®)

™
k=1 k=1
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1254 PREDICTION OF PROCESSES WITH PERIODICALLY CORRELATED INCREMENTS

The stationary dth increment sequence 5;“” admits the spectral representation

L . 1 -
g;d) :/ 67)\](1 — € A)dwCZZ£(d)()\),

where Z, e (A) = {Zr(A)}32, is a vector-valued random process with uncorrelated increments on [, ).
Consider the generated stationary stochastic sequence 7j; defined in Section ??, which is uncorrelated with the

increment sequence g}‘”. It admits the spectral representation
i = / e™NdZ, (N), 9)

where Zn(A) is a vector-valued random process with uncorrelated increments on [—m, 7). The spectral

representation of the sequence C_;(-d), generated by the process ((t) = £(¢) 4+ n(t), is determined by the spectral
densities f(\) and g(\) by the relation

LN X 1 -
C_;('d) :/ ez)\j(l _ 6_”/\>de2§(¢1)+”((1)()\)~ (10)

The random processes Zn()\) and Zn(d) (A) are connected by the relation dan (A = (iA)ddZn(A), A€ [—m,7),

see [21]. The spectral density p(A) = {pxn(A)}75,—, Of the sequence @(d) is determined by the spectral densities
f(A\) and g()\) by the relation
p(Y) = f(N) + A%g(N).
In the space H = Ly(2, F, P), consider a closed linear subspace

H(é’(d))zm{fg):k=1,2,-~-§j€Z}

generated by the components of the generated stationary increment sequence & (9 = {5,(6‘;) (d)( J,7), T > 0}.
For ¢ € 7Z, consider also a closed linear subspace

HYEWD) =span{ey 1 k=1,2,...;j < q}.
Define a subspace
g(d ﬂ Jz il f(d)
q€ZL
of the Hilbert space H(£(49). The space H(¢(9)) admits a decomposition H ({ (@) ) S(E@D) @ R(E@) where
R(£@) is the orthogonal complement of the subspace S(£ (9)) in the space H (£ ()
(€ g P p p
Definition 3.2
A stationary (wide sense) increment sequence é;d) = {5,(5.)}%’:1 is called regular if H(@) = R(£@), and it is
called singular if H(£@) = §(£@).

Theorem 3.1
A stationary increment sequence §](-d) is uniquely represented in the form
d
&7 = &5y + Gy (1n
where §R K k=1,...,00, is a regular stationary 1ncrement sequence and fs kj,k: =1,...,00, is a singular

stationary increment sequence. The increment sequences § R.k; and f s,k; are orthogonal for all j € Z. They are
defined by the formulas

e = [ai‘?\@*(f @],

€ gD -

R,kj g5' NN
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Consider an innovation sequence £(u) = {&,,(u)}*_,,u € Z for a regular stationary increment, namely, the

sequence of uncorrelated random variables such that E,,, (u)2;(v) = 810w, Elem(u)]? = 1,m,j =1,...,M;u €
Z, and H"(£9) = H"(&) holds true for all r € Z, where H"(Z) is the Hilbert space generated by elements
{em(u) :m=1,...,M;u < r}, 6,y and &y, are Kronecker symbols.

Theorem 3.2

A stationary increment sequence f(-d) is regular if and only if there exists an innovation sequence
E(u) = {em(u)}M_,,u € Z and a sequence of matrix-valued functions (¥ (I, 7) = {gagjr)l(l, T)}Zl:%,l > 0, such
that

o oo M

YD e < oo, &9 = Z Z oD (1, 7)em (G — 1) (12)

=0 k=1 m=1 =0 m=0

Representation (12) is called the canonical moving average representation of the generated stationary increment
sequence f( )

The spectral function F'(\) of a stationary increment sequence §j<d> which admits canonical representation (12)
has the spectral density f(\) = {fi;(\)}{%-, admitting the canonical factorization

FO) = ple™)g" (e, (13)
where the functlon oz Zk 0<p z* has analytic in the unit circle {z:|2| <1} components ;;(z) =
Se oo Pij(k Zi=1,...,005=1,. M . Based on moving average representation (12) define

= ¢ Dk7)E =3 (k)2
k=0 k=0
Then the following factorization holds true:
[1— e —iAY, K (A —iX S —iXk
g TN =G, pr(em) =D er (ke (14)
k=0

4. Hilbert space projection method of prediction

Let a periodically correlated increment process £(9 (¢, 7T), t € R, generates by formula (6) an infinite dimension
vector stationary increment sequence {é;(-d), J € Z} which has the spectral density matrix f(A) = {fi;(A)}§5-1-
As a noise process, consider a periodically stationary stochastic process 7(t), t € R, uncorrelated with the process
&(t). Let the process n(t) generates by formula (3) an infinite dimension vector stationary sequence {7j;,j € Z}
with the spectral density matrix g(A) = {gi; (M) }55-;-

By the classical prediction problem we understand the problem of the mean square optimal linear estimation

of the functionals
0o (N+1)T
Ag= [ atear awes= [ asto
0 0

which depend on the unknown values of the stochastic process £(t). Estimates are based on observations of the
process ((t) = &£(t) + n(t) at points t < 0.
Assumptions:

 the mean values of the increment sequence éd) and stationary sequence 7j; equal to 0; the increment step
T>0;

Stat., Optim. Inf. Comput. Vol. 12, September 2024



1256 PREDICTION OF PROCESSES WITH PERIODICALLY CORRELATED INCREMENTS

* the spectral densities f(\) and g(\) satisfy the minimality condition

™ 2d
/Tr Tr [IlAe“TIM(f(A) + A2g(A) 7 d) < 0. (15)

The latter assumption is the necessary and sufficient condition under which the mean square errors of the optimal
estimates of the functional Ag to be defined below is not equal to 0.

The Hilbert space projection method of estimation may be applied under the condition that the element, which
we want to estimate, belongs to the Hilbert space H = Lo ({2, F, P) of random variables with a zero mean value and
a finite variance. That is not the case for the functional A¢. To overcome this difficulty we find a representation of
the functional A¢ as a sum of a functional with finite second moment from the space H and a functional depended
on the observed values of the process ((t) = £(¢) + n(t). This representation is described by the following two
lammas.

Lemma 4.1 ([24])
The linear functional

AC = /0 eyt

allows the representation

A¢ =B( -V,
where
oo 0
B = / v OOy, ve= [ v e,
0 —7Td
and
d d
VT(t) = Z (—1)l(l)bT(t+lTT), t € [-7Td;0), (16)
=]~
(t) = Y alt+7Tk)d(k) = D™ a(t), t >0, a7

=0

Here [x] denotes the least integer greater than or equal to z, [z] denotes the integer part of x, coefficients
{d(k) : k > 0} are determined by the relation

oo oo d
3 d(k)a* = (er> :
k=0 Jj=0

D™T s the linear transformation acting on an arbitrary function x(t), t > 0, as follows:

D™Tx(t) = 3 x(t+ 7Tk)d(k).
k=0

From Lemma 4.1, we obtain the following representation of the functional A¢:
A = AC—An=B(—An—-V(=H{ -V,

where
H¢ := B¢ — An,

and

A¢ = / Tacdt, An— / T aOnbt,
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0

B¢ = /O b V(D (t, rT)dt, V(= vT (t)¢(t)dt,

—7Td
the functions b, (t), ¢t € [0;00), and v, (t), t € [-7T'd;0), are calculated by formulas (17) and (16) respectively.
The functional H¢ allows a representation in terms of the sequences 7j; = (g, k =1,2,... )T and C_;d) =
g;d) + 77§d) = ((,(5), k=1,2,...)7,j € Z, which is described in the following lemma.

Lemma 4.2
The functional H¢ = B( — An can be represented in the form

o0 oo
o T . . . . .
HE= (b)) go - > (@) " = B{ - Vij =: HE,

j=0 j=0

where the vector
T T _ T _ T T T T T T
bj_(kjak_lvzﬂ"') _(lja 370 Y250 -5 V241,50 2k,j7"') ’

with the entries .
T T 1 T —2mi{(-=1)*[E]}v/T
ki = (b, €x) = ﬁ/o bi(v)e {=D* 5]/ dv,

and the vector

T T
a; = (arj, k=1,2,...) = (aij,a3j,025,...,02k+1,5, 2%k js---) »

with the entries
=~ 1 g 2mi{(=1)*[&]}v/T
akj:<ajﬂek>:\/f/ aj(v)e_ 7r7{(_ ) [E]}v/ d/U’ k:1727'7j:O7]‘77m'
0

The coefficients {d;, j =0,1,...,00} and {EJT,j =0,1,...,00} are related as
b7 =Y _ diago(d-(m — j))im = (D7a);, j=0,1,...,00. (18)
m=j

where a = ((@)",(@1)",...) ", the coefficients {d, (k) : k > 0} are determined by the relationship
o0 o0 d
St - ()
pa =0

c=0

D7 is a linear transformation determined by a matrix with the infinite dimension matrix entries D7 (k, j), k,j =
0,1,... such that D7 (k,j) = diag(d-(j — k)) if 0 < k < j < oo and D7 (k, j) = diag,(0) for 0 < j < k < o0;
diag (z) denotes an infinite dimensional diagonal matrix with the entry z on its diagonal.

Proof
See Appendix. O

Assume, that coefficients {@;,j = 0,1,...} and {EJT, j=0,1,...}, that determine the functional H 5_: satisfy the
conditions

D oldl < oo, Y G+DllaI* < oo, lal* = larl?, (19)
j=0 j=0 k=1
D oIBFl < oo, D GBI <oo, [BFI1P =Y b7l (20)
j=0 j=0 k=1
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1258 PREDICTION OF PROCESSES WITH PERIODICALLY CORRELATED INCREMENTS

Under conditions (19) - (20) the functional H f has finite second moment. Since the functional V' depends on
the observations {£(t) + n(t ):te [tTd; 0)} the estimates A§ and H¢ of the functionals A and H £, as well as the
mean-square errors A(f, g; A€) = E|AE — A¢|? and A(f, g; HE) = A(f, g; HE) = E|HE — HE|? of the estimates
A§ and H 5 satisfy the relations

A¢ = HE- V¢ @
and R R R R R
A(f,9: AS) = EJA¢ — AP = E|HE = V(¢ — HE+ V(| = E[HE - HEP® = A(f, g; HE).

Thus, the functional H f is a target element to be estimated. Let us describe its spectral representation. Making use
of representations (10) and (9), we obtain

(1 _ e—i)n')d .

né— "B Zgo o) - [ T (AN TdZ, .

- (iA)?
where
o0 oo o0
B(e?) =) bre™N = (DTa);e™,  A(e) = e
j=0 j=0 j=0

The classical approach of estimation consists in finding a projection of the element H f on the closed linear
subspace of H = Lo(Q2, F,P) generated by the observations. Let us define this subspace as

HO= (D + ) = span{€d + 7Y 1k =1,... 005 = —1,-2,-3,...}.

Define also the closed linear subspaces of the Hilbert space La(f()\) + A2?g()\)) of vector-valued functions
endowed by the inner product

o) = [ (@) T + A1) g (WA

-7
as

LY (F(N) +A\24g(N) = span{e™ (1 — ™) 5, k=1,2,3,...; j=—1,-2,-3,...},

L
(iA)
where 85, = {6k1}721, Ors are Kronecker symbols.

Remark 4.1 R
Representation (10) yields a map between the elements ¢ (1 — e~**7)4(i\)~45;, of the space L™ (f(\) +
A2%dg())) and the elements f_,(;;) ﬁl(w) of the space HO~ (¢ + p¥).

The mean square optimal estimate H f is found as a projection of the element H f on the subspace H°~ (fﬁd) +

d
n): . B
HE = Projyo- (o, o) HE-

Relation (21) let us write the optimal estimate Eg in the form
AE = Proj o @, o  HE = V¢

or in the form
0

A= [ ) Z o - [ e, (22)

—r —7Td

where 71, (\) = {h7.(X)}72, is the spectral characteristic of the estimate HE.
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Denote
AT( z)\) _ (1 z)\‘r)dA< 1)\) _ Z(—I»'Jrez)\j’
=0
where
min{[j/7],d} d
i - () -m. iz0 3)

Define the vector

With the help of the Fourier coefficients
% = .
=5 / D (B + X)) T >0,
pr= L [ e Z>L N+ 22\ T dN, 1, >0
lL,j — o1 e’ |1 €l>‘7—|2d ((f( )+ g( )) ) ) ) Z Y,
_ T .
Qui= o / P (FNS) +Ag(0) " 9(0) A 1520

of the corresponding matrix functions, define the linear operators P, T and Q in the space {5 by matrices with
the infinite dimensional matrix entries (P;),; = P/, (T)i; =17 and (Q);,; = Q5. 1,j > 0.

Notation: (Z,§) = > (;) "§; for vectors Z = ((Zo) ", (acl)T7 (IQ)T7 )L y=(Go) T, @) )T, )T

Theorem 4.1

Consider two uncorrelated processes: a stochastic process £(t), ¢t € R with a periodically stationary increments,
which determines a generated stationary dth increment sequence é;(-d) with the spectral density matrix f(\) =
{ fkn()\)}?n:p and a periodically stationary stochastic process 7(t), t € R, which determines a generated
stationary sequence 7j; with the spectral density matrix g(A\) = {grn(A)}35,=;- Let the coefficients @, 5;, j=
0,1,..., generated by the function a(t), t > 0, satisfy conditions (19) — (20). Let minimality condition (15) be
satisfied. The optimal linear estimate A€ of the functional A¢ based on observations of the process £(t) + n(t) at
points ¢ < 0 is calculated by formula (22). The spectral characteristic ET()\) is calculated by formula

. = ; (1 _ efi)\‘r)d
(A (M) = (B (e A))TW
S —izd
~ (AT g + (Cr(e™)T) O[;lf)duw +Ag(\) 7 (24)
where
=Y (P;'D7a—P;'T,a");e'™.
§=0

The value of the mean-square error is calculated by the formula

~o ™ 2d }
A9 A8) = 5= / H_lWACHe“))T(f(A) + X2g(0) SN + N2g(A)) ' CE (M)A

2 ez)\'r |4n

=(D’a—T,a",P;'D"a—-P;'T,a") + (Qa,a), (25)

+ 1/7T HW(C_?_(@M))T(JC()\) + )\ng(/\))_lg()\)(f()\) + /\ng()\))_lmd)\
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where
CL(e™) = g AL (e2) + G, (e7),
CI(eP) = |1 — ei)\-r|2d)\72df07(>\)g(ei/\) (- efi)\'r)dc'r’q_(ei)\)'
Proof
See Appendix. U
Corollary 4.1

The spectral characteristics ﬁi()\) and 112()\) of the optimal estimates B( and Ajj of the functionals B( and Aij
based on observations £(t) + n(t) at points ¢ < 0 are calculated by the formulas

. ) _ e—iAT d
()T = (BT

—

(s
T
—i\)¢ S e ins _
- (1(62-,27)(1 ( (P 'D7a)je AJ) (FO) + AN,
§=0
T (. (=iN)? -
(R2Z(N) " = (Ar(e A))TQ()\)m(f()\) + A% g(A)
T
(—iA)? N T A 2d -1
T A=y Z(PT T,a") e (fA)+2%g(N) ™,
§=0
respectively.

The optimal estimate A ~1& of the functional A€ which depend on the unknown values of the process £(¢) at
points ¢t € [0, T(N + 1)], based on observations of the process &(t) + n(t) at points ¢ < 0 can be obtained by using
Theorem 4.1.

We first formulate the following corollaries from Lemma 4.1 and Lemma 4.2.

Corollary 4.2
The linear functional

(N+1)T
Anré = / a(t)E(t)dt
0

allows the representation
ANnTE = BNT€ — VNTE,

where
(N+1)T 0
Bnr€ = / N (0D (¢, 7T)dt,  Viré = v (6)E(t)dt,
0 —7Td
and
nlin{[i(N+:7)ﬂT7t],d} d
v (1) = Z (—1)! ( z> Nt +1rT), te[-7Td;0), (26)
=[]
[(N+7_1%T—t]
b (t) = a(t +1Tk)d(k) = D™"Na(t).t € [0; (N + 1)T], (27)
k=0

The linear transformation D77V acts on an arbitrary function z(t), t € [0; (N + 1)T], as follows
[(N+1%T—t]
DTNx(t) = > a(t+TTk)d(k).

k=0

Stat., Optim. Inf. Comput. Vol. 12, September 2024



MAKSYM LUZ, MIKHAIL MOKLYACHUK 1261

Corollary 4.3
The functional

Hy7r& = BnT¢ — AnT),

N+1) T(N+1)
ByrC= [ N0 @ A= [ et
0 0
can be represented in the form
N . N
- d T R ~ R
Hnr€ = Z ®7Y) C_;( /- Z (@;) "l = BnC — Vivif = HNE,
Jj=0 7=0
where the vector

7N 7, N N ;7,N ;7,N 7,N T, N T
0N = opN k=127 = 7N opN o g e,

with the entries

b'rN <b;'N ~ \/—/ bTN 7271'1{( 1)k [g]}v/Td,U

The coefficients {d;,j =0,1,..., N} and {b;-’N,j =0,1,..., N} are related as
N
b7 =" diag. (dr(m — §))dm = (Dxan);, j=0,1,...,N. (28)

where ay = ((@) ", (@1)",...,(@y)",0,...)T, D% is a linear transformation determined by a matrix with the
infinite dimension matrix entries D} (k, j), k,j > 0 such that D%, (k,j) = diag(d-(j —k)) if 0<k <j <N
and D7, (k,j) = diag,(0) for 0 < j < kor j,k > N.

Put a(t) = 0,t > T'(N + 1). Define vector coefficients {&';’N :0 <j < N + 7d} by the formula

N min{[%],d} d
N = > (—1)l<l>6(j—7-l), 0<j<N+rd,
l:max{ [g—‘ ,0}
and a vector
T -7, N -7, N 7, N —7,N

aN = ((a’O )T7 (0,1’ )T7 (a’2 )T7 (aN+7—d)T7O )T
The following theorem holds true.
Theorem 4.2

Consider two uncorrelated processes: a stochastic process £(t), ¢ € R with periodically stationary increments,

which determines a generated stationary dth increment sequence Ej@ with the spectral density matrix f(\) =
{fen(M)}3%=1> and a periodically stationary stochastic process 7(t), ¢ € R, which determines a generated

stationary sequence 7j; with the spectral density matrix g(A) = {grn(\)}75,=;. Let the coefficients a;, 5;, Jj=
0,1,..., N generated by the function a(t), 0 <t < T(N + 1), satisfy conditions

o0
1612 =" Jag;* < 00, j=0,1,....N,

and

15712 Z\b”v <oo, j=0,1,...,N.
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Let minimality condition (15) be satisfied. The optimal linear estimate A ~nT& of the functional A€ based on
observations of the process £(t) + n(t) at points ¢ < 0 is calculated by formula

T 0

Anre= [ (henN)) T dZ ey () — / vy N (8)C(t)dE,
—7Td

—T

where the spectral characteristic fzﬂ ~(A) of the optimal estimate A ~r€ is calculated by formula

77, ‘r N T
(flr,N()\))T = (1 . (Z Dyan); j)

(—in)d N+rd - T
- (1_eiAr)d< > a;.vNeW> IO +A%g(n)~
=0
(_l)\)d - 17 —1 iAj ! 2d —1
T A —ennyd > (Pr'Diay — P Tra-n);e™ | (f(0) +Ag(N) 7
=0

The value of the mean-square error is calculated by formula

A(f,9; Anr€) = A(f, g; HnE) = E[HnE — Hyé?
= (D]TVaN - TTaﬁN,P;lDJTVaN - P;lTTaT,N> + (QNaN, aN>,

where Qu is a linear operator in the space /5 defined by the matrix with the infinite dimensional matrix entries
(Qn)1,; =Q1,;,0<1,j7 <N,and (Qn);; = 0 otherwise.

5. Prediction based on factorizations of spectral densities

Assume that the following canonical factorizations take place

|1 — ei’\7|2d 2d —iIANO* ﬂ,\ 71,\ = ﬂAk
e (fA) +2A%g(V) = - (e7)6x (e => 0,k (29)
k=0
gV = Y gk)e? = 0(em M@ (e?),  B(e) =) d(k)e . (30
k=—o00 k=0

Define the matrix-valued function W, (e=*) = {¥;;(e~*) Z 11;; by the equation

U, (e7)O,(e7™) = By,
where F) is an identity M x M matrix. Then the following factorization takes place

2d
H_lwz(m) FA2GA) T = WE(em M (e D), UL (e Z% Jemink, a1

Remark 5.1
Any spectral density matrix f()\) is self-adjoint: f(A\) = f*()\). Thus, (f(A))T = f()). One can check that an
inverse spectral density f~1()) is also self-adjoint f~1(\) = (f~1(\))* and (f~1(\)) " = f~1(\).

The following Lemmas provide factorizations of the operators P, and T., which contain coefficients of
factorizations (29) — (31).
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Lemma 5.1

Let factorization (29) takes place and let M x oo matrix function ¥, (e~**) satisfy equation ¥, (e=**)0, (e~) =
Ejs. Define the linear operators ¥, and ©, in the space ¢, by the matrices with the matrix entries (U,)y ; =
Yk —7), (©:)k,; =0-(k—j)for0<j <k (¥;)r,; =0, (0;); =0for0 <k < j. Then:

a) the linear operator P, admits the factorization

b) the inverse operator (P, )~! admits the factorization

Lemma 5.2
Let factorizations (29) and (30) take place. Then the operator T, admits the representation

TT = (\IJT)TZT7

where Z is a linear operator in the space /5 defined by a matrix with the entries

(Zo)ky = Z (1-5)gl—k), kj>0

o0

g(k) = > bm)¢t(k+m), ke

m=max{0,—k}
Remark 5.2
Lemma 5.1 and Lemma 5.2 imply the factorization

(P,) 'T,a” =0,(0,)"(V,) Z,a” =0,Z,a” = 0O,e,,
where e, := Z.a".

The proofs of Lemma 5.1 and Lemma 5.2, as well as the justification of the following representations of the
spectral characteristics ﬁi()\) and i_iz()\), correspond to the ones in [23] for the finite-dimensional vector stationary
increment sequences. R

The spectral characteristic A2 (\) of the optimal estimate A7j from Corollary 4.1 can be presented as

(1 _ e*i)\T)d

Ul (e Crgle™™),

where

m=1
Here ¢, = (v,.(0),9,(1),¢,(2),.. ),
(- Crg)m = Z@T(kj)CT;g(k +m),

k=0

Crg(m) =D Gm+k)ag =Y ()Y ¢ (L+m+k)ag =Y o()(®a7)rem,
k=0 =0 k=0 =0

(®a");m =) o' (m+k)af
k=0
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1264
The spectral characteristic hl (M) of the optimal estimate Ef from Corollary 4.1 can be presented in the form
. 1— e—i)\T)d . ) ) ) (1 _ e—i)ﬂ')d .
hl A :( (BT A —\IIT —iA —»T i\ ) — —iA C —iA
=g (B = 0T e)) = S T (),
where
) = ST DT A = 3 S 0T (0
m=0 m= Op 0
67—,1(672')\) _ Z(GjﬁT)m —idm _ Z Z GT e tAm
m=1p=m

=" ol (m+p)opem,
p=0

m=1
); A is a linear symmetric operator determined by the matrix

a vector 01 = ((6,(0)T, (6,7, (6,2)T,..
with the vector entries (A)y ; = dg+;, k, j > 0; B is a linear operator, which is determined by a matrix with the

vector entries (]WBT);W- = gﬁfj for0 <j <k, (]WBT);W- =0for0<k<j
Then the spectral characteristic ET(/\) of the estimate 2{ can be calculated by the formula

S (7B~ 7,C.,) e

e (1 - e_MT oAk

ﬂ\IlTT((fi)‘) (C_;T,l(@fi)\) - C_;T,g(@ii)\)>

I
R ) 1— efi)\‘r)d ~
= B, (e A=) hr (A 32
where
~ _ 71)\7 > . > _ .
h‘r()\) _ (1 e (ZwT z,\k:) (Z GTDT ez)\m+ Z(lbfcr,g)meum)
m=0 m=1
_ (1—8_MT)d To—i\y (= (i S (o —iA
g (P + Gl
The value of the mean square error of the estimate gf is calculated by the formula
A(f.9: A8) = A(f, g: HE) = E[HE - HEP
= o [ () g Al
27
1 e =
| e T(FO) + 2290 e le) N
I (iA)? T (AT AT (N
_ _ ? AT (etr
ol e =R COTOY e
LT (=Y o T o0 T (in
- _Wm(/l (7)) g(AN)hr(et)dA
— [@7a"|> + | @a7|[} + (6] D"A — §,C,.,, 6] D" A)
(33)

— <9;FDTA, Z-,—aT> - <ZTaT7¥TCT7g>1 ’
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where || 7|} = (%, )1, (Z,9)1 = > ;= (&;) " §; for the vectors

Z= ((fO)T’ (fl)—r> ('7_;2)—'—7 . ')T7 y= ((370)—'—7 (gl)T7 (:'jQ)T’ - ')T'
The obtained results are summarized in the form of the following theorem.

Theorem 5.1

Let the conditions of Theorem 4.1 be fulfilled and the spectral densities f(\) and g()) of the stochastic processes
¢(t) and 7(t) admit canonical factorizations (29) — (31). Then the spectral characteristic . (\) and the value of
the mean square error A(f, g; Af) of the optimal estimate Af of the functional A¢ based on observations of the
processes &(t) + n(t) at points ¢ < 0 can be calculated by formulas (32) and (33) respectively.

6. Minimax (robust) method of prediction

Consider the estimation problem for the functional A¢ based on the observations £(t) 4 n(t) at points ¢ < 0 when
the spectral densities of sequences are not exactly known while a set D = Dy x D, of admissible spectral densities
is defined. The minimax (robust) approach of estimation is applied. It is formalized by the following two definitions.

Definition 6.1
For a given class of spectral densities D = Dy x D, the spectral densities f°(\) € Dy, g°()\) € D, are called least
favorable in the class D for the optimal linear prediction of the functional A¢ if the following relation holds true:

A, 9% = A, 9% 1°,9°) = max  A(h(f,9): f.9).

(f,9)€DsxDy

Definition 6.2
For a given class of spectral densities D = Dy x D, the spectral characteristic h°(\) of the optimal linear estimate
of the functional A€ is called minimax-robust if there are satisfied the conditions

RN eHp= [ LS (f(N) +Xg0),
(f,9)€Ds xDy

and

min max g max RY: £, g).
heHp (f,9)€DsxDy Alhi f9) = (f,9)€DsxDy AR 1.9)

Taking into account the introduced definitions and the derived relations we can verify that the following lemmas
hold true.
Lemma 6.1
Spectral densities f© € Dy, g € D, which satisfy condition (15) are least favorable in the class D = Dy x D, for

the optimal linear prediction of the functional A€ if operators P?, TY, Q° defined by the Fourier coefficients of the
functions
A% 0 0 2d 0/y\\\—1\ |
m (9 (M)A +A%g7 (V) ) )
A% 0 2d 0 -1\ T
m((f (A) + A7 (\) ) )
_ T
(SO + 2% (A) 1" (V)
determine a solution of the constrained optimization problem
max D’a—T,;a",P-'D’a—P_!'T,a”) + (Qa,a
L . ITa7) + (Qa,a))
=(D"a—T%",(P%)"'D"a— (PY)"'T%") + (Qa,a). (34)

The minimax spectral characteristic h° = h,(f°, ¢°) is calculated by formula (24) if k. (f°, ¢°) € Hp.
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Lemma 6.2
The spectral densities f € D I q° € D, which admit canonical factorizations (14), (29) and (30) are least
favourable densities in the class D for the optimal linear prediction of the functional A¢ based on observations of
the process £(t) 4 n(t) at points ¢ < 0 if the matrix coefficients of canonical factorizations (29) and (30) determine
a solution to the constrained optimization problem

|@Ta" | + | ®a” ||} + (0 D" A — %, C, 4,0 D"A) — (] D" A, Z,a") — (Z,a”,9,C,4), —sup, (35)
for

>‘2d —1 *( _—1 —1 *( _—1
f) = m@r(e MOL(e™) = NM0(emM)D* (e € Dy,

g\) = B(e”™)@*(e™™) € D,.

The minimax spectral characteristic 2° = i (f°, ¢°) is calculated by formula (32) if ., (f°, ¢°) € Hp.

Lemma 6.3

The spectral density g° € D, which admits canonical factorizations (29), (30) with the known spectral density f(\)
is the least favourable in the class D, for the optimal linear prediction of the functional A¢ based on observations
of the process £(t) + n(t) at points ¢ < 0 if the matrix coefficients of the canonical factorizations

2d_0(yy _ 0(1.),—irk 0(1.),—iAk
S+ A7 () = L= e]pd (Z 07 (k)e ) (Z 07 (k)e ) ; (36)
k=0 k=0
g°(\) = <Z ¢°<k>e‘“’“> (Z ¢°<k>e‘“’“> 37
k=0 k=0

and the equation ¥?(e=*)Q%(e~**) = E), determine a solution to the constrained optimization problem

|@Ta" | + | ®a” ||} + (0] D" A — %, C, 4,0 D"A) — (] D" A, Z,a") — (Z,a”,9,C,4), —sup, (38)
for . '

g(N) = @(e )@ (e7?) € D,

The minimax spectral characteristic A% = k. (f, ¢°) is calculated by formula (32) if k. (f, ¢°) € Hp.

Lemma 6.4

The spectral density f° € Dy which admits canonical factorizations (14), (29) with the known spectral density
g(A) is the least favourable spectral density in the class D for the optimal linear prediction of the functional A¢
based on observations of the process £(¢) + n(t) at points ¢ < 0 if matrix coefficients of the canonical factorization

2d o0 oo *
£ + X900 = Tz (Z 02<k>e-“k> (Z 02<k>e-“k> , (39)
k=0 k=0

and the equation U2 (e~*)@Y%(e~**) = E), determine a solution to the constrained optimization problem
(6] DTA —1),Cr 4,0/ D"A) — (0] D" A, Z,a") — (Z,;a",1,Cr4), — sup, (40)
for

)‘2d —1 *( _—1 —1 *x( _—1
f()\) = WGT(E )\)@ (6 )\) — >\2d(b(€ )\)(p (6 A) € Df

T

for the fixed matrix coefficients {¢(k) : k > 0}. The minimax spectral characteristic h° = h.(f°, g) is calculated
by formula (32) if h,(f°, g) € Hp.
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For more detailed analysis of properties of the least favorable spectral densities and minimax-robust spectral
characteristics we observe that the minimax spectral characteristic A" and the least favourable spectral densities
(f°, ¢°) form a saddle point of the function A(h; f, g) on the set Hp x D.

The saddle point inequalities

Ah; f2,9°) > ALY f2,9°) > A(R°; f.g9) Vf €Dy, Vg € Dy, Vh € Hp

hold true if h° = h,(f°,¢°) and h,(f°,¢°) € Hp, where (f°,¢°) is a solution of the constrained optimisation
problem

A(f,9) = =AU (. 9"); f.9) = inf,  (f,9) €D, @1
where the functional A(k, (9, ¢°); f, g) is calculated by the formula
A(h-(f°,4%); f,9) =

7T 2d -
“a /_ u—Afve(Cio(e””T(f 2(0) + A0 ()T FA(FON) + A0 (1) T IO (e dA

b [ O T + X)) + X)),

where

L) 1= TV A, (™) + 3 (PY)~D7a — (BY)~T0a7),e™,
§=0
C‘Ig_O(ei)\) — ‘1 _ €i>\7|2d/\_2dmg(ei)\) —MT d Z 1D7—a _ (P?_)—ngaT)jeMj.
7=0

or it is calculated by the formula

Y 1 T |1*€i’\7|2d 0 —iM T y0 [, —iX 0/, —iA*0 [ o—iny
Ahr(1%,9%): f,9) = e (7 p(e7)) Wo(e™ ) f(A) (W7 (e ) T (e )dA

o
+ ; (12, ) T g (e )T (e
where
71)\ i 00 TDT z/\m + Z w C 71/\m
m=0 m=1
) (e7) = (1 —e ) (i((HO)TDT erm i Mm> — (@2~ ) T A(e).
m=0 m=1

The constrained optimization problem (41) is equivalent to the unconstrained optimisation problem

Ap(f,9) = A(f,9) + 0(f,g|Ds x D,) — inf, 42)

where §(f, gDy x D,) is the indicator function of the set D = Dy x D,. Solution (f, ") of this unconstrained
optimization problem is characterized by the condition 0 € dAp(f°, g°), where A (£, ¢°) is the subdifferential
of the functional Ap(f, g) at point (f°, g°) € D = D; x D,, that is the set of all continuous linear functionals A
on L; x L, which satisfy the inequality Ap(f,g) — Ap(f°,g°) > A((f,9) — (f°,4%), (f,9) € D (see [30, 41]
for more details). This condition makes it possible to find the least favourable spectral densities in some special
classes of spectral densities D = Dy x D,,.
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The form of the functional A( (f° g%); f, 9) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (42). Making use of the method of Lagrange multipliers and the form
of subdifferential of the indicator function (f, g|D; x D) of the set Dy x D, of spectral densities, we describe
relations that determine least favourable spectral densities in some special classes of spectral densities (see [21, 30]
for additional details).

6.1. Least favorable spectral densities in classes Dy x D15

Consider the prediction problem for the functional A which depends on unobserved values of a process £(¢) with
stationary increments based on observations of the process £(t) + 1(¢) at points ¢ < 0 under the condition that the
sets of admissible spectral densities D, D’fé, k =1,2,3,4 are defined as follows:

™ _ LiAT|2d
oh={r|5 [ P rm=r ),

e e
23 = {0 |- [~ S v = k= s |,
pi={so|o [ o=

and
2l = {o|g= [ las ) - ah ] x < 80 =T}
ot = o5z [ e - m)jar < s}
D = o0z [l - ahe0] 3 < 61 = T}
D = {a0|g5 [ HBaa) — s ar < 5}

Here g1(\) = {g}j(/\) 75—1 1s a fixed spectral density, p, py,k = 1, 00, are given numbers, P, By are a given

positive-definite Hermitian matrices, 6, d5, k = 1, oo, 51, ,j = 1, 00, are given numbers.

From the condition 0 € dAp(f, ¢°) we ﬁnd the following equations which determine the least favourable
spectral densities for these given sets of admissible spectral densities.

For the first set of admissible spectral densities D} x Djs, we have equations

FO/ i FOr LAV |1 — MT|2d 0 2d 0 S o
(CL(e™) (CL(e™) = (F—Gr = () + A*1g° () ) s - @ x

AT |2d
(B oo ). @

90/ ix 90 [ iAYYF [1—er 2t 2d 0
(©2() (€)= (=0 (00 + 22420 ) (895 ()5,
|1 zAT|2d
(P o ) @
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1 (7 ;
o | 1g5() =gV da= a7, (45)
where @y, f3;; are Lagrange multipliers, functions |7;;(\)| < 1 and

g?j()‘) - gilj()‘)
|9?j(/\) - 92'1]'(/\)|

For the second set of admissible spectral densities D x D3,, we have equations

eiAT|2d 2
() (€)= (B o0 + %)) 6)
__iaT|2d 2
() () =) (=00 + 24 0)) @)
o [ (o)~ Ol dr = )

where afc, 3% are Lagrange multipliers, the function |y2(\)| < 1 and
72(A) = sign (Tr (90(A) — g1 (V) = Tr (go(A) — g1(A)) # 0.
For the third set of admissible spectral densities D§ x Dz, we have equations
i i) * 1 — e 2d 2 o0
(CL%(e™) (™) = <)\(f0( )+ A 90(/\))) {O‘fk(s’fl}k 1=1 "

AT |2d
(”A'(ff)() A”gO(A»), (49)

IAT ‘Qd

() ()" = (M o0+ ) ) (B *

AT |2d
(B oo ) . o

1 s
o |15k = gh] ar =, 5D

where a?k, ﬂ,f are Lagrange multipliers, dy; are Kronecker symbols, functions |'y,§()\)| <1and

e (A) = sign (g, (V) = gix(N) = gie(N) = g (V) # 0, k=T, 00.

For the fourth set of admissible spectral densities D x Dj;, we have equations

FO[ X FO( AV * |1 — |2 0 2d 0 T
(CI%(e™) (CL2e™)) = aF e A AT ) By x

zAT d
(BB o e, 6
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2)\T|2d

() ()" = oy (g o+ ¥4 ) B

7,/\7' d
(BB o e, 6

1 ™
o |(B2,g°(\) — g1(\))| dA = 6, (54)

where o}, % are Lagrange multipliers, function |y;())| < 1 and

7%(A) =sign (Bz,g°(\) = g1(N)) : (B2,9°(\) — g1(N)) # 0.
The derived results are summarized in the following theorem.

Theorem 6.1

The least favorable spectral densities f°()), g°()), in the classes Df x D, k = 1,2,3,4 for the optimal linear
predictionof the functional A¢ from observations of the process £(t) + n(t) at points ¢ < 0 are determined by
equations (43)—(45), (46)—(48), (49)—(51), (52)—(54), respectively, the minimality condition (15), the constrained
optimization problem (34) and restrictions on densities from the corresponding classes D, D¥s, k = 1, 2,3, 4. The
minimax-robust spectral characteristic of the optimal estimate of the functional A¢ is determined by formula (24).

In the case where the spectral densities f(\) and g(\) admit canonical factorizations (29) and (30), the equation
for the least favourable spectral densities are described below.
For the first set of admissible spectral densities D§ x Dj:

(2 4(e™) (2 4(e™)" = (97(6_“))@]0 - A30-(e7), (55)
(x2(€™) (12,4(e™)" = (O(e7 )T {Bij7ii (M} 2, Or(e=), (56)
% j |95 (N) = gi (V)] dx = &7, (57)

where &'f, f5;; are Lagrange multipliers, functions |7;;(A)| < 1 and

Mgk, ) R
Yig(A) = m : gij(/\) *gij()‘) #0,4,j=1,00.

For the second set of admissible spectral densities D3 x Di;:

(x24(e™) (19 4(6™)" = a3 (O (7)) O (=), (58)
(r2, () (22,5(€™)) " = 222(N)(O (™) O, (e ), (59)
el ORI e (©0)

where a?, 3% are Lagrange multipliers, function |y2(\)| < 1 and

12(A) = sign (Tr (¢°(N) = g1(N))) = Tr(g°(X) — g1(N)) # 0.

For the third set of admissible spectral densities D x D3,

(19, 5(€™) (9 4(€™)” = (O™ )T {0}, ,_, O ), 61)
(19,4(e™) (2, (€™)” = (©r(e™™) T { B4R (N}, O (=), (62)
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1 ™
> / |9 () = g (V)] dA = 35, (03)

where afck, /3% are Lagrange multipliers, dy; are Kronecker symbols, functions |'y,%(>\)‘ < 1and

Ye(A) = sign (gRx(A) — gie (V) © gor(N) — ghu(A) # 0, k =T, 0.

For the fourth set of admissible spectral densities D§ x Di;:

(r2 (™) (22 4(e™))” = aF(O,(e7™)) T B1O, (e ), (64)
(r9,(€™) (22, (™) = B2(N)(O-(e7™)) T B2O, (=), (65)
% j |(Ba,9°(A) — g1 (V)| dA = 4, (66)

where o}, % are Lagrange multipliers, function |v5())| < 1 and

Y5 (\) = sign <Bg,go()\) - gl()\)> : <Bg,go(>\) — gl()\)> £ 0.
The following theorems hold true.

Theorem 6.2

The least favorable spectral densities fO(\), g°(\) in the classes Df x DFs, k = 1,2,3,4 for the optimal linear
prediction of the functional A¢ from observations of the process £(¢) + 7(t) at points ¢ < 0 are determined
by canonical factorizations (29) and (30), equations (55)—(57), (58)-(60), (61)-(63), (64)—(66), respectively,
constrained optimization problem (35) and restrictions on densities from the corresponding classes D§, D, k =
1,2, 3, 4. The minimax-robust spectral characteristic of the optimal estimate of the functional Ag is determined by
formula (32).

Theorem 6.3

In the case where the spectral density g()\) is known, the least favorable spectral density f°()) in the classes D,
k =1,2,3,4 for the optimal linear predictionof the functional A from observations of the process £(t) + n(t) at
points ¢ < 0 is determined by canonical factorizations (30) and (29), equations (55), (58), (61), (64), respectively,
constrained optimization problem (40) and restrictions on density from the corresponding classes DX, k = 1,2, 3, 4.
The minimax-robust spectral characteristic of the optimal estimate of the functional A¢ is determined by formula
(32).

6.2. Least favorable spectral densities in classes D. X Dg

—

Consider the prediction problem for the functional A¢ depending on unobserved values of the process £(m) with
stationary increments based on observations of the process £(t) + n(t) at points ¢ < 0 under the condition that the
sets of admissible spectral densities DX, DUF k = 1,2, 3, 4 are defined as follows:

™ _ei)\‘r 2d
2= {100 = = a0 +ewon, o [T = ),

—T

™ _ ei)\T 2d
ST V] = (1= T [fu(0)] + Tr W), / il p};

2 ) . A2

2m \2d

—T

{
D3 = }m) ) = (1= ) + e, 5 [ S i ar = ik = Loo};

1 ™ |17675/\T|2d
POV B £ = (= &) B ) + B o, 5 [ ST o an =

—T
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pp = {o|vin <o <o, 5 [ avar= e},

2

—T
™

{
Dy? = {Q(A) T V)] < Tr[g(N)] < Tr U], /W Trg(N)]dA = q},
{

g |vkk(A) < gre(A) < ugr(N), %/

—T

gkk()\)d)\ = Qk7k = 17 00}7

™

1
DY = {o0] (B2, VO < (Baag0) < (B0 o [ g ir =
Here fi(A), V(\), U(A\) are known and fixed spectral densities, W (\) is an unknown spectral density,
P, Pk, 4, Gk, k = 1, 00, are given numbers, P, B1, @, By are given positive-definite Hermitian matrices.
The condition 0 € OAp(f°,¢°) implies the following equations determining the least favourable spectral
densities for these given sets of admissible spectral densities.

For the first set of admissible spectral densities D! x DY!, we have equations

FO(ix FO(ixy)* [1—e?TPd g 2d 0 o
(CF°(e™) (CF7(e7) = vea (A H AT ) ) (@ - @ +T(A)x

AT |2d
(B oo ) . en

90 ( LA 90 iAY)* _ [1— e 2d 0 7. g«
(CP () (CF(e™) ea— ST+ AT N) ) (587 +T1(A) + Ta(A)x

|1 1>\T|2d
(B w0 o)

where & and 3 are vectors of Lagrange multipliers, function I'(A) <0and T'(\) = 0if fo(A) >

(1 —¢)fi(A\), the
matrix ['1 (A) < 0and T’y (\) = 0if go(N) > V(A), the matrix Ta(A\) > 0 and o (A) = 0if go(A) < U(N).
For the second set of admissible spectral densities D? x DY2, we have equations
\ A |1 z)\‘r‘Qd J 2
(OI9() () = +00) (o 00+ ) (©9)

‘1 z)\7—|2d

(CL (™) (CL(™)” = (B> + 11 (N) +72(N) ( (o) + A24°(N)) (70)

2

where o}, 3% are Lagrange multipliers, function y(A) < 0and y(X) = 0if Tr [f°(A)] > (1 — £)Tr [f1())], function

11 (A) < 0and 1 (A) = 0if Tr [¢°(\)] > Tr [V (N)], the function 2(A) > 0 and vo(A) = 0if Tr [¢°(\)] < Tr [U(N)].
For the third set of admissible spectral densities D3 x DY3, we have equation

FO[ A JO(LIAV\* |1 — 7|2 0 2d 0 2 0
(CL%(e™) (C(e™) e (A EAT) {(aF + 7 (\)ori },,_y

IAT|2d
x (HAl(fO() AngO(A))) (71)

90 iA o iy _ [(IL=e?TP4 g 2d 0 2 =
(C2%(e™) (CL(e) sz (PP + AN ) {8+ 71k (V) + 726Nk} %

zAT d
(BB wm ey, a2
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where afc .» 37 are Lagrange multipliers, &y, are Kronecker symbols, functions vy () < 0 and v () = 0if f2, (\) >
(1 —e)fL.(N), functions y15(X) < 0 and y15,(\) = 0 if g2, () > vr(N), functions 2, (A) > 0 and 2, (A) = 0 if

Ine(N) < ukr(N).
For the forth set of admissible spectral densities D2 x DY4, we have equation

FO( X FO(LIMNY* (22 4 A 1P, 2d 0 T
(CL(e%) (€M) = (03 ++/ () (G — (1) +2245°() ) B x

(BB o e, o

IAT |2d

(CL (™)) (CL(e™))” = (B + 71 () +75(N) (“‘(fO( ) + A?dgow)) By x

AT |2d
(B oo o). 0w

where %, 3°, are Lagrange multipliers, function 7/(A) < 0 and 7/(A) = 0 if (By, f°(\)) > (1 — &)(B1, (),
functions {(\) <0 and ~{(\) =0 if (Ba,g°(\)) > (Ba,V()\)), functions ~4(\) >0 and ~5(\) =0 if
<B2ago()‘)> < <B2a U()\)>

The following theorem holds true.

Theorem 6.4

The least favorable spectral densities fO(\), g°(A) in classes D¥ x DY* k =1,2,3,4 for the optimal linear
extrapolation of the functional A¢ from observations of the process £(t) + n(t) at points ¢ < 0 are determined by
equations (67)-(68), (69)—(70), (71)—-(72), (73)-(74), respectively, the minimality condition (15), the constrained
optimization problem (34) and restrictions on densities from the corresponding classes D¥, DU* 'k = 1,2, 3,4. The
minimax-robust spectral characteristic of the optimal estimate of the functional A¢ is determined by formula (24).

Let the spectral densities f(A) and g(A) admit the canonical factorizations (29) and (30). The equations for the
least favourable spectral densities are described below.
For the first set of admissible spectral densities D} x DY!, we have equation

(r21(€)) (2.5(€™))" = (Or(e™™) T (@y - 7 + T (V)0 (=), (75)
(x25(e™) (x2 (™))" = (Or(e™) (B 5"+ T1(A) + T2(X)Or (=) (76)
where & and j are vectors of Lagrange multipliers, matrix (A) < 0and T'(A) = 0if fO(\) > (1 — &) f1()\), matrix

I'1(A) <0and 'y (A) = 0if g°(A\) > V()\), matrix ['y(\) > 0 and Ty () = 0if g°(\) < U(N).
For the second set of admissible spectral densities D? x DY, we have equations

(12.5(e™) (125(e™)" = (0F +7(N))(O-(e™™) O (=), (77)
(r2,5(e™)) (1,5(™)) " = (8 + 1 (V) +92(0)(O+ (7)) O (=), (78)
where o7, 3 are Lagrange multipliers, function y(A) < 0 and y(A) = 0if Tr [f*(A)] > (1 — ) Tr [f1(A)], function

y1(A) < 0andy;(A) = 0if Tr [¢°(\)] > Tr [V (N)], the function 2(A\) > 0and v2(\) = 0if Tr [¢°(\)] < Tr [U(N)].
For the third set of admissible spectral densities D2 x DY3, we have equation

(rﬂyf(e”)) (rgyf(em))* _ (@T(eﬂ',\))T {(a?k + yk()\))ékl}zzl O, (e=), (79)

(r25(™) (12,4(€™)" = (O-(e™™ )T {(BF + 7k (N) + 126 (NS}, Or(e), (80)
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where afc .» 37 are Lagrange multipliers, &y, are Kronecker symbols, functions vy () < 0 and v () = 0if f2, (\) >
(1 —e)fL.(N), functions y15(X) < 0 and y15(\) = 0 if g2, (A) > vr(N), functions 2, (A) > 0 and 2, (A) = 0 if

Ine(N) < ukr(N).
For the fourth set of admissible spectral densities D? x DY*, we have equation

(£25(e™) (2 4(€™)" = (aF + 7' (N)(O- (7)) " B1O- (=), (81)
(7€) (12,4(e™)" = (82 + (A +2%(N)) (O (7)) B2O7 (=), (82)

( ~(
where af, 3%, are Lagrange multipliers, function 7/(\) < 0 and v/(\) = 0 if (By, fO(\)) > (1 —&)(B1, fi(\)),
functions {(\) <0 and ~{(\) =0 if (Ba,g°(\)) > (Ba,V()\)), functions ~4(\) >0 and ~5(\) =0 if
(B2,9°(\)) < (B2, U(N)).
The following theorems hold true.

Theorem 6.5

The least favorable spectral densities f°()), g°()\) in the classes D¥ x DUk k = 1,2,3, 4 for the optimal linear
prediction of the functional A¢ from observations of the process &(t) + n(t) at points ¢ < 0 by canonical
factorizations (29) and (30), equations (75)—(76), (77)—(78), (79)-(80), (81)—(82), respectively, constrained
optimization problem (35) and restrictions on densities from the corresponding classes D¥, DY* k = 1,2,3, 4.

The minimax-robust spectral characteristic of the optimal estimate of the functional A¢ is determined by formula
(32).

Theorem 6.6

If the spectral density g()) is known, the least favorable spectral density f°()\) in the classes DF, k = 1,2, 3,4 for
the optimal linear prediction of the functional A¢ from observations of the process £(t) + n(t) at points ¢ < 0 is
determined by canonical factorizations (30) and (29), equations (75), (77), (79), (81), respectively, constrained
optimization problem (40) and restrictions on density from the corresponding classes D’;E, k=1,2,3,4. The
minimax-robust spectral characteristic of the optimal estimate of the functional A¢ is determined by formula (32).

Conclusions

In this article, we dealt with continuous time stochastic processes with periodically correlated dth increments.
These stochastic processes form a class of non-stationary stochastic processes that combine periodic structure of
covariation functions of processes as well as integrating one.

We derived solutions of the problem of estimation of the linear functionals constructed from the unobserved
values of a continuous time stochastic process with periodically correlated dth increments. Estimates are based
on observations of this process with periodically stationary noise at points ¢ < 0. We obtained the estimates by
representing the process under investigation as a vector-valued sequence with stationary increments. Based on the
solutions for these type of sequences, we solved the corresponding problem for the considered class of continuous
time stochastic processes. The problem is investigated in the case of spectral certainty, where spectral densities of
sequences are exactly known. In this case we propose an approach based on the Hilbert space projection method.
We derive formulas for calculating the spectral characteristics and the mean-square errors of the optimal estimates
of the functionals. In the case of spectral uncertainty where the spectral densities are not exactly known while,
instead, some sets of admissible spectral densities are specified, the minimax-robust method is applied. We propose
a representation of the mean square error in the form of a linear functional in L; with respect to spectral densities,
which allows us to solve the corresponding constrained optimization problem and describe the minimax-robust
estimates of the functionals. Formulas that determine the least favorable spectral densities and minimax-robust
spectral characteristics of the optimal linear estimates of the functionals are derived for a wide list of specific
classes of admissible spectral densities.

The further steps of the study consist in practical application of the developed estimates and techniques in the
fields of environmental researches, financial and econometrics forecasting, signal processing etc., as well as an
investigation of their limitations.
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Appendix

Proof of Lemma 4.2.
Define
b7 (u) = b7 (u+ 4T, G\ (w) = ¢ (u+ jT,7T), u € [0,T),

and
aj(u) = a(u+jT), m()—m(uﬂT u€[0,T).

Making use of decomposition (6) for the increment sequence {C ;i .J€ Z} and the solution of equation

0 [5]+ com 5] =0 (83)

of two variables (k,m), which is given by pairs (1,1), (20 + 1,2[) and (2[,2] + 1) for [ = 2,3, ..., rewrite the
functional B( as [31]

o0 o0 T
B¢ = /0 bT(t)C(d)(t,TT)dt:Z /O b7 (w) ¢\ (u)du
/ (be 27mi{(—=1)* g}u/T> <ZC 27r11{(—1)"”[’,§]}u/T> du
Z Sy [ en(o s,

DPBLATHEDBGINSE

k=1 §=0

8 I

) M il

:B(

The representation of the functional V') is obtained in the same way:

o= [[atemon= 32 [ oononte= S5 s = 3675 = v

7=0 k=1 =0

From Lemma 4.1 we obtain

= a(u+jT+7Thd(l) = D" a(u), u € [0;T), j =0,1,...,
=0

and

oo

ki = Zakj+rld(l)v J=0,1,...,
1=0

which finalizes the proof of Lemma 4.2.
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Proof of Theorem 4.1.

A projection H 5 of the element H 5 on the subspace H%~ (fﬁd) + n&d)) is characterized by two conditions:
D HE e HO (&7 + ),

2) (HE — HE) L HO (69 + 9P,

The second condition implies the following relation which holds true for all j < —1 and for all £ > 1

T N ) _ e—i)\T d N
/_ ((BT@M))TWU(A) FA2g(0) — (B () T(F) + A (A)) —

(1 _ ei/\T)d

—i\j —
W@ JdN\ = 0.

- M(e”))Tg(A)(—z'A)d) 5,

From these relations, we conclude that the spectral characteristic l_iT(/\) of the estimate H 5 allow a representation
in the form (24) where

o0
Cr(e?) =) e,
j=0

and ¢} = {c};}32,,J = 0,1,2,..., are unknown coefficients to be found.
Condition 1) implies (iX\)%(1 — e~*)~4h_(\) € LY, and thus,

™ . ) . . 2d
J (BT = ) a0 i )+ 05(0)

L A2 S\ g A
- G s O+ X¥00) ™ ) Mar =0, =,

which can be presented as a system of linear equations

(o) (o)
b =D T = FLd, 120, (84
j=0 =0

determining the unknown coefficients E’jr ,7>0.
Rewrite the system of equations (84) in the matrix form

where

Consequently, the unknown coefficients E’]’ , j > 0, determining the spectral characteristic HT()\) are as follows

& =P;'D’a-P;'T;a");, j=>0,
where (P;!D7a—P;!T,a");, j >0, is the jth infinite dimension vector entry of the vector P-'D7a —
P_-!T,a". The existence of the inverse matrix (P7)~! is justified in [21] under condition (15). Thus, the function
C(e™) is calculated as
Cr(e™) = Z(P;lDTa —P T, a");e
=0

Stat., Optim. Inf. Comput. Vol. 12, September 2024



MAKSYM LUZ, MIKHAIL MOKLYACHUK 1277

and the spectral characteristic ET()\) is calculated by the formula

- 3 i (1_e—i>\T)d
(h-(N)" = (B (e /\))TW
- —i\)4
- (Ar(e“))Tg(M(l(;iT)d(f(A) + X2g(\)~
(=i S (p-1pr —1m 7\ iAj : 2d —1
eyt (2P DA PITaT) e | (f() + X))
k=0

The value of the mean square error of the estimate AE is calculated by the formula

A(f, g; AE) = A(f, g; HE) = E|[HE — HE?
™ 2d . i . )
5 | e () o) + (E )T
X (FO) + A2 g(A) 71 FO) (F() + X2g(0) 7
% (9 A () + O () )
™ 4d _ei)\T 2d . N .
+ 217T/7T |1 7);M7—|4d (1 5 | (A(el)‘))—rf()\) _ (1 _ e—z)\r)d( T(ez/\>)T>
X (F) +A%g(N) "1 g(V) (F(N) + A% (V)
<1_6i)\7|2d AL IANT\D A (0N
X Wf(/\)A(e )—(1—e"T)C,(e )) A
=(D"a—T,a",P 'Da—- P 'T,a") + (Qa,a),

which finalizes the proof of Theorem 4.1.
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