
STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. 12, November 2024, pp 1663–1683.
Published online in International Academic Press (www.IAPress.org)

Overlap Analysis in Progressive Hybrid Censoring: A Focus on Adaptive
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Abstract This article explores the adaptive type-II progressive hybrid censoring scheme, introduced by Ng et al. (2009),
which is used to make inferences about three measures of overlap: Matusita’s measure (ρ), Morisita’s measure (λ), and
Weitzman’s measure (∆) for two Lomax distributions with different parameters. The article derives the bias and variance
of these overlap measures’ estimators. If sample sizes are limited, the precision or bias of these estimators is difficult to
determine because there are no closed-form expressions for their variances and exact sampling distributions, so Monte Carlo
simulations are used. Also, confidence intervals for these measures are constructed using both the bootstrap method and
Taylor approximation.
To demonstrate the practical significance of the proposed estimators, an illustrative application is provided by analyzing real
data.
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1. Introduction

Life-testing experiments pose challenges in controlling test duration and conserving experimental units while
ensuring efficient estimation. Censoring techniques offer a solution by removing active units and stopping the
experiment before all units fail. Progressive censoring is crucial, as it involves removing units at predetermined or
random time points during the experiment, accounting for potential losses or removals.

Over the years, progressive censoring has been extensively studied, with models falling into two categories:
progressive Type-I censoring, concluding the experiment at predefined times, and progressive Type-II censoring,
ending after a predetermined number of failures, both approaches provide flexibility by allowing unit removal at
non-terminal times.

Progressive Type-I censoring involves fixed durations at specific time points, potentially resulting in few or no
observed failures for units with long lifetimes. In contrast, progressive Type-II censoring, although flexible, may
lead to extended test durations when units have extended lifetimes, which is considered a drawback.

Kundu and Joarder (2006) introduced two progressive hybrid censoring schemes, offering alternatives to
traditional progressive Type-II censoring by ending experiments at a certain time T . These schemes adapt to
the data, allowing fewer than m observations in Type-I hybrid censoring or extended testing in Type-II hybrid
censoring.
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Figure 1. Adaptive type-II progressive hybrid censoring model as proposed by Ng et al. (2009). (a) Experiment ends before
time T. (b) Experiment ends after time T.

During real-life experiments, it is imperative to acknowledge that a fixed censoring scheme may not always be a
practical approach. Any intentional or unintentional alternation during the experiment can significantly impact the
results. However, Ng et al. (2009) have introduced a new model (depicted in Figure (1) that allows the censoring
scheme to be changed as required during the experiment. This model is called adaptive type-II progressive hybrid
censoring (Adaptive-IIPH), in which a threshold time T switches between the original and modified schemes.

Assume there are n units in a life-testing experiment, and the effective sample size m(< n) is predetermined,
along with the censoring scheme (K1,K2, . . . ,Km); however, the values of some of the Ki may change as the
experiment progresses. Assuming the experimenter has provided an ideal total test time T . If the m-th failure
occurs before time T (see Figure 1(a)), the experiment proceeds similarly to type-II progressive censoring. It halts
at time Xm with the pre-fixed censoring scheme (K1,K2, . . . ,Km). Otherwise, if the experimental time has passed
T , but the number of observed failures has not yet reached m, we do not remove any items from the experiment

by setting Kj+1 = Kj+2 = · · · = Km−1 = 0 and K∗ = n−m−
j∑

i=1

Ki. This setting can be seen as a design that

guarantees m observed failure times while keeping the total test time not too far away from the ideal test time T
(depicted in Figure 1(b)). Note that if we set T = 0, we will have a traditional type-II censoring method. However,
if T → ∞, the Adaptive-IIPH process becomes a progressive type-II censoring technique.

Adaptive-IIPH significantly impacts real-life applications, as evidenced by its widespread use in literature.
Most recently, Alslman and Helu (2023) developed new methods for estimating the stress strength of the Inverse
Weibull distribution using the Adaptive-IIPH censoring scheme. Asadi et al. (2022) employed Adaptive-IIPH
censoring to conduct accelerated life tests on virus-containing microdroplets, monitoring Virus-MD persistence
during coughs at different time points. Alotaibi et al. (2022) utilized Adaptive-IIPH censoring for testing sodium
sulfur battery lifetimes in a chemical application employing the XLindley distribution. Furthermore, Helu and
Samawi (2021) applied Adaptive-IIPH censoring to radar-evaluated rainfall data from 52 cumulus clouds in South
Florida, highlighting its versatile utility in various fields.

Estimating the proportion of machines or electronic devices with similar failure time ranges is crucial in
reliability analysis, especially when dealing with different sources or stress levels. Various overlap coefficients
(OV L), such as Matusia’s measure ρ, Morisita’s measure λ, and Weitzman’s measure ∆, are utilized to achieve
this. These coefficients represent the common area between two probability density functions. The depiction of
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Figure 2. Overlap of two densities.

OV L for two distributions in Figure 2 displays the natural interpretations of OV L as a fraction of probability mass
under either density, represented by the shaded area in Figure 2.
OV L has found widespread use in various practical applications as well. It has been utilized in quantitative

ecology, as demonstrated by Gastwirth (1975). Furthermore, OV L has been applied to electromyographic
assessment of muscular asymmetry by Ferrario et al. (2000) and in treatment assessment during clinical trials,
as discussed by Mizuno et al. (2005).

For a deeper exploration of the various applications of overlap coefficients, interested readers can refer to the
works of Wang and Tian (2017) and Martinez-Camblor (2022).

The mathematical form of the OV L measures are as follows: Suppose two samples of observations are drawn
from two continuous distributions f1(x) and f2(x). Then the overlap measures are defined as follows:

Matusita’s Measure (1955): ρ =

∫ √
f1(x)f2(x)dx,

Morisita’s Measure (1959): λ =
2
∫
f1(x)f2(x)dx∫

[f1(x)]2dx+
∫
[f2(x)]2dx

,

Weitzman’s Measure (1970): ∆ =

∫
min(f1(x), f2(x))dx.

It is possible to adapt these measures for discrete distributions by using summations. They can also be extended
to multivariate distributions. They are quantified on a scale from 0 to 1, with values near 0 indicating significant
inequality (or disagreement) and 1 suggesting exact equality (perfect agreement) between density functions.

The mathematical structure of these measures is intricate, and there are no results available on the exact sampling
distributions of their estimators. Prior work includes Smith (1982) on discrete Weitzman’s measure, Mishra et
al. (1986) on sampling properties under homogeneity assumptions, Mulekar and Mishra’s (1994) simulations
on normal densities, and Lu et al.’s (1989) study of sampling variability. Additionally, Dixon (1993) applied
bootstrapping and jackknife techniques, while Mulekar and Mishra (2000) addressed inference problems.

The sampling behavior of a nonparametric estimator of OV L was analyzed by Helu and Samawi (2011). Samawi
et al. (2017) conducted a study investigating the similarities and distinctions between the maximum of the Youden
index (J) and overlap coefficient (OV L), highlighting the advantages of OV L over J.
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In this article, our primary focus lies in making inferences regarding the measure of overlap (OV L) while
utilizing Adaptive-IIPH censoring data from two independent Lomax distributions.

In Section 2, we introduce the Lomax distribution and derive the measures, as well as introduce the estimators.
Moving on to Section 3, we discuss the approximate biases, establish confidence intervals via the delta method and
bootstrap techniques for the OV L measures. In Section 4, we present the outcomes of our simulations and engage
in a comprehensive discussion. Finally, in Section 5, we showcase a practical example using real-life data.

2. The model

The Lomax distribution, also known as Pareto Type-II distribution, belongs to the category of decreasing failure rate
distributions. This has been noted in the research conducted by Chahkandi and Ganjali (2009). Initially introduced
by Lomax (1954) as a model for business failure data, it has now found widespread applications in the field of
lifetime distribution and its various extensions. These extensions are comprehensively discussed in the research of
Marshall and Olkin (2007). According to Bryson (1974), when we assume that the population distribution exhibits
heavy-tailed characteristics, The Lomax distribution can be an excellent alternative to more conventional lifetime
distributions such as the exponential, Weibull, or gamma distributions. For a more detailed exploration of the
Lomax distribution and its various applications, Arnold (2001) provides extensive information. A random variable
U is said to have a Lomax distribution with probability density function (pdf)

f (u) =
β

θ
(1 + βu)

−(1+ 1
θ ) , u > 0 (1)

where, θ > 0 and β > 0 are the shape and scale parameters, respectively. The cumulative distribution function (cdf)
corresponding to (1) for u > 0, is

F (u) = 1− (1 + βu)
− 1

θ . (2)

For known β, the distribution of X = log (1 + βU) is a one-parameter exponential distribution (Exp (θ)), with
pdf and cdf as follows:

g(x) =
1

θ
e−x/θ, for x > 0, θ > 0 (3)

and
G(x) = 1− e−

x
θ , for x > 0, θ > 0 (4)

Because the transformation X = log (1 + βU) is a one-to-one function that strictly increases, both the original data
set U and the transformed data set X have an equivalent impact on overlap measures. Furthermore, transforming
the data to X simplifies the computation of essential properties.

Let R = θ1
θ2

, as in Helu and Samawi (2011), the continuous version of the three proposed overlap measures can
be expressed as a function of R as follows:

ρ =
2
√
R

1 +R
, (5)

λ =
4R

(1 +R)
2 , (6)

and

∆ = 1−R
1

1−R

∣∣∣∣1− 1

R

∣∣∣∣ , R ̸= 1. (7)

According to Mulekar and Mishra (2000), ρ, λ, and ∆ are not monotone for all R > 0. However, they exhibit
certain properties, such as symmetry in R, meaning that OV L(R) = OV L( 1

R ). They also remain invariance under
linear transformations, Y = aX + b, a ̸= 0 and attain the maximum value of 1 at R = 1.
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2.1. Maximum likelihood estimates

The joint pdf of the Adaptive-IIPH censored sample coming from an absolutely continuous distribution with pdf
f(.) and cdf F (.) (see Balakrishnan and Cramer, 2014) can be written as

L(θ1|U) = C[1− F (um)]K
∗

m∏
i=1

f(ui)

J∏
i=1

[1− F (ui)]
Ki , (8)

where,
C = n(n−K1 − 1)(n−K1 −K2 − 2)...(n−K1 −K2 − ...−Km−1 −m+ 1),

is the normalizing constants. Let U = U1:m1:n1
< U2:m1:n1

< ... < Um1:m1:n1
be an Adaptive-IIPH censor-

ing sample for a random sample of size m1 from Lomax(θ1, β) distribution under the censoring scheme
{n1,m1,K1, ...,KJ1 , 0, ..., 0,K

∗ = n1 −m1 −
∑J1

i=1 Ki} such that UJ1:m1:n1 < T1 < UJ1+1:m1:n1 . For simplic-
ity, let Ui = Ui:m1:n1

. Since the lifetime of product U follows Lomax(θ1, β) with known (given) scale parameter
β, then by substituting Eqs. (1) and (2) into Eq. 8, the log-likelihood function reads

lx ∝ −K∗

θ1
log (1 + βum1

) +m1 log

(
β

θ1

)
−
(
1 +

1

θ1

) m1∑
i=1

log (1 + βui)

−
J1∑
i=1

Ki

θ1
log (1 + βui) .

(9)

Using the transformation X = log (1 + βU) , the order statistic X1 < X2 < ... < Xm1 will be the corresponding
Adaptive-IIPH from the one parameter exponential distribution with mean θ1. Hence, the associated log-likelihood
function of the observed transformed data becomes

lx ∝ −m1 log θ1 −

(
K∗xm1

+ (θ1 + 1)
∑m1

i=1 xi +
∑J1

i=1 Kixi

)
θ1

. (10)

Similarly for the second data set, V = {V1 < V2 < ... < Vm2} is an Adaptive-IIPH censoring sample under the
scheme {n2,m2, L1, ..., LJ2 , 0, ..., 0, L

∗ = n2 −m2 −
∑J2

i=1 Li} such that VJ2 < T2 < VJ2+1 from Lomax(θ2, β) ..
Using the transformation Y = log (1 + βV ) , the order statistic Y1 < Y2 < ... < Ym2

will be the corresponding
Adaptive-IIPH from the one parameter exponential distribution with mean θ2. Hence, the joint associated log-
likelihood function of the observed transformed data becomes

ly ∝ −m2 log θ2 −

(
L∗ym2 + (θ2 + 1)

∑m2

i=1 yi +
∑J2

i=1 Liyi

)
θ2

. (11)

The MLEs of the parameters θ1 and θ2 can be obtained by taking the first derivative of Eqs. 10 and 11 with respect
to θ1 and θ2, respectively, and equating the normal equations to 0 to get

θ̂1 =
K∗xm1

+
∑m1

i=1 xi +
∑J1

i=1 Kixi

m1
, (12)

θ̂2 =

(
L∗ym2

+
∑m2

i=1 yi +
∑J2

i=1 Liyi

)
m2

. (13)

Viveros and Balakrishnan (1994; page 88) showed that when the underlying distribution is an exponential
with unknown mean θ, and when data W1:m:n < W2:m:n < · · · < Wm:m:n are based on progressively type-II
censored sample with censoring scheme K = (K1,K2, . . . ,Km), θ̂ =

∑m
i=1(Ki+1)wi

m is the MLE of θ, and θ̂ ∼
Gamma(m, θ

m ) in which Gamma (., .) denote the Gamma distribution. Cramer and Iliopolous (2010; Theorems
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5 and 7) showed that the MLE when data are based on Adaptive-IIPH coincide with the MLE in deterministic
progressive type-II censoring schemes. Thus, the distribution of this particular random variable is invariant with
respect to random (fixed) progressive type-II censoring procedure. Thus, we obtain θ̂i ∼ G(mi,

θi
mi

); i = 1, 2.
Consequently, the means and variances of the MLEs in (12) and (13) are

E(θ̂1) = θ1, E(θ̂2) = θ2, (14)

V ar(θ̂1) =
θ21
m1

, V ar(θ̂2) =
θ22
m2

, (15)

by the invariant property, the MLE of R is R̂ = θ̂1
θ̂2
. Hence, θ2

θ1
R̂ has F -distribution with 2m1 and 2m2 degrees of

freedom (F2m1,2m2
). Thus, the variance of R̂ is given by:

V ar(R̂) =
m2

2(m1 +m2 − 1)

m1(m2 − 1)2(m2 − 2)
R2. (16)

Clearly, an unbiased estimator of R is given by R̂∗ = (m2−1)
m2

R̂ with variance V ar(R̂∗) = (m1+m2−1)
m1(m2−2) R2 and hence

V ar(R̂∗) < V ar(R̂). Since the OV L measures are functions of R, therefore, based on the MLE estimate of R,
the OV L measures can be estimated by

ρ̂ =
2
√

R̂∗

1 + R̂∗
, (17)

λ̂ =
4R̂∗(

1 + R̂∗
)2 , (18)

and,

∆̂ = 1− R̂
∗ 1

1−R̂∗

∣∣∣∣1− 1

R̂∗

∣∣∣∣ , R̂∗ ̸= 1. (19)

3. Asymptotic properties of OVL

Using the delta method, the asymptotic variance and bias for OV L measures are as follows: Let OV L = g(R̂∗),
then the asymptotic variance are given by

V ar(ρ̂) = σ2
ρ̂
∼=

(m1 +m2 − 1)

m1(m2 − 2)

R(1−R)2

(1 +R)4
, (20)

V ar(λ̂) = σ2
λ̂
∼=

16(m1 +m2 − 1)

m1(m2 − 2)

R2(1−R)2

(1 +R)6
, (21)

V ar(∆̂) = σ2
∆̂
∼=

(m1 +m2 − 1)

m1(m2 − 2)

R
2

1−R (logR)2

(1−R)2
. (22)

with the asymptotic bias

Bias(ρ̂) ∼=
(m1 +m2 − 1)

m1(m2 − 2)
×

√
R(3R2 − 6R− 1)

2(1 +R)3
, (23)

Bias(λ̂) ∼=
(m1 +m2 − 1)

m1(m2 − 2)
× 4R2(R− 2)

(1 +R)4
, (24)
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and,

Bias(∆̂) ∼=

{
H(R) (m1+m2−1)

m1(m2−2) , R > 1

−H(R) (m1+m2−1)
m1(m2−2) , R < 1

}
, (25)

where, H(R) = R2

[
R

2R−1
1−R R{2R−logR−2} logR−(R−1)2

(R−1)3

]
.

Consistent estimators for the above variances and biases can be obtained by substituting R by R̂∗ in the above
formulas.

3.1. Interval estimation

Two types of interval estimation for the OV L measure are considered, namely the asymptotic confidence
interval and the bootstrap confidence interval that were introduced by Efron (1992). For a large sample, normal
approximation to the sampling distribution using the delta-method, works fairly well. Therefore, the asymptotic
100(1− α)% confidence interval for the OV L measures is given by:{
ÔV L∓ σ̂

ÔV L
Zα/2

}
, where Zα/2 is the α

2 upper quantile of the standard normal distribution.

There is an obvious bias involved in all OV L measure estimates, however, for large samples, they work fairly
well. Thus, the bias corrected interval can be computed as follows:(

ÔV L−Bias(ÔV L)
)
± σ̂

ÔV L
Zα/2. (26)

However, uniform bootstrap resampling approach for estimating bootstrap confidence intervals as described by
Efron (1992), is designed for one sample case. For a two-sample case, the uniform resampling rules will apply to
each sample separately and independently (see Helu and Samawi, 2011).
Let X =(X1, X2, · · · , Xm1

) and Y =(Y1,Y2, · · · ,Ym2
) be two independent Adaptive-IIPH samples. Assume

that the parameter of interest is the OV L coefficient. Let S be an estimate of OV L based on the mentioned
two random samples. For B uniform re-samples, say (X∗

i1, X
∗
i2, ..., X

∗
im1

) and (Y ∗
i1, Y

∗
i2, ..., Y

∗
im2

), i = 1, 2, ..., B,
let S∗

1 , S
∗
2 , ..., S

∗
B be the re-sampling realization of S. Then, the uniform re-sampling approximation to the

100(1− α)% bootstrap confidence limits can be obtained as follows: Let S∗
(1), S

∗
(2), ..., S

∗
(B) be the order statistics

of S∗
1 , S

∗
2 , ..., S

∗
B . Define ω1 = integer(B(α)) and ω2 = integer(B(1− α)). Then the uniform re-sampling

approximation of the 100(1− α)% confidence interval is
(

S∗
(ω1)+S∗

(ω1+1)

2 ,
S∗
(ω2)+S∗

(ω2+1)

2

)
.

4. Simulation Study

This simulation study aims to rigorously compare the performance of maximum likelihood estimators for the
measures of overlap. These estimators are derived from diverse sets of Adaptive-IIHP censoring samples, as
described by Ng et al. (2009), generated from two independent Lomax distributions. The algorithm proceeds as
follows:

1. Generate two independent progressive type-II censored samples, denoted as U1, U2, ..., Um1 and
V1, V2, ..., Vm2

from Lomax (θ1, β) and Lomax (θ2, β) , respectively. Use censoring schemes K =
(K1,K2, . . . ,Km1

) and L = (L1, L2, . . . , Lm2
) as proposed by Balakrishnan and Cramer (2014).

2. Determine the values of J1 and J2, such that UJ1 < T1 < UJ1+1 and VJ2 < T2 < VJ2+1. Then, remove
UJ1+2, . . . , Um1

and VJ2+2, . . . , Vm2
.

3. Generate the first m1 − j1 − 1 order statistics from the truncated distribution f1(u)
1−F1(uJ1+1)

as UJ1+2, . . . , Um1
,

and adjust the censoring scheme to K = (K1, . . . ,KJ1
, 0, . . . , 0,K∗ = n1 −m1 −

∑J1

i=1 Ki). Similarly,
generate the first m2 − j2 − 1 order statistics from the truncated distribution f2(v)

1−F2(vJ2+1)
as VJ2+2, . . . , Vm2

,
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and update the censoring scheme to L = (L1, . . . , LJ2
, 0, . . . , 0, L∗ = n2 −m2 −

∑J2

i=1 Li). Use the
transformation X = log (1 + βU) and Y = log (1 + βV ) as in Section 2.

4. Calculate θ̂1 and θ̂2, and subsequently obtain the estimates of the measures of overlap ρ̂, λ̂, and ∆̂.

In this study, we executed a total of 10 000 simulations, each corresponding to one of four distinct values of R.
Specifically:

1. When R = 0.005, the resulting parameter values are as follows: ρ = 0.1407, λ = 0.0198, and ∆ = 0.0311.
2. For R = 0.05, we observe ρ = 0.4259, λ = 0.1814, and ∆ = 0.1886.
3. When R = 0.2, the associated parameter values are ρ = 0.70, λ = 0.50, and ∆ = 0.42.
4. Lastly, R = 0.8 yielded parameter values of ρ = 0.994, λ = 0.988, and ∆ = 0.918.

These simulations are conducted based on four distinct sets of population parameters: β = 1, (θ1, θ2) =
(0.005, 1), (0.1, 2), (0.1, 0.5), and (0.8, 1). This comprehensive range of parameter combinations allow us to explore
varying degrees of similarity between the two Lomax distributions. Additionally, three primary stopping times are
considered: T1 = X⌊m

4 ⌋, T2 = X⌊ 4m
5 ⌋, and T3 = Xm + 2.

We then compute the associated approximate 95% confidence intervals, |Bias|, mean squared error (MSE),
length of the confidence intervals (L) and coverage probability (Cov) using Taylor and bootstrap approximation
techniques. The bootstrap approximation is based on B = 1000 resamples. For illustrative purposes we generate
the censoring samples using n = n1 = n2 = 20, 30,m = m1 = m2 = 5, 10, 20, and set K = L, employing three
censoring schemes:

• Scheme-I: (n−m, 0∗(m−1)), known as scheme-I, where n−m units are removed just after the first failure.
• Scheme-II:

(
0∗(m−1), n−m

)
, known as scheme-II, where n−m units are removed after the last failure.

• Scheme-III:
(
n−m

2 , 0∗(m−2),n−m
2

)
, known as scheme-III, where n−m

2 units are removed after the first
and last failures. For brevity, we use the notation 0∗p to denote p successive zeros. Thus, the scheme
(9, 0, 0, 0, 0, 0) is denoted by (9, 0∗5).

4.1. Data analysis and comparison study

Our study aims to examine how overlap estimators perform when applied to samples drawn from two Lomax
distributions of varying degrees of similarity based on Adaptive-IIPH censored data. Our research has revealed an
essential relationship between the similarity of two distributions and the accuracy of the estimators. This helps to
shed light on the behavior of the estimators and their effectiveness in real-world scenarios.

Most favorable estimators tend to have minimal |Bias|, the smallest MSE, and the shortest confidence intervals
(L). These desirable properties manifest prominently when a substantial disagreement exists between the two
Lomax density distributions i.e., when ρ = 0.14, λ = 0.019 and ∆ = 0.03, as depicted in Tables 6 and 10 where we
can notice that |Bias| and MSE are almost zero with very small L and a coverage probability (Cov) that is quite
close to the nominal level.

Conversely, as the similarity between the source distributions increases, i.e., ÔV L approaches 1, we consistently
observe an escalation in |Bias|, MSE, and L and a decrease in Cov across all OV L estimators. Based on this
pattern, these estimators appear less accurate and precise as the source distributions become more alike You can
refer to Tables 6-9 for more information.

Interestingly, a notable inverse relationship surfaces concerning coverage probability. As the source distributions
become more alike, the coverage probability, Cov, decreases for the estimators ρ̂ and λ̂. However, this trend
diverges for ∆̂, where the Cov improves with increasing similarity between the two densities (See Tables 8 &
9).

Furthermore, as the values of ρ̂ and λ̂ approach 1, signifying strong agreement between the source distributions,
we observe a similar behavior pattern: intriguingly, the ∆̂ estimator deviates from this pattern. As ∆̂ approaches
1, indicating maximum similarity, only the |Bias| of the ∆̂ estimator declines, while MSE, L and Cov increase
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(compare Tables 8 & 9). This suggests that the ∆̂ possesses unique characteristics, performing optimally when the
source distributions completely agree or disagree.

Moreover, it’s crucial to underscore the consistent behavior of the ∆̂ regarding coverage. Specifically, as ∆̂
approaches the extremes of 0 or 1, there is a consistent increase in Cov values. This highlights the remarkable
stability of the ∆̂ estimator in scenarios where the source distributions either fully align or diverge.

It is noteworthy that when there exists a substantial disagreement between the two Lomax densities, there are
minimal differences between the three stopping times. Additionally, when the ratio of m/n is large (≥ 2/3), |Bias|,
MSE, L, and coverage probability show noticeable improvement.

Shifting our focus to the bootstrap method, results presented in Tables 10-13 align with the observations made
in Tables 6-9. Furthermore, the bootstrap results indicate no significant impact from varying censoring schemes or
OV L values, except for the consistent coverage values, which remain stable regardless of the source distributions
aligning or diverging.

5. Real life data

In this section, we present a real life data to demonstrate the effectiveness of our proposed method in practical
situations. We used data sets that contain information on aircraft windshields’ failure times. These data sets include
both low- and high-quality variants. Aircraft windshields are designed with multiple layers of materials to withstand
extreme conditions during flight and play a critical role in ensuring aircraft safety and performance. Therefore, data
on their performance is routinely collected and analyzed, measured in 100,000-hour increments. The data used in
this research is obtained from Helu and Samawi (2017). Table 1 displays the failure times for low (Data 1) and
high (Data 2) quality windshields (see Table 1).

The legitimacy of the Lomax model For Data 1 & 2 is assessed using Kolmogorov-Smirnov (K-S), Anderson-
Darling (A-D) and chi-square tests with β = 1, θ1 = 0.0907 and θ2 = 0.1340, respectively. Table 2 shows that the
Lomax model fits both data sets well with a significance level of 0.05.

Three different artificial Adaptive-IIHP censored data are created for both sets using the same censoring schemes
as those in Section 4. The associated stopping time for each scheme and the generated censored samples are given
in Tables 3 and 4.

The estimates of the OVLs are calculated based on m1 = 32, m2 = 32. The corresponding MLEs, |Bias|,
asymptotic variance and 95% confidence intervals for OVLs, using Taylor approximation and bootstrap methods,
are reported in Table 5. The results illustrate the estimates’ proximity to unity, indicating a high level of
agreement between the two data sets. The |Bias|, asymptotic variances, and confidence interval lengths are notably
minimal. The asymptotic variances approach zero. Notably, estimates based on Scheme I demonstrate the closest
resemblance to the complete case.

Table 1. Aircraft windshields’ failure times

Data 1 0.0075 0.0085 0.0138 0.0165 0.0205 0.0258 0.0290 0.0298 0.0343
0.0388 0.0422 0.0425 0.0552 0.0578 0.0642 0.0642 0.0685 0.0702
0.0705 0.0723 0.0725 0.0778 0.0853 0.0887 0.0898 0.0905 0.1015
0.1035 0.1040 0.1057 0.1085 0.1163 0.1182 0.1213 0.1380 0.1458
0.1458 0.1553 0.1783 0.1965 0.3113 0.3245

Data 2 0.0085 0.0138 0.0165 0.0775 0.0258 0.0290 0.0298 0.0334 0.0398
0.0425 0.0642 0.0643 0.0702 0.0705 0.0725 0.0778 0.0887 0.0898
0.0905 0.0948 0.0968 0.1015 0.1035 0.1070 0.1127 0.1182 0.1213
0.1425 0.1428 0.1457 0.1458 0.1508 0.1553 0.1737 0.1783 0.2057
0.2598 0.3007 0.3458 0.4235 0.4975 0.4988
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Table 2. Test statistic and p-value for Data 1 & Data 2

Data K-S(p-value) A-D(p-value) chi-squared(p-value)
Data 1 0.1927 (0.0768) 2.1384 (0.2250) 8.3344 (0.0801)
Data 2 0.1778 (0.1240) 1.3404 (0.1233) 3.8000 (0.4338)

Table 3. Artificial Adaptive-IIHP censored samples for Data 1

scheme T censored data for Data 1

I T1

0.0075 0.0085 0.0165 0.0205 0.0258 0.0290 0.0425 0.0552 0.0578
0.0642 0.0642 0.1057 0.1085 0.1163 0.1182 0.1213 0.1380 0.1458
0.1553 0.1965 0.3245 0.0685 0.0702 0.0723 0.0725 0.0778 0.0887
0.0898 0.0898 0.1015 0.1035 0.1040

II T2

0.0075 0.0085 0.0165 0.0205 0.0258 0.0290 0.0298 0.0343 0.0388
0.0422 0.0552 0.0642 0.0642 0.0685 0.0702 0.0705 0.0723 0.0725
0.0887 0.0898 0.0905 0.1015 0.1035 0.1057 0.1163 0.1182 0.1213
0.1380 0.1458 0.1553 0.1965 0.3245

III T3

0.0138 0.0165 0.0205 0.0258 0.0290 0.0343 0.0388 0.0422 0.0425
0.0552 0.0702 0.0705 0.0723 0.0725 0.0853 0.0887 0.0898 0.0905
0.1015 0.1040 0.1057 0.1085 0.1163 0.1182 0.1213 0.1380 0.1458
0.1458 0.1553 0.1783 0.3113 0.3245

Table 4. Artificial Adaptive-IIHP censored samples for Data II

scheme T censored data for Data 2

I T1

0.0085 0.0138 0.0165 0.0258 0.0298 0.0334 0.0398 0.0425 0.0642
0.0643 0.0702 0.0705 0.0887 0.0898 0.0905 0.0948 0.0968 0.1015
0.1035 0.1070 0.1127 0.1182 0.1213 0.1425 0.1458 0.1508 0.1783
0.2057 0.3007 0.4235 0.4975 0.4988

II T2

0.0085 0.0165 0.0258 0.0290 0.0298 0.0334 0.0398 0.0425 0.0642
0.0643 0.0705 0.0725 0.0775 0.0778 0.0887 0.0887 0.0898 0.0905
0.0948 0.1015 0.1182 0.1213 0.1425 0.1428 0.1457 0.1458 0.1508
0.1553 0.3007 0.4235 0.4975 0.4988

III T3

0.0398 0.0905 0.0085 0.1428 0.0705 0.0258 0.4235 0.1457 0.4988
0.2057 0.0725 0.0425 0.0165 0.1508 0.0948 0.1553 0.0290 0.0702
0.0642 0.0898 0.1015 0.0887 0.1425 0.0298 0.1737 0.0138 0.1035
0.1182 0.1127 0.1070 0.1783 0.3007
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Table 5. Results based on failure times of aircraft windshields

Asymptotic Inference
95% confidence

Bootstrap Inference
95% confidence

Scheme Coeff MLEs (|Bias|) Asymptotic
variance Lower Upper Lower Upper

Complete ρ 0.9941(0.0043) 0.000084 0.9804 1 0.9839 0.9991
λ 0.9882(0.0084) 0.000332 0.9609 1 0.9680 0.9982
∆ 0.9199(0.0050) 0.00385 0.8032 1 0.8677 0.9691

1 ρ 0.9925(0.0077) 0.00019 0.9732 1 0.9104 0.9999
λ 0.9850(0.0152) 0.00075 0.9466 1 0.8288 0.9999
∆ 0.9097(0.0088) 0.00684 0.7564 1 0.6863 0.9942

2 ρ 0.9826(0.0082) 0.0004 0.9504 1 0.9150 0.9999
λ 0.9656(0.0157) 0.0016 0.9018 1 0.8371 0.9998
∆ 0.8627(0.0084) 0.0067 0.7106 1 0.6945 0.9905

3 ρ 0.9872(0.0080) 0.0003 0.9603 1 0.9241 0.9998
λ 0.9746(0.0155) 0.0012 0.9212 1 0.8539 0.9997
∆ 0.8823(0.0086) 0.0068 0.7296 1 0.7115 0.9866

6. Concluding Remarks

Our investigation of overlap estimators using Adaptive-IIPH censored data from two Lomax distributions revealed
important insights. Favorable estimators exhibited minimal bias and high accuracy when source distributions
disagreed, while their accuracy decreased with increasing distribution similarity. Notably, the ∆̂ estimator
performed optimally in cases of complete agreement or disagreement between source distributions. We recommend
using the ∆̂ estimator for applications that require high accuracy and precision. Additionally, a higher m/n ratio
resulted in improved estimator performance. This study offers valuable guidance for selecting the most suitable
overlap estimator based on the similarity of distributions.

Stat., Optim. Inf. Comput. Vol. 12, November 2024
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