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Abstract In a previous work (Prog Addit Manuf 6:93–118, 2021), a novel Additive Manufacturing scan strategy was
designed; the Skeleton-Based Perpendicular (SBP) scanning should show minimal trajectory series compared to classical
exiting hatching patterns used in the literature. In contrast, this pattern should lead to mechanical anisotropy due to the
one-way oriented printing if it is applied in all part’s layers; a complementary scan strategy must be designed to balance the
SBP orientations. This important constraint led the author of this paper to develop the “Skeleton-Based Parallel” (SBPar)
strategy as a SBP’s complementary scan for avoiding such issues. Subsequently, the present work details the design of the
SBPar pattern and the corresponding scan length; analytical formulations are drawn-up for a simple rectangle as a proof of
the concept. Therefore, the superposition of SBP and SBPar constitutes the total skeletal scanning (SB). Results emphasized
two conflictual interests: apart from stripe scan, the proposed SBPar scan exhibits a maximized trajectory compared to the
other scan strategies; thus, it seems lastly compromising the minimization objective targeted by SBP scan. On the other hand,
according to this maximization aspect, the second interest is regarded in terms of surface control which requires maximizing
matter spreading and thereafter offering higher densification to the processed surfaces. Furthermore, The SB and the classical
scan strategies showed degrees of length-similarities according to decision variables adopted herein. Further works will be
dedicated to the implementation of the Skeletal-Based trajectory within real 3D-parts and then to the associated mechanical
characterization.
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1. Introduction

Similarly to all fabrication technologies, Additive Manufacturing (AM) process parameters are considered among
the most decisive variables to be controlled during fabrication [1, 2, 3]; the robustness of given process parameters
levels is also of great consideration since some parameters’ values naturally imply stable output behavior than
others, especially in terms of both centering and dispersion criteria, or more generally in terms of Signal-to-Noise
ratios [1, 4, 5, 6]. In this regard, AM scanning strategies are no exception [7]. Indeed, in AM technologies, among
number of inputs, hatching strategies are the set of local geometry characteristics that are mostly affecting the
local properties of printed parts [8, 9, 10, 11, 12, 13, 14, 15]. Novel and more complex scanning strategies have
also been developed recently like fractal scan strategies based on Hilbertand and Peano-Gosper curves [14].

A scan strategy comprises the pattern style [16, 17], the hatch space and the orientation [17, 18], and so forth
[19]. Researchers found that the resulting mechanical properties in 3D-printed parts are straightforward affected
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by the hatch strategies in terms of processed matter density [20, 21, 22], residual stress [23, 24, 25], heat effect
[25, 26, 27], and more specifically the mechanical anisotropy [24, 28, 29, 30, 31, 32]. Hence, it the majority of
situations, further post-fabrication treatments are required for smoothening physical and metallurgical properties
so that the printed parts can show characteristics consensus between the technical requirements; this is, indeed, the
role of post-heat treatment [27, 33, 34] and Hot Isostatic HIP for instance [35, 36, 37]. Moreover, scan strategy was
found to be conditioning roughness levels particularly with regard to the hatch space values and layer thickness
[38, 39] and is necessarily condoning the post-finishing operations [40].

According to another perspective, number of authors discussed the need of minimizing scan trajectory in order
to save time, matter, or processing energy [19, 65]; in the other hand, trajectory optimization issue is one of the
major consideration in mechanics in general such as in robotics, control planning, and for the related energy saving
[17, 41, 42, 43, 44]. This paper presented rigorous mathematical formulations of the scan lengths of 5 different
patterns; four of them are classically used in the literature and in the industry namely chessboard, stripe, spiral, and
contour hatching patterns [8, 9, 10, 11, 12, 13, 14]; while the fifth corresponds to Skeleton Based Perpendicular
(SPB) scan which was designed for saving production time [17, 19]. The SBP pattern was designed by EL Jai
et al at the basis of the skeleton of 2D-shape notion [19]; the skeleton was defined as a hypothetical feature that
is regarded as the lieu of in-shape points that are the nearest from the shape borders [45]. The mathematical
skeleton feature was first defined as a topological species of shapes [45, 46]; It also represents a physical or virtual
object for the reconstitution of any form and the corresponding construction could be carried out using number
of techniques, but all can be clustered in the realm of the algorithmic geometry and then into the computational
geometry [47, 48, 49, 50, 51]; therefore, the skeleton found its straightforward application on image processing
and shape recognition [52, 53]. Recently, El Khattabi et al proposed a skeleton based clustering algorithm as a
perspective of their works [54, 55]. It is then worth mentioning that the proposed design will take advantages
of existing mathematical tools of multi-objective optimization in order to try to optimize number of conflictual
outcomes [56, 57, 58, 59, 60, 61, 62]. Statistical modeling will be also of high importance since not all geometric
features could be modeled in an analytical way; hence number of regression models (linear and non-linear)
[63, 64, 58, 2, 38, 44] will be useful to understand the behavior of the geometric features of the new scan strategy
according to the input parameters that are listed in the rest of the development.

Based on the above discussion, the present article is the second one of a series of works that are dedicated to
the integration of the skeletal scan paths. In the first paper [19], the authors developed the SPB hatching pattern as
a likely-minimal path compared to classical strategies. In this work, the author proposes an SPB complementary
scan, namely the Skeleton Based Parallel scanning, the SBPar pattern. The present concept corresponds to the
superposition of the SBP and SBPar patterns inasmuch as they are presenting couple of orthogonal patterns, one
on the other. That is to say, the complete Skeleton Based (SB) scan pattern is constituted of the pair SBP ; SBPar
as the basis of a novel scan strategy dedicated to additive manufacturing; as a proof of concept, it is proposed
to study a simple rectangle, but with variable dimensions and variable hatch space. A special attention is hence
given to the gain or save of length of the proposed design compared to classical scan strategies. Hence, the author
displays in detail the geometry parametrization of the proposed scan, the mathematical length formulation and the
corresponding performance indicator developed in here for comparing the SBPar and SB total scans to classical
AM scan strategies.

The rest of the paper presents the Mathematical development in section 2. This section meticulously exhibits
the geometry parameters, and the detail of scan lengths. This section also depicts the adopted gain of length
indicators and the benchmark hatching strategies alike. As for the benchmark analysis, the study considered
two main perspectives; the minimization/maximization of length but also the length similarity percentages or
feasibility as adopted by the author; section 3 depicts the corresponding computations, curves, parametric surfaces
and the related modeling, statistics, discussion and analysis; section 4 concludes the work by highlighting the
most significant findings with the corresponding analysis. Perspectives are in fine introduces the next works of this
series of Skeleton Based scanning for AM integration.
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2. Mathematical development of the total scan length

This works aims to exhibit a rigorous analytical description of the total scan length of the proposed SBPar scan
trajectory; thereafter, the proposed SBPar pattern will be combined to the SBP scan strategy that was developed by
El Jai et al [19]. This combination constitutes the primary pair of layers used to build a given parallelepiped as a
simple part being used as the proof of the concept of the proposed scan technique that is based on the skeleton of
2D shapes. In order to widen the analysis and the computations, variate dimensions of the rectangle are handled
namely the length L1 and the width L2. The hatch space of the hypothetic scan is also got as a computation input
and decision variable of the analysis. In another hand, since the SBPar scan is to be combined to the previous SBP
scan strategy, readers are referred to the previous article [19] which exhibits the detailed approach of the SBP scan
and the associated scan strategies adopted in the benchmark of the present study. Then, this section is divided in
three main parts:

• subsection 2.1 depicts the geometrical parameterization of the SBPar scan pattern of “(L1, L2)(L1>L2)”
rectangle which is used as the proof pf concept of this new scan strategy;

• subsections 2.2 to 2.5 address step-by-step the scan length equations starting from the scan tracks equations
(subsection 2.2), passing by the formalization of the summation of these matter that constitute the total scan
lengths of the areas 1 to 3; the total SBPar length equation is then exhibited in subsection 2.5;

• Finally, subsection 2.4 presents the Specific Gain of length per surface unit (SG) that is exploited for peer-to-
peer scan length comparison leading to a rigorous the benchmark according to the proposed parametrization
and hatch space distance “e”.

All codes’ implementation, computations, and plots were carried out by matlab 2021a.

2.1. SBPar pattern and parametrization

SBPar pattern is based on a series of scans dedicated to a rectangle (L1, L2) surface filling knowing a priori hatch
space “e”. Figure 1 displays the SBPar pattern principle proposed in this study which completes the SBP scan
developed by El Jai et al exhibited in Figure 2 [19]. Subsequently, Figure 3.a) to 3.c) depict the corresponding
geometry parameters handled in the mathematical development of subsections 2.2 to 2.5. The parametrization
distinguishes three zones denoted Area 1, Area 2, and Area 3 that define in fine the total scan length.

Figure 1. Main pattern and areas decomposition {1, 2, 3} of the SBPar scanning strategy
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Figure 2. Skeleton Based Perpendicular (SBP) pattern [19]

According to the horizontal and vertical symmetries of the rectangle and the scan trajectory, one can easily
prove that the calculation of the scan lengths can be restricted on areas 1, 2, and 3 at one of the rectangle’s quarters
and multiplied by the number of symmetries to obtain the total trajectory length. Thereby, the related geometry
parameters and objects are defined for the northeastern corner as listed in the following points:

• Area 1: set of points {A1, A2, A3, Ci, H1i} and the set of angles {θ1, θ2, θ3} (Figure 3.a to 3.c);
• Area 2: set of points {A2, A3, A5, A6, A7, H1i, H2i} and the set of angles {θ3, θ4} (Figure 3.a, Figure 4);
• Area 3: set of points {A1, A3, A4, A1i, A3i, θ1} (Figure 5);

The scanning jumps expressing the hatch space are assigned by the variable “e” as it is displayed in Figure 3.c,
Figure 4, and Figure 5.

2.2. SBPar Scanning length and total skeletal scan length

This subsection exhibits the stepwise construction of the lengths series in Areas 1, 2, and 3 of the SBPar scanning
patterns according to the parametrization developed in section 2.1 of the manuscript. According to Figure 3, one
can notice that the key point of the distance analysis is to determine initially the coordinates of the points A2, A3
that are defined by the system (1). These points detection allowed computing the scanning lengths in all rectangles
areas that are proposed in Figure 3, where the next sections exhibit the stepwise formulation of the total scanning
lengths in the areas 1, 2, and 3 depicted in Figure 1.{

{A1} = (B1) ∩ (D2)

{A2} = (D1) ∩ (∆)
(1)

Such that (s.t.):

(B1) is the bisector of the obtuse angle (Â1)
(D2) = {(x, y) : y = 0}
(D1) = {(x, y) : y = L2/2}
(∆) is the bisector of the obtuse angle (Â3)
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Figure 3. Parametrization of the SBPar scanning strategy a) Global view b) Local parametrization of the area A c) Hatch
space (jump gap) parameter

2.3. Scanning lengths’ series

The scanning series are defined herein as the basis lines that the summation constitutes the total scanning length.
Thus, subsection 2.3 builds the stepwise scanning length series formulations; while section 2.4 and 2.5 presents the
summation of these latter for total SBPar scanning length computing that is developed in section 3.

2.3.1. Area 1 :
Since A1A2A3 is a known triangle, the angles (θ1, θ2, θ3) are thus defined since at least the angle (Â1) is known
equal to π/2 and A1A3 are also known.

Thus
∀(Ci, H1i) :

CiH1i

sin θ2
=

CiA2

sin θ3
=

A1A2 −A1Ci

sin θ3

⇒ CiH1i = (A1A2 −A1Ci)
sin θ2
sin θ3

s.t: {
A1Ci = ie′ (Fig.3.b)
e′ =

√
2e (Fig.3.c)

Thus, the series of (SBPar) scans Ci H1i are defined by equation (2).

CiH1i = (A1A2 − i
√
2e)

sin θ2
sin θ3

(2)

Where i is the index of the scan as it is depicted in Figure 3.a and 3.b.
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2.3.2. Area 2 :
Figure 4 geometrically defines the scan lengths’ series of the Area 2. The total scanned length of Area 2 corresponds
to the sumation of the H1i H2i distances. Thus, according to Figure 4:

H1iH2i

H2iA5
= tan θ4 = tan

(π
2
− θ3

)
=

1

tan θ3

H1iH2i =
H2iA5

tan θ3

H2iA5 = A5A6 − ie

Where tan θ3 =
A5A6

A3A6
=⇒ A5A6 = A3A6(tan θ3)

s.t. A3A6 =
L1

2
− L2

2
=

1

2
(L1 − L2)

=⇒ A5A6 =
(L1 − L2)(tan θ3)

2

H2iA5 =
(L1 − L2)(tan θ3)

2
− ie

H1iH2i =
L1 − L2

2
− ie

tan θ3
(3)

Hence, the scan lengths’ series of the Area are defined by equation 3.

Figure 4. Parametrization of the Area 2

2.3.3. Area 3 :

The analysis of Figure 5 led to the definition of the scan lengths’ series of Area 3 by means of equation A.

A1iA3i = A1A3 − 2ie (4)
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Figure 5. Parametrization of the Area 3 a) Parameters details b) Envelop points

2.4. SBPar Scanning Length Per Area

The total (SBPar) scan is to be computed as a combination of 5 main components as listed below:

• LA1: Length corresponding to the trajectory scan of Area 1;
• LA2: Length corresponding to the trajectory scan of Area 2;
• LA3: Length corresponding to the trajectory scan of Area 3;
• Lsk: Length corresponding to the length of the skeleton itself;
• LJ : Total length corresponding to the jumps (hatch spaces).

Thus, the total (SBPar) scan length is defined by equation (5):

LSBPar = 4(LA1 + LA2 + LA3) + Lsk + LJ (5)

2.4.1. Area 1 Total Length: LA1

The total (SBPar) length of Area 1 is expressed by equation (6):

LA1 =

n∑
i=1

CiH1i (6)

s.t. n = E

(
L2

2e

)
From equation (1), equation (6) becomes:

LA1 =

n∑
i=1

(
A1A2 − i

√
2e
)
sin θ2

sin θ3

This led to the final expression of L1 as described by equation (7):

LA1 =

(
nA1A2 −

√
2
2 en(n+ 1)

)
sin θ2

sin θ3
(7)

2.4.2. Area 2 Total Length: LA2

The total (SBPar) length of Area 2 is expressed by equation (8):

LA2 =

n∑
i=1

H1iH2i =

n∑
i=1

(
(L1 − L2)

2
− ie

tan θ3

)
Thus:

LA2 =
n

2
(L1 − L2)−

e

tan θ3

n

2
(n+ 1) (8)
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2.4.3. Area 3 Total Length: LA3

The total (SBPar) length of Area 3, LA3, is expressed by equation (9):

LA3 =

n′∑
i=1

A1iA3i =

n′∑
i=1

(A1A3 − 2ie) = n′A1A3 −
2e

2
n′(n′ + 1)

From Figure 4.b:

n′ = E

(
h

2

)
, h =

√
2

4
L2

Thus:
LA3 = n′A1A3 − en′(n′ + 1) (9)

2.4.4. Scan Jumps Total Length: LJ

According to Figure 1 of the manuscript, the jumps exist only in Areas 1 and 3, which correspond to two jump
lengths components LJ1 for Area 1 and LJ3 for Area 3. Thus, the total length of jumps for the (SBPar) scan over
the studied rectangle is expressed by equation (10) and then by means of equation (12):

LJ = LJ1 + LJ3 (10)

s.t. {
LJ1 =

∑n
i=1,i=i+2 e

′ =
∑n

i=1,i=i+2

√
2e ≈

√
2
2 en

LJ3 =
∑n′

i=1,i=i+2 e
′ =

∑n′

i=1,i=i+2

√
2e ≈

√
2
2 en′ (11)

Hence:

LJ =

√
2

2
e(n+ n′) (12)

2.4.5. Skeleton Length: Lsk

According to Figure 1 and the horizontal and vertical symmetries, the skeleton length can be computed according
to equation (13):

Lsk = 4(A1A3) + 2(A3A6) (13)

Now let’s find the expressions of the distances A1A3, A1A2, and A3A6:
A1A3 =

√
(x3 − x1)2 + (y3 − y1)2 (14.1)

A1A2 =
√

(x2 − x1)2 + (y2 − y1)2 (14.2)
A3A6 =

√
(x6 − x3)2 + (y6 − y3)2 (14.3)

(14)

s.t. (x1, y1), (x2, y2), (x3, y3), and (x6, y6) are respectively the coordinates of the points A1, A2, A3, and A6.
From Figure 1 of the main text: 

x1 = 0, y1 = L2

2

x3 = L2

2 , y3 = 0

x6 = L1

2 , y6 = 0

(15)

In addition, A2 is defined by the system (1) as the bisector of the angle Â1A3A6. Thus, the following
developments are based on the description of Figure 3.a) of the main text:

x2 = (x3 − x1) + d
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where: {
tan

(
π
2 − θ3

)
= d

L2
2

= 1
tan θ3

x1 = 0

=⇒ x2 = x3 +
L2

2 tan θ3
In addition:

θ1 + 2θ3 = π =⇒ π

4
+ 2θ3 = π =⇒ θ3 =

3π

8
Thus: {

x2 = L2

2

(
1 + 1

tan θ3

)
y2 = L2

2

(16)

Hence, according to equations (14) to (16):
A1A3 =

√
2
2 L2

A1A2 = L2

2

(
1 + 1

tan θ3

)
A3A6 = L1−L2

2

(17)

Then, the total skeleton length can be expressed by equation (18):

Lsk = L1 + (2
√
2− 1)L2 (18)

2.5. Compilation and Total SBPar Scanning Length

According to the above development, the SBPar total scanning length LSBPar is computed according to equation
(19.1) and system (19.2):

LSBPar = 4(LA1 + LA2 + LA3) + Lsk + LJ (19.1)

LA1 = nL2

2

(
1 + 1

tan θ3

)
LA2 = n

2 (L1 − L2)− e
tan θ3

n(n+1)
2

LA3 =
√
2
2 n′L2 − en′(n′ + 1)

Lsk = L2(2
√
2− 1) + L1

LJ =
√
2
2 e(n+ n′)

n = E
(
L2

2e

)
, n′ = E

(
L2

e
√

2
4

)
, θ3 = 3π

8

(19.2)

Such that:

• LA1: Area 1 total length
• LA2: Area 2 total length
• LA3: Area 3 total length
• LJ : Scan jumps total length
• Lsk: Skeleton length
• E(x): Integer part of the given x variable

Since the SBPar strategy and the related length are formulated, it is interesting to sum up with the SBP scan
length to derive a complete formulation of the skeletal scan strategy SB. Hence, the total skeletal length LSB is
given by expression (20):

LSB = LSBP + LSBPar (20)

LSBP was formulated according to the pattern of Figure 2, which depends on the hatch space, the lengths L1

and L2, and the levels decomposition of the area C [19]. For further details, readers are referred to the Appendix
of El Jai et al. paper [19].
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2.6. Comparison and Benchmark Method

In this investigation, a benchmark study is adopted to position the proposed SBPar scan within the existing literature
scan frames. The strategies adopted in this work are:

• Chess pattern: denoted by the index “ch” and of length Lch;
• Stripe pattern: denoted by the index “st” and of length Lst;
• Spiral pattern: denoted by the index “sp” and of length Lsp;
• Contour pattern: denoted by the index “cont” and of length Lcont.

The SBP strategy will also be compared to the new SBPar. The benchmark strategies patterns are summarized
in Table 1.

In another hand, the total scan lengths of the benchmark strategies {Lch, Lst, Lsp, Lcont} are detailed in the
Appendix of the SBP work [19]. in this paper, the benchmark analysis was conducted using the specific gain of
scan length. In this paper, the same indicator will be handled in order to compare gain (positive) or loss (negative)
of length between two competing strategies. General speaking, the specific gain (SG) of length between two scan
strategies i and j for a given rectangle (L1 × L2) is expressed by equation (21). In this expression, the lengthLi is
considered as a reference length to which the LSBPar is be compared.

SGi

(
% per mm2

)
=

(LSBPar − Li)

Li

1

L1L2

or

SGi

(
% per mm2

)
=

(
LSBPar

Li
− 1

)
1

L1L2
(21)

It is worth denoting that the dimensions (L1, L2)(L1>L2), of the rectangle are varied during the computations to
evaluate the length gain according to the shape’s dimensions. L1 and L2 are varied according to the procedure in
equation (22), such that: 

L1(i) = 100 + 10× i for i ∈ {1, . . . , 20} (22.1)
L2(j) = 50 + 10× j for j ∈ {1, . . . , 20} (22.2)
if L1(i) > L2(j) : A(i, j) = L1(i)× L2(j) (22.3)
else: A(i, j) = NaN

(22.4)

Thus:
L1(i) ∈ [100, 300], L2(j) ∈ [50, 250] (23)

In this work, the specific gains (SGs) are expressed for each competing scan strategy as depicted in system (24):

SGch

(
% per mm2

)
=

(
LSBPar

Lch
− 1

)
1

L1×L2

SGst

(
% per mm2

)
=

(
LSBPar

Lst
− 1

)
1

L1×L2

SGsp

(
% per mm2

)
=

(
LSBPar

Lsp
− 1

)
1

L1×L2

SGcont

(
% per mm2

)
=

(
LSBPar

Lcont
− 1

)
1

L1×L2

SGSBP

(
% per mm2

)
=

(
LSBPar

LSBP
− 1

)
1

L1×L2

(24)

such that SGch, SGst, SGsp, SGcont, and SGSBP are respectively the specific length gains regarding
chess, stripe, spiral, contour, and finally the SBP patterns compared to the SBPar pattern. Furthermore, the
same computations and analysis were carried out for the total skeletal-based scan LSB compared to the other
scan strategies. In that case, two layers {LSBP + LSBPar}, constituting the LSB , should be compared to two
consecutive layers of a given competing scan pattern; hence, the SG indicator in the case of the total skeletal scan
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Benchmark Hatching Pattern Representation and Parametrization According to [19]

Chessboard (chess)

Stripe

Spiral

Contour
Table 1. Benchmark strategy display

(SB) is additionally computed according to expression (25), while LSB is given by equation (3) and Li expresses
the length of the competing strategies {chess, stripe, spiral, contour} developed previously [19].

SGSB,i

(
% per mm2

)
=

(
LSB

2Li
− 1

)
1

L1 × L2
(25)

It is worth recalling that the aim of the present analysis is to figure out how the rectangle dimensions (L1, L2)
and hatch space affect the total length of the SBPar and SB patterns and whether the scanned trajectories are
maximized or minimized compared to the benchmark scan patterns. Therefore, the SG indicators were designed
to answer two main needs:

• Computing and characterizing both SBPar and SB patterns feasibilities that are expressed by the
negativeness of the SG indicators; a negative SG means that the proposed scan strategies minimize the
hatching circulation compared to another competing scan strategy. In contrast, positive values of SG
indicate skeletal scan maximization. At this level, it is noteworthy that either minimizing or maximizing
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the trajectory is not considered as optimization objectives themselves. In other words, this work primarily
aims at characterizing the gain of length per surface unit as a function of the geometry parameters instead of
a proper optimization of the length; this latter will be reached by a simple analysis of LSBPar length, which
revealed a special behavior according to the decision variables, as will be exhibited in the next sections.

• An arbitrary choice of “SG negativeness” will lead to evaluating the feasibility of this condition regarding
each competitive scan strategy separately. Subsequently, a special consideration is assigned to the percentage
of feasibility as a general index for scan patterns competitiveness discussion, respectively for LSBPar and
LSB .

Based on the above, the feasible space describing the competitiveness of the SBPar and total skeletal scan SB
strategies can be respectively derived according to expressions (26) and (27).

Based on the above, the feasible space describing the competitiveness of the SBPar and total skeletal scan SB
strategies can be respectively derived according to expressions (26) and (27):

Based on the above, the feasible space describing the competitiveness of the SBPar and total skeletal scan SB
strategies can be respectively derived according to expressions (26) and (27):

(L∗
1, L

∗
2, e

∗) = arg(SGSBPar,i < 0) (26)
(L∗∗

1 , L∗∗
2 , e∗∗) = arg(SGSB,i > 0) (27)

Such that (L∗
1, L

∗
2, e

∗) and (L∗∗
1 , L∗∗

2 , e∗∗) express the (L1, L2, e) values according to which respectively LSBPar

and LSB are showing lower scan trajectory compared to the benchmark scan strategies.
Furthermore, a pairwise LSB similarity to the benchmark scan strategies has been carried out, expressing the

closeness of SGSB,i to the zero line, meaning that the difference of SB length to another scan strategy length is
likely equal. To assess this, the error of similarity or similarity tolerance ε, ranging between 10−6 and 10−4, has
been adopted, and the similarity percentage has been computed according to the number of data around this value,
according to expression (28):

Sim(%) =
card(arg(|SGSB,i − 0| < ε))

N
(28)

Such that:

• card(arg(|SGSB,i − 0| < ε)) refers to the measure of the number of elements having SGSB,i around zero,
in other terms |SGSB,i − 0| < ε.

• ε refers to the similarity error ranged in the interval [10−6, 10−4].
• N is the number of the threefold {L1, L2, e} combinations.

3. Results and Discussion

This section presents the most significant findings in terms of SBPar length computations and modeling according
to the decision variables (L1, L2, e). The comparison of both LSBPar and LSB to the other benchmark strategies
is then straightforward, and it is discussed in light of the resulting specific gain per surface unit values. Moreover,
an arbitrary minimization objective was adopted in order to point out the contrast of length between the competing
scan strategies. Subsequently, the feasibility of minimal SBPar or SB was studied as a percentage of (L1, L2, e)
population that fit the negativeness of SG indicators; otherwise, the skeletal scan will show a higher scan trajectory
length. Meanwhile, SBPar and SB similarities are discussed according to the computation in expression (10).

According to the method section, the parameters of Table 2 are adopted for the case study.
* L1 and L2 are generated according to the procedure (4);
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Parameter* Unity Designation Range
L1 mm Rectangle length [100, 300]
L2 mm Rectangle width [50, 250]
e µm Hatch space [25, 1000]

Table 2. Decision parameters and the corresponding ranges.

3.1. SBPar length modeling

In this section, the SBPar length was computed according to all (L1, L2, e) combinations. Figure ?? depicts the
evolution of LSBPar according to (L1, L2) and parametrized by the hatch space e. A stepwise modeling of LSBPar

according to (L1, L2) and e allowed describing and revealing the following behaviors:
- Perfect linear match of the SBPar length according to (L1, L2); the coefficients of determination R2 ranged

from 97.34% (at e = 96.50µm) to 97.37% (at e = 82.50µm) with a coefficient of variation (CV) of 0.0055%
expressing a significant concentration of R2 around the 97.35% line. The fitting p-values are found to be less than
10−100 levels; Figure ?? displays the resulting R2. Hence, bi-linear models were proposed for each hatch space e
as presented by the model (3). In this model, the hatch space e is considered as a parameter instead of a variable as
it will be proposed in the second point:

LSBPar(L1, L2)e = b0(e) + b1(e)L1 + b2(e)L2 (3)

Such that, for each surface LSBPar(L1, L2)e: - b0(e) is the y-intercept of the LSBPar(L1, L2)e linear model; -
b1(e) is the slope of the LSBPar(L1, L2)e regression function regarding the L1 variable; - b2(e) is the slope of the
LSBPar(L1, L2)e regression function regarding the L2 variable.

- A complex character of LSBPar according to the hatch space e was also observed. Indeed, from the preliminary
fitting tests of {b0, b1, b2} according to the hatch space e, it was remarkable that {b1, b2} are perfect hyperboles,
and {b0} follows a power-law relation with the hatch space. These behaviors are described by models (??) to (??)
in Table ?? that showed high-quality fitting statistics; Figure 7 depicts the behavior of {b0, b1, b2} according to the
hatch space e.

Figure 6. LSBPar vs (L1, L2, e)

From a rigorous standpoint, it is noteworthy to emphasize that the perfect fittings are due to the pre-determined
analytical formulation of LSBPar according to {L1, L2, e} that is reported in (19.1) and (19.2); from a statistical
standpoint, even if LSBPar involves floor expressions of L2 and e, it was well-modeled since the number of points
is around 50, which allowed a significant statistical modeling.
Finally, based on expressions (30) to (32), one can infer a complete estimation of LSBP according to {L1, L2, e}
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with a perfect statistical accuracy as it is proposed by equation (33) and the constant (34); in this expression, the
hatch space e is involved as a variable no longer as a parameter.

Figure 7. LSBPar vs (L1, L2, e)

Model expression R2 p-value Equation index
b0(e) = (3.158× 106)e0.115 − 3× 106 73.22% 1.84× 10−14 (30)

b1(e) =
485.01

e 99.99% 2.21× 10−166 (31)
b2(e) =

180.02
e 99.99% 9.64× 10−148 (32)

Table 3. {b0, b1, b2} vs {e} models.

Typically, identical variations were observed regarding the benchmark strategies lengths namely
{Lch, Lst, Lsp, Lcont, LSBP } inasmuch as equation (33) is able to describe the benchmark scan lengths according
to {L1, L2, e}. Thus, Table 4 consolidates all data regarding the modeling of scan lengths with the corresponding
constants; {b0, b1, b2} vs {e} curves are reported in Appendix in Figures 14 to 17, while LSBP is fully studied in
the previous paper [15].

LSBPar(L1, L2, e) = α0e
β + α1

L1

e
+ α2

L2

e
(33)


α0 = 3.158× 106 mm1−β

β = 0.0115

α1 = 485.01mm
α2 = 180.02mm

(34)
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Strategy α0 β α1 α2

Lch 1.1684 5.7640 318.6063 136.0372
Lst 1.1683 6.3089 549.4448 227.9481
Lsp 1.1675 5.6617 287.6499 135.3651
Lcont – 8.1520 3.470× 103 20.7210

Table 4. Modeling constants of {Lch, Lst, Lsp, Lcont, LSBP } vs e according to expression (14).

3.2. SBPar Length Comparison

This section comprises a straightforward use of the SG indicators for pairwise comparison of LSBPar to
the benchmark strategies. Hence, with regard to the scan length minimization objective, the feasible space is
represented by the {L1, L2, e} areas according to which the corresponding SGSBPar,j is negative. Figure 8.1
to 8.5 display the scan lengths’ plots for stepwise increasing values of the hatch space.
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Figure 8. Feasibility areas of LSBPar compared to benchmark scan strategies: a) Chess, b) Stripe, c) Spiral, d) Contour, e)
SBP.
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Considering the negative zones of the SGs as an arbitrary choice for scan strategies comparisons, Figure 8.a
to Figure 8.e allow highlighting the competitiveness of minimal SBPar scan. Based on these figures, it was
observed that SBPar can be considered somehow competitive compared to the stripe strategy; but regarding the
other benchmark scans, the SBPar length minimization “seemed to be somehow” far from optimality. That is to
say, SBPar better maximizes the scanned lengths and then can be considered better controlling the rectangle’s area.

To corroborate this discussion, the feasibility percentages were computed by dividing the count of negative
SG values by the total number of {L1, L2, e} combinations. Figure 9 displays the feasibility rates regarding
SBPar minimization (Figure 9.a) and SBPar maximization considered as the inverse aspect of SBPar maximization
(Figure 9.b). According to these figures, one can observe that the SBPar strategy shows either minimal or maximal
trajectory compared to different strategies.

Number of observations can be derived:

• Regarding the total minimization feasibility (Figure 9.a), the SBPar scan seems to be competitive at
approximately 70% compared to the stripe strategy, especially for hatch spaces lower than 0.8 mm.

• For the rest of the benchmark strategies {Lch, Lsp, Lcont, LSBP }, SBPar minimization feasibility ranged
from 0% to 25%, depending on the strategy and the hatch space value. For instance, as for chess, spiral, and
contour scans, SBPar showed maximal length until 0.4 mm, starting from which SBPar feasibility started
to be better, or in other terms, from which the SBPar started to be competitive from a minimization length
perspective.

• The curves of Figure 9.b constitute the complementary profiles of the curves of Figure 9.a. Figure 9.b curves
should be regarded as SBPar maximization trajectory performance compared to the benchmark strategies.
The same observations can be emphasized as discussed in the first part of the present paragraph.

Figure 9. Feasibility percentages of a) SG negativeness regarding LSBPar minimization target, b) SG positiveness regarding
LSBPar maximization target.

3.3. Skeleton Based (SB) Scanning Comparison

The Skeleton Based scanning is considered as the complete pattern proposed in this series of works. The SB scan
gathers stacks of SBPar and the SBP strategies, SBP layer by SBPar layer and pairs upon pairs, till building the
final part; the rectangle shape was adopted herein as a proof of concept of Skeletal scan as introduced earlier. In
other terms, the original SB pattern is constituted in basis of two main layers. That is to say, in this section, the
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SB total length will be compared to two layers of each benchmark strategy. Subsequently, as presented in Section
2.3, the feasibility analysis is based on the SGs criteria as displayed by expressions (26) and (27), depending on
whether minimization or maximization objectives are targeted. The SB minimal scan feasibility will be assigned
to negative values of SGSB , while the inverse situation corresponds to SGSB length maximization feasibility.

Figure 10 visually depicts the evolution of the SG(%/mm2) values, emphasizing the negative and positive
positions regarding the trifold combinations {L1, L2, e}. Figure 11 completes the feasibility study according to
the hatch space e. Similarly to the SGSBPar, the minimization SGSB feasibility is computed by counting the
number of negative or positive SGSB points related to the total number of {L1, L2, e} combinations used in these
calculations.

By contrasting the curves of Figure 10 and Figure 11, it is noteworthy that the act of constructing the total SB
length by SBPar and SBP superposition does not highly affect the skeletal-based scan SB performances compared
to the stripe scan; indeed, the feasibility at minimization is still fluctuating around 70%, and a slight enhancement
of 2% was denoted at hatch spaces exceeding 0.8 mm. Meanwhile, the SB enhanced the minimization feasibility
compared to SBPar regarding the rest of the benchmark strategies {Chess, Spiral, Contour}. This evolution starts
around 0.3 mm of hatch space and evolves linearly from an enhancement of 4% at hatch space 0.3 mm to reaching
10% around a hatch space of 1 mm, as highlighted in Figure 11a.
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Figure 10. Feasibility areas of LSB compared to benchmark scan strategies: a) Chess, b) Stripe, c) Spiral, d) Contour, e)
SBP.

3.4. SB Similarity Assessment

An additional analysis consists in finding similarities between the designed total SB scan and the benchmark
strategies in terms of null values of the SG indicators. Indeed, according to expressions (21) to (25), at equal
scan lengths, the SG indicator falls to zero, so that the corresponding competing scan shows similar length values
Sim(%). Thus, SB scan similarities to the benchmark hatching patterns are assessed according to expression (10).

According to Figure 12, it is salient that the similarity values behave as an exponential or a power-law of error
of similarity ε for all pairwise similarity assessments {SB, Benchmark scan}.

In this assessment, the similarity tolerance ε was varied from 10−6 to 10−4 to capture the similarity variation
accuracy Sim(%) and the corresponding eventual convergence, if it exists. For instance, according to Figure 12,
SB similarity to chess, spiral, and stripe patterns reached 70% at respective errors of 2× 10−5, 4× 10−5, and
4.5× 10−5, while the contour strategy seems to be far from similar to SB with a maximum similarity of 63% for a
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Figure 11. Feasibility percentages of a) SGSB negativeness regarding LSB minimization objective, b) SGSB positiveness
regarding LSB maximization objective.

Figure 12. Similarities of SB vs benchmark hatching patterns as a function of similarity error.

high error value near 1× 10−4. Similarly, Figure 12 curves can be differently read at a fixed value in the y-axis; for
instance, fixing a given similarity refers to different errors ε for different benchmark hatching strategies. For more
practical findings’ exploitation, equation (35) proposed herein describes the regressive similarity models according
to the similarity tolerance with the corresponding fitting statistics that are exhibited in Table 5.

According to a series of models tests, exponential models showed very high accuracy compared to power-law;
the adopted model corresponds to SB similarity “sim(%)” as a function of similarity tolerance ε as depicted by
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expression (35); the resulting optimal fitting parameters (K∗, t∗) and R2 statistics are reported in table 5. These
significant findings are corroborated by Figure 13 which can graphically attest the high quality if the first-order
exponential models adopted herein.

sim(%) = K(1− e−t·ε), ε ∈ [10−6, 10−4], K, t > 0 (35)

Comparison K∗ (Mean) Confidence Bounds† t∗ (Mean) Confidence Bounds† R2(%)
SB vs Chess 76.14 [72.45, 79.82] 1.652× 105 [1.506× 105, 1.798× 105] 95.23
SB vs Stripe 88.00 [73.34, 102.7] 3.341× 104 [2.459× 104, 4.223× 104] 85.84
SB vs Spiral 73.16 [71.54, 74.79] 1.312× 105 [1.261× 105, 1.364× 105] 99.03

SB vs Contour 65.57 [64.93, 66.22] 3.872× 104 [3.811× 104, 3.933× 104] 99.91
Table 5. Similarity model vs error of similarity (Equation 35)

†95% Confidence Bounds.

Figure 13. Similarities fitting of SB vs benchmark hatching patterns as a function of similarity error ε.

4. Conclusion

This paper is the second one of a series of research works that aims at establishing a rigorous basement of Skeleton
Based (SB) scan strategy. The first paper designed the Skeleton Based Perpendicular (SBP) as a minimal trajectory
hatch pattern [15]; the proof of concept was applied to a simple geometry, namely a rectangle (L1, L2)(L1>L2).
In the present work, the author designed the SBP complementary scan namely the Skeleton Based Parallel in
order to balance the eventual anisotropy that should be brought by the SBP scan. That is to say, the SB scan is
composed of a superposition of pairwise couple of layers (SBP; SBPar). Then, it is worth recalling, that this paper
rigorously and stepwise draws-up the main geometrical features and characteristics, in terms of salient points,
principal intersections, bisectors, and so forth as it was displayed in the Mathematical developments of Section 2.
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Subsequently, this paper involves the SBPar length and the SB total length as main features to be compared to
benchmark strategies; the competing hatching includes chess, stripe, spiral, and contour that were already utilized in
the SBP paper [15]. As for the comparison basis, the specific gain per surface unit (SG) was adopted; this indicator
allows comparing the difference of peer-to-peer scan lengths per surface area (L1 × L2) of the proposed design
to the scan benchmark strategies. Furthermore, the comparison dealt with both minimization of maximization of
the scan total length in the present analysis; then, the length minimization was discussed as an arbitrary classical
optimization strategy to be reached by the new design. In another hand, the author included scans’ similarity
assessment that is based on a similarity indicator; this latter was computed for different similarity tolerance ε
ranging between 10−6 and 10−4.

According to the findings of this research, number of conclusions are derived:

• The SBPar total scan length LSBPar behaves linearly regarding the rectangle dimensions {L1, L2}.
• As for the hatch space parameter e, LSBPar(e) was observed to be a superposition of a power-law
∼ eβ , β > 0 and a hyperbole ∼ 1/e.

• Regarding the SG indicator, both SBPar and SB pattern show:

– Minimal trajectory compared to the stripe strategy.
– Maximal trajectory compared to the chess, spiral, and contour hatching.

• Similarities between scan lengths were also assessed around the zero line of the SG indicators; the zero
line was considered in this analysis as a convergence line of similar patterns of pair scans strategies to
be compared. The similarity percentage sim(%) was found to fit a perfect exponential first-order behavior
according to the estimation tolerance ε. It was found that the skeletal total scan SB can reach up to 70% of
similarity with the stripe strategy and less than 20% for the rest of the patterns. A wide choice of parameters
values {LA, L3, e} can then be analyzed depending on whether designers are looking for pattern trajectory
maximization or minimization.

Therefore, the present study tries to gather all the required information about scan length of the general
Skeleton Based scanning SB. Moreover, it was highlighted that the maximization of the scan length, compared
to other hatching strategies, can be promoted as a design which allows maximal controlling the scanned area,
inasmuch as users have to maximize matter density, leading to parts strengthening or other specific physical
objectives are needed by the designers. In such cases, the feasibility criterion of expression (27) involves optimal
{L(∗∗)

1 , L
(∗∗)
2 , e(∗∗)} combinations regarding a LSBPar maximization policy, and feasibility curves of Figure 9.b

and Figure 11.b are to be adopted for {L1, L2, e} parameters selection.
Finally, it is worth mentioning that the third work of this series of research will focus on gcode design of both

SBP and SBPar implementation within 3D printers; the aim is to compare 3D-printed parts properties, especially
the mechanical anisotropy, to existing hatching strategies. Other features such as material’s density and layers
cohesions are also to be assessed in future investigations; while the SBPar geometry is now exploited as the basis
of a novel heat sink newly designed for the electronic circuit for enhancing surface heat exchange [66].
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Appendix – Benchmark Strategies Lengths Models Parameters {b0, b1, b2} vs {e}

Figure 14. Chess scan Length Lch linear modeling parameters {b0, b1, b2}.

Figure 15. Stripe scan Length Lst linear modeling parameters {b0, b1, b2}.
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Figure 16. Spiral scan Length Lsp linear modeling parameters {b0, b1, b2}.

Figure 17. Contour scan Length Lcont linear modeling parameters {b0, b1, b2}.
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43. El Abbaoui, K., Al Korachi, I., El Jai, M., Šeta, B. & Mollah, M.T. 3D concrete printing using computational fluid dynamics:

Modeling of material extrusion with slip boundaries. Journal of Manufacturing Processes, 118, 448–459 (2024). ISSN 1526-6125.
https://doi.org/10.1016/j.jmapro.2024.03.042

44. Akhrif, I., Oulkhir, F.Z., El Jai, M. et al. Earth-based materials 3D printing, extrudability and buildability numerical investigations.
Prog Addit Manuf (2025). https://doi.org/10.1007/s40964-025-01014-7

45. C. Rousseau, & Y. Saint-Aubin. Mathematiques and technologie. SUMAT Springer, 2001.
46. P. Felkel, S. Obderzalek. Straight skeleton implementation. Reprinted proceedings of Spring Conference on Computer Graphics,

210–218 (1998), Budmerice, Slovakia.
47. W. Zizhao, C. Xingyu, Y. Lingyun, et al. Co-skeletons: Consistent curve skeletons for shape families. Computers & Graphics, 90,

62-72 (2020). https://doi.org/10.1016/j.cag.2020.05.006
48. R.L. Blanding, G.M. Turkiyyah, D.W. Storti, M.A. Ganter. Skeleton-based three-dimensional geometric morphing. Computational

Geometry, 15, 129–148 (2000). https://doi.org/10.1016/S0925-7721(99)00050-4
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