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Abstract For k—ordered set W = {sy, s2,...,si} of vertex set GG, the representation of a vertex or edge a of G with
respect to W is r(a|W) = (d(a, 1), d(a, s2), . .., d(a, si)) where a is vertex so that d(a, s;) is a distance between the vertex
a and the vertices in W and a = wv is edge so that d(a, s;) = min{d(u, s;),d(v, s;)}. The set W is a mixed resolving set
of G if r(a|W) # r(b|W) for every pair a,b of distinct vertices or edge of G. The minimum mixed resolving set W is a
mixed basis of G. If G has a mixed basis, then its cardinality is called a mixed metric dimension, denoted by dimm,(G). A
set W of vertices in G is a dominating set for G if every vertex of G that is not in W is adjacent to some vertex of W. The
minimum cardinality of the dominant set is the domination number, denoted by ~(G). A vertex set of some vertices in G that
is both mixed resolving and dominating set is a mixed resolving dominating set. The minimum cardinality of the dominant
set with mixed resolving is called the dominant mixed metric dimension, denoted by ~ym:(G). In our paper, we investigate
the establishment of sharp bounds of the dominant mixed metric dimension of G and determine the exact value of some
family graphs.
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1. Introduction

In this paper, all graphs are nontrivial and connected graph, for detail definition of graph see [1, 4, 5]. The concept
of metric dimension was independently introduced by Slater [6], Harrary and Melter [7]. Slater considered the
minimum resolving set of a graph as the location of the placement of a minimum number of sonar/loran detecting
devices in a network. So, the position of every vertex in the network can be uniquely described in terms of
its distances to the devices in the set. Applications of metric dimension problem can also be found in network
and verification, robot navigation, combinatorial optimization, pharmaceutical chemistry, and strategies for the
mastermind game.

We have the vertex set and edge set, respectively are V(G) and E(G). The distance of u and v and denoted by
d(u,v) is the length of a shortest path of the vertices u to v. For the set W = {s1, 89, ..., sk} C V(G). The vertex
representations of the vertex x to the set W is an ordered k-tuple, r(z|W) = (d(z, s1),d(z, s2),...,d(z, sk)). The
set W is called the resolving set of G if every vertices of GG has different vertex representations. The resolving
set having minimum cardinality is called basis and its cardinality is called metric dimension of G and denoted by
dim(G) [9].
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The concept of metric dimension can be extended to distinguishing pairs of edges, if the distance of a vertex
s and an edge wv is defined by d(uv, s) = min{d(u, s),d(v,s)}. Then, a vertex s € V(G) distinguishes a pair of
edges e, f € E(G) if d(s,e) # d(s, f). There are graphs in which none of the smallest metric basis distinguishes
all pairs of edges, so they were motivated to introduce a notion of an edge metric basis as any set S C V(G) which
distinguishes all pairs of edges, the edge metric dimension, denoted by dim.(G) as the size of a smallest edge
metric basis [11].

Kelenc, et al [12] introduced the new variant of metric dimension and edge metric dimension of graphs
which is called mixed metric dimension. A vertex w € V(@) distinguishes two elements (vertices or edges)
z,y € E(G)UV(G)ifdg(w, z) # dg(w,y). A set S of vertices in a connected graph G is a mixed metric generator
for GG if every two distinct elements (vertices or edges) of G are distinguished by some vertex of S. The smallest
cardinality of a mixed metric generator for G is called the mixed metric dimension and is denoted by dim,,, (G).

A vertex v in a graph G is said to dominate itself as well as its neighbors. A set W of vertices in G is a dominating
set for GG if every vertex of GG is dominated by some vertex of W. The minimum cardinality of a dominating set
is domination number, denoted by «(G). In recent years, there exists additional properties for dominating set, for
example independent dominating set require a dominating to be independent, connected dominating set require
a dominating set to induce a connected graphs and total dominating sets are not defined for graphs having an
isolated vertex. For more detail about other conditional domination number in [8]. Brigham, et al. [10] combined
the concept of metric dimension and dominating set by term resolving domination number, denoted by +,.(G)
and got a result that maz{dim(G),v(G)} < - (G) < dim(G) + v(G). A vertex set of some vertices in G that is
both mixed resolving and dominating set is a mixed resolving dominating set. The minimum cardinality of mixed
resolving dominating set is called dominant mixed metric dimension, denoted by 7, (G). There are some previous
results about dominant metric dimension, edge metric dimension, mixed metric dimension, dominant edge metric
dimension as follows.

Theorem 1
Let G be a connected graph, then
maz{y(G),dim(G)} < v.(G) < min{y(G) + dim(G),n — 1}.
Theorem 2
Let G be a connected graph, then
maz{y(G),dim.(G)} < ver(G) <n —1.

Theorem 3
Let G be a connected graph, then

max{dim(Q),dim.(G)} < dimn,(G).

2. Results and Discussion

In this section, the property of the dominant mixed resolving set is needed to facilitate the proof of the main result.

Lemma 1
Let G be a connected graph. If there is no dominant mixed resolving set of G with cardinality k, then any set
W C V(G) with |W| < k, is not a dominant mixed resolving set.

Proof

Let G be a connected graph. Suppose that there is no dominant mixed resolving set of G with cardinality &
and there exists a dominant mixed resolving set 7' C V(G) with |T'| < k so that for every u,v € V(G) we have
r(u|T) # r(v|T) and T is a dominating set of G. Moreover, there exists a subset U C V(G) such that [T UU| = k.
Since T is a mixed resolving set and a dominating set of GG, one can easily see that 7" U U is a mixed resolving set
and a dominating set of G. So that, 7"U U is a dominant mixed resolving set of G which is a contradiction. Thus
the result follows and the proof is completed. O
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We present basic result for the dominant mixed metric dimension of graphs. We also give the bounds for 7,,,-(G)
as follows.

Lemma 2
Let G be a connected graph of order n, then

maz{y(G), dimy(G)} < Ymr(G) < min{y(G) + dim, (G),n}.

Proof

Let GG be a connected graph of order n. Since the dominant mixed metric dimension of a graph G is greater than its
domination number and its mixed metric dimension, then max{y(G), dim,;,,(G)} < Vm.(G). Furthermore, since
the mixed resolving set and the dominating set of a graph are possible to not intersect, and since a subset of V(G)

which consists of n vertices in graph G always becomes mixed resolving set and dominating set of graph G, then
Ymr (G) < min{y(G) + dim.,(G),n}. O

The following lemma show the property of mixed resolving set of G.

Lemma 3
Let G be a connected graph and W be a mixed resolving set. If W C V(G), then for every u;, u; € W with i # j,
r(wi|W) # r(u;|W).

Proof

Let G be a connected graph and W = {uy, us,us, ..., ux} C V(G). Since for every u;, u; € W with ¢ # j causes
d(ui,u;) = 0and d(u;, u;) # 0, then there exists 0 on ¢-th element of r(u;|W) for every u;, € W. It is consequently
that r(u; |[W) # r(u;|W). O

Furthermore, the dominant mixed metric dimension of path, cycle, star, wheel, friendship, and complete graph
are presented in the Theorems 4, 5, 6, 7, 8, and 9, respectively.

Lemma 4
[12] Let the path graph P,, with n > 2. Then the cardinally of mixed resolving set of P,,, is 2.

Theorem 4

Let P, be path graph for n > 5, then v,,,(P,) = [%5%] + 2.

Proof

Choose W = {uy,up,us;1 = 1(mod3)} C V(P,) for n > 5. Based on Lemma 4, {uj,u,} C W so that W is
mixed resolving set. We know that ug ~ uq, Up—1 ~ Uy, Uj—1 ~ U, and u; ~ u;41, it implies W is a dominant
mixed resolving set. Now, assume that v,,,(P,) < [%5%] + 2 . Take |S| = [252] + 1. There are three conditions
for the resolver or dominator vertex as follows.

1. Choose S = W — {u;}, then we have the same representation for vertex and edge, r(ujuz|S) = r(ug|S). It
is contradiction.

2. Choose S =W — {u,}, then we have the same representation for vertex and edge, r(upun—1|S) =
r(un—1|95). It is contradiction.

3. Choose S = W — {usk+1} where ugg41 is a vertex between u; with i = 1(mod3) and 1 < k < ”T_Q, then we
have condition that there is a vertex not adjacent to vertex in S namely wusj ~ usg1. It is contradiction.

It is clear that S is not dominant mixed resolving set. Based on Lemma 1 that [W|= [25%] + 2. Thus,
Y (Pa) = [254] + 2. O

Lemma 5
[12] Let the cycle graph C,, with n > 7. Then the cardinally of mixed resolving set of C,, is 3.

Theorem 5
Let C,, be cycle graph for n > 7, then 7,,,.(C,,) = v(Cy).
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Proof

Let W = {u;;i = 1(mod3)} be a subset of V(C,,) for n > 7. By Lemma 5, we have {u;,us,ug} C W so that
W is mixed resolving set. We know that u;_; ~ u;, and u; ~ u;41 such that W is a dominant mixed resolving
set. Furthermore, assume that ,,,,.(C,) < [§]. Take |S| = [§] — 1. Choose S = W — {uzg11} where uzg, 1 is a
vertex between u; with i = 1(mod3) and 1 < k < [%], then we have condition that there is a vertex not adjacent
to vertex in S. It is clear that S is not dominant mixed resolving set. Based on Lemma 1, |WW| = ~(C,,). Thus,

'Ymr(cn) = ’Y(Cn)- 0
Star graph, denoted by S,,, has vertex set V(S,,) = {v,v;;1 < i < n} and edge set E(S,) = {vv;;1 <i < n}

[2].

Theorem 6

Let S,, be star graph for n > 7, then v,,,,-(S,,) = n.

Proof
We choose W = {v;;1 < i <n} C V(S,). Every vertices in W has distinct representation as follows:

(1,1,1,...,1), ifx=wv
—_———
r(e[W) = (2,2,2?...,2,0,2,2,2,...,2), ifz =
i—1 n—i
r(ov|W) = (1,1,1,...,1,0,1,1,1,...,1)
1—1 n—1i

Based on the vertex or edge representation above, W is mixed resolving set. We know that v ~ v; such that
W is a dominant mixed resolving set. Assume that 7,,,(S,) < n. Take |S| =n — 1. Choose S =W — {v;}
where 1 < k < n, then we have condition that there is a vertex not adjacent to vertex in S namely vy ~ y with
y € S. It is clear that S does not dominant mixed resolving set. Based on Lemma 1, we get |[W| = n. Therefore,
Y (Sn) = N O

Wheel graph, denoted by W,,, has vertex set V(W,,) = {v,v;;1 <14 < n} and edge set E(W,,) = {vv;;1 <i <
n} U {vivn, 00,4151 <i <n+1}.

(27 27 27 27 27 27 2? 07 27 2)

(1,1,1,1,1,1,1,0,1,1)
(2,2,2,2,2,2,0,2,2,2)
1,1,1,1,1,1,0,1,1,1)
(2,2,2,2,2,0,2,2,2,2)
(1,1,1,1,1,0,1,1,1,1)

(2,2,2,2,0,
(1,1,1,1

(27 27 27 O‘y 27 27 27 27 27 2)

(1,1,1,0,1,1,1,1,1,1)
(2,2,0,2,2,2,2,2,2,2)

(1,1,0,1,1,1,1,1,1,1)

(2,2,2,2,2,2,2,2,0,2)

(2,0,2,2,2,2,2,2,2,2)
(1,0,1,1,1,1,1,1,1,1)

(1,1,1,1,1,1,1,1,0,1)

(2,2,2,2,2,2,2,2,2,0)
0,2,2,2,2,2,2,2,2,2
(1,1,1,1,1,1,1,1,1,0) ( )

0,1,1,1,1,1,1,1,1,1)
(1,1,1,1,1,1,1,1,1,1

Figure 1. Dominant Mixed Metric Dimension of Sig is 10
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Theorem 7
Let W,, be wheel graph for n > 4, then ~,,,.(W,,) = n.

Proof

Take W = {v;;1 <i < n} C V(W,) for n > 4. Every vertices in W has distinct representation as follows:
(1,1,1,...,1), ifr=wv
——
(2,2,2,...,2,1,0,1,2,2,2,...,2), ifz=v,2<i<n-—1
S——— N——

7"((17|W) — 1—2 n—i—1 )
(0,1,2,2,2,...,2,1), if o =,
—_———
n—3
(1,2,2,2,...,2,1,0), ifz =,
—_——
n—3

1,1,1,...,1,0,1,1,1,...,1), if e = v

i— n—i

(2,2,2,...,2,1,0,0,1,2,2,2,...,2), ife=0w11,2<i<n—2
—_—
(0,0,1,2,2,2,...,2,1), if e = v10s

(0,1,2,2,2,...,2,1,0), if e = v1v,
—_——

n—4

(1,2,2,2,...,2,1,0,0), if e = v,_ 10,
~——

n—4

It is clear that, W is mixed resolving set.
We know that v ~ v; such that W is a dominant mixed resolving set. Next, by Lemma 2, we obtained

Ymr W) = maz{dim.,(W,),y(W,)} = maz{n,1} = n.

Thus, Y (Wy) = n. O

We give results of dominant mixed metric dimension of graph with n — 1 and n for n is the number of vertices
in G which attain the upper bounds. Their graph attained the upper bound namely friendship graphs and complete
graph.

Friendship graph has vertex set V(Fry,) = {u,u;,v;;1 <i <n} and edge set E(Fry,) = {uu;, uv;, u;v;;1 <
i < n} [3]. While, for complete graph K, with vertex set V(K,,) = {u;;1 <i <n}and E(K,) = {uuj4x;1 <
i <n,1 <k <n-—i}[2]. Theorems 8 and 9 show the dominant mixed metric dimension of friendship graphs and
complete graph, respectively.

Theorem 8

Let F'r,, be a friendship graph with n > 2, then 7,,,,-(F'r,,) = 2n.

Proof
Let W = {u;,v;;1 <4 <n} be a subset of Fr,, with n > 2. Every vertices in W has distinct representation as
follows
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(1,1,1,...,1), ifxr=u
N ———
2n—1
2,2,2,...,2,0,2,2,2,...,2,2,2,2,...,2,1,2,2,2,...,2), ifr=u,l1<i<n
r(z|W) = ( ) il <1<
i—1 n—i i—1 n—i
(2,2,2,...,2,1,2,2,2,...,2,2,2,2,...,2,0,2,2,2,...,2), ifr=v,1<i<n
i—1 n—i i—1 n—i
(2,2,...,2,0,2,2,...,2,2,2,...,2,0,2,2,...,2), ife=uwi,1<i<n
e e
i—1 n—i i—1 n—i
11,...,1,0,1,1,...,1,1,1,...,1,1,1,1,...,1), ife=wu,1<i<n
r(e|W) = —_— ———— ——
—i

i—1 n—i i—1 n
(1,1,...,1,1,1,1,...,1,1,1,...,1,0,1,1,...,1), ife=w;,1<i<n
—— —_———  N———
i1 n—i i1 n—i
The vertex representations above show that W is mixed resolving set. We show that W is also dominating
set since for u ¢ W adjacent to u;,v; € W such that W is dominant mixed resolving set with |IW| = 2n and
’YmT(FTn) S 27’l
Next, assume - (Fr,) < 2n. Taking |S| = 2n — 1, then there are two cases: vy ¢ S orv; ¢ S.

1. for vy ¢ S, then we get the same representation for vertex and edge,

r(ul|S) = r(uwvg|S) = (1,1,1,...,1). It is contradiction.
———
2n—1
2. forv; ¢ S, then we get the same representation for vertex and edge,
r(ulS) = r(uv|S) = (1,1,1,...,1). It is contradiction.
———
2n—1
Since S is not dominant mixed resolving set of F'r,,. Thus, v,,..(Fr,) = 2n. O
Theorem 9

Let K,, be a complete graph with n > 3, then 7,,,-(K,,) = n.

Proof
Take W = {u;;1 < i < n} asasubset of K,, withn > 3. Every vertices in W has distinct representation as follows

r(ug W) = (1,1,1,...,1,0,1,1,1,...,1),

i—1 n—i
T(uiui+k|W) = (1,1,1,...,1,0,1,1,1,...,1,0,1,1,1,...,1).
i—1 k—1 n—i—k

It is shows that W is mixed resolving set. Clearly the set W is obvious dominant mixed resolving set with
‘W| =n and ’Ymr(Kn) <n.
Now, suppose that v,,,,-(K,) < n and |S| =n — 1, for uj ¢ S. Since the representation for vertex and edge are
r(ug|S) = r(urw)S) = (1,1,1,...,1,0,1,1,1,...,1), then S is not dominant mixed resolving set of K,,. Thus,

-1 n—I[—1
Ymr (Kn) =n. 0

Next, the dominant mixed metric dimension of graphs resulting on corona product is provided.
Definition 1
[13] Let G and H be two connected graphs. The corona product between G and H, denoted by G © H, is defined

as the graph created by taking one duplicate of G and |V (G)| copies of H and connecting the j-th vertex of G to
every vertices in the j-th duplicate of H.

Stat., Optim. Inf. Comput. Vol. 12, November 2024



1832 DOMINANT MIXED METRIC DIMENSION OF GRAPH

Proposition 1
[14] Let G ® H be a corona product of G and H, then

dim, (G © H) = |V(G)||V(H)|.
The following theorem shows the dominant mixed metric dimension of corona product.

Theorem 10
Let G ® H be a corona product of G and H, Then

TYmr (G © H) = [V(G)[|V(H).

Proof
We choose W = {u; ;;1 <i<n,1<j<m}asasubsetof V(G ©® H). Every vertices in W can be present as the
following distinct representations:

1. For every vertices u; ; € W. Based on Lemma 3, r(u ;|W) # r(u; ;|W).
2. For dgom (ug, uk,;) =1 and

daom(uk, u ;) = da(ug, w) + deor (u, w,;j) = da(uk, ) + 1.

We have r(ug|W) # r(u|W).

3. For dG@H(ukukH,ukJ) =1 and
daon (urugs, u ;) = min{d(ug, w), d(ugr1,w)} + daon (w, ;)
= min{d(ug,w;), d(ugs1,u)} + 1.

We have r(urug+1|W) # r(wugs1|W).

4. For dG@H(ukuhs, uk,j) =1 with s # j, dG@H(ukuk7s, Uk,s) =0 and
daon (ukur,j, w ;) = deon (uk, w) + deon(urL, w ;) = deon (uk, w) + 1,

then there exists 0 on i+ j-th element of r(uguy ;|W) for every wy,; € W. It is consequently that
T(Ukuk,j|W) # r(upug,s|W).
5. For dH(ukuk_,_l,ukJ) =1 and

daon (Urugs,ur ;) = min{d(ug, w), d(ugps1, )} + daom (ur, w ;)
= min{d(ug,u), d(ugs1,u)} + 1.
We get r(upukr1|W) # r(wugs1|W).
6. For

2, ifugy U sp1, Uk * Ugk,s
1

di (U, sUk, s 1, Uk, j) = .
’ ’ J s if Uk,j ~ Uk, s+1 OF Uk 5 % Uk, s

and
daon (Uk,stkst1,U,5) = dao (Uk,s, k) + daom (Uk, ;)
=dgon(ug,u ;) + 1,

then there exists 0 on i+ j-th element of r(ux sug ;j|W) for every uy; € W. Such that, we obtained
7 (ks e, W) # (g, |W).

The vertex or edge representations above show that W is mixed resolving set.
We know that v ~ v; such that W is a dominant mixed resolving set.
Furthermore, Based on Lemma 2, we have

Ymr(G ® H) > maz{dim,,(G® H),v(G ® H)}

maz{|V(G)|[V(H)|, [V(G)I}
V(GIV(H)I.

Thus, Yy (G © H) = [V(G)[|V(H)]. 0
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Conclusion

We have characterized the bounds of dominant mixed metric of graphs which depend on domination number or
mixed metric dimension of graph. There are some open problem for this topic as follows.

Open Problem 1
Determine all graph with the characterization v,,,.(G) = 2?

Open Problem 2
Determine all graph with the characterization v,,,-(G) = dim.,,(G) or Yy (G) = ¥(G)?

Acknowledgments

We gratefully acknowledge the support from LP2M University of Jember of year 2024.

©PNAU B L~

REFERENCES

. J. L. Gross, J. Yellen and P. Zhang. Handbook of graph Theory Second Edition CRC Press Taylor and Francis Group, (2014).
. Zhang, P, and G. Chartrand. ’Introduction to graph theory.” Tata McGraw-Hill 2 (2006): 2-1.

Kotzig, Anton. "Degrees of vertices in a friendship graph.” Canadian Mathematical Bulletin 18.5 (1975): 691-693.

G. Chartrand and L. Lesniak. Graphs and digraphs 3rd ed (London: Chapman and Hall), (2000).

N. Hartsfield dan G. Ringel. Pearls in Graph Theory Academic Press. United Kingdom, (1994).

P.J. Slater, Leaves of trees, in:Proc. 6th Southeast Conf. Comb., Graph Theory, Comput. Boca Rotan, 14 (1975), 549-559.
F. Harary and R.A. Melter, On The metric dimension of a graph, Ars Combin, 2 (1976), 191-195.

. Haynes, T.W., Hedetniemi, S. and Slater, P., 1998. Fundamentals of domination in graphs. CRC Press.
. Chartrand, G., Eroh, L., Johnson, M. A., Oellermann, O. R. (2000). Resolvability in graphs and the metric dimension of a graph.

Discrete Applied Mathematics, 105(1-3), 99-113.

. R.C. Brigham, G. Chartrand, R.D. Dutton, P. Zhang, Resolving domination in graphs, Math. Bohem. 128 (1) (2003) 25-36.
. Kelenc, A., Tratnik, N., and Yero, I. G. (2018). Uniquely identifying the edges of a graph: the edge metric dimension. Discrete Applied

Mathematics, 251, 204-220.

. Kelenc, A., Kuziak, D., Taranenko, A., Yero, . G. (2017). Mixed metric dimension of graphs. Applied Mathematics and Computation,

314, 429-438.

. Frucht, R., Harary, F. (1970). On the corona of two graphs.
. Korivand, M., Khashyarmanesh, K., Tavakoli, M. (2023). Mixed metric dimension over (edge) corona products. AKCE International

Journal of Graphs and Combinatorics, 1-13.

Stat., Optim. Inf. Comput. Vol. 12, November 2024



	1 Introduction
	2 Results and Discussion
	3 Conclusion

