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Abstract

This paper mainly focuses on the estimates for distribution of supremum for the
normalized ¢-sub-Gaussian random fields defined on the unbounded domain. In
particular, we obtain the estimates for distribution of supremum for the normalized
solution of the hyperbolic equation of mathematical physics, which will be useful to
construct modeless. By using this result, we can approximate the solutions of such
equation with given accuracy and reliability in the uniform metric.
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1. Introduction

Study the certain classes of stochastic processes, their properties, the conditions
of boundedness and distribution of the supremum, as well as construction of
mathematical models of the processes are the classical problems in the theory
of stochastic processes.

In this paper we shall widely use the notion of @-sub-Gaussian random
variables. It generalizes the notion of sub-Gaussian variables, which were
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introduced in the works by Kahana [3] and [4]. The Banach spaces of sub-
Gaussian type, namely the space Sub,(2) of -sub-Gaussian random variables
and processes, were introduced in the paper by Yu. Kozachenko and E. Ostrovsky
[8]. Properties of such spaces, sums of independent random variables from these
spaces, random processes from the space Sub, (1), conditions of boundedness
and estimates for the distribution of supremum of (-sub-Gaussian processes for
the case when the process is defined on the space equipped with pseudometric
generated by this process, have been studied in the monograph [9]. The detailed
definition of (-sub-Gaussian variables and spaces Sub,(€2) was given in the
paper [6]. The properties of these random variables and their modifications have
been also investigated. The upper estimate of overrunning the level specified
by the continuous function by Sub, (£2) stochastic process was obtained in
[16]. The theory of y-sub-Gaussian processes was successfully applied in the
wavelets theory [27], the signal theory [10, 21, 22] and other areas of research
[1,2,7,13, 14,19, 20, 26, 28].

The estimates for distributions of supremum of Gaussian stochastic processes
defined on a compact set were investigated in many papers, in particular, in the
book [24]. Links to other connected articles can be found there. Estimation of
the distributions for a supremum of Sub,(£2) stochastic processes defined on
compacts were considered in [16].

The increase rate of the random field from the space Sub,(§2) defined on an
unbounded domain was not considered before. As it is shown in the section 4, the
estimates obtained in this paper can be used for investigation the increase rate of
the solutions of the mathematical physics problems as t — co.

Such results can be used in the different situations. Let, for instance, a
differential equation describes some physical process. It is known that if the given
process exceeds some level then a disaster occurs. Exceeding of such a level is a
rather rare event. If we have the estimates for the increase rate of the process on
infinity, then we can estimate probability of the disaster during some time span.

The paper consists of an introduction and three sections. The second section
provides the basic information on the theory of Sub,(€2) spaces of random
variables. The third section presents the estimates for the distribution of supremum
of ¢-sub-Gaussian random fields at infinity. The fourth section contains an
application of these estimates for the solution of a hyperbolic type equation of
mathematical physics, where ¢ € [0, +00).
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2. Stochastic processes from the space Sub,, (£2)

Definition 1 ([5]). An even continuous convex function u (z), z € R* such that
u(0) =0, u(z) > 0 forz # 0 and

limwzo, lim M:oo.
z—0 X r—oo I

is called an /N-function.

Definition 2 ([9]). The condition () is satisfied for an NV-function ¢, if
(z)

lim inf L)
z—0 IZ

=c>0.

Lemma 1 ([9]). Let u () be an N-function. Then

I u(az)<au(zr)for0<a<landx € R;
2. u(a )>ozu(x)f0roz>1ana’x€R

3o u(lel +[yl) < w(@) +uly) fore,y € B;

4. the function “ ( ) s nondecreasing for x > 0.

Definition 3 ([5]). Let w(z) be an N-function. The function w*(z) =

sup (zy — u (y)) is called the Young-Fenchel transform of the function u (z).
YyeER

The function u* (x) is an N-function as well.

Definition 4 ([6]). Let ¢ (x) be the N-function, for which @Q)-condition is satisfied.
The set of random variables {(w), w € , is called a space Sub,, () generated by
the N-function ¢ (x) if E€ = 0 and there exists a constant ag such that

Eexp{X} <exp{p(Aae)}
forall A € R!.

The space Sub,, (€2) is a Banach space with respect to the norm [9]

(1) (I E ex
70 () = sup £ (In Eexp {A})
A#0 Ry

Definition 5 ([6]). Let 7" be a parametric space. A stochastic process X =
{X (t), teT} belongs to the space Sub, (Q?),(X € Sub, (Q)) if X(t)e
Sub, () forallt € T

Remark 1 ([8]). A Gaussian stochastic process X (t) with zero mean belongs to
the space Sub,, (Q2), where ¢ (z) = ””—22 and T(X(t)) = (E(X(t))?)"/2.
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Lemma 2 ([8]). If £ € Sub, (), then there exists a constant C > 0 such that
(E()*)'? < Cry(9).

Definition 6 ([6]). A random variable { € Sub,, (€2) is called strongly Sub,, (£2),
(SSub, (2)) random variable if 7, (§) = (E§2)1/2.

Properties and applications of SSub, (€2) random variables and stochastic
processes from S.Sub,, (€2) can be found in [9].

Definition 7 ([15]). A family A of random variables ¢ from a space Sub, (£2) is
called SSub,, (Q) family if

2
T <Z Aifi) =|FE (Z )\ifz‘)
iel icl

for all \; € R, where I is at most countable and &; € A;, i€ I.

1/2

Definition 8 ([15]). The stochastic process {X (t), t € T} is called as a
SSub, () process if the family of random variables {X (¢), teT,} is
SSub, (£2).

Theorem 1 ([15]). Let A be a strongly Sub, () family of random variables.
Then the linear closure A of the family A in the space Ly (Q)) in the mean square
sense is a strongly Sub,, () family.

Theorem 2 ([17]). Let R* be the k-dimensional space, d(t,s) = max |t; — s4

s

T={0<t<Ti=12,---,k}, T; > 0. Assume that X:{X(t,_tET)} is

separable and X € Suby, (Q).If sup 7, (X (t) — X (s)) < o (h), where o (h)
d(t,s)<h
is a monotone increasing continuous function such that o (h) — 0 as h — oo, and

[o (it Yo

0+

where U (u) = 5- Then

_u
=D (u

P {sup | X ()] > u} <24 (u, 6),
teT

forall0 <0 <1andu > 2y (fEO) where
9(1-0)

Alu, 0) = exp {—w* (610 [u(l _o)— %LP (eg)D } ,
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2\ 1/2
g =sup (EIX (0)") ",
teT

I, / <Zln<o_( oY, +1>>d5.

3. The main result

Theorem 3. Let {{(x,t), (z,t) € V}, V =[-A4;A] x [0,+00) be a separable
random field belonging to Sub (Q). Assume also that the following conditions
are satisfied.

1. [bg,bg+1], k=0,1,... is a family of such segments, that —oo < by <
b1 < +oo, k=0,1,... Vi = [—A; A] X [bg, bgs1], UVe =V

k
2. There exist the increasing functions op(h), 0 < h < bgy1 — by, such that
ox(h) — 0ash — 0

T (€ (2,t) — & (21, 1)) < ok (h) (1
xz—x1|<h,

l\t—ti@h

(z,t),(x1,t1)EVR

1
/ ( oy Y <s>>

0+

and

where ¥ (u) = w<+>(u)’ a,i_l)(s) is an inverse function to oy(g).
3. ¢={c(t), t € R} is some continuous function, such that c(t) >0, t € R,

¢, = min c(t).
t€[br,brt1]

4. sup 5’“ < 0, sup ! (95’“)

< 00.

2e

5. The series Z exp {—go* (M)} converges for some s in such a way
k=0

thatsup%?fiﬁe) <s< 4, whereep, = sup 7, ({(x,t)),k=0,1,...
k (z,t) Vi

Then

Pl S e (e (1))

Z exp {—4.0* (78%(216]: f) ) } = 24A(u),

k=0
3
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foru > sup “’(98’“) 9(1479), where 0 < 0 < 1

ol ) (e )

de, k=0,1,...,

Proof
Consider
- t
P< sup £z, ZP sup £z, )] >up <
(z.1)EV C( = | @vev. <)
ZP sup [&(@, t)] > ue ¢, e
(z,t)EVY
where ¢, = min  ¢(¢). It follows from the Theorem 2 that
te[by,br+1]
P{ osup  |€(x,t)] > ucg p < 2A(ucy, 0) Q)
(a:,t)EVk
2L, (Pey)

for some u > i 9),0 < 0 < 1, where A(uck, 0) = exp{—¢*( [cku(l —-0)—

21, (0e)]) ), I, (0) = Of\p [(m( 5ot 1)) + (m (*:{ﬁ;(i; + 1))} de,

ep= sup 7, (&(z,t)),k=0,1,...;
(z,t) eV
(Gek)

I 4
Letu > s%p “’Ck . 6(179),then

A(ucy, 8) = exp {_w* <€1k |:cku(1 —6) - Zlg,(egk)D } _

ool (70 [ ]} <o (50}

Since ¢*(x) is an N-function, then

¢ (|2l + 1y) = ¢* (=) +¢*(lw]), 2, yeR (6)

and
T-y>z+y (7N

forx >2andy > 2.
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Thus we obtain from (6) and (7)that

" <cku(21€k_9)> =" (1;5%(215;9)) > (%)“"* <80k(215k_9)>

where s is some number, such that for all £ = 0,1,... we have i%f %1]:9) > 2
and ¥ > 2.
Since,
1-6 1-—
exp] —p* M < exp{—<p* (E)} X exp ¢ —¢* M _
2€k S 2€k
(®)

Then from (4), (5) and (8) we have

P{ sup £z, Dl > u} < 2A(u),

(z,t)eV c(t)

where A(u) = exp {—¢* (%)} - ki::o oxp {—@* (%1*_6))} ' .

Remark 2. In general, the condition 2 can not be essentially better, because,
for example, the given condition for the Gaussian stationary process is close
to the necessary and sufficient condition of boundedness of this process on an
interval with probability one. The inequality (3) for a whole class of processes
from Suby,(Q) can be better at the expense of constants, since we always can
construct a processes from Sub,,(Y) that

P{lg(, )] > u} = cexp {—¢"(cu)}

at every point. It is clear, that we always can construct a function c(t) such that
conditions 4) and 5) are satisfied. So, it is desirable to construct a function c(t)
increasing as slowly, as possible. It was not the aim of the paper to find a function
c(t), which increases in the slowest way, but below we present the functions
increasing of which can not be improved.

Corollary 1. If the conditions of Theorem 3 holds, then there is such a random
variable £ > 0, P {¢ > u} < A(u), u > 0, where A(u) is given by (3), that

E(z, )] < c(t)€
for all (z,t) € V with probability one.

In the next example and Theorem 4 we consider the most interesting examples

of spaces Sub,,(§2). They are spaces, where ¢(z) = ‘3‘% for some p > 1, |z| > 1.

These spaces are subspaces of some Orlicz spaces of exponential type [6, 9].
2
In particular, for ¢(z) = % these spaces include spaces of centered Gaussian

random variables.
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Example 1. Let p(x) be a function such that ¢(x) %for some |z| > 1 and all
1

3=

p>1 Then p*(z) =2 L4 1 =1 w(z) =2

(2) holds for all ¢ > 0

— for x > 1 and the condition
pT’

1—1

1 p
n— du < o0, 9
/(na,(c_l)(u)> e ®

0+

-5
The condition (9) holds if oy (h) = ak’ln (ﬁ + d) ‘ Jord>1—Landay >
0, k=0, 1, ..... In this case, the assumption (1) of the Theorem 3 is satisfied if
for k =0, 1, 2 there exist the constants ay, > 0 and d > 1 such that

sup 7o (€ (2,1) — € (21, 11)) < o

w21 |<h[t—t1|<h(x,t),(21,t1) EVi ‘ln (% 4 d) r’

foré>1-— % and some h.

Theorem 4. Let {{(x,t), (z,t) € V}, V =[-A4; A] x [0,+00) be a separable
random field belonging to Sub, (?), where ¢(x) = % for x| >1, p>1.
Assume the following conditions are satisfied.

1. [bg,bg+1], k=0,1,... is a family of such segments, that —00 < by, <
b1 < +00,k=0,1,... Vi = [—A,A] bkvbk-‘rl UVk =

2. There exist constants ay, > 0 and d > 1, such that A > 1 w > é and

ai
sup 7o (E(x,t) =& (21,11)) € 7—F—— =,
|o—a1|<h, ’m (L I d)
[t—t1|<h h

(1,t),(fr1,t1)€Vk

for some |h] and o > 1 — =
3. ¢={c(t), t € R} is some continuous function, such that c(t) >0, t € R,

¢, = min c(t).

tE[tr,tri1]

1 o bpt1—bk %
(ax)? ()~ 37 exIn(A- ")

4. sup ok <oo, sup o < 00, sup o < 0.
k
5. The series Z exp{ = (%ﬁ) } converges for some s, such that,
k=0
sup o 418’“9 <s< g, whereep = sup 7, (&(x,t)),k=0,1,...
¢ ) (z,t) eV
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Then
1
G )| VAN I B A R o
P{<§3‘2v c(0) >“}<26"p{ A0 kz_oexp{ L (=) }—B(u)
(10)
N bpag—bp\ L
4 2q(ak)aq1’1T+05kln(A-%)‘l
fOru>Sllipw ag — .9(1479)’0<9<1'

Proof
This Theorem follows from the Theorem 3, since in this case

() (e (s )
pl/ (1n (4 (020 ) ) o (B (0% ) +1))éd5<

)

i<P(5):/\I’

0

1

) 1 1 1
L / 72"(“5)“" de +61n (A. LHQ_ bk) =
0
1 (2, 1) bpp1 — b\ 7
1(2‘1(ak)0“11 —i—(51n<14-7k+1 k> )
1- = 2
pr aq
Then series in the conditions 5) of the Theorem 3 will have the following form

Lol (42} Bl (550}

a 2
k=0 4 Ek

O

Corollary 2. If conditions of the Theorem 4 holds, then there is such a random
variable £ > 0, P {¢ > u} < B(u), u > 0, where B(u) is given by (10), that

§(@, )] < e(t)€
for all (z,t) € V with probability one.
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4. An example

In this section we consider the boundary-value problem of the first kind for a
homogeneous hyperbolic equation [25]. The problem is in finding a function
u=(u(z,y), z €[0,7], tel0,t]) satisfying the following conditions:

0%u

6% (p(x)gZ) —q(z)u — p(aﬁ)w = 0;

x € [0,7], t €[0,+00];
u(0,t) = u(m,t) =0, t € [0,400];

u(w,0) = £(a), 2250

Assume also that (£(z), z € [0,7]) and (n(z), € [0,7]) are SSub,(£)
stochastic processes defined on a common complete probability space (2, &, P),
where ¢(x) = %, |z| > 1,p > 1.

Regardless of whether the initial conditions are deterministic or random, the

Fourier method consists in searching for a solution of the series

=n(z), x € 10,7].

- By .
u(z,t) =Y Xp(z) [Akcos At + —=sin/ Agt| , (11
2 A A

z € 10,7, t €[0,+00];

where

A= [ e Xelople)te, k21,
0
B [ a0 Xetw)plade, k> 1.
0
and where \g, k > 1 and X = (Xx(z), z € [0,7]), k > 1 are eigenvalues and

the corresponding orthonormal eigenfunctions (with weight p(e)) of the following
Sturm-Liouville problem

2 (10 ) s (@) + a0 X(0) =0,

Let V =1[0,7] x[0,400), [bk,bk+1], k=0,1,... be a family of such
segments, that —oo < by < bpy1 < 400, k=0,1,... Vi = [0;7] X [br, brt1],
U=V,

k
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S (,1) = X
k=1

According to [18, 11] u(x
condition

1
2
sup ‘E (Sn @k, tr) — Sn(yk, s1))°
|2k —yk|<h
[tk —sk|<h
(zk,tk), (Y51 ) EVR

holds, where

l\J\»—A

1
k

k=

—

v
Nl

(Ink)°.

[Akcos\ft + .smft]

,t) is the strongly Sub, (2) random field and the

a

< -
)l

1
|EARBy|| >

o = sup (E
z€[0,m]
t€[0,T]

Conditions of convergence of the series

oo oo
I
k=11=1

1
0 1 EB2 2
S (E4p)* 7( k’“) (nk)°,
k=1
Z {EA;CA I+ |EBsz| |EALB|
k=1 1=1 l

were found in the book [11].

min
te(tk,tht1]

Cr. =

sup — < 00,
k Ck

1
brr1—bg \ ¢
1n(A-%)

sup < 00,
k Ck

z{ (wgﬂ)é}m

Stat., Optim. Inf. Comput.

i = &0-

(12)

Let ¢ = {c(t), t € R} be some continuous function, such that ¢(t) > 0, t € R,
c(t). Since €, = £p, then conditions of the Theorem 4 hold if

(13)

(14)

(15)

Vol. 2, June 2014.
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Then, from 3 we have

lu(z, t)] w ox 1 g% _ooeX 1 (sep(1-0) i — D(w
P{(ziﬁv W) }<2 p{ q<s) } B p{ Q( 2¢0 > } D

1 1-aq by —bp \ £
(24 (a)od ("EloiTquggo ln(A-%) q

aq

e

For w > sup 2~
k

Let us put by = e* and show that the function c(t) = (lnt)% satisfies the
conditions (13)—(15). Actually ¢ = (In ek)% —ka. Tt is obviously that the
condition (13) holds true. Moreover,

4
'9(179)>0<9< 1.

Ck

1 1
_ 3 In (Ae* (e — 1))@
sup (A (brt1 — bi)) — sup n (Ae (f ) >
k>1 Ck k>1 ka

for every A > 0. Thus, the condition (14) holds for every A > 0 and

1 1 . L
> 1 (se(1-0)\*| 1 1ka(1—6)a"”
Ze"p{‘q <20 EP L] et e

k=0

Since exp {—Dk%} < k% for every constant D > 0 and sufficiently large k, we
deduce that condition (15) holds for every s > 0.

Corollary 3. There exists such a random variable £ > 0, P {{ > w} < B(w), that
fu(z, )] < &(Int)s
for all (x,t) € V with probability one.

Note that for the given example it is not easy to construct the function ¢(t),
. o« . . . 1
which is increasing considerably slower than (Int¢)«.

5. Conclusion

The estimates for distribution of supremum for normalized @-sub-Gaussian
random fields defined on unbounded domains are found. Received results can
be used for investigation of solutions of hyperbolic and parabolic equations
of mathematic physics. Using this results one can construct modeless, which
approximate solutions of such equations with given accuracy and reliability in
the uniform metric.
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