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1. Introduction

A tensor is a multidimensional array. More formally, an N-way or Nth-order
tensor is an element of the tensor product of N vector spaces, each of which has
its own coordinate system. A first-order tensor is a vector, a second-order tensor is
a matrix, a third-order tensor has three indices and tensors of order three or higher
are called higher-order tensors. Tensors have been widely utilized in Electrical
Engineering since the nineties [16], and in particular in Antenna Array Processing
[4] or Telecommunications [9] [13].

In this paper, we mainly consider the following nonconvex quadratic
optimization problem of the form

n2 N3 ny me N3
min  fo(X ZZZA X?leykl‘i‘2ZZZszszl+CO
=1 k=1 I=1 =1 k=1 I=1
n2 nsg ny mns n3
st fp(X ZZZAUX’“XJ“+QZZZBMXW+CP<0 (1.1)
i,j=1 k=1 [=1 i=1 k=1 [=1
p=1,---,m,

where AP = (AP)T ¢ Rmixm Br e Rm*n2 P ¢ R, p=0,1,--- ,m and X €
RmMxn2xns g 3 third-order tensor. Problem of the above type is actually an
extension of the quadratic matrix programming (QMP) problem [6, 2] and
quadratically constrained quadratic programs (QQPs) [5, 15, 3] if we let ng =1
and ns, n3 = 1 respectively. We call problem (1.1) a quadratic third-order tensor
programming (QTTP) problem.

Tight semidefinite programming (SDP) relaxation is known to hold for only a
few classes of nonconvex QQPs such as trust region problem [5]. Many extensions
of this problem were considered in [12, 15] while these results cannot be extended
to QQPs involving two constraints [17]. As a generalization of QQPs with vector
variables, Beck [2] proved stronger results to QMP problems. Now after extending
“matrix” to the “third-order tensor” situation, we will establish the same tight SDP
relaxation results for QTTP problems with at most n, constraints (see section 2).
However if QTTP problem (1.1) is homogeneous, still we can get the tightness
result in spite of the constraints number under some conditions (see section 4).

Tensors can be multiplied together, though obviously the notation and symbols
for this are much more complex than for matrices. For a full treatment of tensor
multiplication see, e.g., Bader and Kolda [1]. In [8], they consider the tensor n-
mode product, i.e., multiplying a tensor by a matrix (or a vector) in mode n:

I7Z
(X X Uiy iy sjingnN = D Xy Uji,

in=1
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132 L. YANG, Q. YANG AND X. ZHAO

here tensor X € R71>*I~n and matrix U € R/*!»_ Using this definition, we seek
to find a third-order tensor X which solves the following optimization problem:

min ||X x; A — BJ? (1.2)

where A € R™*™ and X, B € R"*"2%"3 are two third-order tensors. The norm
of a tensor X is the square root of the sum of the squares of all its elements, i.e.,

ni ng ns

2> D i

i=1 j=1 k=1

X0 =

This is analogous to the matrix Frobenius norm, which is denoted || A|| for a matrix
A. If tensor B satisfies B, = B;; for 1 < k < ng, problem (1.2) can be rewritten
as a nonconstraint QTTP problem:

ny ng N3 mi N2 N3 ni
min Z ZZ(ATA)inilejkl - 2222(2 AgiBo) Xirt
ig=1k=1 I—1 i=1 k=1 =1 s=1
i=1 k=1

The remaining of the paper is organized as follows: In section 2, we homogenize
the QTTP problem and change it to a separable QMP problem and show that the
optimal values can be obtained exactly by its SDP relaxation under some mild
conditions. In section 3, we concentrate on the homogeneous QTTP problem.
Although it is still NP-hard, we can approximately solve it in polynomial time.
In section 4, we present a special class of homogeneous QTTP problems with
nonpositive off-diagonal elements and show that their optimal values can be
obtained exactly by SDP relaxations and more precisely be solved without gap.

Throughout this paper, we use the following notations: Vectors are denoted by
lowercase letters, e.g., x, matrices by uppercase letters, e.g., X, and third-order
tensors by calligraphic capitals, e.g., X'. Let z;, X;; and X, denote the ith, ijth
and ijkth component of x, X and X respectively. For matrix A and B, A = 0
means that A is a positive semidefinite matrix, rank(A) denotes the rank of A,
TrA denotes the trace of A, AT denotes the transpose matrix of A, and Ae B
stands for the standard matrix inner product, i.e., Ae B = TrAT B. For random
variable &, E{ denotes the expectation of §. S™ (S} ) is the set of all real symmetric
n x n matrices(positive semidefinite matrices). Oy, xn, 1S the ny X ny matrix of
zeros, I, is the r x r identity matrix, and ET, is the r x r matrix with 1 at the
stth component and O elsewhere. The value of the optimal objective function of
an optimization problem

(P) min{f(z):z e C}
is denoted by v, (P).
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QUADRATIC THIRD-ORDER TENSOR OPTIMIZATION 133

2. Semidefinite relaxations of the QTTP problem and tightness results

We construct a similar scheme provided by A. Beck [2] to obtain a SDP relaxation
for (QTTP). By solving the relaxed problem, in this section, we will show
that under some mild conditions, tightness of (QTTP) is hold with at most n,
constraints.

As the method used to homogenize a quadratic vector function, we consider the
following homogenization procedure to QTT function: Let

niy N2 ns3 ni ns N3
J(X) = Z Z Z A X X + 2 Z Z Z BipXip + ¢,
ij=1 k=1 =1 =1 k=1 1=1

like (QTTP). The homogenized QTT function is denoted by [ :
R(mitn2)xnz2xns 3 R and given by

ni ny N3 ni n2 n3
A 2) = Z Z ZAinikszkz +2 Z Z ZBiinklZskl
i,j=1k=1l=1 i=1 s,k=1 I=1
no ns
C 2
o %::1 ; z2. (2.1)

The homogenous function f# satisfies the following easily verifiable properties,
which will become useful in what follows

Property 2.1
Let matrices {Z'}]'3, € R"2*X"2 satisfy
Zhe = Zon
fors,k=1,--- ,noandl =1, - ,ns.
(). If ZY, ..., Z"™ = I,,,, we call Z € R"2X"2%"s the identity three order tensor

and denote it by Z, then f(X) = f2(X,I);
Q). 1f Z (2T, ... Z2m8(Z7)T = I,,_, set

no
Dig = Z Xiki Zsk (2.2)
k=1

fori=1,---,ny,s=1,--- ,ngandl = 1,--- ,ng, then f(D) = fH(X; 2).

Using the above homogenization procedure for QTT functions, we are able to
prove (see Proposition 2.1 below) that (QTTP) is equivalent to some homogeneous
QTTP problem.
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134 L. YANG, Q. YANG AND X. ZHAO

Proposition 2.1
Consider the following homogenized version of (QTTP):

(HQTP) min fi(X;Z)
s.t. ff(X,Z)SO, p:]-v"'ama
gstl(XQZ):éstv 1§S§t§n27l:17"'7n37
XGR’IMXTLQXTL:;’ ZERHQXTLQX'IL;;,

where gsy = Y & Zski 2tk and &g, is the Kronecker delta, then we have:
1. If (QTTP) is solvable and X'* is an optimal solution, then (HQTP) is solvable
and
(X*;7) is an optimal solution, where Z € R™2*"2*"s ig the identity three
order tensor
defined in property 2.1.
2. If (HQTP) is solvable and (X'*; Z*) is an optimal solution, then (QTTP) is
solvable
and D* is an optimal solution, where D* is defined as (2.2).

Proof. Through property 2.1, we note that f(D) = f¥ (X; Z) for every feasible
solution (X; Z) of (HQTP), since the system of equalities
gstl(X;Z):53t7 1§s§t§n271:1,~~,n3

is actually equivalent to Z1(Z1)T ...  zZns(Z")T = 1,,,.
1. For every feasible solution (X; Z) of (HQTP), combined with property 2.1
we have

X5 2) = fo(D),  fiH(X5T) = fo(X).
Meanwhile

shows that D is a feasible solution of (QTTP), which means fy(D) > fo(X™*).
From the above equalities, we argue that (X*; Z) is an optimal solution of (HQTP).

2. Similar to the above method, for every X in the feasible set of (QTTP), we
have

fo(X) = fE(XT) > fE(X" 27) = fo(DY),

which shows that D* is an optimal solution of (QTTP). O
Notice that (QTTP) and (HQTP) have the same value of the optimal objective
function via the proof of Proposition 2.1, i.e.

Vmin (QTTP) = vyin(HQTP). (2.3)
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QUADRATIC THIRD-ORDER TENSOR OPTIMIZATION 135

So they are actually equivalent optimization problem. From now on, we will only
consider (HQTP) instead of (QTTP).
For QTT function (2.1), let matrix sequences {Z'}}%, and {X'}}"*, satisfy

1 1
Zop, = Zski, X = Xk,

with ¢=1,---,ny, s,k=1,--- ,ny and [ =1, --- ,n3. For convenience, we
adopt the following matrix notation:

A B X!
Mf:<BT C‘[ng) and WIZ(Z1>.

nans

Then we can rewrite f(X; Z) as
ns
X 2)=>" Mpew'(whT
I=1
It holds that (HQTP) is equivalent to

ns

min ZMfO oW WHT
=1

ns
st Y My eW'WhHT <0, p=1,---,m,

=1

Nt e W' WHT =26, 1<s<t<ny,

Whe Rmtnr2)xnz 1 — 1 ... pg (2.4)
with
0 0
st: niyXni niXns < < < .
(o ) rsesisn

Now after some constructions, (QTTP) has been transferred to problem (2.4),
where the objective function is in the form of the sum of n3 individual functions
without crossed variables. In fact, problem (2.4) can be viewed as a special kind of
separable QMP problems. Based on this characterization, making use of the rank
reduction algorithm of [11], we can deduce the tightness between (QTTP) and its
SDP relaxation.

Let U' = W{(W!HT forl =1, - ,ng, which can be equivalently written as

Ul c Sil-‘rnz
{ rank(U') < na.
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ns3

Omitting constraints {rank(U') < ny}',, we finally arrive at the SDP relaxation
of (HQTP):

ns
(RHQTP) min Y Mj, oU'
=1

n3

s.t. Zpr.UlSO, p=1---,m,
=1
Nt eU' =265, 1<s<t<no,

UteSpt™, 1=1,- ns,

The SDP problem (RHQTP) has a dual, which is given by

n3
(DHQTP) max —» Trv!
=1

m 0 0
1 _ n1Xn1 n1Xng
st V=M, 4+ 1Aprp + ( o ) :
p:

Vltoa )\pZO?
vleS® |=1,---,n3, p=1,---,m.

For the sake of completeness, we present the constructive rank reduction
procedure [2, 11] again (Proposition 2.2 below) to reach a rank constraint of the
optimal solution of (RHQTP).

Proposition 2.2
Suppose that (RHQTP) and its dual (DHQTP) are solvable. Then, (RHQTP) has
always an optimal solution (U*!)}"*, such that

ns

Z Tﬁmk?(U*l)(“;nk(U*l) +1 <m+ %ﬁl)

=1

Proof. Suppose (U')2, and ((V)2,, (Ap)iy, (¥1);%%,) are optimal solutions

of (RHQTP) and (DHQTP), respectively (existence can be ensured by assuming
that both the primal and dual SDPs have interior points in their feasible regions,
respectively). Notice that they comply with the complementary conditions

Ap Y My eU' =0 forp=1,---,m, (2.5)
l

and

Uvli=0 forli=1,---,ns. (2.6)
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Let R, =rank(U'), 1=1,--- ,ng. By decomposing U'=Y!(Y)T, Y'e
R(m+n2)xRi it holds that

> My, 0U' =) (YY) "My, Y elp, <0 p=1,---,m,
l l

Nt eU = (YHINS'Y' 0 Ip, =204 1<s<t<mg, l=1,--- ns.
Consider the following system of linear equations:
S WY MY eAl=0 p=1,--,m,
1
(YOHINs'Y'e Al =0 1<s<t<mny, l=1,---,n3 (2.7)

with Al € S®t for [ =1,--- ,ns. Note that there are w unknowns in
the entries of A!; therefore the system (2.7) has m + M equations

and >, w unknowns. If >~ w >m+ %, then there is a
nonzero solution of the system of linear (2.7), say, (A! )12, Let oy, with k=
1,---, R; be eigenvalues of A forl =1,---,ns. Let [y and kg be such that

|Uluk0| = HlaX{|0'lk.| 1<k< Rlal <I< nS}-

Thus it is easily seen that the matrices

1
IRZ_ Alto l:l,--~,n3.
Tloko

Let Ul = Y!(Ig, — A= AH(YHT for I =1,--- ng, clearly U! > 0. Noticing

oro
that

Zpr e U'<0, N*eU'=25,

]
withp=1,--- ,m,1<s<t<nmgandl =1, -, ng, it follows that (U')}* is a

feasible solution of (RHQTP). Meanwhile, it is easy to prove that (2.5) (2.6) and
(2.7), together with U, V! = 0,1 =1,--- ,ns, gives that

APZMfPOUlzo, Uvt=0 forp=1,--- m,l=1--- ns.
l

Therefore the complementary conditions are satisfied, which means (U")}’2, is

still an optimal solution of (RHQTP). Note that >, rank(U') < >, R — 1, i.e.
sum of the ranks of the optimal solutions reduce at least one. Repeat the above
rank-deduction procedure, finally we will get one optimal solution (U*)}'3, of
(RHQTP) such that

n3

3 mnk(U*lxrc;nk(U*l) D %

=1

Stat., Optim. Inf. Comput. Vol. 2, June 2014.
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which completes the proof. a
Using Proposition 2.2, we are now able to show that (QTTP) with at most ny
constraints possess a tight SDP relaxation under some mild conditions.

Theorem 2.1

Suppose that (RHQTP) and its dual (DHQTP) are solvable. If the rank of each
optimal solutions of (RHQTP) is no less than ny and m < no, then, (QTTP) is
solvable and vy, (QTTP) = Vyin ( RHQT P).

Proof. By assumption, any given optimal solution (U l);ﬁ 1 of (RHQTP) satisfies
rank(U') > ny forl = 1,--- ,ns. It follows by Proposition 2.2 that (RHQTP) has
an optimal solution (U*")]'3, such that

nans (’H,Q + ].)
72 .

nanz(ng + 1) < i rank(U*Y)(rank(U*!) + 1) <yt
1=1

2 2

This implies rank(U*) =ny for [ =1,--- ,n3. As a result, (RHQTP) is
equivalent to problem (2.4). Hence by (2.3), we have

which completes the proof. |

3. Approximation algorithms for the homogeneous QTTP problem

The focus of this section, in particular, is on nonconvex QTTPs which involve
positive semidefinite matrices in constraints, and the objective function and
constrains both are homogeneous. Through a simple randomized polynomial-time
procedure proposed by AMC So et al [14], we can extract a feasible solution of
(QTTP) from the optimal solution of its SDP relaxation. And the approximation
ratio is Q(;——) or Q( \/17) which depends on the magnitude of 7.

logm logm

Consider the following optimization problems:

ny no ns
(HQ — 1) U;kninqp =min Ainik:lXjkl
i,j=1k=1 l=1
ny no ns
p
s.t. E E E Al XX < o,
i,j=1 k=1 l=1

Aptov p:17"'ama

where A%, AP € S™ and o € R for p=1,--- ,m. we can see that (HQ-1) is
(QTTP)’s simplification by omitting the monomial term and the constant term.
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Unfortunately, (HQ-1) itself is still NP-hard which has been proved in [10] as ny =
ng = 1. However, it is possible to approximately solve the problem by deriving
a feasible solution from its SDP relaxation. And we see that the approximating
procedure can be completed in polynomial time.

Similar to the argument in section 2, we can rewrite (HQ-1) with another
equivalent form:

ns
v’ =min E A e !

mingp
=1

n3
s.t. ZApoUl <aP, p=1,--,m,
1=1

U'=0, rank(U') < ny, (3.1)
where U, .- U™ € S™, and its natural SDP relaxation is given by:
n3
Upinsdp =Mmin Z Ao U
=1

ns
s.t. ZAP Ul < a?,
=1
Ut=0, p=1,---,m. (3.2)

Now we introduce a low-rank approximate solution to a system of linear
equations in symmetric positive semidefinite matrices, which will be used to derive
an approximate solution to our homogeneous QTTP problem (HQ-1).

Lemma 3.1

[14] Let Ay, ---, A, € R™*™ be symmetric positive semidefinite matrices, where
n < v/2m. Then, for any d > 1, there exists an X, = 0 with rank(Xy) < d such
that:

B(m,n,d) - Tr4; < A; ¢ Xg < a(m,n,d)-TrA; fori=1,--- m,

where:
1+ %ﬁ‘lmﬂ for 1 <d < 12log(4mr)
a(m, e d) = 12 log(4mr)
L+ == for d > 12log(4mr)
and
m for1l <d<4log(2m)
B(m,n, d) = 1 4log(2m)
max{w, 1- gT} for d > 4log(2m)

Moreover, there exists an efficient randomized algorithm for finding such an Xj.
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Our main result in this section is the following:

Theorem 3.1
Let (U *1)221 be an optimal solution to (3.2). We can extract a feasible solution X}
of (HQ-1) from (U*!)}**, such that

1

* :]0 0 0 *
Uminqp < i'Xileikl < vminq;m
J a(m,ny,ng)
ikl 5 101, 762

where:

: ) 14 %{jmh) for 1 <mny < 12log(4mh)
a(m,ny,ny) =
1,762 1+ \/@ for ng > 1210g(4mh)

and h = min{v/2m, n, }.

Proof. Using Proposition 2.2, we know there exists an optimal solution (U*!)'?,
of problem (3.2) such that
n3 *[ *[
Z rank(U )(rt;nk(U )+1) <m,

=1

which follows that rank(U*!') < v/2m. Through the technique used by AMC So
et al [14], we construct the following matrices

U*l _ P*Z(P*l)T,
na
Xt=>3"gleh?,
j=1
Xt = PP,
where P* € R™*" with r; = rank(U*) < v/2m, and &' € R" for &' are
1.1.d. Gaussian random variables with mean 0 and yariance 1/n9, here
I=1,---,n3, i=1,--- 7. Clearly rank(X") < rank(X') < ny. Notice that

(P*Z)TAPP” € R" %" then by proof of Lemma 3.1 [14] and some calculations,
we assert that

(PHT AP P* 0 X1 < a(m, ny,ma) - Te(P*HT AP P* = a(m, ny,ny) - AP @ U
and

EA%e X! = A e U™ (3.3)
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withp=1,--- ;mand! =1,---,ng, which means
AP o X1 = (P*)T AP P! o X! < a(m,ny,ns) - AP @ U (3.4)
Set X! = mX' !, combined with (3.4), easily we get
X'=o,

rank(X") < rank(X') < no,

DoATeX! <Y AP QU <o forp=1,c,m.
l l

Obviously X! is a feasible solution of problem (3.1). Meanwhile
ns 1 n3 _
EY AleX'=——— % EA e X!
lz_; * a(m,ni, na) lz_; *

1 o
_ AO ° U*l
a(m,ny,ng) ;

1 *
= vminsdp
a(m,ni, na)
1
*
< Uminqpv

~ a(m,ny,n2)

where the second equality follows from (3.3). So there exists certain X' such that

ns
1

0 l
v:zinqp S Z A L d X S
=1

— Ve 3.5
a(ma ni, n2) menap ()
Now we transfer matrix sequence { X'}, to a third-order tensor X°. Actually the
construction process of {X'}'*, states that

XL xi

a(m,nl,nQ)
n2 1 . 1 .

_ Z( P*lé—]l)( P*lé—]l)T
= va(m,ni,ng) va(m,ny,ng)
na

=> ' "7,
j=1

here welet /! = —L___P*l¢ilforj=1,--- ,ngandl =1,--- ,ns.

vV a(m,ni,na)

Kl _ (nll’_“ 7,]7712[)

Set
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and
szl Kl
wherei=1,--- ,ny,k=1,--- ,ngandl = 1, .-+ ,ng. By the above assumption,
we have
IR S
ijkl a5l
=Y AY(K'(KYT)y
ijl
_ ZAO Kl Kl )

:ZAOOXZ.
l

This implies, together with (3.5), that

1
0 30 40
v:linqp < ZAinileikl < a(m ny n2) 7*ninqp7
ikl T
which completes the proof of the theorem. i

We remark that the constructive proof of Theorem 3.1 actually provides a
polynomial-time algorithm to generate an appropriate feasible solution of the
homogeneous QTTP problem (HQ-1), and the approximation ratio is €(

logm)

or O \/@) which depends on the comparison of ny and m.

4. A class of homogeneous QTTP problems whose SDP relaxations admit no
gap with the true optimal values

For the homogeneous QTTP problem, in this section, after making some
assumptions to the coefficient matrices in the objective function and constrains,
we can see that its optimal value is the same as the bound obtained by its SDP
relaxation and the optimal solution for the original problem can be obtained from
the optimal solution of its SDP relaxation.

Consider a homogeneous QTTP problem of the form:

ni M2 N3

(HQ —2) min Z Z Z A?inlejkl
ij—l k=1 1—1

nz2 N3

S.t. Z ZZAUXZMXJM <al, p=1,---,m,

ij=1k=1 =1
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where o € R and A%, AP € S™ for p=1,---,m. Unlike in (HQ-1), here
Al ... A™ may be indefinite.
Stretch the three-order tensor X' to nong vectors defined by:

= X 4.1)

K3

with z*! € R™ fork =1,--- ,npand[ = 1,--- , n3. By using the correspondence
(4.1), we can represent (HQ-2) as the separable indefinite homogeneous quadratic
optimization problem:

no ns

Z Z(Ikl)TAO.Z’M
k=1 [l=1
no ns

s.t. ZZ(QBM)TA”JUM <al, p=1,---,m. 4.2)
k=1 I=1

The so-called SDP relaxation of (4.2) is

Z AV e YH
ki

s.t. ZAponlgap7 p=1,---,m,
kl
MeSt, k=1, ,ng, l=1,-- ,ns. (4.3)

Theorem 4.1

Assume that all off-diagonal elements of AP(0 < p <m) are nonpositive.
Let Y**' be an optimal solution of the SDP relaxation (4.3) and z*¥ =
(VYL /YR T for 1 < k < np and 1 < 1 < ng. Using transfer strategy
(4.1), compress nyng vectors {x**}; to a third-order tensor X*. Then X'* is an
optimal solution of (HQ-2) and v,in (HQ — 2) = vpnin (4.3).

Proof. By definition, we first observe that

Z( *kl TAp.T*kl ZZAZJ ;kkl *kl
kl ij
=2 D AT
ij
ST
kl i3

=) APeyH (4.4)
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for p=0,1,--- ,m. The above inequality based on the nonpositivity of all off-
diagonal elements of AP(0 < p < m) and the fact that all the 2 x 2 principle
submatrices of positive semidefinite matrices {Y **'},; are nonnegative. Let p =
1,---,m, combined with the optimality of (Y**!),;, (4.4) makes it clear that
(x*k1);; is a feasible solution of (4.2). Therefore, we obtain that

D AL ey H >N (@ T A% R > 0y (4.2) 2 Ui (4.3) = Y A% @ YL
kl kl kl

Hence (2*k!);; is an optimal solution of problem (4.2) which means that X'* is an
optimal solution of (HQ-2) and v,,;, (HQ — 2) = vypin(4.3). O

The assumption that all off-diagonal elements of AP(0 <p<m) are
nonpositive plays an important role in the proof of Theorem 4.1. This however,
does not necessarily require that A? (i # j), are of the same sign. In fact, AP(0 <
p < m) can be relaxed to be uniformly almost OD-nonpositive. To make this clear,
we introduce the following definition.

Definition 4.1
[7] A family of symmetric matrices AP € S"*(0 < p < m) is said to be uniformly
almost OD-nonpositive if there exists a sign vector o € {—1,41}"* such that

Af005 <0 for1<i<j<mng, 0<p<m.

As aresult, Theorem 4.1 can be extended to the following.

Theorem 4.2

Assume that the family of symmetric matrices AP (0 < p < m) is uniformly almost
OD-nonpositive with a sign vector o € {—1,+1}™. Let Y** be an optimal
solution of the following SDP relaxation problem

min Z A0 e YK
Kl

st Y AevH<ar p=1m,

kil

Yklegil, k=1,---,no, l=1,--,ng 4.5)
with A}, = Afoy0; for 1<ij<n; and 1<p<m and z*=

(o1 Y e on, /YL )T for 1 <k <ny and 1 <1< ns. Using transfer
strategy (4.1), compress nang vectors {x*’”} 11 to a third-order tensor X*. Then
X* is an optimal solution of (HQ-2) and vy, (HQ — 2) = vpin(4.5).

Proof. By assumption, we have
Af00; <0 for1<i<j<mng, 0<p<m.
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Replace variables z*! by o o z*! (o denotes the Hadamard product), it follows that
(4.5) is another SDP relaxation of problem (4.2). Set {z*¥'},; as the definition,
similar to the proof of Theorem 4.1, we assert the conclusion holds. O

At last, we give another tight SDP relaxation result to problem (4.2) when
Al ... A™ could be any indefinite matrices. Different from (4.3), the following
problem

min AeY
st. APeY <P, p=1,---,m,
Y e ST (4.6)

is also a SDP relaxation of (4.2). If we get one optimal solution Y* with
rank(Y™*) < nang, then (4.6) is exactly equivalent to problem (4.2). The dual
problem to (4.6) is given by

m
max —E aPyP
p=1

st Z=A"+) yPAP =0,
p=1

Theorem 4.3
Suppose that SDP relaxation problem (4.6) and its dual (4.7) are solvable. If

m < mzne(enstl) Cthen homogeneous tensor programming problem (HQ-2) is
solvable, and v, (HQ — 2) = vppin (4.6).

Proof. Similar as the proof of Proposition 2.2, we state that there exists one
optimal solution Y* of problem (4.6) which satisfies

rank(Y*)(rank(Y™*) + 1) “m
5 <m.

This implies, together with the assumption, that
rank(Y™) < nans
Thus it holds that
VUmmin(HQ — 2) = Vpmin(4.2) = Upmin(4.6),
which completes the proof. m|
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