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1. Introduction

Wide sense stationary and related stochastic processes have been studied by
many scientists. The obtained results found their applications for solving actual
problems in description and analysis of models of economic and financial time
series. The most simple examples are linear stationary models such as moving
average (MA), autoregressive (AR) or autoregressive-moving average (ARMA)
sequences, state space model, all of which refer to stationary sequences with
rational spectral function without unit AR-roots. Time series with trends and
seasonal components are modeled by integrated ARMA (ARIMA) sequences
which have unit roots in their autoregressive parts and are examples of sequences
with stationary increments. Such models attract interest of scientists during the
last 30 years. The main points concerning model definition, parameter estimation,
forecasting and further investigation are discussed in the well-known book by
Box, Jenkins and Reinsel [1]. While analyzing financial data some economists
noticed that in special cases linear combinations of integrated sequences become
stationary. Grander [10] called this phenomenon cointegration. Cointegrated
sequences found their application in applied and theoretical econometrics and
financial time series analysis [9].

Estimation of unknown values of stochastic processes is an important part
of the theory of stochastic processes. Effective methods of solution of the
linear extrapolation, interpolation and filtering problems for stationary stochastic
processes were developed by Kolmogorov [15], Wiener [37], Yaglom [38, 39].
Further results one can find in book by Rozanov [35]. Yaglom [40, 41] developed
theory of non-stationary processes whose increments of order n form a stationary
process. Further results for such stochastic processes were presented by Pinsker
[33], Yaglom and Pinsker [32]. See books by Yaglom [38, 39] for more relative
results and references.

The mean square optimal estimation problems for stochastic processes with nth
stationary increments are natural generalizations of extrapolation, interpolation
and filtering problems for stationary stochastic processes. The classical methods
of solution of extrapolation, interpolation and filtering problems are based on the
assumption that spectral density of the process is known. In practice, however,
it is impossible to obtain complete information on the spectral density in most
cases. To solve the problem one finds parametric or nonparametric estimates of
the unknown spectral density or selects a density by other reasoning. Then the
classical estimation method is applied provided that the estimated or selected
density is the true one. Vastola and Poor [36] have demonstrated that the described
procedure can result in significant increasing of the value of error. This is a
reason for searching estimates which are optimal for all densities from a certain
class of admissible spectral densities. These estimates are called minimax since
they minimize the maximal value of the error of estimates. A survey of results

Stat., Optim. Inf. Comput. Vol. 2, September 2014.



178 MAKSYM LUZ AND MIKHAIL MOKLYACHUK

in minimax (robust) methods of data processing can be found in the paper by
Kassam and Poor [14]. The paper by Grenander [11] should be marked as the
first one where the minimax extrapolation problem for stationary processes was
formulated and solved. Franke and Poor [13], Franke [12] investigated the minimax
extrapolation and filtering problems for stationary sequences with the help of
convex optimization methods. In papers by Moklyachuk [20] — [22] the minimax
approach was applied to extrapolation, interpolation and filtering problems for
functionals which depend on the unknown values of stationary processes and
sequences. For more results and details see, for example, book by Moklyachuk
[29], articles and book by Moklyachuk and Masyutka [26] — [31]. Dubovets’ka
and Moklyachuk [3] — [8] investigated the minimax-robust estimation problems
(extrapolation, interpolation and filtering) for periodically correlated stochastic
processes.

In papers [16] — [19], [25] by Luz and Moklyachuk the minimax interpolation
and extrapolation problems for linear functionals which depend on unknown
(missed) values of stochastic process £(m) with stationary nth increments
from observations of the process with and without noise were investigated. In
the paper [18] they investigated the problem of optimal linear estimation of
the functional A¢ =Y~  a(k){(—k) which depends on unknown values of a
stochastic sequence £(k) with nth stationary increments from observations of
the sequence £(k) + n(k) at points k = 0,—1,—2, ..., where 7(k) is a stochastic
sequence with stationary nth increments which is uncorrelated with the sequence
&(k). To solve the problem the functional A¢ is represented as a functional
of increments of the sequence providing some conditions on the coefficients
a(k), k> 0. This representation gives a possibility to find an estimate only
for the functional A&, but not for the functional Ayx¢ = Z,JCVZO a(k)(—k). In
the present article we require the noise sequence 7n(k) to be stationary. This
condition let us find estimates of both functionals An = >, a(k)n(—k) and

Ann = ZkN:O a(k)n(—k) which are used for solving the filtering problem for
functionals A¢ and An&. The obtained results give us a method of solution the
filtering problem for cointegrated sequences £(k) and ((k) under the condition
that a stationary linear combination of the sequences does not correlate with the
sequence £(k). The estimation problem is solved in the case of spectral certainty
where spectral densities of sequences £(k) and (k) are exactly known as well as
in the case of spectral uncertainty where spectral densities of the sequences are
not exactly known, but a set of admissible spectral densities is given. Formulas
that determine least favorable spectral densities and minimax (robust) spectral
characteristics of optimal estimates of functionals are proposed in the case of
spectral uncertainty for concrete classes of admissible spectral densities.
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2. Stationary increment stochastic sequences. Spectral representation

Definition 2.1
For a given stochastic sequence {{(m), m € Z} the sequence

n

€M (m,p) = (1= Bu)"é(m) = > _(=1)!Cré(m — L), (1)

=0

where B, is a backward shift operator with step p € Z, such that B,{(m) =
&(m — ), is called stochastic nth increment sequence with step p € Z.

For the stochastic nth increment sequence ¢()(m, ) the following relations
hold true

¢ (m, —p) = (=1)"" (m + np, ), )
€0 (m, k) = 30"

where coefficients {A4;,] =0,1,2,...,(k — 1)n} are determined by the represen-
tation

A€ (m—lp ), kEN, 3)

(k—1)n
I+z+... +2FhHr = Z Azt
1=0

Definition 2.2
The stochastic nth increment sequence &(™(m, ) generated by stochastic
sequence {£(m), m € Z} is wide sense stationary if the mathematical expectations

E€™) (mo, p) = ™ (),

Ef(") (mo + m, Nl)f(”)(mo, Ha) = D™ (m, g1, pi2)

exist for all myg, jt,m, i1, jt2 and do not depend on myg. The function (™ (p) is
called mean value of the nth increment sequence and the function D) (m, 111, o)
is called structural function of the stationary nth increment sequence (or structural
function of nth order of the stochastic sequence {&(m), m € Z}).

The stochastic sequence {£(m), m € Z} which determines the stationary nth
increment sequence &™) (m, ;1) by formula (1) is called sequence with stationary
nth increments (or integrated sequence of order n).

Theorem 2.1

The mean value ¢(™(x) and the structural function D™ (m, iy, us) of the
stochastic stationary nth increment sequence &™) (1, ;1) can be represented in the
following forms

C(n) (M) — C/Ln, (4)

, , ‘ 1
D™ (m, pa, p2) = / N (1 — e (1 — e )"

2 A, ©)
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where c is a constant, F'(\) is a left-continuous nondecreasing bounded function
with F'(—7) = 0. The constant ¢ and the function F'()\) are determined uniquely
by the increment sequence &™) (m, p).

From the other hand, a function ¢("™ (1) which has form (4) with a constant ¢
and a function D (m, 1, po) which has form (5) with a function F(\) which
satisfies the indicated conditions are the mean value and the structural function of
a stationary nth increment sequence £ (m, p).

Using representation (5) of the structural function of a stationary nth increment
sequence &™) (m, ) and the Karhunen theorem [2], we obtain the following
spectral representation of the stationary nth increment sequence &(™ (m, p):

T , 1
(n) — imA 1 — —iuA n_—  47z(\ 6
€ mp) = [ @A e az(), ©
where Z()) is an orthogonal stochastic measure on [—m, 7) connected with the
spectral function F'(\) by the relation

3. Filtering problem

Let a stochastic sequence {{(m),m € Z} define stationary nth increment
sequence &™) (m, ;1) with absolutely continuous spectral function F(\) which has
spectral density f()). Let {n(m),m € Z} be an uncorrelated with the sequence
&(m) stationary stochastic sequence with absolutely continuous spectral function
G(A) which has spectral density g(\). Without loss of generality we will assume
that mean values of the increment sequence £ (m, i) and stationary sequence
n(m) equal to 0.

Consider the problem of mean-square optimal linear estimation of the
functionals

) N
A¢ = kZaUc)f(—k), AnE = kZa(ms(—k)
=0 =0

which depend on unknown values of the sequence £(m) from observations of the
sequence ¢(m) = £(m) + n(m) at points m = 0, —1, —2, . ... We will consider the
case where the step 1 > 0. And we will suppose that conditions

Sl (k = pn)| < 00, S (k+ Dlay (k — ) < oo ®)
k=0 k=0

hold true for coefficients au(k), k > —un, which are defined in the following part
of the paper.
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The functional A¢ can be represented in the form
AL = AQ — An,

where AC =377 a(k)C(—k), An =377 a(k)n(=k).

Let A(f, g, A§ ) = E|A§ A§|2 denote the mean- square error of the estimate
A§ of the functional A¢ and let A(f,g, An) = E|An — An|2 denote the mean-
square error of the estimate An of the functional A. Since the functional A( is
determined by the observed values of the sequence ((m), the following relations
hold true

A¢ = AC — A, )
A(f, 9, A€) = E|A¢ — A¢|® = E|AC — An — AC + An|® = E|An — An|* = A(f, 9, An).

To find the mean-square optimal estimate of the functional An we use spectral
representations of the stationary sequence 7(m), the stationary nth increment
sequence 7™ (m, 1) and apply the Hilbert space orthogonal projection method
proposed by Kolmogorov [15]. The stationary stochastic sequence n(m) admits
the spectral representation

o) = [ ez,
and the nth increment sequence 7™ (m, ;1) admits the spectral representation
77(n) (m7ﬂ) — / ei/\m(l _ e_i’\“)”dZn()\)7

where Z, () is an orthogonal stochastic measure on [—, 7) corresponding to the
spectral function G()\). The stationary increment sequence ¢ (m, 1) admits the
spectral representation

L . 1
¢ (m, p) = / (1 — e—z/\u)anZgn)jLn(n) (A)

" iAm —1 n 1 " iam —1 n
:/_ﬂe)‘ (1 — e ™) oL ZwL)(A)jL/_WeA (1 —e ™ Mndz, (N,

where dZ, ) (\) = (i\)"dZ,(A), A € [-m, 7). The spectral density p(\) of the
sequence ¢(m) is determined by spectral densities f(\) and g(\) by the relation

p(N) = f(N) +A*"g(N).
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Denote by H( fL") + m(L")) the closed linear subspace of the Hilbert space
H = Ly(Q, 3§, P) of random variables of the second order which is generated by
values {0 (k, p) + 0™ (k, p) : k <0}, u > 0.

Denote by LI(f(A\) + A?"g())) the closed linear subspace of the Hilbert space
La(f(N\) + A?"g())) generated by functions

1

{ei)\k(l _ e—i)\u) (7)\)

k<o),

It follows from the formula

s

; ; 1
(n) k (n) k — ik 1— —iAp\n
that there exists a one to one correspondence between elements e*F(1 —
of the space LY(f(A)+ A?"g(\)) and elements &£ (k, u) +

AZg(n) 4 (A)

—i)\p,)n

(@A)
0™ (k, 1) of the space HO(&" + "),
Every linear estimate A¢ of the functional A¢ admits the representation

e

A= AC— [ huN)dZewy o (V) (10)

—T

where h, () is the spectral characteristic of the estimate An The mean square
optimal estimate An is a projection of the element An on the subspace H 0(5 P
nff”) This estimate is determined by the following conditions:

1) An € HO(e(™ +ni”):;

2) (An— An) L HO(E + ).

It comes from condition 2) that for all £ < 0 the following relations hold true

E(An — An) (€M (k, p) + 1 (k, 1))

= % _” (A(efi)\) o (Z)\)nhu()\)) 6—i)\k(1 _ BM#)nQ(A)d)\
o [ e = e ) =0
27 K ENE :

These relations can be represented in the form

" _ ei)\u n )
/‘LM?MMQX%M"—MQXﬂM+A%ﬁMHO.)eﬂmﬁ

—T

=0, k<0.
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From these equations we can derive the spectral characteristic h,(\) of the
estimate Ay. It is of the form

PPN CAVIEY (=iN)"Cu(e™)
hu(XN) = A( )f()‘) A2ng(X ) (1= ePm)n(f(A) + A2ng(\))’
71)\ ia 77,Ak “(62')\) — i cu(k)ei)\k.
k=1

where ¢, (k) are unknown coefficients to be determined. It follows from

condition 1) that the spectral characteristic &, () of the estimate 277 admits the
representation

o0

) 1
hu(A) = h(A)(1 — e~ m)n s(k)e™ ",
w(N) = BN v Z;
where £ 9 )
T ; " A+ ng A
| oo = e FRETEAD gy < o,
("N o
(1 _ efi)\p,)n = LQ’
™ A(efi)\))\Qng()\) )\ZHCu(ei)\) i _
/. [(1 SO + Ag() L= e PRy azmg0yy ) ¢ A =0T

an
Suppose that spectral densities f(\), g(A) are such that the following condition
holds true:

™ )\271
. dX < . 12
| ey < (2
Determine for every k,j € Z the Fourier coefficients of the corresponding
functions
[ 1/7T e~ IAI+R) ' /\2"9()\) d\:
b "o ) L= P (FO) + g )
1 T )\Qn
J 2 — A=k , dA;
I N O EP P e
Q= 1" GiAG—k) fN)g(N)
B g (f(A) +A%g(N))

Using these Fourier coefficients we can represent equation (11) in the form of the
following system of linear equations

Z Sl map, Zf)l kCN L>1,

m=—pun
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where
n

a,(m) = Z (=D!'CLa(m + pl), m > —pun, (13)
l:max{[—%]/,()}

Here [z]’ denotes the least integer number among numbers which are greater or
equal to z. This system can be written in the form

S.a, =P,cy,

where ¢, = (¢, (1), €4(2),u(2), ) = (au(—pm), au(—(un = 1)),...), Py,
S, are linear operators in the space /, defined by the matrices with elements
Pk = Pl’fk, LE>1, (Su)im= S{fm, 1>1, m > —un. Consequently, the

unknown coefficients ¢, (k) which determine the spectral characteristic i, () are
calculated by the formula

cu(k) = (P;;lsltau)k) k>0,

where (P;lsuau)k, k > 0, is the kth element of the vector P;lsuau. Thus, the

spectral characteristic () of the optimal estimate 277 of the functional A7 is
calculated by the formula

(=iN"g(N) (N 2 (P S ke ™

) = A o X () e o+ gy Y

The mean-square error of the estimate is calculated by the formula
A(f, g; A€) = A(f, g; An) = E| Ay — Ap|?

LT AT) = )T + X (P S ) ke
o / [T = eMPr(f(A) + A g(N))?

1 T ‘A(eii/\)(l _ e”‘”)")@”g(k) — \2n 220:1(P;18uau)kei)\k‘2
+§/ A2n|1 — eMu|2n(f(A) + A2ng()N))2

= (Sua,, P, 'S,a,) + (Qa, a), 15)
where a = (a(0), a(1),a(2),...)’, Qis a linear operator in the space ¢ defined by

the matrix with elements (Q); r = Q1. [,k > 0.
These observations can be summarized in the form of the theorem.

Theorem 3.1

Let {{(m),m € Z} be a stochastic sequence which defines stationary nth
increment sequence (™) (m, ;1) with absolutely continuous spectral function F/(\)
which has spectral density f()). Let {n(m), m € Z} be an uncorrelated with the
sequence £ (m) stationary stochastic sequence with absolutely continuous spectral

g(A)dA

—T

FN)dx

—T
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function G(X) which has spectral density g(\). Let condition (12) be satisfied.
Let coefficients {a, (k) : k > —un} defined by formula (13) satisfy conditions
(8). The optimal linear estimate Ef of the functional A¢ of unknown elements
&(m), m <0, based on observations of the sequence £(m) + n(m) at points
m = 0,—1,—-2,...is calculated by formula (10). The spectral characteristic ,,(\)
of the optimal estimate Eg is calculated by formula (14). The value of the mean-
square error A(f, g; A£) is calculated by formula (15).

We can use Theorem 3.1 to obtain the optimal estimate A ~E& of the functional
Ap¢ of unknown elements £(m), m =0,—1,—2,...,—N, from observations of
the sequence &(m) + n(m) at points m = 0, —1,—2,.... Take a(k) =0, k > N.
Then the spectral characteristic i, n () of the linear estimate

s

ANE=ANC— [ hu NN dZet o (N) (16)

—T

is calculated by the formula

_ _iny_ (ZA)"g(A) (=N Doy (P 'S, vay, v ) ke
h#,N(A) - AN(e A)f()\) 4 )\2"9()\) - (1 _ ez/l\cu)ln(f()\) + /\2"9()\)) (la )
7

where

au,N = (aH7N(_.U”n’)? aM,N(—(’UTL - 1))7 ey a,u,N(N)a 07 .- -)9
min{[ 5] n}
anm)= Y (=)'Cha(m+pl), —pn<m <N,  (18)
l:max{[—%],,O}
S,.n is a linear operator in the space ¢, defined by the matrix with elements
(Sp,N)im =81, 1 > 1, —un <m < N, and (S;,n)i,m = 0,1 >1,m > N.The

mean-square error of the estimate A n~¢& is calculated by the formula

A(f, 9; ANE) = A(f, g; Ann) = E|[Ann — Ann|?

_ 1" |AN(6_”)(1—6““)”]”0\)—i-)\2"Zz"zl(P;1SM,N%J\,)keixk|2
R [T —etM2n(F(A) + A2ng(N))?

g(N)dA

. . _ : 2
i /'Tr |AN(€_M)(1 _ el)““)”)\Q”g()\) —A\2n Ziil(Pﬂls%NamN)kemﬂ

2 A2n|1 — e |2n(f(N) + A2ng(N))2 FN)dx

-

= <S,U.,Na,u,N7 P;IS;L,Na;L,N> + <QNanaN>7 (19)
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where ay = (a(0),a(1),...,a(N),0,...), Qu is a linear operator in the space
{5 defined by the matrix with elements (Qn);x =@}, 0<0,k <N, and
(Qn)i,x = 0 otherwise. 7

The following theorem holds true.

Theorem 3.2

Let {£(m),m € Z} be a stochastic sequence which defines stationary nth
increment sequence £(™ (m, 1) with an absolutely continuous spectral function
F()) which has spectral density f(\). Let {n(m), m € Z} be an uncorrelated with
the sequence £(m) stationary stochastic sequence with an absolutely continuous
spectral function G(A) which has spectral density g()\). Let condition (12) be
satisfied. Let coefficients {a, n (k) : —un < k < N} be defined by formula (18).
The optimal linear estimate ﬁNﬁ of the functional Ax¢ of unknown elements
¢(k), k=0,-1,-2,...,—N, from observations of the sequence £(m) + n(m) at
points m = 0, —1, —2,. .. is calculated by formula (16). The spectral characteristic
hy,n () of the optimal estimate A ¢ is calculated by formula (17). The value of
the mean-square error A(f, g; A ~n&) is calculated by formula (19).

A particular case of the considered problem is the problem of estimation
of an unobserved value £(—p) at a point —p, p >0, from observations
of the sequence &(k)+n(k) at points k=0,—1,—-2,.... In this case
the vector a, n has coefficients a, n(m)= (-1)!C, if m=p—pul, =
0,1,2,...,n, m=—pn,—(un—1),..., and a,n(m)=0 if m#p—pul,
1=0,1,2,...,n, m=—pun,—(un—1),.... Let us define a vector a, =
(an(0),an(1),...,a,(n),0,0,...), where a,(k) = (-1)*CF, k=0,1,2,...,n.
It follows from the derived formulas that the spectral characteristic hy, ,(\) of
the optimal estimate

€0 =00 = [ B2y V) o)
of the value £(—p), p > 0, can be calculated by the formula

(=iA)"g(\) _ (=iN)" Z:il(P;:lsu,pan)keMk
FO)+XNg(N) (=) (f(A) +Ang(N)

hup(A) = e Q1)

where S, , is a linear operator in the space ¢, defined by the matrix with

elements (S, )ik = Sl‘fpwk, 1>1,0<k<n,and (S, n)ix=0,1>1k>n.

The mean-square error of the estimate is calculated by the formula
A(f, 9:€(=p)) = A(f, g:1(~p)) = Eln(~=p) — 7(~p)/?

B i x ‘e—W’(l o ei)\u)nf(/\) + A2n ZI:.;I (P;lsu,pan)kei)\k‘2 i
=5 [T — ePu2n(f(A) + A2ng(N))2 !

—T
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1 [~ |€—i)\p(1 — ey A2ng () — \2n ZZi1(P,;lSu,pan)keMk|2
o XL = e (T (N) + Nng (V)2

= <S;L,pana P;ls,u,pan> + Q0,0' (22)
Thus, we have the following statement.

Corollary 3.1 R

The optimal linear estimate £(—p) of the unknown value £(—p), p > 0, of a
stochastic sequence with nth stationary increments from observations of the
sequence &(k) + n(k) at points k = 0, —1,—2,... is calculated by formula (20).

~

The spectral characteristic b, () of the optimal estimate {(—p) is calculated by

~

formula (21). The value of the mean-square error A(f, g; £(—p)) is calculated by
formula (22).

FOdA

Theorem 3.1, 3.1 and Corollary 3.1 determine solutions of the filtering problem
for the linear functionals A¢, Anx¢ and the value £(—p), p > 0, using the Fourier
coefficients of functions

)\271 )\2”9(/\)
1= e () + 22mg(N) " [L— e () + A27g(N))

However, the problem of finding the inverse operator (P,)~! to the operator P,,
/\2n

[L— e (FN) + g (V)

is complicated in most cases. Therefore, we propose a method of finding the

operator (P,,)~! under the condition that the functions

defined by the Fourier coefficients of the function

L= eMPR(F() + X2 (V) x -
A2 T L= e Pr(f(A) + A2ng(N)
admit the canonical factorizations
. o 2
[1— e Pr(f () +A"g(V) ik
o =D eulk)e |, (24)
k=0

A% - ik i
- = ke " . 25
TP e |2 e )

Using coefficients ¢, (k), ¥, (k), k>0, from factorizations (24), (25), we
define linear operators ®, and ¥, in the space {. Let (®,)r; = ou(k —j)
and (Wy)r,; = ¢u(k —j) for 1 < j <k, (®)r,; = 0and (¥y,)p,; = 0 for j > k,
k,j > 1. The defined operators admit the following relation: ¥,®, = ®,¥, =
I, where I is the identity operator. Moreover, the operator P, admits the
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188 MAKSYM LUZ AND MIKHAIL MOKLYACHUK

factorization P, = W;\If s Thus, (P,)" =@ M@; and elements of the matrix
which determines the operator V,, = (P,,)~! are calculated by the formula

min(k,j)
Ve = > euk—p)B.G—p), k=1

p=1
The following theorem holds true.

Theorem 3.3
Let functions (23) admit the canonical factorizations (24) and (25) respectively.
In this case the inverse operator P;l to the operator P, is calculated by the

formula P! = & M@;, where linear operator ®@,, in the space /5 is determined by
matrix with elements (®,,)x ; = @u(k —j)if1 <j <kand (®,)r; =0ifj <k,
k,j =1

Example 3.1

Consider an ARIMA(0,1,1) sequence {£(m), m € Z} whose first order increments
are stationary and increments with step ¢ = 1 form an one-sided moving average
sequence of order 1 with parameter ¢. The sequence £(m) has the spectral density

/\2|1_¢€—i)\‘2
f(A)_ |1—67i)‘|2

Let {n(m), m € Z} be an uncorrelated with £(m) white noise stochastic sequence
with mean 0 and variance 1. The stochastic sequence {{(m) + n(m), m € Z} is
an ARIMA(O0,1,1) sequence with the spectral density

ac)\2|1—ye*i)‘\2
N+ Mg\ =
JO)+ X290 = =

where

v =56+ F VR 2T (G- 1),

— B+ VTP G- 1)

Consider the problem of finding the mean square optimal linear estimate of
the functional A;& = a&(0) + b¢(—1) which depends on unknown values £(0),
&(—1) of the sequence £(m) from observations of the sequence &(m) + n(m)
at points m = 0,—1,—2,.... Condition (12) holds true if |y| < 1. To calculate

the spectral characteristic of the optimal estimate A& of the functional A;&
we use formula (17). The operator P, = P is determined by the matrix with

yp
z(l—y?)’
V = P! is defined by the matrix with elements (V); 1 =z, (V);; = z(1 + y?)

Y

elements (P); ; = where p = |k — |, [,k > 1. The inverse operator
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if1>2, (V),=—ayif l—k|l=1,1,k>1, and (V) =0 otherwise. The
operator S, y = S is defined by the matrix with elements (S);., = % if
I>1, m=-1,0,1, and (S);,, =0 if [ > 1, m > 2. The spectral characteristic
h1,1(A) of the estimate 215 is calculated by the formula

o0

_l—e® —izk
hi1(A\) = oY Zs(lc)e ,

k=0

where
s(0) =z (a+b(y — 1)),

s(k) =2 'y* Hay +b(y* —y +1)), k=1
The optimal estimate A1§ of the functional A;¢ is calculated by the formula
A1 = al€(0) +1(0) + b(e(=1) +1(=1)) = > s(k) (€M (=k, 1) + 1D (—k, 1))
k=0

= (a = 5(0))(£(0) + n(0)) + (b + 5(0) — s())(E(=1) + n(~1))
= (s(k) = s(k — 1)) (£(—k) + n(—k))
k=2
=z alz — 1) = bly — 1))(£(0) + n(0)) + =~ (a(l — y) = b(y” — 2y — z + 2))

(€(-1 Zw Y2y = Day + 057 — y + 1) (E(—k) + n(—k)).

In particular, the optimal estimate & (O) of the value £(0) is the following

£(0) = (1 -z 1) )= > 2y y = 1)(E(=k) + (k).

k=1

4. Filtering of cointegrated sequences

Let {¢(m),m € Z} and {¢(m), m € Z} be two integrated stochastic sequences of
the same order n which define stationary nth increment sequences &™) (m, 1) and
¢(™) (m, u) with absolutely continuous spectral functions F(\) and P()\) which
have spectral densities f(A) and p(\) correspondingly.

Definition 4.1

Two integrated stochastic sequences {{(m),m € Z} and {((m),m € Z} are
called cointegrated if there exists a constant 5 # 0 such that the sequence {{(m) —
B&(m) : m € Z} is stationary.

Stat., Optim. Inf. Comput. Vol. 2, September 2014.



190 MAKSYM LUZ AND MIKHAIL MOKLYACHUK

Consider the filtering problem for cointegrated stochastic sequences which
consists in finding the mean-square optimal linear estimates of the functionals

A= "a(k)s(—k), AnE=_a(k)E(—k)
k=0 k=0

of unknown values of the sequence &(m) from observations of the sequence
¢(m) at points m =0, —1,—2,.... This problem can be solved by using results
presented in the preceding section under the condition that sequences £(m) and
¢(m) — B&(m) are uncorrelated.

Let the following condition holds true:

™ >\2n
_ . 2
/ ey P < (26)

Determine operators P/, S?, QF with the help of the Fourier coefficients of
functions
A (PN —B2f(N)  fpN) — B2 (N)
L= e Prp() L= e rp(A) Np(N)
in the same way as operators P,,, S,,, Q are determined in Section 3. It follows
from Theorem 3.1 that the spectral characteristic hfj(/\) of the optimal estimate

27)

A6 =AC— [ RE(N)dZew (), (28)

—T

of the functional A¢ is calculated by the formula

) — B2 NS ((PhAY-1s8 iXk
hfi()\) _ A(e—z)\)p()\') 6 f(A) o ( ? ) Ekil((' ,u) ,uall)k'e ) (29)
‘ (iA)"p(A) (1 —e)mp(A)
The mean-square error of the estimate is calculated by the formula
A(f,g; A¢)
, . o2
L1 AT = B + X2 (P) T S e
5/ WL g (3] PSR
. , o2
ﬁg - ‘A(e—zk)(l _ ez)\u)nBQf(A) + A2n Zﬁl((Pg)—lsﬁau)kezAk‘ s
) WL ) e

. . . 2
L AT = e ) — 27 (N) = NI (P T S e e
+% . X211 — e |2np2())
FVdX = (Spay, (P1) " 'Sjau) + (Q%a,a), (30)

In summary we have the following statement.
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Theorem 4.1

Let the cointegrated stochastic sequences {{(m),m € Z} and {((m),m € Z}
have absolutely continuous spectral functions F'(A) and G(A) which have spectral
densities f(A) and p(\) satisfying conditions (26). Let coefficients {a, (k) : k >
—un} determined by formula (13) satisfy conditions (8). If the sequences &(m)
and ((m) — B¢(m) are uncorrelated, then the optimal linear estimate A€ of the
functional A¢ of unknown elements £(m), m < 0, from observations of the
sequence ¢(m) at points m = 0,—1,—2,... is calculated by formula (28). The
spectral characteristic hﬁ()\) of the optimal estimate A\f is calculated by formula

(29). The value of the mean-square error A( f, g; gf ) is calculated by formula (30).

Let operators Pfj, Sfi N Qf\, be determined by the Fourier coefficients of
functions (27) in the same way as operators P,, S, n, Qn are determined in
Section 3. It follows from Theorem 3.2 that the spectral characteristic hﬁ N(A) of

the optimal estimate
Ané = AnC — / R N (N)dZeon (N) (31)

of the functional A ¢ is calculated by the formula

B (3) = A (e—it p(N) = B2 (HIN R () 'S, vae ke
v () = A (™) =00 5 0 ey

(32)
The mean-square error of the estimate Ay ¢ is calculated by the formula
A(f, g; An€)
. . . 2
1T An(e7) (1 — e B2f(X) + A% Z;ﬁl((Pﬁ)‘lsﬁ,Nau,N)ke“’“’ N
- % o )\2n|1 _ 6iku|2np2()\) p(A)
. . . 2
g pr [AN(E(L = B2 FO) + A ST (P 1S) v ke M|
T on /77r A2n |1 — eidn|Znp2()) F(X)dx

An(em™)(1 = ey (p(3) — B2F(N) — A2 T3, () 18E o )we |
)\Qn‘l _ Ci/\“‘QnPQ(A)

1 s
o

FOVAA = (8], yau,n, (P)7'S) vaun) + (QRan,an). (33)
The following theorem holds true.

Theorem 4.2
Let the cointegrated stochastic sequences {{(m),m € Z} and {((m),m € Z}
have absolutely continuous spectral functions F'(A) and G(A) which have spectral
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densities f(\) and p()) satisfying condition (26). If the sequences £(m) and
¢(m) — BE(m) are uncorrelated, then the optimal linear estimate Ay¢ of the
functional An¢ of unknown elements {(m), —N < m < 0, from observations
of the sequence {(m) at points m = 0, —1,—2, ... is calculated by formula (31).
The spectral characteristic hi ~(A) of the optimal estimate A ~& is calculated by

formula (32). The value of the mean-square error A(f, g; A &) is calculated by
formula (33).

5. Minimax-robust method of filtering

The values of mean-square errors A(h,(f,9); f,9) = A(f, g; Ef) and
A(hun(f,9); f.9) = A(f,g;ENf) and spectral characteristics h,(f,9)
and h, n(f,g) of the optimal linear estimates 2{ and ENQ“ of the functionals
A and An¢ of unknown values of the sequence £(m) based on observations of
the stochastic sequence £(k) + n(k) are derived by formulas (15), (14) and (19),
(17) correspondingly under the condition that spectral densities f(A) and g())
of stochastic sequences £(m) and n(m) are known. In the case where spectral
densities are not exactly known, but a set D = Dy x D, of admissible spectral
densities is given, the minimax (robust) approach to estimation of functionals
which depend on the unknown values of stochastic sequence with stationary
increments is reasonable. In other words we are interested in finding an estimate
that minimizes the maximum of mean-square errors for all spectral densities from
a given class D = Dy x D, of admissible spectral densities simultaneously.

Definition 5.1

For a given class of spectral densities D = Dy x D, spectral densities fo(\) € Dy,
go(A) € Dy are called least favorable in the class D for the optimal linear filtering
of the functional A¢ if the following relation holds true

A(fo,90) = A(h(fo,90); fo,90) = = max  A(h(f,g); f,9)

(f:9)€Dsx Dy
Definition 5.2
For a given class of spectral densities D = Dy x D, the spectral characteristic

h°(\) of the optimal linear estimate of the functional A¢ is called minimax-robust
if there are satisfied conditions

W eHp= (] L3N +3"g(),
(f,9)€Ds XDy
~ A(h; = ALY f,9).
2 2B, BT = 28, 0TS0
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Using the derived in the previous sections formulas and the introduced
definitions we can conclude that the following statement holds true.

Lemma 5.1
Spectral densities [ € Dy, ¢° € D, which satisfy condition (12) are least
favorable in the class D =Dy x D, for the optimal linear filtering of the

functional A¢ if operators PY, S¥, Q" determined by the Fourier coefficients of
the functions

N A0 (0) 1"
(L= PR PE(F90) + 22g" (V) [T = e P[00 + N7 g0(N))” FON) + X760 (3]

determine a solution of the conditional extremum problem

r;lgg((SHau,P;lSHaH) +(Qa,a)) = (S)a,, (P),) 'Sha,) + (Q%a,a). (34)

The minimax spectral characteristic is determined as h® = h,(f°,¢°) if
hﬂ(f07g0) € HD

The function h° and the pair (f°,¢°) form a saddle point of the function
A(h; f, g) on the set Hp x D. The saddle point inequalities

A(h; f2,6°) > AR £2,6°) > A(RY; f,9) Vf € Dy, Vg € Dy,Yh € Hp

hold true if 2° = h,,(f°, ¢") and h,,(f°, ¢°) € Hp, where (f°, ¢°) is a solution of
the conditional extremum problem:

A(f,9) = —A(hu(f°,¢°); f.g) — inf, (f.g) € D,

Ahu(f°,6%); 1. 9)
‘2

AP (1 = e PO + X2 TR (PR) 8 ke

1 ™
= — 4 J
2 .[w [1— e 2n(fO(N) 4 A2ngO0(A))2 g(A)dA
i L . 2
1 - A(eil)\)(l o eiAp)n/\QngO(A) _\2n 2211((1)2)7182@&!)/&’61)\]6’ .
Ton . A21[1 — eiMu|2n( fO(X\) + AZngO(X))2 F)dA.

This conditional extremum problem is equivalent to the unconditional extremum
problem

Ap(f,9) = A(f,g) +6(f,g|Ds x Dy) — inf,

where 0(f,g|Dy x Dy) is the indicator function of the set Dy x D,. Solution
(f°,¢°) to this unconditional extremum problem is characterized by condition
0 € OAD(f2, g°) (see [24, 34]).
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6. Least favorable spectral densities in the class ’D? X ’Dg

Consider the problem of minimax filtering of the functional A¢ for the set of
admissible spectral densities D = D?c X DS, where

pp={sovig [ s rf, o= fooigs [T amar<pi).

—Tr

Let us assume that densities f* € DY}, g° € D} and functions

. A(e—i)\)(l _ ei)\u)nAQWLgO()\) _ A2” Zzozl((Pg)—ngaH)keMk‘
g U770 = L e (O0N) + A2 g0() |
(35)
oo AT = ey O0) £ A2 T (PR Sha ke |
hug(f797) = (36)

1 — etAu|n ( O(A) + A2mg0 (A))

are bounded. In this case the functional A(h,(f°,¢%); f,g) is continuous and
bounded in the £; x L£; space. It comes from the condition 0 € dAp (£, ¢") that
least favorable densities f© € DY, g° € D satisfy the equation

A(e—i)\)(l _ eM,u)n)\QngO(/\) — )\2n Z((Pz)—lsgau)keﬂk
k=1
= ar| "1 = ™" (fON) + A0 (N)), (37
A(e—i)\)(l _ zku fO + )\2712 1SOa;L keikk
k=1
= ol — M (O() + A*"g" (W), (38)

1 .z
where a; > 0 and «y > 0 are constants such that o # 0 if o 7P (Ndx = Py
s

1 =
and o # 0 if or f_ﬂ " \)d\ = Ps.
71'
Thus, we have the following statements.

Theorem 6.1

Let spectral densities f°(\) € D} and ¢°(\) € Dy satisfy condition (12), let
functions h,, ¢(f°, ¢°) and h, ,(f°, g°) be bounded. The spectral densities f°(\)
and g°(\) determined by equations (37), (38) are least favorable in the class D =
D? X D(g) for the optimal linear estimation of the functional A¢ if they determine
solution of extremum problem (34). The function h,(f°,¢°) determined by
formula (14) is minimax spectral characteristic of the optimal estimate of the
functional A&.
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Theorem 6.2
Let spectral density f(\) be known, let spectral density g°()\) € Dg and let

conditions (12) be satisfied. Let the function hy, 4(f,¢°) be bounded. Spectral
density ¢g°()\) is least favorable in the class Dg for the optimal linear filtering of
the functional A¢ if it is of the form

A= )1 = P FO) + A2 332 (PD)'Shay )™ | f(A)}

2|l — eru|n

¢°(\) = —— max {O

and the pair (f,g") determines a solution of the extremum problem (34). The
function h,,(f, g°) determined by formula (14) is minimax spectral characteristic
of the optimal estimation of the functional A¢.

Theorem 6.3
Let spectral density g(\) be known, let spectral density fO(\) € DS} and let
condition (12) be satisfied. Let the function h, ¢(f°, g) be bounded. Spectral
density fO()) is least favorable in the class D?c for the optimal linear filtering
of the functional A¢ if it is of the form

n —iA _ piAp\n 0 —-1q0 ik
fO(A)mX{ A [AGem™) (1 = eM)mg(N) = 3721 ((PR) ' Spa)e |—>\2n9()\)}

a1|1—ez>‘l‘|"

and the pair (f°,g) determines a solution of the extremum problem (34). The
function h,,(f°, g) determined by formula (14) is minimax spectral characteristic
of the optimal estimation of the functional A¢.

7. Least favorable densities in the class D = D} x D,

Consider the problem of optimal linear filtering of the functional A¢ for the set of
spectral densities D = D;, x D, where

D= {700 < 10 < ulh, o [ sin < ;.

T

D = {aWls) = (1= )+ w5 [ avar < 1
Here spectral densities u(A), v(A), ¢g1(A\) are known and fixed, and spectral
densities u(\), v(\) are bounded.

Let spectral densities f© € DY, g° € D, be such that functions h,, s (f°, g") and
hu.q(f°, ¢°) determined by formulas (35), (36) are bounded. From the condition
0 € 0Ap(f°, ¢°) we find the following equations that define least favorable
densities

A(eii)\)(l 7ei)\p)n)\2n 0 )\2712 ISOa“ k etk
k=1
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= ar A1 =M (fO(A) + A7 (M) (1 (V) +92(A) +ar ), (39)
A(e—i)\)(l _ eim nfO )\2nz 1SOaM keikk
k=1
= az|l = ™ (fO) + X" () (e(N) + g ), (40)
where v; < 0and v = 0if fO(\) > v(\); 2(A) > 0and 2 = 0if fO(N) < u(N);
©(X) < 0and p(\) = 0 when g°(\) > (1 —a)gl(A)

The following statements hold true

Theorem 7.1

Let spectral densities f°()\) € DY, ¢°(\) € D. satisfy condition (12). Let
functions A, £ (f°, ¢%) and h, 4(f°, ¢°) determined by formulas (35), (36) be
bounded. Spectral densities f°()\) and ¢g°(\) determined by equations (39), (40)
are least favorable in the class D = D], x D, for the optimal linear filtering of
the functional A¢ if they determine a solution of extremum problem (34). The
function h,,(fY, g") determined by (14) is minimax spectral characteristic of the
optimal estimate of the functional A¢.

Theorem 7.2

Let spectral density f(\) be known, let spectral density g°(\) € D. and let
condition (12) be satisfied. Assume that the function hy, 4(f, ¢°) determined by
formula (36) is bounded. Spectral density g°()) is least favorable in the class D.
for the optimal linear filtering of the functional A¢ if it is of the form

)\% max {(1 —¢&)g1(N\), f1(N)},

‘A(e_“‘)(l _ e”‘“)”f()\) =+ A\2n Zgil((Pg)—lsgaM)kei)\k|
062‘1 _ ez’)\/t‘n

9°(\) =

Hi(A) = A
and the pair (f, g°) determines a solution of extremum problem (34). The function
h,(f,g°) determined by formula (14) is minimax spectral characteristic of the
optimal estimate of the functional A¢.

Theorem 7.3

Let spectral density g(\) be known, let spectral density f°(\) € DY and let
condition (12) be satisfied. Let the function h,, ¢(f°, g) be bounded. Spectral
density fO()) is least favorable in the class DY for the optimal linear filtering
of the functional A¢ if it is of the form

£2(\) = min {v(X), max {u(X), g2(A)}},

|)\|n|A(e—i)\)(1_ 7)\11 ( ) Zk 1 (PO 1sgau)kez‘>\k|

a1|1 eiim|n

92(\) = —Ag(N)
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and the pair (f°, g) determines a solution of extremum problem (34). The function
h,(f°,g) determined by formula (14) is minimax spectral characteristic of the
optimal estimation of the functional AE.

8. Conclusions

In this article we propose solutions of the filtering problem for functionals A&
and Ay ¢ which depend on unobserved values of a stochastic sequence £(k) with
stationary nth increments. Estimates are based on observations of the sequence
&(k) +n(k) at points of time k = 0,—1,—2,..., where n(k) is an uncorrelated
with (k) stationary sequence. We derived formulas for calculating values of the
mean-square errors and spectral characteristics of the optimal linear estimates of
the functionals in the case where spectral densities of the sequences are known.
The obtained results are applied to find solution of the filtering problem for
cointegrated sequences. In the case of spectral uncertainty where spectral densities
are not known exactly, but a set of admissible spectral densities is specified,
the minimax-robust method is applied. Formulas that determine least favorable
spectral densities and minimax (robust) spectral characteristics are derived for
some special sets of admissible spectral densities. The filtering problem for
ARIMA(0,1,1) sequence is analyzed as an example of application of the developed
method.
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