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Abstract In this paper, the parametrically generalized sufficient efficiency conditions
for multiobjective fractional programming based on the hybrid (®, p, n, ¢, ) —invexities
are developed, and then efficient solutions to the multiobjective fractional programming
problems are established. Furthermore, the obtained results on sufficient efficiency
conditions are generalized to the case of the e—efficient solutions. The results
thus obtained generalize and unify a wider range of investigations on the theory
and applications to the multiobjective fractional programming based on the hybrid
(@, p, 1, ¢, 0)—invexity frameworks.
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1. Introduction

Mishra and Rueda [11] introduced higher order generalized invexity and duality
models in mathematical programming, while Mangasarian [8] focused on the
second order duality for a conventional nonlinear programming problem, where
the approach is based on constructing a second order dual problem by taking
linear and quadratic approximations of the objective and constraint functions for
an arbitrary but fixed point leading to the Wolfe dual model for the approximated
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problem, while letting the fixed point to vary. Verma [24] investigated the
second order (p, 1, #)—invexities to the context of parametric sufficient optimality
conditions in semiinfinite discrete minimax fractional programming. Zalmai
and Zhang [38] have established a set of necessary efficiency conditions and
a fairly large number of global nonparametric sufficient efficiency results
under various frameworks for generalized (7, p)—invexity for the semiinfinite
discrete minimax fractional programming. Just recently, Verma [22] investigated
a general framework for a class of (p,n,0)—invex functions to examine
some parametric sufficient efficiency conditions for multiobjective fractional
programming problems for weakly e—efficient solutions. Inspired by these
research developments, we first introduce the hybrid (@, p, 7, (,0)—invexities
as well as the second order hybrid (®, p, n, (,#)—invexities, second, introduce
some parametrically sufficient efficiency conditions for multiobjective fractional
programming, and finally, explore the efficient solutions to multiobjective
fractional programming problems. The results established in this communication,
not only generalize (and unify) the results on general sufficient efficiency
conditions for multiobjective fractional programming problems based on the
hybrid invexity of functions, but also generalize second order invexity results
to more general settings. We consider, based on the generalized hybrid
(®, p,m, ¢, 0)—invexities of functions, the following multiobjective fractional
programming problem: (P)

Minimise (D) £0) __Glo)y
91(z)" g2(x) 9p()

subjecttoz € Q ={z € X : H;j(z) <0,7 € {1,2,---,m}}, where X is an open
convex subset of & (n-dimensional Euclidean space), f; and g; fori € {1,- - -, p},
and H; for j € {1,---,m}, are real-valued functions defined on X such that
fi(z) >0, gi(x) >0 for i € {1,---,p} and for all z € Q. Here @) denotes the
feasible set of (P).

Next, we observe that problem (P) is equivalent to the nonfractional
programming problem: (P))

Minimize (fl(x) —Mgi(z), - fola) — )‘pgp(x))

subject to z € ) with

o) - (45 5 26

where x* is an efficient solution to (P).

We observe that general mathematical programming problems offer a
great opportunity for applications to other fields, for instance, applications
to game theory, statistical analysis, engineering design (including design of
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control systems, design of earthquakes-resistant structures, digital filters, and
electronic circuits), random graphs, boundary value problems, wavelet analysis,
environmental protection planning, decision and management sciences, optimal
control problems, continuum mechanics, robotics, and others. For more details on
generalized efficiency and efficiency results and applications, we recommend the
reader [1]-[41].

This submission is organized as follows: the introductory section deals with
a brief historical development for the multiobjective fractional mathematical
programming, while emphasizing the roles of the generalized invex functions.
In Section 2, the hybrid (®,p,n,(,0)—invex functions of higher orders are
introduced, and Section 3 deals with sufficient efficiency conditions leading to
the solvability of the problem (P) using the hybrid (®, p, 7, ¢, §) —invexities.

2. Hybrid Invexities

In this section, we introduce and develop some concepts and notations for the
problem on hand based on the («,7)-V- invexities introduced by Mond and
Zhang [15], and recently generalized by Zalmai [35, 36, 37]. Let X be an open
convex subset of R" (n-dimensional Euclidean space). Let (-,-) denote the
inner product, and let z € R™. Suppose that f: X — R is a real-valued twice
continuously differentiable function defined on X, and that </ f(y) and V2 f(y)
denote, respectively, the gradient and Hessian of f aty.

Definition 2.1. A twice differentiable function f : X — R is said to be hybrid
(®, p,m, ¢, 0)—invex at x* of second order if there exists a function ® : R — R
such thatforeachz € X,p: X x X - R,7,(,6: X x X — R", and z € R",

o(f@) = 1) 2 (TH@)nw,a%) + (T F(@%)z ((z,27)
—3(V2f(x")z,2) + p(x,2*)]|0(z,z)|>.
Definition 2.2. A twice differentiable function f : X — R is said to be hybrid
(®, p,m, (¢, 0)—pseudo-invex at z* of second order if there exists a function @ :
R — R such that foreach z € X, p: X x X - R, ,(,0: X x X - R", and
z € R",

* * * * 1 *
(Vf@),m(w,27)) + (V2 f(2")z, ((@,27)) = S(V2F(27)z 2)
+p(z,2%)[10(z, 2")* > 0
- <I>(f(:c) — f(x*)) > 0.

Definition 2.3. A twice differentiable function f : X — ¥ is said to be strictly

hybrid (®, p, 1, ¢, 0)— pseudo-invex at z* of second order if there exists a function
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d: R — Rsuchthatforeachz € X,p: X x X - R, 7, (,0: X x X - R", and
z € R",
1
(Vf(@),n(z,a)) + (V2 f(a")z ((2,27)) — §<V2f($*)z, z)
+p(z,2%)[10(z, 2)* > 0
= <I><f(a;) - f(x*)) > 0.

Definition 2.4. A twice differentiable function f : X — R is said to be prestrictly
hybrid (®, p, 1, ¢, §)—pseudo-invex at 2* of second order if there exists a function
®: R — Rsuchthatforeachz € X,p: X x X - R, 7,(,0: X x X - R", and
zeR",

(V). 7)) + (T )2, Gl a™)) = 5 (T2 ()2, 2)
oo, 20,2 > 0
= &(f(z) - 1)) 2 0.

Definition 2.5. A twice differentiable function f: X — ¥ is said to be hybrid
(®, p,m, ¢, 0)—quasi-invex at x* of second order if there exists a function ® : f —
R suchthat foreachz € X, p: X x X - R, n,(,0: X x X - R", and z € R,

O(f(z) — f(z*)) <0
= (T f (@), n(z,27)) + (V2 f(2)z, ((2,27)) — %(ng(fv*)«z,@
+p(w, %) [0(z,2)|* < 0.

Definition 2.6. A twice differentiable function f : X — R is said to be strictly
hybrid (P, p,n, ¢,0)— quasi-invex at 2* of second order if there exists a function
®: R — Rsuchthatforeachz € X,p: X x X - R, 7,(,0: X x X - R", and
z € R,

(f(@) — ")) <0

= (), e, 7))+ (V)2 G at)) — 5 (7 F ()2, 2)
+p(z,a") [0z, 2" < 0.

Definition 2.7. A twice differentiable function f : X — R is said to be prestrictly
hybrid (®, p,n, {,0)— quasi-invex at 2* of second order if there exists a function
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d: R — Rsuchthatforeachz € X,p: X x X - R, 7, (,0: X x X - R", and
z € R",

@(f(@) ~ 1) <0
= (V) A7) + (V)2 a) - (V) 2)
o, 2 |0, %) <0,

equivalently,
(Vf(@™),n(z,2")) + (V> f(z *)274(1‘,%*»—%<V2f(x*)zvz>
+p(x x )||9( a*)|* >
= O(f(a z*)) > 0.

Some Examples and Remarks

We observe that Definition 2.1 reduces to Mond and Zhang [15], and Zalmai [37]
for ((z, z*) = n(x, 2*), while similar examples hold for Definitions 2.2 - 2.7.

Example 2.1. The function f is said to be second-order (®, p, 7, 6)-V-invex at x*
if there exist functions ® : R - R, p: X x X = Randn,0: X x X — R" such
that foreach z € X, z € R",

O(f(@) ~ ) 2 (V5@ + V2 @)l n(e,a")) = (392 F(a)z,2)
ol 2)6(z, 7 2

When function f is first-order differentiable, Definition 2.1 unifies most of the
well-explored notions of the invexities in the literature.

Example 2.2. A differentiable function f : X — R is said to be (P, p, n, §)—invex
at z* of first order if there exists a function ® : ¥ — & such that for each x € X,
p: X xX—=>Randn,0: X x X - R",

(f@) ~ @) 2 (v fa)n@,a")) + pla, a0, 2") |2

Definition 2.8. A point z* € () is an efficient solution to (P) if there exists no

x € @ such that
filw)  fle) oy p
gi(x) = gi(x*) Y
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L) )
0@ < 5@

Next to this context, we have the following auxiliary problem:

for some j € {1, - -, p}.

(P)) _
Minimizegeq (fi(z) — Aigi (@), - - fo(z) — Apgp(z)),
subject to x € @,

fi(z")

where \; fori € {1, - -, p} are parameters, and \; = PREL

Next, we introduce the efficiency solvability conditions for (P\) problem.

Definition 2.9. A point z* € Q is an efficient solution to (P)) if there does not
exist an z € @ such that

fi(x) = Migi(@) < fi(z") = Xigi(a")Vi=1,--.p,

fi(@) = Xjgi(x) < fi(x*) = Ajg;(z*) for some j € {1,- - -,p},
ﬁ(w )

where \; fori=1,-

Next, we recall the following result (Verma [24]) that provides a set of necessary
efficiency conditions for problem (P) to developing some sufficient efficiency
conditions for the next section based on second order (®, p, 7, ¢, §)—invexities.

Theorem 2.1. [24] Let 2* € F and \* = maxi<;<, fi(z*)/g:(z*) for each i € p,
and let f; and g; be twice continuously differentiable at #* for each i € p. For each
j € ¢, let the function z — G (2,t) be twice continuously differentiable at 2* for
all t € T}, and for each k € r, let the function z — H},(z, s) be twice continuously
differentiable at «* for all s € Si. If 2* is an efficient solution of (P), if the second
order generalized Abadie constraint qualification holds at z*, and if for any critical
direction y, the set cone

(V6,0 (. V2Gi(a™ 1)) : t € Ty(a7). € a}
+  span{ (VHk(:r*,s) (y, V2Hy(z*, s)y)) s € Sk, ker},
where Tj(z*) = {t € T} : Gj(z*,t) = 0},

is closed, then there exist u* € U = {u € RP : u > 0, Ele u; = 1} and integers
vy and v* with 0 < p§ < v* <n+1 such that there exist v indices j,, with
1 < jm < q together with 5 points t™ € T}, (z*), m € vg, v* — 155 indices ky,
with 1 < k,,, < r together with v* — v} points s™ € S;,_ for m € v*\v§, and v*
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real numbers vy, with v, > 0 for m € vg with the property that

P
Zuf[Vfl(a: — N (Vgi(z™)] + Z VG, (2%, tT)

+ > W VH(",s™) =0, (2.1)

m=vj+1

<y,[iu2‘[v2f¢(~r - N Vg +Zv V3G, (1"

+ Z * V2H, (2", s )}y>20, 2.2)

m= u0+1

[fl( ) gl( )] =0, ieﬂv (2.3)

where v \ vy is the complement of the set v relative to the set v.

3. Efficiency Conditions for Problem (P)

This section deals with some parametrically sufficient efficiency conditions for
problem (P) under the hybrid frameworks for (®, p, n, ¢, §)—invexities. We begin
with real-valued functions F; (., 2*,u*) and B;(., v) defined by

fi(z")
gi(z*)

Bilaa” ') = uilfil@) - (353 )au(e)l, i € {1, p}

and
B;(.,v) =v;H;(z), j=1,---,m.

Theorem 3.1. Let 2* € Q, let f;, g; fori € {1,-- -, p} with fz ) >0, gi(z*) >0
and H; for j € {1,- - -, m} be twice continuously dlfferentlable atz* € @), and let
there exist u* € U = {u € R : v > 0,%Y_,u; = 1} and v* € R such that

S [V i) = (55=2) v g + Bl v Hy(z*) =0, (3.1)
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gi(z*)

([S v i) - w20 4 3 0928, ()] 2 o)
i=1 j=1

—5{ [ v ) - P
+iU;V2Hj(IE*):|Z,Z> >0, 3.2)

and

viH;(z*) =0, j € {1,---,m}. (3.3)

Suppose, in addition, that any one of the following assumptions holds (for
pla.a*) > 0):

() Ei(.;2*,u*) Vie{l,---,p} are hybrid (®,p,n,(,0)—pseudo-invex
at z* with ®(a)>0=a2>0, and B;(.,v*) Vje{l,---,m} are
hybrid (®, 5,7, ¢, §)—quasi-invex at 2* for ® increasing and ®(0) = 0.

(ii)) E;(.;z*,u*) Vie {l,.-- p} are prestrictly hybrid (®, p,n, ¢, §)—pseudo-
invex at z* for ®(a) >0=a >0, and Bj(.,v*) Vje€{l,---,m} are
strictly hybrid (@, p, 7, (,#)—quasi-invex at z* for & increasing and
®(0) =0.

(i) E;(.;z*,u*) Vie{l,---,p} are prestrictly hybrid (@, p,, ,0)—quasi-
invex at z* for ®(a) >0=a >0, and B;(.,v*) Vje€{l,---,m} are
strictly hybrid (@, p, 7, (,#)—quasi-invex at z* for & increasing and
@(0) = 0.

(iv) Foreachi € {1,---,p}, f; ishybrid (®, p1, 7, (,0)—invex and —g; is hybrid
(D, p2,n,¢,0)—invex at z* for ®(a) >0=-a >0, and H;(.,v*) Vje€
{1,---,m} is hybrid (®,p3,7,(,0)—quasi-invex at 2* for & increasing
and ®(0) = 0, and X7 v¥ p3(2, 2*) + p* > 0 for p* = X_ uj (p1 (x,2%) +

$(x*)pa(,3%)) and for ¢(a*) = L.

Then x* is an efficient solution to (P).
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Proof
If (i) holds, and if = € @, then it follows from (3.1) and (3.2) that

(S i) - (5283)m(z*n,mx,x*w

<zu V2 £z - (L)) 20,07l a0

@
"<Zu (V2 £ia"): — (DT 0(a)2 2)

+<E§”:1v§vﬂj(w*),n(w7x*)> (S0 V2 H, (2%)%, C(w,27) )
—§< sV H; (z )z,z>20. (3.4

Since v* > 0, z € @ and (3.3) holds, we have
Y viHi(r) < 0= Y70 H(x"),

and in light of assumptions on ®, we find
@ (g vy Hy () = Sy Hy(a)) <0,
which applying the hybrid (@, 5,7, ¢, §) —quasi-invexity of B;(.,v*) at 2*, results
in
<zm w5 7 Hy (@) n(@,a%) )+ (Sj, v V2, @)z (o))
5 (TP VA H )z, 2) + e, a0, ) < 0. (3.5)

It follows from (3.4) and (3.5) that

<2{-;1u:[vfi<x*> ) g ntes)
<Zu 2 fia)z = (920,002 (o)
o)
2 fz('r*) 2 *
_7<Zu [Vfilx™)z — ( (x*))V gi(z )z],z>
> ol a6 ) 2 (e, a0, ) 36)

Since p(z,z*) > 0, applying the hybrid (®, p,n, {, §)—pseudo-invexity at z* to
(3.6) and assumptions on ¢, we have

S
@ (D) = (o o)) = Sy i) —

)g:()]) 2 0,
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which implies

fi(z™)
i [fi(z) — (gl(x*))g‘(w)]
fl(x*) Y
Thus, we have
i) - (D) 2 0 G7)
Since u; > 0 for each i € {1,---,p}, we conclude that there does not exist an
x € (Q such that
fi() . fi(x™) L
sie)  olar) SOVISLop
fiz)  fi(") ,
(@) (gj(x*)) <0 forsome j € {1, --,p}.

Hence, x* is an efficient solution to (P).
Next, if (ii) holds, and if z € @, then it follows from (3.1) and (3.2) that

fi(z")
gi(z*)
(

H{ L w6 - o) o)

(S yui v fie®) = (250 7 gi)n(e, 7))

(S uv sz - v a0 <)

p gi(z*)
<Em i 7 Hy(z™),m(x, x )> + <E§”:11};V2Hj($*)zvg($am*)>
_;< T VR H, (27)2,2) > 0. (3.8)

Since v* > 0, x € @ and (3.3) holds, we have
¥ 1U*H (x) <0= Z;ﬂzlv;Hj(z*),
which results (using assumptions on ®) in
@(zm (ol H () — E;Tf;lu;Hj(x*)) <0.
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Now, in light of the strictly hybrid (®, 5,7, (, ) —quasi-invexity of B;(.,v*) at z*,
we find

<Zm 15 V Hj(x Nyn(x,x )>+<§]m V] 2 H;(z )Z7C(x,m*)>
B ;< il VAl (@ )ZvZ>+ﬁ(w7x*)ll9(x,z*)ll2 <0. (3.9)

It follows from (3.8) and (3.9) that

(Pt Aie?) = () ¥ aia (e 2))

H{ V) (V) )

—{})LWﬁ s (Bl )
AV L P (3.10)

As a result, since p(z,z*)>0, applying the prestrictly hybrid
(®, p,m, ¢, 0)—pseudo-invexity at z* to (3.10) and assumptions on P, we
have

)gi(x)] = Zi_ i [fi(2") = (

@ (S yu i) — (2

which implies

filz™),
S i) — ()
fl(‘r*) *
> Sl ~ () =0
Thus, we have
P uf[fila) - (Z;Ex i)gx ) > 0. (3.11)
Since u} > 0 for each i € {1,---,p}, we conclude that there does not exist an
x € @ such that
filz)  filz") o
g g =0T
filz) — fi(z") .
gj(x) - (gj(x*)) < Ofor some j € {1,---,p}.

Stat., Optim. Inf. Comput. Vol. 2, December 2014.



MULTIOBJECTIVE FRACTIONAL PROGRAMMING PROBLEMS 291

Hence, z* is an efficient solution to (P). The proof applying (iii) is similar to that
of (ii), and we just need to include the proof using (iv) as follows: since = € @,

it follows that H;(x) < H,;(«*), which implies @(Hj(x) — H](x*)) < 0. Then

applying the hybrid (®, p3, 7, ¢, ) —quasi-invexity of H; at z* and v* € R, we
have

(Zpmiv; v Hy(a)n(ea)) + (S0 V2 H ()2, C(@,2%))
(S VPH, (172, 2) S s, [0, 1) P < 0.3.12)

Since v* > 0 and f = ) > 0, it follows from the hybrid (®, p1, 7, {, §)—invexity
and (9, p2, 1, (, 0) 1nvex1ty assumptions on f; and g;, respectively, that

P * fz(x*)
@ (S o)~ (oo @)])
= oSl - A6 - () - 56D)
> 2L {(whe) - () 9 gtttz o)
HEL Vi) — (U2 0) 2, GG
5LV )z - (), 2)
FEuipr(.2%) + 6 a2 [0, 2|
> (S0 v H@h)ne,a) + (S0 VA ()2, ¢ (o, a") )
VR ()2, 2)] Sl (a,07) + 0l o, 2] 0 )
e s+ o) + 6 e 2 2
= gesleat) 4 o) 02
Z 07

where ¢(z*) = LS and  p* = X0 ul(p1(w,27) + ¢(*)po(w,z*)). This
implies that
fi(z™)

gi(z*)

@ (St (@) — () gi()]) 2 0.

O

Some Specializations
First, if we consider when ((z,z*) = n(x,2*) in Theorem 3.1, which means,
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hybrid (9, p,n,0)— invexities, we have the following result which generalizes
(Zalmai [35], Theorem 3.2). .

Theorem 3.2. Let 2* € Q, let f;, g; fori € {1,- - -, p} with ggg >0, gi(z*) >0
and H; for j € {1,- - -, m} be twice continuously differentiable at 2* € ), and let
there exist u* € U = {u € R : u > 0,%7_,u; = 1} and v* € R such that

fi@*)
gi(w*)

Se_qui [V fi(a") = ( )V gi(x)] + Eilivf v Hy(2") =0, (3.13)

< {iuj (V2 fi(x*) — (i;zg:%)Vle(x*)] + iv;VQHj(x*)} z,n(m,x*)>
; =

LIS o i@ )
7§<[Zul [szi(x )~ (gi(x*))vzgi(x )]

+ZU;V2Hj(a:*)}z,z> >0, (3.14)

and

viHj(z*) =0, j€{l,---,m}. (3.15)

Suppose, in addition, that any one of the following assumptions holds (for
plx,x*) > 0):

() Ei(.;z*,u*) Vie {1, --,p} are (P, p,n,0)—pseudo-invex at z*. B;(.,v*)
Vje{l,---,m} are (®,p,n,0)—quasi-invex at x*.

(1) E;(.;z*,u*) Vie{l,--- p} are prestrictly hybrid (®, p,n,)—pseudo-
invex at z* for ®(a) >0=a >0, and B;(.,v*) Vje{l,---,m} are
strictly hybrid (®, p, 1, §)—quasi-invex at z* for ® increasing and ®(0) = 0.

(i) E;(.;z*,u*) Vie{l,---,p} are prestrictly hybrid (®,p,n,6)—quasi-
invex at z* for ®(a) >0=a >0, and Bj(.,v*) Vj€{l,---,m} are
strictly hybrid (®, 3, 7, §) —quasi-invex at 2* for ® increasing and ®(0) = 0.

(iv) For each i€ {1,---,p}, f; is hybrid (®,p1,7n,0)—invex and —g; is
hybrid (@, pa,7,0)—invex at z* for ®(a) >0=a >0, H;(.,v*) Vj€

{1,---,m} is hybrid (®, p3,7n,0)—quasi-invex at z* for ® increasing
and ®(0) = 0, and X7 v¥ p3(2, 2*) + p* > 0 for p* = X_ uj (p1 (x,2%) +

$(x*)pa(,3%)) and for ¢(a*) = L.

Then x* is an efficient solution to (P).
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Next we consider the case when the functions are first-order differentiable,
Theorem 3.1 reduces to the result which is similar to results of Zalmai and Zhang
[37].

Theorem 3.3. Let z* € Q, let f;, g; fori € {1, -, p} with ggzg >0, gi(z*) >0
and H; for j € {1,---,m} be differentiable at z* € (), and let there exist
v eU={ueR:u>0,3"_ u; =1} and v* € R such that

(Sl hen) = (O v e+ i) 7 Byt 2 0
(3.16)
and

Suppose, in addition, that any one of the following assumptions holds (for
plz,z*) = 0):

(1) Ei(.;a*,u*) Vie{l,---,p} are first-order hybrid (®,p,n,Hd)—pseudo-
invex at z* for ®(a) > 0 = a > 0,and B;(.,v*) ¥Yj € {1,---,m} are first-
order hybrid (®, p,n,§)—quasi-invex at * for ® increasing and ®(0) = 0.

() E;(.;z*u*)  Vie{l,---,p} are  first-order  hybrid prestrictly
(®, p,n, 0)—pseudo-invex at z* for ®(a) >0=a >0, and B;(.,v*)
Vi€ {l,---,m} are first-order strictly hybrid (®, p, n, #)—quasi-invex at
x* for @ increasing and ®(0) = 0.

(i) E;(.;z*,u*) Vie{l,---,p} are first-order prestrictly hybrid
(D, p,n,0)—quasi-invex at z* ®(a)>0=a>0, and B;(.,v*)
Vje{l,---,m} are first-order strictly hybrid (®, p,n,#)—quasi-invex at
o* for ® increasing and ®(0) = 0.

(iv) Foreachi € {1,---,p}, f; is first-order hybrid (®, p1, 7, §)—invex and —g;
is first-order hybrid (®,py,n,0)—invex at z* for ®(a) >0=a > 0.
H;(.,v*) Vje{l,--,m} is hybrid (®,p3,7,0)—quasi-invex at
a*, and X7 0 p3(z,2*) + p* >0 for & increasing and ®(0) =0,

p* =30 ui(pr(x, 2*) + ¢(z*)pa(x, 2*)) and for p(z*) = %

Then x* is an efficient solution to (P).
Proof

Although the proof is similar to that of Theorem 3.1), we include for the sake of
the completeness. If we consider (i), then proceeding as in Theorem 3.1 (and using
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the first-order hybrid (9, p, n, #)—invexity assumptions instead), we arrive at

P ut (z*) — fz(x*) (* . ¥
(Ziui [V fi(z) (gi(x*))vgz( )]0z, 2*))

> p(x,a:*)||9(:z:,x*)||2. (3.18)

Since p(z,z*) > 0, applying the hybrid (@, p,n,0)—pseudo-invexity at z* to
(3.18) and assumptions on ¢, we have

#(S o) ~ (o] - Syl - (D)) 2 0
which implies
Sy i) — (2 o)

> il - (A )

= 0.
Thus, we have

Sy lfie) — (A Do) 2 0. (.19)
Since u > 0 for each i € {1,---,p}, we conclude that there does not exist an
x € @ such that

T C NV,

gi(z)  gi(z*)

fi(@) (fj(x*)) <0 forsome je€{1,---,p}.
gi(x) " gi(z*)
Hence, =* is an efficient solution to (P).
The proofs for (ii)-(iv) are similar to that of Theorem 3.1. O

Next, we note that Theorem 3.1 can be specialized to the context of second
order (p,n, #)— invexities as follows:

Theorem 3.4. Let 2* € Q. Let f;, g; fori € {1,- - -, p} with gfgg >0, gi(z*) >0
and H; for j € {1,- - -, m} be twice continuously differentiable at 2* € ), and let

there exist u* € U = {u € R : u > 0,%7_,u; = 1} and v* € R such that

fi(x*)
gi(z*)

S [V fila") = ( )V gi(z")] + EjLvf v H(2") =0 (3.20)
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<n(x,x*), [iu:[vzﬂ(m*) _ (Zgz:;)Vle(m*)] + éyj*.V2Hj(g:*)] z> >0,

(3.21)
and

viH;(z*) =0, j € {1, -,m}. (3.22)

Suppose, in addition, that any one of the following assumptions holds (for
pla.a*) > 0):

(1) Ei(.;a*,u*) Vie{l,---,p} are hybrid (p,n,d)—pseudo-invex at z*, and
B,(. ,v*) je{l,---,m} are hybrid (p,n,)—quasi-invex at x*.

(ii) E (.;;a*,u*) Vie{l,---,p} are prestrictly hybrid (p, n, #)—pseudo-invex
at z*, and B;(.,v*) Vj € {Ll,---,m} are hybrid (p,7,#)—strictly-quasi-
invex at x*.

(i) E;(.;z*,u*) Vie {l,---,p} are strictly hybrid (p, n, #)—pseudo-invex at
x*,and B;(.,v*) Vj € {1,- - -,m} are strictly hybrid (p, n, #)—quasi-invex
at z*.

(iv) For each i€ {1,---,p}, f; is hybrid (pl,n,ﬁ)—invex and —g;
is (p2,m,0)—invex at z*. H;(.,v*) Vje{l,---,m} 1is hybrid

*

(p3,n,0)—quasi-invex at z*, and X7 vips(x,x*)+p* >0 for
0" = S ut (o1 (%) + (2" pa(ar, ) and for g(a*) = L.

Then x* is an efficient solution to (P).

Proof
The proof is similar to that of Theorem 3.1 based on the hybrid (p, 7, 6)— invexity
assumptions. O

We observe that Theorem 3.1 can be further generalized to the case of the
e—efficient conditions based on the hybrid (®, p, 7, ¢, §)—invexity frameworks. As
a matter of fact, we generalize the e—efficient solvability conditions for problem
(P) based on the work of Verma [22], and Kim, Kim and Lee [6], where they
have investigated the e—efficiency as well as the weak e—efficiency conditions for
multiobjective fractional programming problems under constraint qualifications.
To the best of our knowledge, the results established in this communication
(Theorem 3.1 and Theorem 3.5) generalize and unify most of the results on
the multiobjective fractional programming to the context of the generalized
invexities in the literature. We recall some auxiliary concepts (for the hybrid
(®, p,m, ¢, 6)—invexity) crucial to the problem on hand.
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Definition 3.1. A point z* € @ is an e—efficient solution to (P) if there does not
exist an z € @ such that

filz) _ fi(z")

<

—GiVi: 17"'7pa

fitw) _ (")
gi(x) — g;(z*)
where €;=(e1,- - -, €p) is withe; > 0fori=1,-- -, p.

—¢; for some j € {1,---,p},

For € = 0, Definition 3.1 reduces to the case that z* € () is an efficient solution to

(P).
Next, we start with real-valued functions E;(., z*, v*) and B, (., v) defined by

fi(x*)
gi(z*)

Bu(aau) = wlfile) - (555 — e )ai@)). i € {1, .}

and

Bj('vv) = UjHj(l')v j = ]-7 ce,m

Theorem 3.5. Let z* € @, let f;,g; for i € {1,-- -, p} with f;(z*) > €;9:(z*),
gi(z*) >0 and H; for j € {1,---,m} be twice continuously differentiable at
z* € Q,and let thereexistu* € U = {u € RP : u > 0,37_ u; = 1}, v* € R} and
z € R™ such that

¥ ui [Vfi(z™) — (fl(x*)

gi(z*)

— &) v gilat)] + DL} v Hya®) =0, (323)

<[g V2 fi(x (;ig:; —I-ZU V2H; }z ((z,z )>

<[§p3 V2 i —<fi(“7*)—ei>v2gi<x*>1

— gi(z*)
Jer;-kV?Hj(x*)} 2, z> >0, (3.24)
and
viH;(z*) =0, j € {1, -,m}. (3.25)
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Suppose, in addition, that any one of the following assumptions holds (for
pla,x*) > 0):

(1) Ei(.;a*,u*) Vie{l,---,p} are hybrid (®,p,n,(,)—pseudo-invex at
z* for ®(a) >0=a>0, and Bj(.,v*) Vje€{l,---,m} arehybrid
(®, p,m, ¢, 8)—quasi-invex at 2* for ® increasing and ®(0) = 0.

(1) B;(.;z*,u*) Vie {1, p} areprestrictly hybrid (®, p,n, ¢, 0)—pseudo-
invex at z* for ®(a) >0=a>0, and B;(.,v*) Vje{l,---,m}
are strictly hybrid (®, 5,7, (,0)—quasi-invex at z* for @ increasing and
®(0) = 0.

(i) E;(.;z*,u*) Vie{l,---,p} are strictly hybrid (®, p,n,(,8)—pseudo-
invex at z* for ®(a) > 0= >0, and B;(.,v*) Vje {l,---,m} are
strictly hybrid (®, p, 7, ¢, #)—quasi-invex at z* for ® increasing and ®(0) =
0.

(iv) For each i€ {1,---,p}, f; is hybrid (®,p1,n,(,6)—invex and —g; is
(D, p2,n,¢,0)—invex at z* for ®(a) >0=a >0, and H;(.,v*) Vje€
{1,---,m} is hybrid (®,p3,n,(,#)—quasi-invex at z* for @ increasing
and ®(0) = 0 and X7, v¥p3(x, 2*) + p* > 0 for p* = BT, uf (p1(x,2%) +

$(x*)pa(,37)), where ¢(a*) = LI — ¢,

Then z* is an e—efficient solution to (P).

Proof
If (i) holds, and if x € @, then it follows from (3.23) and 3.24) that

gi(z) —€) vV gi(z)],n(z,x )>
(

H( Y uilvnen)s - ()

—1< i uf[vzfz(él?*)z - (gigi; - ei)Vzgi(x*)z], z>
+(Spv; v Hy()n(@,2*)) + (S0 V2H; ()2, ¢ (o, 07) )

—7<Zm7 v*-V2Hj(a:*)z,z> > 0. (3.26)

(S yui v fila®) — (

Since v* > 0, x € @ and (3.25) holds, we have
YiLvjHj(x) < 0=X72, 0] Hy(a"),

which implies
Y viHy(z) — BT v Hy(2") <0,
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so using the assumptions on ® it results in

é(z;;lv;ﬂj(x) - zy;lv;Hj(x*)) <o,
which, in light of the hybrid (®,,7,(,0)— quasi-invexity of B;(.,v*) at z*,
implies

(VH; (@) n(w, ) + ((a,*), V2H, (@)2) — §(V2H,(2*)2, 2)
+p(,a) [0, 2*)? < 0. (327)

It follows from (3.26) and (3.27) that

fi(x*)
gi(z*)
(

<Zu V2 fi(w (fi(iii - ei)V2gi(x*)z],C(x7x*)>

(S [V fie") = (o = ) 7 i), o))

gi(z*)
> plz,z")|0(z,2*)|* = —p(z, a*)|0(z, z*)]|. (3.28)

—5<Zu:[v2fi<x*>z— (L) ) a)e) )

As a result, since p(z,z*) > 0, applying the hybrid (®,p,n,¢,0)— pseudo-
invexity at * to (3.28) and assumptions on ¢, we have

filz™)
gi(z)
filz™)
gi(z*)

@ (S0 yulfiw) — ( €i)i()

- (i) (

which implies

fi(z*) o
z U up [fi(z) — (gz(w*) —€)gi(z)]
> i) - (2 - )aite”)
> i) - (2 - jaitan)
- ufeigi(xz®) = 0.
Thus, we have i}
Y[ fi(z) — (f‘(x ) —€;)gi(z)] > 0. (3.29)

gi(z*)
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Since u} > 0 for each i € {1,---,p}, we conclude that there does not exist an
x € @ such that

S () coviz1,p,

— "gi(x)  gi(ar)

zp: [fj(x) _ (fi(x*) _ ej)] < 0 forsomej € {1,---,p}.

2 lg(e) Vo)

Hence, x* is an e—efficient solution to (P).
If (i) holds, and if x € @, then it follows from (3.23) and (3.24) that

fi(z")
gi(z*)
(

+< Zu (V2 fi(a")z — (g(ig — ) V2gi(z")z], C(x,x*)>

(S (VA" — (552 = ) v gula”) (o))

_%< > ui[VAfi(a*)z - (fi(x*) —a)Vigi(a")2], Z>

p gi(x*)
<zm i v Hy(x), (m)>+<2;?;1v;v2Hj(x*)z,<(x,x*>>
_;< 70 VR H, (2")2,2) > 0. (3.30)

Since v* > 0, x € @ and (3.25) holds, we have

DVARYIN THi(x) <0= Z}”:lv;Hj(x*),
or

Y viHj(x) — X vr Hi(2") <0,

which implies based on assumptions on @ that
@(Emlv Hj(x) — X707 Hy (a0 )) <0.

Next, in light of the strict (®, 5,1, ¢, 0)—quasi-invexity of B;(.,v*) at z* with P
increasing and ®(0) = 0, we find

<VHJ($*)777(‘T7I*)> + <<($,l‘*), VQHJ(x*)Z> - %<V2HJ($*)Z, Z>
+p(x, 2%)]|0(z, 2*)||* < 0. (3.31)
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It follows from (3.30) and (3.31) that

fi(z™)

gi(z*)
(

H( Ll e - (T - vl )

(SLuf (v fia™) - (55— @) 7 i)l o))

(S w it — (AT ey, <)

— gi(z*)
> a6, 2P > —p(w,2*)|I0(z, 7). (3.32)

As a result, since p(z,z*)>0, applying the prestrictly hybrid
(®, p,m, ¢, 0)—pseudo-invexity at z* to (3.32) and assumptions on P, we
have

fi(z™)
gi(z*)
fi(z")
gi(z*)

o (S0 uilfile) - (52 — e)gu(a)

5Pl [fi(a®) — ( ) — Gi)gz‘(l“*)]) 20,

which implies

S uilh(e) - <§E$§ - )ai(o)
> i) - <§E””§ — eaie)] - Sl (a)
= 0.
Thus, we have §
SEyuilfi) — (4 — ) 2o (3:33)
Since u} > 0 for each i € {1,---,p}, we conclude that there does not exist an
x € @ such that
filz)  fi(z") e C_q
9i(x) (gi(l’*) ) 20¥i=1-p,

fit)  fi(z")
gi(z)  “gj(z*)

Hence, z* is an e—efficient solution to (P).

—¢€;) < Oforsomej € {1,---,p}.
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The proof applying (iii) is similar to that of (ii), and we just prove using
(iv) as follows: since x € @, it follows that H;(z) < H;(z*). Then applying the
(®, ps3, n, ¢, 0)—quasi-invexity of H; at * and v* € R, we have

(Sy0; v Hy(),n(w,a*) + (¢, "), Syvy 2 Hy(a)2)
7xzﬁwﬁﬁﬂmfwa>g—zﬁwpﬂanm?

Since u* > 0 and f;(z*) > €;9;(x*), it follows from (P, p1,7, ¢, §)—invexity and
(®, p2,1m, ¢, 0)—invexity assumptions that

fi@)
@ (S i) — (5 — o)

P * * fl(x*) * *
= (DL {l) ~ £ = (T o) — i)+ cagnla)})
> SLu{(hE) - (B -0 g gl

) B (V) — () — ) 92a)e)
1 ¥4 * 2 * fl(x*)
I Ve = (105 — ) Vi) 2)
Hlor(,2%) + o )pa 0w, |1P + S eiga(a”)
> (S v H@t) e + (Ceat), Si, ) VA H; ()2 )
—§<ZT’:1U;V2Hj(x*)z,z>}
FSullpr () + 6 pal, ][0 )P + B eigi (o)
> (S0 pe(e ) + B ullpr(o,0%) + (2 )pa(o,0")]) 6, )
+Ep 1U; ezgz( )
= (Sipslaat) + o) 0,2t P + T ufegi(a”)
> (S0 pale ) + 0|0, a) 2 2 0.

Therefore, we have

filz")
z 1 U z[fz( ) (gz( )

Thus, we conclude that there does not exist an z € () such that

Z [58 - <§E§§ )] <0vi=1,-p,
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Zp: [fj(l“) _ Jile)

2 lgi(@) "~ Lgila)

- €j)] < 0 forsomej € {1,---,p}.

Hence, z* is an e—efficient solution to (P).

4. Concluding Remarks

We established several results on multiobjective fractional programming
problems based on the generalized hybrid (®,p,n,(,0)—invexities and on
efficient solutions to the multiobjective fractional programming problems. We
observe that the obtained results in this communication can be generalized
to the case of multiobjective fractional programming with generalized hybrid
invex functions of higher orders (including the exponential type generalized
invexities), for instance, based on the work of Mishra and Rueda [11], Mishra,
Laha and Verma [13], and Zalmai and Zhang [38] to the case of the efficiency
as well as to the e—efficiency conditions relating to the minimax fractional
programming problems involving generalized invex functions. Furthermore, the
hybrid (9, p, 1, (,0)— invexities can effectively be applied generalizing/unifying
the first-order sufficient efficiency condition results [35], first-order parametric
duality model results [36] as well as second-order duality model results (Zalmai
[37]) on Hanson-Antczak-type generalized V-invex functions in semiinfinite
multiobjective fractional programming. Based on new duality models and suitable
constraint structures, the weak, strong, and strict converse duality theorems can
be established using appropriate hybrid (®, p, n, ¢, §)— invexities.
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