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Abstract We prove that under certain conditions the excursion sets volumes of stationary positively associated random
fields converge after rescaling to the normal distribution as the excursion level and the size of the observation window grow.
In addition, we provide a number of examples.
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1. Introduction

The study of excursion set properties plays an increasingly important role within modern theory of random fields.
Such objects arise in connection to a wide range of stochastic models (see, e.g., [1, 2]). Recently a number of
works appeared ([3, 4, 5]) focused on asymptotic properties of the excursion sets volumes corresponding to fixed
excursion levels and sequences of growing (in a certain sense) observation windows. Spodarev gives in [6] an
overview of the recent asymptotic results concerning the geometry of excursion sets of stationary associated random
fields.

In this paper, we show that under certain conditions the excursion sets volumes of stationary positively associated
random fields converge after rescaling to the normal distribution as both the excursion level and the size of the
observation window grow. Note that a similar model was studied in the monograph of Ivanov and Leonenko [7] for
the case of a Gaussian random field. For associated random fields on lattices the asymptotic behaviour of excursion
sets cardinalities corresponding to a growing excursion level was examined in [8].

The present paper is organized as follows. In section 2 we provide the necessary definitions. Section 3 contains
the main theorem. In section 4 we show how its conditions can be verified for Gaussian random fields, fields with
regularly varying tails and shot-noise random fields.

2. Preliminaries

We assume that all random objects are defined on a complete probability space (€2, F, P).
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Consider a family of random variables X = {X;, t € T}. For I C T set X; = { Xy, t € I'}. Let M (d) denote
the class of real-valued bounded coordinate-wise nondecreasing Borel functions on R4, d e N. According to [9], X
is called positively associated (X € PA) or weakly associated, if for arbitrary disjoint finite sets I, J C 7" and any
functions f € M(card(I)), g € M(card(J)) one has

Cov(f(X1),9(Xs)) = 0.

Here card(I) denotes the cardinality of I. It is known that quite a wide range of random fields possesses the
property of positive association (see [10]). For example, any Gaussian random field with nonnegative covariance
function is positively associated.

Let A, (X,T) = {t € T : X; > u} be the excursion set of the random field X = {X;,t € R?} at the level u € R
corresponding to the observation window 7' C R¢ and let v,4(B) be the volume of measurable B C R?. By 1(C)
we denote the indicator function of the set C. Obviously,

V(X T) = va(Au(X, T)) = / 1(X, > u)dt.

Let || - || and || - ||oo be, respectively, the Euclidean norm and the maximum norm in R? and O(-) — the Landau
notation.

3. Central Limit Theorem

Let X be a measurable strictly stationary positively associated random field on R%. We also assume that X is
square integrable and its covariance function r(t) = Cov(Xg, X;), t € RY, is continuous. Note that due to the latter
condition X is also associated (see [10] for the definition of association and related dependence types).

For any u € R and bounded measurable B, C' C R? Fubini’s theorem implies

]EVU(X, B) = Ud(B) P(Xo 2 u),

Cov(V, (X, B)), Vu(X, C))) = /B/CCOV(][(XS > ), (X, > ) dsdt > 0. (1)

Consider an increasing sequence of excursion levels {u,, }nen, 0 < u,, — 00,n — co. Define S,, = V,,, (X, [0,n)?),
n € N, and let 02 = Var S,,.
Suppose that the random variable X, has a bounded density f(-) and set y(z) = sup,, f(t),z € R.

Theorem 1
Assume that the random field X satisfies the following conditions:
(A1) r(t) = O(||t]|~*) for some p > 3d;
(A2) o,, = 00, n — o0;
(A3) 6, = n? 72/3(un) U;(H”/gd) — 0, n — oo.
Then
Sp,—ES,

v/ Var S,

d e
where — denotes convergence in distribution.

45 N(0,1),

The following lemma can be proved in the same way as Lemma 7.3.4 from [10].

Lemma 1
Under the conditions of Theorem 1

Cov(I(X, > u), (X, >u)) <3-223~423w) r'/3(s —1), ueR, s,teR )
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140 A CLT FOR THE VOLUMES OF HIGH EXCURSIONS OF RANDOM FIELDS

Proof of Theorem 1. One can find a sequence m,, — oo, n — o0, such that mz /o, — 0and

n—Q Y23 (up) mE—H3 — 0, n — . 3)

On

To see this, consider m,, = max {071/(2(1), 571/(”_3(1)071/d}.

Set ¢, = 071/(2‘1) mi/2 and r,, = Lqu . Note that

d
@—M), &—>O, n — oo. 4
qn On
Using (1), (A1) and (2), we also get 02 = O(n?), n — oo. Hence, r,, — oo as n — oo. Clearly, there exists Ny € N
such that 0 < m? < ¢? < o, forall n > Ny.
Define _
Sn = Vu" (X7 [O,ann)d) = Z Cn7k> Zn = Z gnJm

kEeZN[0,ry)? keZ4N[0,ry)¢

where (1 = Vi, (X,[0,4,)¢ ® kqn), k € Z2N[0,7,)%, and {&, %, k € Z9 N [0,7,)?} are independent random
variables distributed in the same way as V,, (X, [0,¢,)?%), n > Ny. Approximating integrals with finite sums in
L, (see [4]) it is not difficult to show that, since the random field X is positively associated and its covariance
function is continuous, {(, x, k € Z2 N [0,7,)?} € PA.

Before we continue with the proof of the theorem, we establish the following lemma.

Lemma 2

Under the conditions of Theorem 1 it holds that
var Zn — 1, n— o
Var S, ’ '

Proof. Due to (1), the variance of Z,, is not greater than the variance of S,,. Thus, it suffices to prove that

Var S, <1

li <L 5
e Nar Z, ®
Observe that for n > Ny
Var S, =Var Z, + Y Cov (Vi (X,[0,¢n)" & kgn), Vi, (X, [0, )\ ([0, g)* & kgn)))
kEZAN[0,ry)?
+ Cov (Vi (X, [0,n)N\[0,70gn) %), Vi, (X, [0,n)%)) = Var Z,, + 51 + Ss.
Below we show that 33, and 35 admit the following estimates
¥ <Cynd 72/3(un) mf,f“/?’ + Cy Mn Ny L, (6)
an
Yo < Cszr b Var S,, n > N. (7)
Here, and in the following, C, C, Cs, ... are some positive real numbers which may only depend on d, r and p.
Applying (6) and (7), we have
Var S,, _ n _ My,
Var 7, <1 —C5 Tnl -4 E 72/3(un) mg H/3> <1+0Cy 7, n > Ny.

Due to (3) and (4), the latter inequality implies (5).
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Now let us obtain (6). It can be easily seen that (1) yields

CoV(Va, (X, [0, ¢n) @ kgn), Va,, (X, [0,7) '\ ([0, gn)* & Kgn)))
< Cov(Vi, (X,[0,¢0)%), Vi, (X, [=1, 20)\[0, ¢)D)), k € Z¢ N [0, 7,)4.

Thus, X1 < Ry + Ry, where

COV(Vun (X’ [Ov qTL)d)’ Vun (X7 [—TL, 2n)d\[_mm qn + mn)d))a
COV(Vun (x’ [07 qn)d)’ V, (x7 [_mny qn + mn)d\[oa Qn)d))'

Rl = ’f‘z

R2 = T‘z

Using (2) and (A1), we get
R <Cy 72/3(un) rz q,‘i / T1/3(a:) dx

llz]loo>mn

< Cs 72/3(un) nd / ||x|\_“/3 dr < Cy n? 72/3(un) mfb_“/‘n’.
‘$||oo>mn

Now we show that Ry < Cs (mn/qn) Var Zy. Set T = {%J Clearly,

q” Var Z,, = q— 4 Var V, (X, [0,.)%) = Cs % 4 Var V, (X, [~2n, 3¢n)%)
mTL
>Co o ¢ Cov (Vu, (X, [=2¢n: 3¢n) %), Vau,, (X, [=241, 3¢0) "\ [0, ¢) )
> Cg % ré Cov (Vu,, (X, [=24n, 3¢n) ),
Z Vi, (X, [, G + im )\ [= (6 = D), g + (i — 1)my,) )
> Cs — rd ZCOV [~ (i — V)M, gn + (i — 1)mp)9),

Vi, (X [7zmnv Gn + Z'mn)d\[f(Z — )My, g + (0 — 1)mn)d))
2 Cg T Cov ( (X7 [07 %L)d)v Vi, (X, [_mna qn + mn)d\[oa qn)d)) .
Hence, the desired inequality holds for Cy = 1/Cs. To conclude the proof of the lemma, it remains to note that

the method we used to estimate R also yields (7). Lemma 2 is proved. [J
Due to (7) and Lemma 2 the terms 22=E5~ and Sy—E 5y have the same limiting distribution as n — oo. Thus,

VVar 5, Var Zy,
5,-ES, Z,~EZ, Z,~EZ, :
it suffices to show that BV, has the same limiting distribution as s 2 and that Nz converges in

distribution to the standard Gaussian law as n — oc.
Applying Newman'’s inequality (cf. [10, Corollary 1.5.5]), we get

Ee itgn_ESn Ee z’th_EZn
X — | —lLex —_—
P v/ Var Z, P v/Var Z,,

2t2 4 ]
< Y v 7 COV (Vi (%,10,@0)" @ Kg), Vi, (X, [0, 40)" @ Ig))
k,1eZen[0,r,)?
k#l

2t2
<
Var 7,

2y, ®)
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142 A CLT FOR THE VOLUMES OF HIGH EXCURSIONS OF RANDOM FIELDS

where X1 appears in the proof of Lemma 2. Now it is implied by (A2), (6), (3), Lemma 2 and (4) that the right-hand
side of (8) tends to zero as n — oo.
As for the convergence of f/\;LZZ to (0, 1), it follows from the central limit theorem in the form of Lindeberg.

Indeed, the Lindeberg function

1
Ln(g) = Var 7 Z E(gn,k - Efn,k)zﬁ (|§n,k - Egn,k| > £y Var Zn)

" kezdan[0,r,)?

is equal to zero for any € > 0 and n > ng(e), since for all k

|£n k — ]Egn k| qn
v/ Var Z, \/Var L,

In order to obtain (9), we employed (4) and Lemma 2. The other conditions of the Lindeberg theorem are also
easily checked. Theorem 1 is proved. [

— 0, n—o0. )]

4.1. Gaussian Random Fields

Let X = {X;,t € R%} be a measurable stationary positively associated Gaussian random field with E X, = 0 and
Var X = 1. Suppose that the covariance function r(-) is continuous and fulfills (A1). Consider

u, < 4/c logn, CZM, n €N,

(1+v)(pn+d)

where v is some positive number. For any s, ¢ € R? it holds (see [4]) that

R 2
COV(]I(XS 2 un), ]I(Xt > Un)) = % ﬁexp <—11—L:'x> dx, n € N.
0 —

Consequently,

Var S,, > exp / / r(t—s) dt ds.
[0,n) 0,n)4

Since 7(-) is continuous and 7(0) = 1, we have

lim inf & > 0. (10)

n—oo néexp(—ul)

It is easy to show that (10) implies (A2). Applying (10) and the fact that

—

Y(un) = exp (—us/2)

we also obtain
1
5 = (n(#Sd)/G exp (6 (1+ p/d) ufl>> , M — 00.
It is easily seen that for our choice of ¢

nc+p/d)
——— —0asn — oo.
n,u—3d
Therefore, 6,, — 0 as n — oo.
The case of a Gaussian random field with non-integrable covariance function was considered by Ivanov and
Leonenko in [7]. It is interesting to note that the central limit theorem they obtained features the sequence
{un,n € N} growing rapidly enough for Var S,, to converge to 0 as n — oo.
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4.2. Random Fields with Regularly Varying Tails

Let X = {X;,t € R?} be a measurable stationary square integrable positively associated random field. Assume
that its covariance function r(-) belongs to the C2?(R?) class and fulfills (A1). We also assume that X, has a
bounded density. Let F' be the distribution function of X,. Suppose that it admits, for some « > 0, the following
representation

1—F(x)=2"%L(z), x>0,

where L(-) is a slowly varying function on (0, c0), i.e. 1 — F'(-) is regularly varying in the sense of Karamata (see
[11]). We will assume « > 2. Note that for every ¢ > 0

L
2 L(z) — oo, —Zs — 0, z— oo. (11)
x

Since r(-) attains its maximum at zero, Vr(0) = 0. Therefore, using Taylor’s expansion, one can find b > 0 and
0 € (0,1/2) such that

7(0) — r(t) < b||t||* forall t € [0,6)%. (12)

We show that under certain restrictions on the growth rate of w,,, n — oo, X satisfies the conditions of Theorem 1.
We need to estimate the following covariance from below

Cov(I(Xo = upn), 1(X; = uy,)), t€[0,6)% neN.

Clearly,

Cov(I(Xo = up), I(X; = u,)) = P(Xo = tn, Xt = upn) — P*(Xo > uy)
2 ) —P*(Xo > uy)
2u,) —P(Xo — X¢ > uy,) — P*(Xo > u,), neN.
Using Markov’s inequality, (12) and the fact that 2(r(0) — r(¢)) = E(X, — X;)?, we obtain
P(Xo > 2 u,) — P(Xo — Xt 2 uy,) — P*(Xo > up)
>27%u® L(2uy) — 20 ||t])? uy? — w2 L2 (uy)
= Aq(n) — Ay(n) — As(n), t€[0,6)%, neN.
Applying (11), it is easy to show that for arbitrary € > 0

2bu, % + As(n)

— 0, n— 0.

Aq(n)
Hence, for sufficiently large n and |[|¢|| < up~**7% we have
1
Ai1(n) — Ag(n) — Asz(n) = 3 Ai(n) =2 Au,*7"

for any v > 0 and some A = A(L, o, v) > 0.
Therefore, for any ¢, v > 0 and large enough n, it holds that

/ Cov(I(Xo > un), I(X; > uy)) dt >/ o Cov(I(Xo > up), WX, > up)) dt > A yd—(d+2)a/2—ed—v
[0,6)¢ [0,un,~ /27 %)d

Consequently,

02 > (n/2)? / Cov (I(Xo > uy), I(X; > uy)) dt > A 27 pd yd-(d+2)a/2-ed—v,
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144 A CLT FOR THE VOLUMES OF HIGH EXCURSIONS OF RANDOM FIELDS
Thus, o, — oo if u, = O(n*), n — oo, where a < d/((d + 2)a/2 — d).
Since the density of X is bounded, we can always find ¢ > 0 such that
v(x) =09, x — oo.
We have

5 = it 4213 () o 40/ (30)
< A u—2(z/3 nd/2—u/6 u(1+u/(3d))((d+2)a/2—d+ed+y)/2

< A, n71/6 (p—3d) nmax{(),72ac/3+a (p+3d)((d+2)a/2—d+ed+v)/(6d) }

where As > 0 does not depend on n. It is not difficult to show that §,, — 0, n — oo, if

2d(p — 3d)
= max{0, (i + 3d)((d + 2)a — 2d) — 8cd)’

where s/0 = oo, s € R. Note that if
f@)=27""Li(z), >0,

where f is the density of X and L; is a slowly varying function on (0, c0), then ¢ can be taken to be any nonnegative
number less than o + 1. Consequently, §,, — 0,n — oo, provided

2d(p — 3d)
max{0, (1 + 3d)((d + 2)a — 2d) — 8d(a + 1)}

a <

4.3. Shot-Noise Random Fields

In this section, the requirements of Theorem 1 are checked for certain shot-noise random fields and for the excursion
level u,, = O((logn)*="), n — oo, where 3 € (0, 1). The following definition is taken from [12].

Let ¢ be a stationary Poisson counting measure with intensity A > 0. Also, let g : R — R be a deterministic
function with [, g(x)dz < oo and [, ¢*(x)d2 < co. The random field X = {X;,t € R} defined by

X, = / ot — 2) $(dr), teR, (13)
R

is called a shot-noise random field. The function g is called a response function.
Here we consider shot-noise random fields with the intensity A > 1/2 and the response function

g(t) = exp(—|t]), t € R.

In this case, X is square integrable and for any p > 3 (A1) is fulfilled.
The characteristic function ¢ x, () of Xy is (see [10, Lemma 1.3.7]) given by

©x,(8) =exp ()\/ (eisef‘ﬂ — 1) dt) , seR.
R

It is not difficult to show that for A > 1/2 ¢x, (+) is integrable and, consequently, X, has a bounded density.
In addition, one can show that the distribution of X is infinitely divisible (see, e.g., [13]) with Lévy measure

P(dz) =2 Xz I(xz € (0,1)) dz.

In order to find an approximation for the distribution of X, we consider upper records. Let {Z,, : n € N} be a
sequence of independent and identically distributed observations. The observation Z;, j € N, is called an upper
record, if its value exceeds all previous observations, that is Z; > max{Z1, Zs,..., Z;_1}. Since the distribution
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of X is infinitely divisible and the Lévy measure ) has a density [ on [0, co) with fo y) dy = oo, it follows
from [14, Theorem 2] that
(n + 1) - T, — Xo a.s.,

where T,,, n € N, is the sum of the first (n + 1) upper records from a certain distribution H. Moreover, the density
of H is known and, in our case, is given by

h(z) =2\ (1 —2)** ! I(z € (0,1)), = €R.

Thus, H is the distribution function of a Beta-distributed random variable with parameters 2\ and 1. Such Beta
records are considered in [15]. There it is shown that

g

lim. (1 + if:[[ = (14)
i=0 j=0

where U;, j € Z, are independent random variables distributed uniformly on (0, 1).
Vervaat showed in [16, Theorem 4.7.7 and Lemma 4.7.9] that the density f(z) of the random variable in the
right-hand side of (14) (which is also the density of X)) is nonincreasing, for sufficiently large , and that

f(x) =exp(—=(1+0(1)) z logz), x — oco. (15)

To check the requirements of Theorem [, the following result from [17] is used.

Let N = N(R) be the space of integer-valued o-finite measures x on R and let A/ be the smallest c-algebra
making the mappings  — k(B), k € N, measurable for all B € B(R), where B(R?) is the Borel o-algebra of R,
d € N. For a measurable ¢ : N — R define

Dyip(r) = ¢ (r +6y) = P(k), k €N,

where §, is the Dirac measure at y € R. For k € N and (y1,...,yx) € R¥ set

k 1 k=1
Dy, .y =Dy, (Dy2,~~~7ykw)’

where D! = D and D%} = 1. Define

Retp(yr,..oyn) =E Dy, 4(0),

if this expectation exists, where ¢ appears in (13). In [17, Theorem 1.1] it is shown that for any ¢, € La(N,Py),
where P is the distribution of ¢ in (N, ), the following relation holds

E¢(6)n(6) = E¢(0)En(9) + D 2 (Rith, Ral) 1y a aeus)-
k=1

Here, v}, is the Lebesgue measure on (R¥, B(R¥)), k € N.
Define ¢, (¢) = f[o ) T(X; > uy) dt. In order to establish (A2), it is sufficient to show that

2

(R1%n, R1¥n) Ly (R Avy) = )\/ (/ Pu, — e "% < X; < uy,) dt> dz — 0o, n — oo. (16)
0

R

Applying Vervaat’s result, it holds that, for sufficiently large n,

Hreere ey ([ o)
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146 A CLT FOR THE VOLUMES OF HIGH EXCURSIONS OF RANDOM FIELDS

Therefore,
(R1thn, Ritn) Ly oon) = A f2(un) (n—2). a7

Since u,, = O((logn)'=#), n — oo, B € (0,1), (15) and (17) imply (16).
It remains to show that 6,, — 0, n — oo. For n large enough, the inequality (17) yields

) e < (fz?qf,fc)(Z;Q;s) = A B0 () B0, ()

where A = A(X) > 0. It is easy to see that the right-hand side of (18) converges to zero as n — co.

Acknowledgement

The authors wish to thank Professor E. Spodarev for posing the problem and attention to this research. The authors
are also grateful to Professor A. V. Bulinski for useful comments and encouragement. In addition, thanks are due
to the Lomonosov Moscow State University and the University of Ulm for allowing this collaboration to happen.

REFERENCES

J. M. Azais and M. Wschebor, Level Sets and Extrema of Random Processes and Fields, Wiley, New York, 2009.

R.J. Adler and J. E. Taylor, Random Fields and Geometry, Springer Monographs in Mathematics, Springer, New York, 2007.

D. Meschenmoser and A. Shashkin, Functional central limit theorem for the volume of excursion sets generated by associated

random fields, Statistics and Probability Letters, vol. 81, no. 6, pp. 642-646, 2011.

4. A. Bulinski, E. Spodarev and F. Timmermann, Central limit theorems for the excursion sets volumes of weakly dependent random
fields, Bernoulli, vol. 18, no. 1, pp. 100-118, 2012.

5. V.Demichev, Functional central limit theorem for excursion set volumes of quasi-associated random fields, Journal of Mathematical
Sciences, vol. 204, no. 1, pp. 69-77, 2015.

6. E. Spodarev, Limit theorems for excursion sets of stationary random fields, In Modern Stochastics and Applications, Springer

Optimization and its Applications, vol. 90, pp. 221-244, 2014.

L=

7. A.V.Ivanov and N. N. Leonenko, Statistical Analysis of Random Fields, Kluwer, Dordrecht, 1989.
8. Y. Bakhtin, Poisson limit for associated random fields, Theory of Probability and its Applications, vol. 54, no. 4, pp. 678-681, 2010.
9. C. M. Newman, Asymptotic independence and limit theorems for positively and negatively dependent random variables, in
Inequalities in Statistics and Probability, Lecture Notes—Monograph Series, Institute of Mathematical Statistics, vol. 5, pp. 127-140,
1984.
10. A. Bulinski and A. Shashkin, Limit Theorems for Associated Random Fields and Related Systems, World Scientific, Singapore,
2007.

11. J. Karamata, Sur un mode de croissance réguliere. Théoremes fondamentaux, Bulletin de la Société Mathématique de France, vol.
61, pp. 55-62, 1933.

12. A. Bulinski and E. Spodarev, Introduction to random fields, in Stochastic Geometry, Spatial Statistics and Random Fields.
Asymptotic Methods, Lecture Notes in Mathematics, Springer, Berlin, vol. 2068, pp. 277-335, 2013.

13. K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge Studies in Advanced Mathematics, Cambridge University
Press, 2007.

14. A. Bose, S. Gangopadhyay, A. Sarkar and A. Sengupta, Asymptotic properties of sums of upper records, Extremes, vol. 6, pp.
147-164, 2003.

15. B. C. Arnold and J. A. Villasefior, The asymptotic distributions of sums of records, Extremes, vol. 1, no. 3, pp. 351-363, 1999.

16. W. Vervaat, Success Epochs in Bernoulli Trials, with Applications in Number Theory, Mathematisch Centrum, Amsterdam, 1972.

17. G. Last and M. D. Penrose, Poisson process Fock space representation, chaos expansion and covariance inequalities, Probability
Theory and Related Fields, Springer, Berlin, vol. 150, pp. 663-690, 2011.

Stat., Optim. Inf. Comput. Vol. 3, June 2015



