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Abstract The problem of optimal estimation of the linear functionals A¢ = "7 j a(k)é(k) and AnE = Zszo a(k)é(k)
which depend on the unknown values of a stochastic sequence &(m) with stationary nth increments is considered. Estimates
are obtained which are based on observations of the sequence £(m) + n(m) at points of time m = —1, —2, ..., where the
sequence 77(m) is stationary and uncorrelated with the sequence £(m). Formulas for calculating the mean-square errors and
the spectral characteristics of the optimal estimates of the functionals are derived in the case of spectral certainty, where
spectral densities of the sequences £(m) and n(m) are exactly known. These results are applied for solving extrapolation
problem for cointegrated sequences. In the case where spectral densities of the sequences are not known exactly, but sets
of admissible spectral densities are given, the minimax-robust method of estimation is applied. Formulas that determine the
least favorable spectral densities and minimax spectral characteristics are proposed for some special classes of admissible
densities.
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1. Introduction

The theory of estimation of the unknown values of stationary processes based on a set of observations plays an
important role in many practical applications. The development of the theory started from the classical works
of Kolmogorov [18] and Wiener [42], in which they presented methods of solution of the extrapolation and
interpolation problems for stationary processes. The interpolation problem considered by Kolmogorov means
estimation of the missed values of a stochastic sequence. The prediction problem consists in estimation the future
values of the process based on observations of the process in the past. The third classical problem is filtering of
random processes which consists in estimation the original values of the signal process from observations of the
process with noise. All these problems for stationary sequences and processes are clearly described in the book by
Rozanov [41]. Most of results which have appeared since that time were based on the assumption that the spectral
structure of the stationary process is known. After the main points of the new theory were established, scientists
tried to generalize the concept of stationarity. One of the natural generalization was proposed by Yaglom [45],
Pinsker [38], Yaglom and Pinsker [37]. They proposed a class of processes with stationary increments of nth order.
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They described basic properties of these processes, found the spectral representation of the stationary increment
and solved the extrapolation problem for processes with stationary nth increments. Other generalizations of the
concept of stationarity can be found in the books by Yaglom [43, 44].

One of the fields of practical applications of the stationary and related stochastic sequences is economical
modeling and financial time series. Most simple examples of stationary linear models are moving average (MA)
sequences, autoregressive (AR) and autoregressive-moving average (ARMA) sequences, state space models, all
of which refer to stationary sequences with rational spectral function without unit AR-roots. Models with trends
and seasonal components are represented by integrated ARMA (ARIMA) sequences and seasonal time series. The
spectral structure of these sequences has unit roots in the autoregressive part. These sequences are most simple
examples of sequences with stationary increments. Such models have been inducing the interest of scientists for
the last 30 years. The main results concerning the model description, parameter estimation, forecasting and further
investigations are described in the classical book by Box, Jenkins and Reinsel [2]. Statistical investigations of
real data found some specific relations between integrated sequences. In some cases linear combinations of such
sequences appears to be stationary. Such property Grander [5] called cointegration. Cointegrated models found
their application in applied and theoretical econometrics and financial time series [11].

As we have already mentioned the problem of estimation of unobserved values of the investigated time series is
important in mathematical studies. The classical methods of extrapolation, interpolation and filtering relay on
the exact information about the spectral densities of the investigated processes. However, in practise none of
the methods of estimation can provide the exact representation of spectral structure of the process. In the case
where spectral densities are not known exactly, but a set of admissible spectral densities are given, we can apply
the minimax (robust) method of estimation, which allows us to determine estimates that minimize the value
of mean-square error for all densities from a given class. Grenander [12] was the first one who applied this
approach to the extrapolation problem for stationary processes. In the papers by Franke [13], Franke and Poor
[14], Kassam and Poor [17] the minimax extrapolation and interpolation problem for stationary sequences was
solved by using convex optimization techniques. In the works by Moklyachuk [27] - [33] problems of extrapolation,
interpolation and filtering for stationary processes and sequences were studied. The minimax extrapolation problem
for functionals which depend on the unknown values of stationary sequences from observations with noise is
solved in the paper by Moklyachuk [26]. The corresponding problems for vector-valued stationary sequences
and processes were investigated by Moklyachuk and Masyutka [30] - [35]. In the articles by Dubovets’ka and
Moklyachuk [6] - [10] and the book by Golichenko and Moklyachuk [3] the minimax estimation problems were
investigated for another generalization of stationary processes — periodically correlated stochastic sequences and
random processes.

Luz and Moklyachuk investigated the classical and minimax extrapolation, interpolation and filtering problems
for sequences and processes with nth stationary increments. They presented solutions of the filtering problem for
the linear functionals A = - a(k)é(—k) and AnE = Zg:o a(k)€(—k) in the papers [21, 23]. The minimax
interpolation problem for the linear functional Ax¢& = Zszo a(k)€(k) which depends on the unknown values of
the sequence £(k) based on observations with and without noise was investigated in papers [19, 20], and for the
linear functional A§ = fooo a(t)&(t)dt which depends on the unknown values of a random process £(¢) in the paper
[24].

In papers by Luz and Moklyachuk [22, 25] the problem of optimal linear extrapolation of linear functionals which
depend on the unknown values of stochastic sequences and random processes with nth stationary increments from
the observations without noise is investigate. The classical extrapolation problem for a non-stationary sequence
which is observed with a non-stationary noise was studied by Bell [1]. However, he showed that the problem can
be solved under additional assumptions, particularly if we have an additional finite set of values of the sequence
&(m).

In the proposed paper we consider the extrapolation problem for the functionals A = 72 a(k)¢(k) and
Ané = ZIILO a(k)&(k) which depend on the unknown values of a stochastic sequence £(k) with stationary nth
increments based on observations of the sequence £(k) + n(k) at points k = —1, —2,. .., where n(k) is a stationary
stochastic sequence uncorrelated with the sequence £(k). Under the condition of stationarity of the noise n(k) we
solve the problem without additional assumptions described by Bell [1]. The obtained estimates give us a method
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of solvution the extrapolation problem for cointegrated sequences £(m) and {(m) assuming stationarity of a linear
combination of these sequences. The estimation problem is also solved in the case of spectral uncertainty where
spectral densities of sequences are not exactly known but a set of admissible spectral densities is given. Formulas
that determine the least favorable spectral densities and the minimax-robust spectral characteristic of the optimal
linear estimates of the functional A are derived in the case of spectral uncertainty for some concrete classes of
admissible spectral densities.

2. Stationary increment stochastic sequences. Spectral representation

Definition 1
For a given stochastic sequence {{(m), m € Z} the sequence

€)= (1= Be(m) = S0 )on = ) m
=0

where () = Z,(%Ll),, By, is a backward shift operator with step 1 € Z, such that B,£(m) = £(m — p), is called
stochastic nth increment sequence with step p € Z.

The stochastic nth increment sequence &™) (m, 1) admits the following relations

™ (m, —p) = (1) (m + np, ), 2)
€0 Gm k) = 3 A =l g, ke N 3)
b l:O l b b b
where coefficients {A;,l =0,1,2,..., (k — 1)n} are determined by the representation

(k=1)
(I+z+...+zFhHr = Z Ayt
1=0

Definition 2
The stochastic nth increment sequence £ (m, ;1) generated by stochastic sequence {£(m), m € Z} is wide sense
stationary if the mathematical expectations

E€™ (mo, 1) = ™ (),

Ef(n) (mo + m7u1)€(”)(mO7u2) = D(n)(mv,ulv,MQ)

exist for all mg, 1, m, p11, 2 and do not depend on mg. The function ¢(™ () is called mean value of the nth
increment sequence and the function D) (m, i1, p2) is called structural function of the stationary nth increment
sequence (or structural function of nth order of the stochastic sequence {£(m), m € Z}).

The stochastic sequence {&(m), m € Z} which determines the stationary nth increment sequence &™) (m, 11) by
formula (1) is called sequence with stationary nth increments (or integrated sequence of order n).

Theorem 1
The mean value ¢(™ (u) and the structural function D™ (m, 1, is) of the stochastic stationary nth increment
sequence &™) (m, 1) can be represented in the forms

™ () = cu™, 4)

, , 4 1
D™ (m, p, p2) = / N (1 — e (1 — e )

B 32 A7), (&)
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where ¢ is a constant, F'()\) is a left-continuous nondecreasing bounded function with F'(—x) = 0. The constant ¢
and the function F(\) are determined uniquely by the increment sequence &™) (m, ).

On other hand, a function ¢(™ (1) which has form (4) with a constant ¢ and a function D™ (m, y;, 12) which
has form (5) with a function F'(\) which satisfies the indicated conditions are the mean value and the structural
function of a stationary nth increment sequence &™) (m, p1).

Representation (5) and the Karhunen theorem [4, 16] give us the spectral representation of the stationary nth
increment sequence &™) (m, p1):

(L ) 1
n _ mA — U\
¢ (m, p) = /ﬁe (=" oy e V) (6)
where Z¢) () is a random process with independent increments on [, 7) connected with the spectral function
F()\) by the relation

E|Zew (t2) — Zewn (t01)]? = F(t2) — F(t1) < oo forall —m <t <ty <. @)

Denote by H(£(™)) a subspace generated in the Hilbert space H = Ly (Q, F, P) by elements {£(™) (m, p) : m, pu €
Z} and by H?(¢(™)), p € 7Z, a subspace of the space H(£(™)) generated by elements {£(™) (m, u) : m < p, u > 0}.
Let

Sy = () HP (™).

pel
Since the space S(¢(™) is a subspace in the Hilbert space H (¢(™), the space H(¢(™)) admits the decomposition
H(E™) = 5™) & R(E™),
where R(£(™) is the orthogonal complement of the subspace S(£(™)) in the space H (£(™).
Definition 3

A stationary nth increment sequence &(™ (m, 1) is called regular if H(¢(™) = R(¢(™) and it is called singular if
H(gM) = S(E™).

Theorem 2
A wide-sense stationary stochastic increment sequence &™) (1, 1) admits a unique representation in the form

£ (m, p) = €5 (m, @) + €M (m, ), (8)

where {én) (m,p) : m € Z} is a regular increment sequence and {§§")(m, w) :m € Z} is a singular increment
sequence. Moreover, the increment sequences {,(«") (m, p) and € m (k, u) are orthogonal for all m, k € Z.

Components of representation (8) are defined by the formulas

Consider a stochastic sequence {¢(m) : m € Z} of uncorrelated random variables such that Es(m) = 0 and
De2, = 1. Define by HP(¢) the Hilbert subspace generated by elements {e(m) : m < p}. We will call the sequence
{e(m) : m € Z} an innovation sequence for a regular stationary nth increment sequence &™) (m, 1) if the condition
HP () = HP(¢) holds true for all p € Z.

Theorem 3
A stochastic stationary increment sequence (™ (m, p) is regular if and only if there exists an innovation sequence
{e(m) : m € Z} and a sequence of complex functions {¢™ (m, y1) : m > 0}, 372 [0 (k, p)[? < oo such that

o0

€M m, ) =y o™ (k. pe(m — k). ®

k=0

Representation (9) is called canonical moving average representation of the stochastic stationary increment
sequence &™) (m, p).
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Corollary 1
A wide-sense stationary stochastic increment sequence &™) (1, ;1) admits a unique representation

€M (my p) = €0 (m, ) + D™ (ky pw)e(m — k), (10)
k=0

where Y27 [¢™ (k, 1)|? < 0o and {e,, : m € Z} is an innovation sequence.

If the stationary nth increment sequence £ (m, 1) admit the canonical representation (9), then its spectral
function F'(\) has the spectral density f(\) admitting the canonical factorization

FO) =12 =) k)2 (11)
k=0
where the function ®(z) = Y7 ¢(k)z* has the convergence radius r > 1 and does not have zeros in the unit disk
{z :|z| < 1}. Define
= Mk, p)2* = Z (k)2
k=0

where ¢, (k) = @™ (k, 1) are coefficients from the canonical representation (9). Then the following relation holds

true:
|1 _ e—i)\u|2n

et OV (12)

In the next section we will use spectral representation (6) and canonical factorization (12) for finding the
optimal mean square estimate of the unknown values of the stochastic sequence {{(m), m € Z} with nth stationary
increments.

’(I)u(e_i)\)‘2

3. Extrapolation problem

Consider a stochastic sequence {¢(m), m € Z} which generates a stationary nth increment sequence &™) (m, y)
with absolutely continuous spectral function F'(\) and spectral density f()\). Let {n(m), m € Z} be an uncorrelated
with the sequence £(m) stationary stochastic sequence with absolutely continuous spectral function G(\) and
spectral density g(\). From now we will assume that mean values of the increment sequence ¢(™ (m, ) and
stationary sequence 7(m) equal to 0. We will also consider the increment step p > 0.

In this section our purpose is to solve the problem of linear mean-square optimal estimation of the functionals

oo

N
> a(k)E(k), AnE =" a(k)E(k)
k=0

k=0

AL

which depend on unknown values of the sequence £(m) based on observations of the sequence ¢(m) = £(m) +
n(m) at points m = —1,—2,. ...

First of all we indicate some conditions which are necessary for solving the considered problem. Assume that
coefficients a(k), k > 0, and the linear transformation D* which is defined in the following part of the section

satisfy the conditions
Y lak)l < oo, Y (k+Dlak)® < o, (13)
k=0

M8

>
Il
=)

and

> l(Dra)| < oo, Y (k+1)|(D*a)i]? < oo (14)

k=0

~
I
=)

M
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Assume also that spectral densities f(\) and g()\) satisfy the minimality condition

™ )\Qn
/_ﬂ T e (FO0) + ang() D = > (15

In order to find an estimate of the functional A¢ we have to formulate the extrapolation problem in terms of
linear functionals of some stationary sequences. The functional A¢ can be presented as

Ag = A — An,

where A =Y - a(k)((k), An=>",-,a(k)n(k). Under conditions (13) the functional An has finite second
moment.

We will exploit the representation of the functional A¢ which is proposed in [25] and is described in the following
lemma.

Lemma 1
A linear functional A = ;- a(k)((k) admits the representation A = B{ — V¢, where

-1

BC =Y bu(k)C ™M k), VE= Y wu(k)C(R),
k=0

k=—un
U,u(k) = Z (_1)l <Tll>bu(l“+k)7 k= _1a_27"'7_una (16)
=[]
bu(k) = a(m)d,(m — k) = (D"a)y, k> 0. a7
m=k

where [z]" denotes the least integer number among numbers which are greater or equal to x, {d(k) : kK > 0} are
coefficients determined by the relation .-, d,(k)zk = (Z;io i )n, D* is a linear operator determined by
elements D’lj)j =d,(j—Fk)if0<k<j,and D;:,j = 0if j < k, the vector a = (a(0), a(1), a(2),...)".

Corollary 2

The linear functional Ay ¢ admits the representation Ax¢ = By(¢ — Vn(, where

-1

Bn¢ = wa )M (), VaG= > vun(k)C(R),

k=—un

where coefficients v, n(k), k = —1,—-2,..., —pun, are calculated by the formulas

min{ [+ ];n} .
vun(k) = Y (1)l(l>bw(zﬂ+k), k=—1,-2,...,—un,

N
bun(k) = a(m)d,(m — k) = (Dyan)k, k=0,1,...,N,

m=k

DY, is a linear operator with elements (DY )k,; = du(j — k) if 0<k < j <N, and (Diy)p,; =0 if j <k or
J.k > N, the vector ay = (a(0),a(1),a(2),...,a(N),0,...)".
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From Lemma 1 we get the following representation of the functional A¢:
A = AQ— An=B( - An—-V(=H{ -V,

where H{ = B( — An. Denote by A(f, g,Ag) = E|A¢ — A§ |2 the mean-square error of the optimal estimate
A§ of the functional A¢ and by A(f,g; HE) = E|HE — H¢J? the mean-square error of the optimal estimate
H n of the functional H7. Since the functional V( is determined by the observed values of ((k) at points
k= —pun,—pun+1,...,—1, the following relations hold true

Ag = He — V¢, (18)
A(f,g; A€) = E|A¢ — A¢]> = E|HE — V¢ — HE + V(| = E|HE — HE? = A(f, g; HE).

To find the mean-square optimal estimate of the functional H¢ we apply the Hilbert space orthogonal projection
method proposed by Kolmogorov [18]. The stationary stochastic sequence 7(m) admits the spectral representation

o) = [ " maz, (),

where Z,()) is a random process with independent increments on [—, w) corresponding to the spectral function
G(A). The random processes Z,(\) and Z, ) () are connected by the relation dZ, ) (\) = (i\)"dZ,(A), A €
[—m, ), obtained in [23]. The spectral density p(\) of the sequence ((m) is determined by spectral densities f(\)
and g(\) by the relation

p(Y) = f(A) +A*"g(N).

The functional H¢ admits the following spectral representation:

" iay (1 —e7mn " iA
where - - -
=Y bu(k)e™ = "(Draye™,  A(e™) = a(k)e.
k=0 k=0 k=0

Denote by H°( Ln) (n)) a closed linear subspace of the Hilbert space H = Lo(€2, §, P) of random variables
having finite second moments which is generated by values {¢(™) (k, i) + n(™ (k, ) : k < —1}, > 0. Denote by
LY (f(A\) + A2"g(\)) a closed linear subspace of the Hilbert space Ly(f()\) + A*"g()\)) which is generated by the
set of functions . 4

{1 —e )N k< —1}.

The representation

s

: : 1
(n) k (n) k — ik 1— —iAp\n
€0 (k, ) + 0™ (k, ) /ﬂe (-t
yields a one to one correspondence between elements e (1 — e =™ )" (i\)~" of the space LI~ (f(\) + A2"g()\))
and elements &) (k, 1) + n(")(k w) of the space HY~ (5(") (n))_
Every linear estimate A§ of the functional A¢ admits the representation

dzﬁ(")-l—'r/(") (>‘)

T —1

Ag = [ hpNdZeon sy V) = > vulk)(E(R) +n(k)), (19)

- k=—pn

where £, () is the spectral characteristic of the estimate H¢. The mean square optimal estimate H¢ can be found as

€™+ i)

a projection of the element H¢ on the subspace H°~ This projection is determined by two conditions:
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1) HE € H (& +nil");
2) (HE — HE) L HO= (& + ).
The second condition implies the following relations which hold true for all £ < —1:

E(HE — HE)(EM (k, 1) + 0™ (k, 1))

_ % T (Bu(e“‘)(l _ e_M“)n _ A(ei’\) _ (i)\)nhu(/\)) e_Mk(l _ eiku)ng(/\)d)\

1
(=)™

L (Bu(eiA)W - MA)) e (1 — gihe)n FOVAA = 0.

27 (ian

These relations can be represented in the form

™ _ e—i)\,u n . — ei)\l‘ n .
(Bt S - oo = ace -] Sog e a0k < -1

which allows us to derive the spectral characteristic k() of the estimate H &. It has the form
A (Loem (SN () (—iN)"Cuu(e™)
h,(\) =B e”\(,i—Ae“\ - : £ ,
o) = B T AR R () T e (78 + ()

oo
Cu(e™) = culk)e™,
k=0
where cu(k‘), k > 0, are unknown coefficients which we need to determine. It follows from condition 1) that the
spectral characteristic 7, (\) admits the representation

—1 ]' - 72
hu(A) = h(A) (1 — e~ )" 8 Z s i
k=1
where ) + X2 (0) ()" hu (V)
" TAL|2Nn A +)‘ ng A A" _
[ |R(A) 2|1 — ™2 g dA < o0, Ers=wn ejm)n €Ly,

which leads to the conditions

iy AN A, () gy
/ [B“( )T A (O + g ) = ey gy € A0 E0 C0

s
Determine for every k, j € Z the Fourier coefficients of the corresponding functions

L™ G A*g(N)
T — AGR) dX;
i | O T e () + AZrg(n)

—T

1T AZn
pPro= — iX(G—k) i d\:
Wi 2w /w ‘ |1 —eAn2n(f(X) + A2mg(N)

I S eSS S (VI IV
Qri = 5 /ﬂeM ' FOO) + A2rg(N)

Using these Fourier coefficients we can represent equation (20) in terms of the system of linear equations

ZTlmau ZPZ weu(k 1 =0,
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where
wlfzl)
a,(m) = Z (—1)l<l>(fz(m—ul)7 m >0, 21)

=0

This system of equations can be written in the form
Dta—T,a, =P,c,,

where ¢, = (¢,(0),¢,(1),¢.(2),...), a, = (a,(0),a,(1),a,(2),...)";s P, and T, are linear operators in the
space /5 defined by the matrices with elements (P,,); x = P/, I,k > 0 and (T},);» = T}, I,k > 0; the linear
transformation D* is defined in Lemma 1. Consequently, the unknown coefficients cu(k:), k 72 0, which determine
the spectral characteristic i, () are calculated by the formula

cu(k) = (P, 'D*a—P, "Tua,)k, k>0,

where (P}, ' D#a — P ' T a,)x, k > 0, is the kth element of the vector P ' D#a — P ' T ,a,,. Thus, the spectral
characteristic h,, () of the optimal estimate H ¢ of the functional H¢ is calculated by the formula

1— efi/\p,)n

B = By(e)! ()" (N9 (" 3P, Da — P Ty ke

— A _ ] ,
AT T 2eng () (L ) (FON) + A27g() 22)

The mean-square error of the estimate Eﬁ is calculated by the formula

A(f,g; A€) = A(f,g; HE) = E|HE — He?

B 1 /7r |A(ei’\)(1 _ ei)‘“)"f()\) — )\2n E:‘;O(P;lDua _ P;lTHa#)kei’\klz

== 4 N)dA
o ), [T= e E(F(3) + A g(0)? e
T i 4 ny2n n o — " _ ik |2
+i ’A(e /\)(1 —€ )\“) A2g(A) 4+ A2 Zk:o(PulDl a— PulTMau)ke )‘k| FOVdA
2m J_, AL — et 2n(f(A) + A2ng(N))?
= (D"a—T,a,,P,'D'a—P,'T,a,) + (Qa,a), (23)

where Q is a linear operator in the space ¢ defined by the matrix with elements (Q);r = Qix, I,k > 0;

(z,y) = Y pe o x(k)y(k) for vectors z = (x(0), 2(1),z(2),...)", y = (y(0),y(1),y(2),...)".
These reasonings can be summarized in the form of the theorem.

Theorem 4

Let {¢(m),m € Z} be a stochastic sequence which defines stationary nth increment sequence &) (m, u)
with absolutely continuous spectral function F'(\) which has spectral density f(X). Let {n(m),m € Z} be an
uncorrelated with the sequence £(m) stationary stochastic sequence with absolutely continuous spectral function
G () which has spectral density g(\). Let the minimality condition (15) be satisfied. Let coefficients {a(k) : k > 0}
satisfy conditions (13) — (14). The optimal linear estimate /Tf of the functional A¢ which depend on the unknown
values of elements £(m), m > 0, based on observations of the sequence £(m) + n(m) at points m = —1, —2, ... is
calculated by formula (19). The spectral characteristic h, () of the optimal estimate 25 is calculated by formula
(22). The value of the mean-square error A(f, g; 25 ) is calculated by formula (23).

Corollary 3
The spectral characteristic h,,(\) admits the representation h,, () = hy,(A) — h2 ()), where

(1 _ e—i/\u)n (—’L)\)" Z;‘;O(Plleua)keiAk

hi(N) = By (™) @ (L ey (f(A) + AZig(n)

(24)
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(_Z/\)ng()‘) _ (7Z>‘)n ZZC:() (P;ITua,u)keMk
F)+A2mg(A) (1= ) (F(A) + A2rg(N))
Here h,(\) and hZ () are the spectral characteristics of the optimal estimates B¢ and A of the functionals B¢
and Ar respectively based on observations £(k) + n(k) at points k = —1, -2, .. ..

h2(A) = A(e™) (25)

Theorem 4 allows us to obtain the optimal estimate A ~& of the functional Ax¢ which depend on the unknown
values of elements &£(m), m =0,1,2,..., N, based on observations of the sequence £(m) + n(m) at points
m = —1,-2,....Puta(k) =0, k > N. Then the spectral characteristic i, n(X) of the linear estimate

T -1

Ane= | hunNdZeor g V) = D vun (R)(ER) + (k). (26)

—T

k=—pun

is calculated by the formula

(1 _ e—iku)n B ez’)\ (_Z)\)ng(/\)
AR T g

(—iN)" Y oheo (P Divan — P Ty vay,n)re™

hun(N) = Bii(e™)

- (1= e ) (FON) + A2 g (V) | @n
where
N N
Bi () =) (Dhan)ke™,  An(e?) =) a(k)e™,
k=0 k=0
aN = (a(O),a(l), ,G(N),O, ),’a,uN = (au,N(0)7ap, N(1)7 am N(N+Mn)707 )/s
wn{(zl}
ay,n(m) = Z (—1)! (l>a(m —pl), 0<m< N+ un, (28)

l:max{[’”*N]/,O}

T, ~ is a linear operator in the space ¢, defined by the matrix with elements (T, n);m = Tl” me 120,0<m <
N +pn, and (T, n)im =0, 1 >0, m > N + un. Here [z]’ denotes the least integer number among numbers
which are greater or equal to x. The mean-square error of the estimate A ¢ is calculated by the formula

A(f,g; An€) = A(f, g; HnE) = E|Hné — Hyé[?

B i /71‘ ‘AN(ei)\)(l _ ei/\u)nf()\) _ /\Qn ZEO:O(P/IID%aN _ 1:)/:1TlM,NaM’N)keMk’2
- |1 —ete2n(f(A) + A%ng(N))?

1 /Tr |An(e)(1 — ey A2rg(A) + A2 3% (P Dhvay — P, T, vay, n)se |
2 A2 |1 — ePufn(f(X) + A21g(A))?

= (Dvan — T, na, N, Pﬁlfo;aN - P,flT#,Nau,N) +(Qnan,an), (29)

where Q is a linear operator in the space ¢, defined by the matrix with elements (Qn )i = Qi k., 0 <1,k < N,
and (Qn ), = 0 otherwise.
The following theorem holds true.

Theorem 5

Let {¢(m), m € Z} be a stochastic sequence which defines stationary nth increment sequence &™) (m, ;1) with
an absolutely continuous spectral function F'(A) which has spectral density f(\). Let {n(m), m € Z} be an
uncorrelated with the sequence &(m) stationary stochastic sequence with an absolutely continuous spectral function
G(A) which has spectral density g()\). Let the minimality condition (15) be satisfied. The optimal linear estimate

g(\)dA

F)dA

—T
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An¢ of the functional Ay¢ which depend on the unknown values of elements & (k), k=0,1,2,...,N, from
observations of the sequence £(m) + n(m) at points m = —1,—2,. .. is calculated by formula (26). The spectral
characteristic h;, v (A) of the optimal estimate A ~& is calculated by formula (27). The value of the mean-square
error A(f, g; A ~n&) is calculated by formula (29).

A particular case of the considered problem is the problem of forecasting of an unobserved value of a stochastic
sequence £(p) at point p, p > 0, from observations of the sequence (k) + n(k) at points k = —1,—2,.... In
this case the vector a, y has coefficients a, n(m) = (-1)'(}) if m=p+pl, 1 =0,1,2,...,n, m >0, and
ay,n(m) = 0 otherwise. Let us define a vector a, = (a,,(0), an(1),...,a,(n),0,0,...)", where a, (k) = (=1)*(}),
k=0,1,2,...,n.If we choose ;1 > p > 0, the spectral characteristic i, , () of the optimal estimate

&) = / N0 () = 31 (7) (&(p — ) +n(p — i) (30)
- =1

of the value £(p), p > 0, can be calculated by the formula

(1 _ efi)\,u,)n p

(’L)\)" Zdﬂ(p_ k)e

k=0

e € (=iN)"g(\)
h’L A) = ik 6—
wrH) 7O + 22 (3)
B (—iN)™ Z;O:O(P;ldﬂm — P;lTu,pan)kei)‘k
(=M + ()
where = (du(p),d.(p—1),du(p—2),...,d,(0),0,...), T, , is a linear operator in the space ¢5 defined by
here d,, , = (d, d, 1),d, 2 d,(0),0 ', T, pisali in th {5 defined b
the matrix with elements (T, ), x = Tl‘fw#k,l >0,0<k<n,and (T, )k =0, >0,k > n. The mean-square
error of the estimate is calculated by the formula

€1V

A(f,9;€(p)) = A(f, 9;75(p)) = Eln(p) — 7(p)[?
B 1 T ‘e“‘p(l _ ei)‘“)"f()\) _ )\271 ZI;“;()(Pﬁldum _ Pngﬂ’pan)kGMkf
T o / 1 — M2 (f(N) + A2ng(N))?

i T |ei>\p(1 _ ei’\“)")\Q”g()\) T A\2n Zgozo(P;jldth _ P;lTu,pan)keMk|
o ) . XL = A (F(3) + W ()2
= (dup — Tppan, P dy, — P Ty pan) + Qoo (32)

Thus, we have the following statement.

g(\)dA

2

+ F)dA

Corollary 4
The optimal linear estimate ¢ (p) of the unknown value £(p), p > 0, of a stochastic sequence with nth stationary
increments from observations of the sequence (k) + n(k) at points k = —1, —2, ... is calculated by formula (30).
The spectral characteristic i, () of the optimal estimate Z (p) is calculated by formula (31). The value of the
mean-square error A(f, g; fA (p)) is calculated by formula (32).

Theorems 4, 5 and Corollary 4 determine solutions of the extrapolation problem for the linear functionals A¢,
Ap¢ and the value £(p), p > 0, using the Fourier coefficients of the functions

/\2n )\Qng(A)
1= e (f(0) + AZig(N)" [T eMr(F(N) + A2ng(N)

However, the problem of finding the inverse operator (P,,)~! to the operator P,, defined by the Fourier coefficients

)\Qn
of the function - is complicated in most cases.
[T — e Pr(f(N) + A2rg(n) = or
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Fortunately, the proposed formulas can be simplified under the assumption that the functions

[1— MM (F() + X2ng (M) A ) (33)
N LT e PR () T Az () Y
admit the canonical factorizations
2
1— ei/\u 2n A + )\271 A oo ~
\ \ (ign) g(N) _ S0, (k)e M 34)
k=0
A% - iNk i
- — ket
|1 _ ez)\u|2n(f()\) + )\Qng(A)) kzzo 11[}#( )6 ) (35)
0 00 2
g()\) — Z z)\k Z —i/\k (36)
k=—oc0 k=0

Let G be a linear operator in the space {2 defined by the matrix with elements (G); , = g(Il — k), [,k > 0. The
following lemmas give us representations of the functionals P, T, and G.

Lemma 2
)\2n

1 — w2 (f(A) + A%"g(N))
Let linear operators ¥,, and @ in the space /5 be defined by matrices (V) ; = ¥, (k — j) and (®)x ; = ¢(k — j)
for0 <j <k, (V,)k,; =0and (®),,; =0forj >k, k,j>0.Then

g
[T = e (F(3) + A2 ()

Suppose that the functions and g(\) admit factorizations (35) and (36) respectively.

admits the factorization

a) The function

gAA*" oMk
1= e2r(F(N) + A2g( . (37
where
k k
vu(k) =Y u(i)dlk —5) = > (i) vulk —
=0 =0

b) The linear operator Y, in the space ¢, defined by the matrix (Y,), ; = vu(k —j) for0 < j <k, (¥,)r; =0
for j > k, k,j > 0, admits the representation

Y, =0, =3V, (38)

Proof. Statement a) follows from the equalities

<Z dm(k)e“k) (Z qs(k)em> =)D Gul)lk — jle M = Z (Z (i ) ——
k=0

k=0 =0 k=3 k=0

Statement b) follows from the equalities
vali = 3) =Y u(k)g(i —j —k Zm— Yu(p =) = (V)i 5 = (0, ®);, i>j. O
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Lemma 3
Suppose that functions (33) admit factorizations (34) — (36). Let linear operators ¥, and Y, in the space ¢> be
defined as in Lemma 2 and a linear operator ©,, in the space /, be defined by the matrix (©,)x ; = 0,,(k — j) for
0<j<k, (©,)r; =0forj>k,k j>0.Then

a) Linear operators P, T, and G in the space f, admit the factorizations P, = ¥/, ¥, T, = T, T, and
G = 2'9.

b) An inverse operator V,, = (P,)~" admits the factorization (P,)~! = ©,,0), and elements of the matrix which
determines the operator V , are calculated by the formula

min(k,j)

p=0

Proof. We give a proof of statement a) for the linear operator P, only. Factorization (35) implies

Z w“ 72)\]{7

00 2

>\2n o 2)\m o
1= en]2n(f(A) +A2ng(N) 2

m=—0o0

Z Zdj ”%/f-km z)\m_’_zzw” k‘—l—m) z)\m.

m=—o0 k=—m m=0 k=0

Thus, P*(m) = > oy ¥u(k 1/) (k4 m), m > 0,and P*(—m) = P#(m), m > 0. For i > j we have the equalities
Pl =Pr(i—j) = Z% L=y, (I =) = (¥, V),
and for ¢ < j we have the equalities
P!y = Pt(i— j) = Pr(j — i) Zw Dl —1i) = (‘I’;‘I’)i,j

that prove statement a).
Statement 2) comes from the relation ¥,0, = ©,¥, = I, which we need to prove. From factorizations (34)
and (35) one can obtain

1= (Z que)e‘“’“) (Z eu(me‘”’“) => (Z bu(k)0,(j — k)) e~iN
k=0 k=0 §=0 \k=0

These equalities imply the following ones:

71—

Oij = Vu(k)0,(i—j — k) = Zeu(i )P —J) = (Ou¥y)i; = (¥,.0,)i5, O

0 p=J

<.
N

~
Il

Lemma 4

Suppose that the function g(\) admits factorization (36). Let a linear operator S in the space ¢» be defined by a
matrix with elements (S); ; = g(k + j), k,7 > 0, and a linear operator K in the space ¢, be defined by a matrix
with elements (K)x ; = ¢(k + j), k,j > 0. Then the operators S and K admit the relation

S =Ko = 9K,
where the linear operator @ is defined in Lemma 2.
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Proof. In the same way as in the proof of Lemma 3 a) we obtaine the relation g(m) = >, , ¢(k o(k +m),
m > 0. Thus g(i +j) = >, = =¢(i +)o(l — j) = (K®); ;, 1,5 > 0. Since the matrlces S and K are symmetrlc,

wehave S=8' = ¢'K. O
Under the conditions of Lemma 2 and Lemma 3 on the spectral densities f(A) and g(\) formulas (22) and (23)
can be simplified. These lemmas give us the factorizations of the linear functionals T, and P, 'T,:

T, = T;TH = \I/:;I)’@M,
P,'T,=6,0,V 000, =06,GT,.
Denote e, = G@uau. Factorization (35) allows us to make the following transformations:

)\Zn Zk 0 P T aﬂ)kez Ak - oo 0o -

§ 4 (ke S8 ik )

1 —einp2n(f (A) + A2ng( Vulk p () (Oneu)re™ ™
Jj=

0 k=0

= (Z w#(k)ei)\k> Z 267”4’6& eiAm <Z wﬂ z/\k:> Z B/L(m)ei)‘m,

k=0 m=0

where e,,(m) = (GV,a,,),,, m > 0, is the mth element of the vector e, = GV ,a,,. Since

G\Imaum—Zng P = Han(i) =YY g(m —j =0, (Dau(3),

Jj=0 p=j j=0 1=0

the following equality holds true:

)\Zn P T oo 00 00 . ‘
i e%’;;f( 00T “a;;fe (Zw “’“)Z g(m —j =D, au(G)e™™.  (39)

m=0 j=0 1=0

Using factorizations (35) and (36) we make the following transformations:

2 o0 oo

> glm = jau(j)em

J=0m=—o0

Au(ei/\))\%z
1 — eu|2n(f(N) + /\2n

z/\k:

= (Zwu(mﬂ’“) Z ZZQ m—j = D, (Da(§)e™™, (40)
k=0

m=—o0 j=0 =0

Equalities (39) and (40) let us rewrite expression (25) for the spectral characteristic hi(A) of the optimal estimate
En of the functional An as

ey AENNg(N) N (P e e
@ 1= e Pr(F0) + Ag(n) 1 — e (F() + Ang(N))

2y = &

_ e—zku )
— (1 <Zwu —z)\k> ZZ m+j —|—Z (Z)au(j)e—z)\m

05=0 I=

Stat., Optim. Inf. Comput. Vol. 3, June 2015



174 MINIMAX PREDICTION PROBLEM FOR STOCHASTIC SEQUENCES WITH STATIONARY INCREMENTS

o0

oA _ .
_ (1 e ,u (Zwu Mk) Z(C;tqﬁu)meil)\m’

m=1

where (Ctp,)m. m > 1, is the mth element of the vector C,1, = @Lga“, Y = (1u(0), ¥, (1), 0,(2),...),
C, is a linear operator defined by a matrix with elements (C,); = c,(k + j), k,j > 0. Here ¢, = Sa,, is a
vector, S is a linear operator defined by a matrix with elements (S); ; = g(k + j), k,j > 0. From Lemma 4 the
operator S admits representation S = K® = ®'K, where K is a linear operator defined by a matrix with elements
(K)k,j = ¢(k +])? ka] > 0.

The spectral characteristic h}t(/\) of the optimal estimate §§ of the functional B¢ in the case where spectral
densities admit canonical factorization (34) is of the form

1 iy (1 — e Amn (1*6 Auyn o—iNE = iAm
h,(X) = By(e) G (Z% )Z(DﬂAeu)me
m=0
(1—6 ”\# oAk — / —idm
= (Zwu ) D (B bu)me ™,
m=1

where 0, = (0,,(0),60,(1),6,(2),...)"; Ais alinear operator defined by a matrix with elements (A); ; = a(k + j),
k,j >0; B, is a linear operator defined by the matrix with elements (B,,)z, = b, (k —j) for 0 <j <k,
(EM) kj = 0 for j >k, k,7 >0, b, = D"a. This representation of the spectral characteristic ht()\) shows that
the spectral characteristic i, () of the estimate Zg can be calculated by the formula

h (A) _ (1 - e—i)\p)ﬂ <§:((]§ ) w —1)\m> Z¢ —z)\k'
© - (Z)\)" 13 M 1% I

m=1

(1 _ e—i)\,u)n .

= By(e™) g ) D)

~ _e—iduyn [ 2 _
h#()\) — W <Z(C;ﬂ/’u) —iAm + Z D“AG w\m) Z% —z/\k’

m=1 m=0

The mean square error of the estimate A(f, g; Eg ) is presented as follows:

A(f,g; A€) = A(f,g; HE) = E|HE — He|?

- AN Pg)A+ o / (e () + X2 g(N)) A
_% " RN AN g () A — % _ﬂ Bu(e?) A(e™)(—iX)"g(A)dA

= (®a, Pa) + (6),D"a — GV ,a,,0], D"a) — (@;E/Kaﬂ,@;6,Kau>1 — (90, D"a, 9V ,a,,)
= (Ga,a) + (D"A0, — GA,P,, D"A0,) — (C,i),,C.,)1 — (GD'AB,, A, D,), (42)
where A, is a linear operator in the space ¢, defined as (A,,)x.; = a,(k — j) for 0 < j <k, (A,)y; = 0forj > k,
kg 205 (2 y)r = 3252 w(k)g(k) for vectors 2 = (x(0), z(1), 2(2), ...)', y = (4(0), y(1), y(2 ).

The obtained results are summarized in the following theorem.
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Theorem 6

Let {¢(m),m € Z} be a stochastic sequence which defines a stationary nth increment sequence &) (m, u)
with absolutely continuous spectral function F'(A) which has spectral density f()). Let {n(m), m € Z} be an
uncorrelated with the sequence £(m) stationary stochastic sequence with absolutely continuous spectral function
G(\) which has spectral density g(\). Suppose that spectral densities f(\) and g(\) admit canonical factorizations
(35) — (36). Suppose also that coefficients {a(k) : k > 0} satisfy conditions (13) — (14). Then the spectral
characteristic h,(\) of the optimal estimate Ef of the functional A¢ which depend on the unknown values of
elements £(m), m > 0, based on observations of the sequence &(m) + n(m) at points m = —1,—2,... can be
calculated by formula (41). The value of the mean-square error A(f, g; Ef ) can be calculated by formula (42).

s
/.
for every n > 1 and p > 1, there exists a function w,(2) =Y, ,w,(k)2* such that 3.7 |w,(k)|* < oo,
‘1 _ e—i)\,u‘Zn

Remark 1
Since
‘1 _ e—i)\u‘Qn

\2n d)\ < oo

In

= |w,(e~™)|? (see, for example, [4] for details). The function w,,(z) can be calculated with the

1 T _iA 1— —iAp|2n
wu(z)_exp{h/ e, e d/\}. 43)

et — o \2n

—Tr

\2n
help of the relation

Provided factorization (34) or factorization (35) take place, the function f()\) + A?"g()\) admits the canonical

factorization
Ze(k)efi)\k Z¢(k)67iAk
k=0 k=0

Let linear operators ©, ¥ and W, in the space ¢, be defined as (©)y; = ¥(k —j), (V)g; = ¢¥(k —j) and
(W )k =Wy (k—j) for 0<j <k, (©); =0, (¥)r; =0and (Uy,)p,; =0 for j >k, k,j>0. Let U, =
W;l. Then the operators ©,, ¥,, and ©, ¥ are connected by the relations

2 -2

FO)+A"g(\) = (44)

0,=0W,=W,0, ¥, =vU,=U0,9V,
which is obtained in the same way as relation (38) in Lemma 2. What is more,
0,=W,0, ,=U,, (45)

where 0 = (0(0),0(1),0(2),...), ¥ = ((0), ¥(1),%(2),...)".

Example 1

Consider an ARIMA(0,1,1) sequence {&(m),m € Z}. In this case the first order increments ™) (m, ) are
stationary and increments (1) (m, 1) with step . = 1 form an one-sided moving average stochastic sequence of
order 1 with parameter w, —1 < w < 1. The sequence £(m) has the spectral density

A2[1 — we™ |2
A= ———
f( ) |1 _ 671)\|2
Let {n(m), m € Z} be an uncorrelated with £(m) moving average stochastic sequence of order 1 with parameter
¢, —1 < ¢ < 1, and spectral density g(\) = |1 — ¢e~**|2. Then the stochastic sequence {£(m) + n(m), m € Z} is
an ARIMA(0,1,2) sequence with the spectral density

x)\Q‘l_ye—i/\ _Ze—2iA|2
A) 4+ Mg\ = :
f( )+ g( ) |1_€,2)\‘2 ’
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where

where ¢ is a solution of the equation

—(2c+3) 2+ (c+2)t—1=0,

o= S+ 6 = (140,

Suppose that ¢ = ¢. This assumption holds true if the parameters ¢ and w satisfy the equation
(1-¢)*(w* —2¢ - 2) = 2¢°.

In this case we have

Cw—(1+¢)?
=5
Consider the problem of finding the mean square optimal linear estimate of the functional A;& = a&(0) 4 b¢(1)
which depends on unknown values £(0), £(1) of the sequence &(m) from observations of the sequence £(m) +
n(m) at points m = —1,—2,.... To calculate the spectral characteristic of the optimal estimate Elé of the
functional A;& we use formula (41). Coefficients ¢(k), k > 0, from factorization (36) are the following: ¢(0) = 1,
#(1) = —¢, ¢(i) = 0 for I > 2. Thus the operator S is determined by the matrix with elements (S)o = 1 + ¢?,
(S)o,1 = (S)1,0 = —¢ and (S)x,; = 0 otherwise. Coefficients a, (k) = a1(k), k > 0, are the following: a;(0) = a,
a1(l) =b—a, a1(2) = —b and a,(I) =0 for [ > 3. Thus the operator C, = C; is determined by the matrix
with elements (C,, )00 = a(l + ¢ + ¢?) — b, (C)o,1 = (Cp)1,0 = —ag and (C,),; = 0 otherwise. Coefficients
Yu(k) = ¥1(k), k > 0, from factorization (35) are found using the equality ¥;©; = I from the proof of Lemma 3
putting 91(0) =1,0,(1) = —x,0:(2) = —y and 61 () = 0 for | > 3:

r=1,

;2= 0

V1(0) =1, (1) =y, ¥i(l) =yl = 1)+ 291(l —2) forl > 2.

Coefficients by (k), k > 0, are: b1(0) = a+b, b1(1) = b, b1(l) =0, [ > 2. Thus the vector (ﬁu)’ﬂﬂ = ((a+0b) —
bz, —x(a + b) — by, —y(a + b),0,...)". Finally, the spectral characteristic of the estimate A;£ is calculated by the
formula

1— e o '
hl,l(A) = T ((CM/) — ,I( + b) — by)ef (Z+ b 722)\ Z 72)\16
k=0
L— e o —iXk
=T %S(k)e :

where

s(1) = (ay) — z(a + b) — by)y1(0),
s(k) = (ay —z(a+b) =by)r(k = 1) —yla+b)ir(k - 2), k=2

The optimal estimate 21\15 of the functional A:¢ is calculated by the formula

s(k)(EW (=&, 1) + 9V (—k, 1))

K

A = (a+b)(E(=1) +n(=1) +

1

N

= (a+b+s(1))(E(=1) +n(=1)) + > _(s(k) = s(k —1))(&(—=k) + n(—k)).

=~
||

2
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4. Extrapolation of cointegrated sequences

Let {¢(m),m € Z} and {{(m),m € Z} be two integrated stochastic sequences which define stationary nth
increment sequences ¢(™)(m, 1) and ¢(™) (m, ) with absolutely continuous spectral functions F(\) and P()\) and
spectral densities f(\) and p(\) correspondingly.

Definition 4
Two integrated stochastic sequences {£(m),m € Z} and {{(m), m € Z} are called cointegrated if there exists a
constant 3 # 0 such that the stochastic sequence {{(m) — S&(m), m € Z} is stationary.

The extrapolation problem for cointegrated stochastic sequences means that we have to find the mean-square
optimal linear estimates of the functionals

A=) a(k)E(k), AnE = a(k)E(k)
k=0 k=0

which depend on the unknown values of the sequence £(m) based on observations of the sequence ((m) at points
m = —1,—2,.... To find a solution to this problem we can use results presented in the preceding section provided
the sequences £(m) and {(m) — 8&(m) are uncorrelated.

Let the following condition holds true:

™ )\Qn
_ . 4
/ e (46)

Then we can determine operators P2, Tﬁ, QB with the help of the Fourier coefficients
P GAG—ER) ‘)\2”
k.j It |1 _ el)\u|2np()\)

—T

THB _ 1 /7r oAG—Fk) A (p(N) —ﬁQf()\))d/\,

b o L= evprp(y)

dX;

8 _ i " iA(G—k) FN)p(A\) — 52f2()\)
%= | ¢ PR
of the functions
o PO = B2FO) SR = B @)
L= Prp() L= e () ()

in the same way as we defined operators P, T,,, Q in Section 3. It follows from Theorem 4 that the spectral
characteristic hﬁ(/\) of the optimal estimate

e = [ BNZe ()~ Vic, @

of the functional A¢ is calculated by the formula

(1 _ efiku,)n
(iA)"

) S (GO
A iy ety 49)

hi(\) = B*(e™)

where

Cl(e™) =) (P)) " D'a— (P T)a,)re™".
k=0
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The mean-square error of the estimate is calculated by the formula

A(f, g; A¢€)

1 T ’A(ei)‘)(l _ ei/\}t)’fbﬁQf()\) _ >\2ncﬂ(ei>\)|2
T on /_7r A2n|1 — eitu|2np2()) = p(A)dA
B2 [T AP (1 — e E2F(N) — N2CR ()]
7% /_7r )\2n|1 _ ei/\u|2np2()\) . f(/\)d/\
1 T |A(ei>‘)(1 _ ez‘)\#)n(po\) _ Bzf()\)) + )\anﬂ(ei)\)|2
+% /_7_r )\2TL|1 _ eiky,|2np2()\) £ f(A)dA
= (D'a - Tja,, (P;)~' D'a— (P}) "' Tja,) + (Q"a, a), (50)

Now we can summarize the obtained results in the following statement.

Theorem 7

Let the cointegrated stochastic sequences {{(m), m € Z} and {¢(m), m € Z} have absolutely continuous spectral
functions F'(\) and G(\) with the spectral densities f(A) and p()). Let the spectral density p()\) satisfy condition
(46) and let coefficients {a(k) : k > 0} satisfy conditions (13) — (14). If the sequences £(m) and {(m) — B&(m)
are uncorrelated, then the optimal linear estimate 25 of the functional A¢ which depend on the unknown values
of elements £(m), m > 0, based on observations of the sequence ((m) at points m = —1,—2, ... is calculated by
formula (48). The spectral characteristic hﬁ (M) of the optimal estimate gf is calculated by formula (49). The value

of the mean-square error A(f, g; Xg ) is calculated by formula (50).

Define operators Pﬁ, Tfi N> Q?V determined by the Fourier coefficients of functions (47) in the same way as we

defined operators P,,, T, n, Qn in Section 3. Theorem 5 implies that the spectral characteristic hﬁ} ~(A) of the

optimal estimate
s

AnE= | B y(NdZeon(\) = Vi€ (51)

-7

of the functional A ¢ is calculated by the formula

5 o e LT P = B (I G ()

where CfﬂN(ei’\) = o (PEY"'DRay — (Pﬁ)_lTiﬁNau’N)kei’\k. The mean-square error of the estimate Ay ¢
is calculated by the formula

(52)

A(f,9: An¢)

L A - ey - amel e
T o /—n A20[1 — eidu|2np2(\) p(A)dA

g2 7 |AN(EP) (1 — e a2 f(N) — /\2”05,1\;(6“)‘2
_%/ A2 — ei/\,u,|2n 2 FA)dA

— p*(A)
2
1 T AN(ei)‘)(l _ ei/\”)”(p(x\) _ 52]0()\)) + )\ZnCiN(eiA)’
tor /_7r N1 — e 2rp2()) FA)dA
= (Dyay — Tﬁ,Naﬂ’Nv (P)~'Divay — (Pﬁ)flTﬁ,Nau,M +(Q%ay,ay). (53)

The following theorem holds true.
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Theorem 8

Let the cointegrated stochastic sequences {{(m), m € Z} and {¢(m), m € Z} have absolutely continuous spectral
functions F'(\) and G(\) with the spectral densities f(A) and p()). Let the spectral density p()\) satisfy condition
(46). If the sequences £(m) and ((m) — S€(m) are uncorrelated, then the optimal linear estimate An¢ of the
functional A& which depend on the unknown values of elements £(m), 0 < m < N, based on observations of the
sequence ((m) at points m = —1,—2, ... is calculated by formula (51). The spectral characteristic hﬁ, N (A) of the
optimal estimate A ¢ is calculated by formula (52). The value of the mean-square error A(f, g; A ~&) is calculated
by formula (53).

Suppose that spectral densities () and p(\) admit the following canonical factorizations:

2 -2

11— 6M”|2" ﬂ o ik . 8 —iXk
/\Zn Z@ = Zwu(k)e ) (54)
k=0
[e’s) 2 ) -2
= D00k = 1y WP k)e (55)
k=0 k=0
0o 2
p(N) — = >0 (ke (56)
k=0

Define operators K?, U# and ®° by coefficients of the canonical factorizations (54)-(56) in the same way as we
defined operators K, ¥ and ® in Section 3. It follows from Theorem 6 that the spectral characteristic hﬁ()\) of the

optimal estimate /T{ of the functional A¢ is calculated by the formula

— e~ A L
hﬂ()\) (1(2)\)L) (Z ((B#) Cb’w zAm) Z wﬁ 71)\k (57)

m=1
- A —_— =/
where Cﬁwﬁ = U:L\W @7 K’a,,. The mean-square error of the estimate is calculated by the formula

N = =B ~pTP B
A(f,g; AS) = (GPa,a) + (D" A0S — GP A, D' AQ) — (CLY,, Clip, )y — (GPDHAGL AL, (58)

Theorem 9
Let the cointegrated stochastic sequences {£(m), m € Z} and {¢(m), m € Z} satisfy conditions of Theorem 7.
If spectral densities f(A) and p(\) admit factorizations (54) — (56), then the spectral characteristic hﬁ()\) of the

optimal linear estimate X{ of the functional A¢ which depend on the unknown values of elements £(m), m > 0,
based on observations of the sequence ((m) at points m = —1,—2,... can be calculated by formula (57). The
value of the mean-square error A(f, g; A) is calculated by formula (58).

5. Minimax-robust method of extrapolation

The values of the mean-square errors A(h,(f,9); f,g) = (f,g,gf) and A(h, n(f,9); f, g) = (f,g,ANg)
and the spectral characteristics h,(f,g) and h, n(f,g) of the optimal linear estimates Af and A ~& of the
functionals A¢ and Ax& which depend on the unknown values of the sequence £(m) based on observations of
the stochastic sequence £ (k) + n(k) can be calculated by formulas (23), (22) and (29), (27) correspondingly under
the condition that spectral densities f(\) and g(\) of stochastic sequences £(m) and n(m) are exactly known.
Having canonical factorizations (35) and (36) we can calculate the values of mean-square errors A(h,,(f, 9); f, 9)
and spectral characteristics h,(f, g) by formulas (42), (41) respectively. However, such situation does not appear
in practice since we do not know exactly spectral densities of the observed sequences. If in this case we can
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determine a set D = Dy x D, of admissible spectral densities, the minimax (robust) approach to estimation of
linear functionals which depend on the unknown values of stochastic sequence with stationary increments can be
applied. It consists in finding an estimate that minimizes the maximum value of the mean-square errors for all
spectral densities from a given class D = Dy x D, of admissible spectral densities simultaneously.

To formalize this approach we present the following definitions.

Definition 5

For a given class of spectral densities D = Dy x D, spectral densities fo(A) € Dy, go(A) € Dy are called least
favorable in the class D for the optimal linear extrapolation of the functional A¢ if the following relation holds
true:

A(vag()) = A(h(f()ng);angO) = max A(h(fvg)afvg)

(f,9)EDs XDy

Definition 6
For a given class of spectral densities D = Dy x D, the spectral characteristic h°(\) of the optimal linear estimate
of the functional A¢ is called minimax-robust if there are satisfied the conditions

RN eHp= () L5 (f)+A"g(N),
(f,9)€Ds xDy

2B o2, A= i, A )

Using the derived in the previous sections formulas and the introduced definitions we can conclude that the
following statements hold true.

Lemma 5

Spectral densities f© € Dy, g° € D, which satisfy condition (15) are least favorable in the class D = Dy x D, for
the optimal linear extrapolation of the functional A¢ if operators PO, Tg, QO determined by the Fourier coefficients
of the functions

A2 Xng0(3) JAIENPALEY
= PR (O + 27O )) [L= P (OO + P ))” PO + X7 ()

determine a solution of the constraint optimisation problem

max Dl“‘a_T a“PleHa_Pftha
(J"-,Q)GDJ"XDQ(< SR T no u>)

= (D*a — T?au, (Pz)*lD“a — (Pg)*lTﬁaﬁ +(Q%a, a). (59)

L

The minimax spectral characteristic is determined as h° = h,,(f°, ¢°) if h,(f°, ¢°) € Hp.

Lemma 6

Spectral densities f° € Dy, g° € D, which admit canonical factorizations (35) and (36) are least favorable in the
class D = Dy x D, for the optimal linear extrapolation of the functional A¢ if coefficients {6°(k), 1°(k), #° (k) :
k > 0} of factorizations

-2 2

o0 2 o0 o0
OO+ X () = DO R)e™ ) = 1> (ke ") =D e (k) (60)
k=0 k=0 k=0
determine a solution to the constraint optimisation problem
(Ga,a) + (D"A6, — GA,,, D"A0,) — (C,,,CLtp,)1 — (GD'Ab,, A,4p,) — sup, 61
o 2 o 2 o -2 o 2
FO) = Y _0k)e™* ) =22 1Y Jo(k)e™™| =D wk)e ] =AY (ke €Dy,
k=0 k=0 k=0
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2

g(\) = € Dy.

> blk)em "
k=0

The minimax spectral characteristic is determined as h° = h,,(f°, ¢%) if h,(f°, ¢°) € Hp.

Lemma 7

Spectral density ¢° € D, which admit canonical factorization (36) with the known spectral density f()\)
is least favorable in the class D, for the optimal linear extrapolation of the functional A¢ if coefficients
{0°(k),¢°(k), ¢°(k) : k > 0} of factorizations

o) 2 o) —2 o) 2
FO)+ 22600 = D00k = > w0 k)e | " () = [ ¢ (k)e (62)
k=0 k=0 k=0
determine a solution to the constraint optimisation problem
(Ga,a) + (D*AQ,, — GA#@#,D“AGQ - <C#@#, C#Euh — (GD"A4,, A#@l) — sup, (63)

2

g(A\) = € D,.

> ke
k=0

The minimax spectral characteristic is determined as h° = h,(f, ¢°) if h,,(f, ¢") € Hp.

If spectral density g(\) is known and admits canonical factorization (36), extremum problem (61) is an extremum
problem with respect to variables {0(k), ¥ (k) : k > 0}.

Lemma 8

Spectral density f° € Dy which admit canonical factorization (35) with the known spectral density g()) is least
favorable in the class Dy for the optimal linear extrapolation of the functional A¢ if coefficients {0°(k), ¢°(k) :
k > 0} of the factorization

0 2 0 -2
PO+ Xg(N) = |3 00R)e M = 1D w0 (k)em ™) (64)
k=0 k=0
determine a solution to the constraint optimisation problem
<CH@M, Cﬂﬂﬂh + (GD" A0, AM%) —(D'AD,, — GAHEW DFA®,) — inf, (65)

2 2 2 2
_ /\211 — _ )\Qn

f()‘) = € Df.

Z e(k)efw\k Z ¢(k)efi>\k Z ’(ﬂ(k)eiw\k Z d)(k)efi)\k
k=0 k=0 k=0 k=0

The minimax spectral characteristic is determined as h° = hu( 1O, g)if R 1% 9) € Hp.

The function h° and the pair (f°,¢") form a saddle point of the function A(h; f, g) on the set Hp x D. The
saddle point inequalities

Ah; f2,9°) > AR f2,9°) > A(R°; f,g9) Vf €Dy, Vg € Dy, Vh € Hp

hold true if h® = h,(f°, ¢°) and h,(f°, ¢°) € Hp, where (f°,¢°) is a solution of the constraint optimisation
problem

A(f,9) = —A(hu(f°,9%); f,g) — inf, (f,g) € D, (66)
where
A(h,u(fovgo); f7 g)
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LA e ) 0 S () D () T
T/, \1 P (fO(X ) w eVE !
7 |A(ei>\)(1_ev',)\u)n/\%gO()\ +)\2nzk O( ) 1phg — (Pg)_lTﬂau)ke“’“f s
o . A2n |1 — e [2n( fO(X) 4+ A2ZngO(\))2 ey
or the constraint optimisation problem
A(f.9) = —Ahu(f°,97); f.9) = inf, (f,9) €D, (67)
where
Ahu(f°,9%); f,9) =
n 0 (,—iry|2 A2 [0 (e—iN)|?
- L aag L LG A
21 ) JON) 4+ A%"g0 () 21 ) JON) + A%mg0(A)
Here -
T27g(e—z>\ M 290 —i)\k_Z(CO,(/) +( )90) —Mk’
k=1
rg,f(e_“\) _ (BM(eM) (176 2)\# >ZHO e~ iAk _Z(Cow +< )90) e~k
k=1

These constraint optimisation problems (66),(67) are equivalent to the unconstraint optimisation problem [39]
Ap(f.9) = A(f,9) +3(f,9IDy x Dy) — inf, (68)

where 6(f, g|Dy x D) is the indicator function of the set D = Dy x D,. Solution (f°, ¢°) to this unconstraint
optimisation problem is characterized by the condition 0 € dAp (£, g°), where DA (£, ¢°) is the subdifferential
of the functional Ap(f,g) at point (f°,¢°) € D =Dy x D,, that is the set of all continuous linear functionals
A on Ly x Ly which satisfy the inequality Ap(f,g9) — Ap(f°,¢°) > A((f,9) — (f°,¢°), (f,g) € D (see books
[15, 39, 40] for more details).

The form of the functional A(h,(f°, ¢°); f,g) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (68). Making use the method of Lagrange multipliers and the form
of subdifferentials of the indicator functions d( f, g|Dy x D,) of the set Dy x D, of spectral densities we describe
relations that determine least favourable spectral densities in some special classes of spectral densities (see books
[15, 33, 35] for additional details).

6. Least favorable spectral densities in the class D} x D)

Consider the problem of minimax extrapolation of the functional A¢ which depend on unobserved values of a
stochastic sequence £(m) with stationary nth increments based on observations of the sequence £(m) 4 n(m) at
points of time m = —1,—2, ... under the condition that spectral densities of the sequences are not known exactly,
but the set of admissible spectral densities D = D? X Dg is given, where

pp={sovig [ s rf. o= Lol [T amar<pi).

Let us assume that densities f° € DY}, g € DY and the functions

|A(€M)(1 _ eiku)n)\%go(/\) + A2n Zl?;o((Pg)_lDNa _ (Pg)—ngau)keMk}

s (,97) = L= e (9(3) + ¥ig () |

(69)
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0 on ’A(e”‘)( _ z)\p,) fO( )\2n220:0((P0)71Dua_(PO)flTOaH)keiAk‘
hug(f°,97) = T ) +ﬂ)\27Ig0()\)) w Ty (70)

are bounded. In this case the functional A(h,(f°, ¢%); f,g) is continuous and bounded in the £; x £; space. The
condition 0 € dAp(f?, ¢°) leads to the equation for the least favorable densities f© € DY, ¢° € Dy:

A(ei)\)(l _ ei)x,u)n)\QngO(/\) + A2 Z((Pg)leua _ (Pg)fngau)keiAk
k=0
= [ A["[L = M (FON) + X" (V) (71
A(ei)\)(l _ z)\,u fO )\an 1D,u,a7 (Pg)fnga#)kei)\k
k=0
=mu—JMWU%M+A%fM», (72)

1
where o1 > 0 and a; > 0 are such constants that a; # 0 1f f fo(N)d\ = Py and as # 0if Py 7 P (N)dx =
™
Ps.

Thus, we have the following statements.

Theorem 10

Let spectral densities f(\) € D} and g°()\) € Dy satisfy condition (15), let functions %, (f°, g%) and hy, 4(f°, 9°)
be bounded. The spectral densities f°(\) and g°()\) determined by equations (71), (72) are least favorable in the
class D = D? X Dg for the optimal linear estimation of the functional A¢ if they determine a solution of extremum
problem (59). The function h,,(f°, g°) determined by formula (22) is minimax spectral characteristic of the optimal
estimate of the functional A¢.

Theorem 11

Suppose that spectral density f()) is known, spectral density g°(\) € DY and conditions (15) is satisfied. Let the
function h,, 4(f, ¢°) be bounded. Spectral density g°()) is least favorable in the class D) for the optimal linear
extrapolation of the functional A¢ if it is of the form

iX _ A 2n 0 -1 . 0\—1m0 oAk
fm=ém%ﬁmxl ) =X Dmg(P) D8~ () Ty )i |fm}

Q|1 — efru|n

and the pair (f, g°) determines a solution to extremum problem (59). The function h,,(f, g°) determined by formula
(22) is minimax spectral characteristic of the optimal estimation of the functional A¢.

Theorem 12
Let spectral density g(\) be known, spectral density fO()\) € Dgl and condition (15) be satisfied. Let the function

hu,; (%, g) be bounded. Spectral density f°() is least favorable in the class D} for the optimal linear extrapolation
of the functional A€ if it is of the form

fw—max{ A" [ A —e”ﬂ)”gm+22°_0<<P2>-1Dﬂa—<P2>—1T2au>ke”’“>_Ww}

aq|l — etAr|n

and the pair (f°, g) determines a solution to extremum problem (59). The function h,,(f°, g) determined by formula
(22) is minimax spectral characteristic of the optimal estimation of the functional A¢.
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7. Least favorable spectral densities which admit factorization in the class Dg X ’Dg

Consider the problem of minimax extrapolation of the functional A¢ from observations (k) + n(k), k < —1,
provided that spectral densities f(\) and g(\) admit canonical factorizations (35) — (36) and belong to the set
D= D;Z x Dy, where

DY) = {f(A)I;ﬂ/_:f(A)dA < Pl}, Do - {g(A)lQﬁr/_:g@)dA < Pz}-

The condition 0 € dAp(f°, g°) implies that least favorable densities f© € D}, ¢° € D satisfy equations

2

FOO) + A0 (N) = ar [Bu(e) Y 0, (k)e ™ = "(Cuth, + (B) 0 )ke ™| (73)
k=0 k=1
fo()\) e 0()\) — A2 ’Tu,f(e_i/\)|27 (74)
P (e = <BM(6M) (1_6 W >Ze *Mk—;(C,@u+(]§H)’oﬂ)ke*ikk,

where coefficients a3 >0, @2 >0, the matrix C,, vectors 6, =(6,(0),6,(1),0,(2),...) and v, =
(¥0,,(0),%,(1),1,(2),...)" are determined by factorizations (36) and (44) of the functions g°()\) and f(\) +
A2"g9(\), relation (45) and the conditions

X

1
[ ra=r o [ as)

—T

1
27
Thus, the following statements come true.
Theorem 13
Least favorable spectral densities f(\) € DY and g°(\) € D} for the optimal linear estimation of the functional A¢

which admit canonical factorizations (36), (44) are determined by equations (73) — (74), relation (45), conditions
(61) and (75).

Theorem 14
Assume that spectral density f()) is known and admits the canonical factorization. Then spectral density
1 " Zixy 2
O e [ G (O]

from the class DO is the least favorable spectral density for the optimal linear estimation of the functional A¢.
The coefficient ay > 0, matrix C,,, vectors 6, = (6,,(0),6,(1),0,(2),...)" and ¢, = (¢,(0), ¥, (1),%.(2),...)
are determined by canonical factorlzations (36), (44) of the functions g°()\) and f()\) + A2"g%(\), relation (45),
conditions (63) and [”_g(A)dA = 27 P.

Theorem 15
Assume that spectral density g()\) is known and admits the canonical factorization. Then the spectral density

0o 2

PO = {ar |Bu(€®) Y 0u(k)e™™ =3 (Cuthy, + (Bu) G)ke™ | = X"g(N)

k=0 k=1
+

from the class DY is the least favorable spectral density for the optimal linear estimation of the functional A¢. The
matrix C,, is known and defined by coefficients of factorization (36) of the spectral density g()). The coefficient
a1 > 0 and vectors 6, = (6,,(0),0,,(1),0,(2),...)", ¥ = (¥u(0),%,(1),%,(2),...)" are determined by canonical
factorization (44) of the function fO(\) + A%" ()\) relation (45), conditions (65) and ffﬂ fN)dA =27 Py.

Stat., Optim. Inf. Comput. Vol. 3, June 2015



M. LUZ AND M. MOKLYACHUK 185

8. Least favorable densities in the class D = DY X D,

Consider the problem of optimal linear extrapolation of the functional A{ for the set of spectral densities
D =D, x D., where

Dt = { 10 < 1) < w5 [ svar =i
1 ™

D, = {gwmm = (-0 +eu0), 5 [ gir= PQ} |

Here spectral densities u(\), v(A), g1(\) are known and fixed, and spectral densities u(\), v(A) are bounded.
Let spectral densities f € DY, ¢° € D, be such that functions h,, ¢(f°,¢°) and h, ,(f°,¢°) determined by

formulas (69), (70) are bounded. From the condition 0 € dAp(f°, g°) we get the following equations defining
least favorable densities

A(P)(1 = M)A () + A2 (PG 7' D'a — (P)) ' Thay)re™
k=0
= |AI*[1 = e (FON) + X" g (M) (71 () + 72 () + o1 ), (76)
AP (L= M) fO(0) = X" (PG ' D'a — (P)) ' Thay,)re™
k=0
=1 — " (fON) + A2 g"(A)(BA) + a3 h), 77

where v (\) < 0 and 1 (\) = 0 if fO(N\) > v(A); ¥2(\) > 0 and 2 = 0 if fO(N\) < u(N); B(A) <0and B(\) =0
when g°(A) > (1 —¢)g1(A).
The following statements hold true.

Theorem 16

Let spectral densities f°(\) € DY, g°()\) € D. satisfy condition (15). Let functions h,, ¢(f°, ¢") and h,, 4(f°, ")
determined by formulas (69), (70) be bounded. Spectral densities f°()\) and g°()\) determined by equations (76),
(77) are least favorable in the class D = D¥ x D, for the optimal linear extrapolation of the functional A¢ if they
determine a solution of extremum problem (59). The function h,,(fY, ¢°) determined by (22) is minimax spectral
characteristic of the optimal estimate of the functional A¢.

Theorem 17

Let spectral density f(\) be known, spectral density g"()\) € D, and condition (15) be satisfied. Assume that the
function hy, 4(f, g°) determined by formula (70) is bounded. Spectral density g°(\) is least favorable in the class
D, for the optimal linear extrapolation of the functional A¢ if it is of the form

) = 13 max {(1 = g1 (N, AN}

az [A(eM) (1 — )" F(A) = N 350 (P)) ' Dra — (P)) ' Thay)re™|
|]_ _ ei)\p,|n

i) = f),

and the pair (f, g°) determines a solution to extremum problem (59). The function h,,(f, g°) determined by formula
(22) is minimax spectral characteristic of the optimal estimate of the functional A¢.

Theorem 18

Suppose spectral density g(\) is known, spectral density f°(A\) € D% and condition (15) is satisfied. Let the
function h,, ¢(f°, g) be bounded. Spectral density fO()\) is least favorable in the class DY for the optimal linear
extrapolation of the functional A¢ if it is of the form

£2(N) = min {v(X), max {u(}), g2(A)}},

Stat., Optim. Inf. Comput. Vol. 3, June 2015



186 MINIMAX PREDICTION PROBLEM FOR STOCHASTIC SEQUENCES WITH STATIONARY INCREMENTS

a1 A" [A@)(1 = e™)g(A) + T, (PY) "' Dra — (PY)~'Tha,, e
‘1 _ ei/\u‘n

92(A) = = A*"g(\)
and the pair (f°, g) determines a solution to extremum problem (59). The function &, (f°, g) determined by formula
(22) is minimax spectral characteristic of the optimal estimation of the functional A¢.

9. Least favorable spectral densities which admit factorization in the class D = D} X D,

Consider the problem of minimax extrapolation of the functional A¢ from observations (k) + n(k), k < —1,
provided spectral densities f(A) and d(\) admit canonical factorizations (35) — (36) and belong to the set
D =D x D,, where

Dt = {7 < 1) <. 3= [ s =i

T

D, = {ala) = (1= ) + w5 [

—T

g(\)dA = PQ} .

Here spectral densities u(\), v(\), g1(A) are known and fixed, spectral density w(\) is unknown. The condition
0 € OADp(f°, g°) implies that least favorable densities f° € D, g° € D, satisfy the equations

FO) 422760 () = an [rg(e™)F () + 92 (0) + 1), (78)
7"”79(@_”‘ Z 0,.(k e — Z(Cu% + (Eu)leu)ke_w\k
k=0 k=1
PO+ A0 (N) = o X [ry (e ™) (B + 1)1, (79)
rug(e™™) = (Bﬂ(ei/\) B (1 —e Mu > ZH e~ Z(Cu% + (Eu)/eu)ke_i)\k>
k=1

where 1 () <0 and 71 (A) = 0 if fO(A) > v()\); 42(A) > 0 and 72 = 0 if fO(\) < u(N); 5()\) <0 and B(\) =
0 when ¢°(\) > (1 —¢€)g1()). Coefficients oy > 0, a > 0, matrix C,,, vectors 6, = (6,(0),0,(1),0,(2),...)
and ¥, = (¥,(0),%,(1),%,(2),...)" are determined by factorizations (36) and (44) of the functlons go( ) and
o) + A27gY(\), relation (45) and conditions (75).

Thus, the following statements come true.

Theorem 19

Least favorable spectral densities fO(\) € D% and g°(\) € D. for the optimal linear estimation of the functional A&
which allow canonical factorizations (36), (44) are determined by equations (78) — (79), relation (45), conditions
(61) and (75).

Theorem 20
Assume that spectral density f()) is known and admits canonical factorization. Then the spectral density

9°(\) = )\%n max {a2>\2n |7‘u,f(€7i)\)|2 —f(N), (11— 5)910\)}

from the class D. is the least favorable spectral density for the optimal linear estimation of the functional A£. A
coefficient ap > 0, matrix C,,, vectors 6, = (6,,(0),6,(1),0,(2),...)" and ¥, = (¥,(0),%,(1),%,(2),...)" are
determined by canonical factorizations (36), (44) of the functions g°(\) and f(A) + A?"g%(N), relation (45),
conditions (63) and [”_g(A\)dA = 27 P.
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Theorem 21
Assume that spectral density g()\) is known and admits canonical factorization. Then spectral density

f°(\) = min {max {al ’r%g(e*i’\)f — A2g(N), v()\)} u()\)}

from the class D} is the least favorable spectral density for the optimal linear estimation of the functional
A¢. Matrix C,, is known and defined by the coefficients of factorization (36) of the spectral density g(\). A
coefficient oy > 0 and vectors 6,, = (60,,(0),0,,(1),0,(2),...) and ¢, = (¢,(0), %, (1),%u(2),...)" are determined
by canonical factorization (44) of the function f°(\) + A?"g(\), relation (45), conditions (65) and | fﬂ FN)dA =
27TP1.

10. Conclusions

In this article we propose solutions to the extrapolation problem for the functionals A =72 a(k)¢(k) and

ANE = Z,ICVZO a(k)&(k), which depend on unobserved values of a stochastic sequence £(m) with stationary nth
increments. Estimates are based on observations of the sequence &(m) + n(m) at points of time m = —1,—-2,...,
where 7(m) is an uncorrelated with £(m) stationary sequence. We derive formulas for calculation values of the
mean-square errors and spectral characteristics of the optimal linear estimates of the functionals in the case of
spectral certainty where spectral densities of the sequences are known. The obtained results are applied to finding
solution to the extrapolation problem for cointegrated sequences. In the case of spectral uncertainty where spectral
densities are not known exactly, but a set of admissible spectral densities is specified, the minimax-robust method
is applied. Formulas that determine least favorable spectral densities and minimax (robust) spectral characteristics
are derived for some special sets of admissible spectral densities. The extrapolation problem for ARIMA(0,1,1)
sequence is analyzed as an example of application of the developed method.

Acknowledgement

The authors would like to thank the referees for careful reading of the article and giving constructive suggestions.

REFERENCES

W. Bell, Signal extraction for nonstationary time series, The Annals of Statistics, vol. 12, no. 2, pp. 646-664, 1984.
G. E. P. Box, G. M. Jenkins, and G. C. Reinsel, Time series analysis. Forecasting and control. 3rd ed., Englewood Cliffs, NJ:
Prentice Hall, 1994.
3. L L Golichenko, and M. P. Moklyachuk, Estimates of functionals of periodically correlated processes, Kyiv: NVP “Interservis”,
2014.
I. I. Gikhman, and A. V. Skorokhod, The theory of stochastic processes. I., Berlin: Springer, 2004.
C. W.J. Granger, Cointegrated variables and error correction models, UCSD Discussion paper, vol.83-13a, 1983.
L. I. Dubovets’ka, O.Yu. Masyutka, and M.P. Moklyachuk, Interpolation of periodically correlated stochastic sequences, Theory of
Probability and Mathematical Statistics, vol. 84, pp. 43-56, 2012.
7. 1.1 Dubovets’ka, and M. P. Moklyachuk, Filtration of linear functionals of periodically correlated sequences, Theory of Probability
and Mathematical Statistics, vol. 86, pp. 51-64, 2013.
8. L I Dubovets’ka, and M. P. Moklyachuk, Extrapolation of periodically correlated processes from observations with noise, Theory
of Probability and Mathematical Statistics, vol. 88, pp. 43-55, 2013.
9. I I. Dubovets’ka, and M. P. Moklyachuk, Minimaxestimation problem for periodically correlated stochastic processes, Journal of
Mathematics and System Science, vol. 3, no. 1, pp. 26-30, 2013.
10. 1. I. Dubovets’ka, and M. P. Moklyachuk, On minimax estimation problems for periodically correlated stochastic processes,
Contemporary Mathematics and Statistics, vol.2, no. 1, pp. 123-150, 2014.
11. R.F Engle, and C. W. J. Granger, Co-integration and error correction: Representation, estimation and testing, Econometrica, vol.
55, pp. 251-276, 1987.
12. U. Grenander, A prediction problem in game theory, Arkiv for Matematik, vol. 3, pp. 371-379, 1957.
13. J. Franke, Minimax robust prediction of discretetime series, Z. Wahrsch. Verw. Gebiete, vol. 68, pp. 337-364, 1985.
14. J. Franke, and H. V. Poor, Minimax-robust filteringand finite-length robust predictors, Robust and Nonlinear Time Series Analysis.
Lecture Notes in Statistics, Springer-Verlag, vol. 26, pp. 87-126, 1984.

DO

A

Stat., Optim. Inf. Comput. Vol. 3, June 2015



188 MINIMAX PREDICTION PROBLEM FOR STOCHASTIC SEQUENCES WITH STATIONARY INCREMENTS

15. A.D. Ioffe, and V.M. Tihomirov, Theory of extremal problems, Studies in Mathematics and its Applications, Vol. 6. Amsterdam,
New York, Oxford: North-Holland Publishing Company. XII, 1979.

16. K. Karhunen, Uber lineare Methoden in der Wahrscheinlichkeitsrechnung, Ann. Acad. Sci. Fennicae. Ser. A. 1. Math.-Phys., no. 37,
1947.

17. S.A. Kassam, and H. V. Poor, Robust techniques for signal processing: A survey, Proceedings of the IEEE, vol. 73, no. 3, pp.
433-481, 1985.

18.  A. N. Kolmogorov, Selected works by A. N. Kolmogorov. Vol. 1I: Probability theory and mathematical statistics. Ed. by A. N.
Shiryayev. Mathematics and Its Applications. Soviet Series. 26. Dordrecht etc. Kluwer Academic Publishers, 1992.

19. M. M. Luz, and M. P. Moklyachuk, Interpolation of functionals of stochactic sequanses with stationary increments, Theory of
Probability and Mathematical Statistics, vol. 87, pp. 117-133, 2013.

20. M. M. Luz, and M. P. Moklyachuk, Interpolation of functionals of stochastic sequences with stationary increments for observations
with noise, Prykl. Stat., Aktuarna Finans. Mat., no. 2, pp. 131-148, 2012.

21. M. M. Luz, and M. P. Moklyachuk, Minimax-robust filtering problem for stochastic sequence with stationary increments, Theory
of Probability and Mathematical Statistics, vol. 89, pp. 127 - 142, 2014.

22. M. Luz, and M. Moklyachuk, Robust extrapolation problem for stochastic processes with stationary increments, Mathematics and
Statistics, vol. 2, no. 2, pp. 78 - 88, 2014.

23. M. Luz, and M. Moklyachuk, Minimax-robust filtering problem for stochastic sequences with stationary increments and cointegrated
sequences, Statistics, Optimization & Information Computing, vol. 2, no. 3, pp. 176 - 199, 2014.

24. M. Luz, and M. Moklyachuk, Minimax interpolation problem for random processes with stationary increments, Statistics,
Optimization & Information Computing, vol. 3, no. 1, pp. 30 - 41, 2015.

25. M. Moklyachuk, and M. Luz, Robust extrapolation problem for stochastic sequences with stationary increments, Contemporary
Mathematics and Statistics, vol. 1, no. 3, pp. 123 - 150, 2013.

26. M. P. Moklyachuk, Minimax extrapolation and autoregressive-moving average processes, Theory of Probability and Mathematical
Statistics, vol. 41, pp. 77-84, 1990.

27. M. P. Moklyachuk, Robust procedures in time series analysis, Theory of Stochastic Processes, vol. 6, no. 3-4, pp. 127-147, 2000.

28. M. P. Moklyachuk, Game theory and convex optimization methods in robust estimation problems, Theory of Stochastic Processes,
vol. 7, no. 1-2, pp. 253-264, 2001.

29. M. P. Moklyachuk, Robust estimations of functionals of stochastic processes., Kyiv University, Kyiv, 2008.

30. M. Moklyachuk, and A. Masyutka, Extrapolation of multidimensional stationary processes, Random Operators and Stochastic
Equations, vol. 14, no. 3, pp. 233-244, 2006.

31. M. Moklyachuk, and A. Masyutka, Robust estimation problems for stochastic processes, Theory of Stochastic Processes, vol. 12,
no. 3-4, pp. 88-113, 2006.

32. M. Moklyachuk, and A. Masyutka, Robust filtering of stochastic processes, Theory of Stochastic Processes, vol. 13, no. 1-2, pp.
166-181, 2007.

33. M. Moklyachuk, and A. Masyutka, Minimax prediction problem for multidimensional stationary stochastic sequences, Theory of
Stochastic Processes, vol. 14, no. 3-4, pp. 89-103, 2008.

34. M. Moklyachuk, and A. Masyutka, Minimax prediction problem for multidimensional stationary stochastic processes,
Communications in Statistics — Theory and Methods., vol. 40, no. 19-20, pp. 3700-3710, 2001.

35. M. Moklyachuk, and O. Masyutka, Minimax-robust estimation technique for stationary stochastic processes, LAP LAMBERT
Academic Publishing, 2012.

36. M. P. Moklyachuk, Nonsmooth analysis and optimization, Kyiv University, Kyiv, 2008.

37. M. S. Pinsker, and A. M. Yaglom, On linear extrapolaion of random processes with nth stationary incremens, Doklady Akademii
Nauk SSSR, vol. 94, pp. 385-388, 1954.

38. M. S. Pinsker, The theory of curves with nth stationary incremens in Hilber spaces, 1zvestiya Akademii Nauk SSSR. Ser. Mat., vol.
19, no. 5, pp. 319-344, 1955.

39. B. N. Pshenichnyi, Necessary conditions of an extremum, Marcel Dekker, New York, 1971.

40. R.T. Rockafellar, Convex Analysis, Princeton University Press, 1997.

41. Yu. A. Rozanov, Stationary stochastic processes, Holden-Day, San Francisco, 1967

42. N. Wiener, Extrapolation, Interpolation and Smoothing of Stationary Time Series. Whis Engineering Applications, The M. I. T.
Press, Massachusetts Institute of Technology, Cambridge, Mass., 1966.

43. A. M. Yaglom, Correlation theory of stationary and related random functions. Vol. 1: Basic results, Springer Series in Statistics,
Springer-Verlag, New York etc., 1987.

44. A.M. Yaglom, Correlation theory of stationary and related random functions. Vol. 2: Suplementary notes and references, Springer
Series in Statistics, Springer-Verlag, New York etc., 1987.

45. A. M. Yaglom, Correlation theory of stationary and related random processes with stationary nth increments, Mat. Sbornik, vol.
37, no. 1, pp. 141-196, 1955.

46. A. M. Yaglom, Some clases of random fields in n-dimentional space related with random stationary processes, Teor. Veroyatn.
Primen., vol. 11, no. 3, pp. 292-337, 1957.

Stat., Optim. Inf. Comput. Vol. 3, June 2015



