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s—1Mi+Np41
Abstract The problem of the mean-square optimal estimation of the linear functional As¢ = > > a(5)¢(4),
=0 j=M,
l
M; =Y (Np+ Kp), No= Ko=0, which depends on the unknown values of a stochastic stationary sequence £(j),
k=0
s—1
J € Z from observations of the sequence at points of time j € Z\S, S = |J {M;, M; +1,...,M; + N;41} is considered.
1=0
Formulas for calculating the mean-square error and the spectral characteristic of the optimal linear estimate of the functional
are derived under the condition of spectral certainty, where the spectral density of the sequence £(j) is exactly known. The
minimax (robust) method of estimation is applied in the case where the spectral density is not known exactly, but sets of
admissible spectral densities are given. Formulas that determine the least favourable spectral densities and the minimax
spectral characteristics are derived for some special sets of admissible densities.
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1. Introduction

The problem of estimation of the unknown values of stochastic processes is of constant interest in the theory
of stochastic processes. The formulation of the interpolation, extrapolation and filtering problems for stationary
stochastic sequences with known spectral densities and reducing them to the corresponding problems of the theory
of functions belongs to A. N. Kolmogorov [18]. Effective methods of solution of the estimation problems for
stationary stochastic sequences and processes were developed by N. Wiener [37] and A. M. Yaglom [38, 39].
Further results are presented in the books by Yu. A. Rozanov [34] and E. J. Hannan [13]. The crucial assumption
of most of the methods developed for estimating the unobserved values of stochastic processes is that the spectral
densities of the involved stochastic processes are exactly known. However, in practice complete information on the
spectral densities is impossible in most cases. In this situation one finds parametric or nonparametric estimate of
the unknown spectral density and then apply one of the traditional estimation methods provided that the selected
density is the true one. This procedure can result in significant increasing of the value of error as K. S. Vastola and
H. V. Poor [36] have demonstrated with the help of some examples. To avoid this effect one can search the estimates
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260 INTERPOLATION PROBLEM WITH MISSING OBSERVATIONS

which are optimal for all densities from a certain class of admissible spectral densities. These estimates are called
minimax since they minimize the maximum value of the error. The paper by Ulf Grenander [12] was the first one
where this approach to extrapolation problem for stationary processes was proposed. Several models of spectral
uncertainty and minimax-robust methods of data processing can be found in the survey paper by S. A. Kassam and
H. V. Poor [17]. J. Franke [8], J. Franke and H. V. Poor [9] investigated the minimax extrapolation and filtering
problems for stationary sequences with the help of convex optimization methods. This approach makes it possible
to find equations that determine the least favorable spectral densities for different classes of densities. In the papers
by M. P. Moklyachuk [26] - [29] the problems of extrapolation, interpolation and filtering for functionals which
depend on the unknown values of stationary processes and sequences are investigated. The estimation problems
for functionals which depend on the unknown values of multivariate stationary stochastic processes is the aim of
the book by M. Moklyachuk and O. Masytka [30]. I. I. Dubovets’ka, O.Yu. Masyutka and M.P. Moklyachuk[3],
I. I. Dubovets’ka and M. P. Moklyachuk [4] - [7], I. I. Golichenko and M. P. Moklyachuk [11] investigate the
interpolation, extrapolation and filtering problems for periodically correlated stochastic sequences. The paper by
M. M. Luz and M. P. Moklyachuk [20] - [24] deals with the estimation problems for functionals which depend
on the unknown values of stochastic sequences with stationary increments. Prediction of stationary processes with
missing observations is investigated in papers by P. Bondon [1, 2], Y. Kasahara, M. Pourahmadi and A. Inoue
[16, 31].

In this article we consider the problem of the mean-square optimal estimation of the linear functional

s—1 M;+Nj41 l
Ass=> > a(h)ElG), My = > (Nr + Ki), No= Ky =0, which depends on the unknown values of a
1=0

=0 j=M, k=0

stochastic stationary sequence £(j),j € Z, from observations of the sequence at points of time j € Z\S, where
s—1

S=U{M, M +1,...,M;+ N;41}. The problem is investigated in the case of spectral certainty, where the
1=0

spectral density is exactly known, and in the case of spectral uncertainty, where the spectral density is unknown,
but a class of admissible spectral densities is given.

2. The classical Hilbert space projection method of linear interpolation

Let £(j), j € Z, be a (wide sense) stationary stochastic sequence. We will consider £(j) as elements of the
Hilbert space H = Lo(Q, F, P) of complex valued random variables with zero first moment, E¢ = 0, finite second
moment, E|£|? < oo, and the inner product (&,7) = E¢7). The correlation function R(k) = (£(j + k), £(5)) =

E¢(j + k)E(j) of the stationary stochastic sequence £(j), j € Z, admits the spectral decomposition [10]
R@ﬁ::/em*FMAL

where F'(d)) is the spectral measure of the sequence. We will consider stationary stochastic sequences with

absolutely continuous spectral measures and the correlation functions of the form

1

R(E) = - / N F(N)dA,

—T

where f()\) is the spectral density function of the sequence () that satisfies the minimality condition
/f*@mA<m. (1)

This condition is necessary and sufficient in order that the error-free interpolation of unknown values of the
sequence is impossible [34].
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M. MOKLYACHUK AND M. SIDEI 261

The stationary stochastic sequence £(j), j € Z, admits the spectral decomposition [10, 15]

T

£(j) = / eI Z(dN), )

—T
where Z(A) is the orthogonal stochastic measure of the sequence such that

EZ(A1)Z(Az) = F(A1N Az) = i/ FN)dA.
ANA2

2T

Consider the problem of the mean-square optimal estimation of the linear functional

s—1 Mi+Nj41

1
Al = Z Z ZNk+Kk No =Ko =0,
k=0

=0 j=M,
which depends on the unknown values of a stochastic stationary sequence £(j),j € Z, from observations of the
s—1
sequence at points of time j € Z\S, where S = |J {M;,M; +1,...,M; + N1}
1=0

It follows from the spectral decomposition (2) of the sequence £(j) that we can represent the functional A £ in
the following form
A= [ adeMzan), 3)

s—1 Mi+Niqq

=2 ) al)e™
=0 j=M,

Denote by H*(&) the subspace of the Hilbert space H = Lo(€2, F, P) generated by elements {{(j) : j € Z\S}.
Let Lo(f) be the Hilbert space of complex-valued functions that are square-integrable with respect to the measure
whose density is f(A). Denote by L5(f) the subspace of Lo (f) generated by functions {e¥*, j € Z\S}. The mean
square optimal linear estimate A& of the functional A from observations of the sequence £(j) at points of time
J € Z\S is an element of the H*(¢). It can be represented in the form

where

s

Al = / h(e™)Z(dN), C))

—T

where h(e'*) € L5(f) is the spectral characteristic of the estimate At
The mean square error A(h; f) of the estimate A¢ is given by the formula

_ %/‘As(e“)—h(ei’\)ff()\)d)\

The Hilbert space projection method proposed by A. N. Kolmogorov [18] makes it possible to find the spectral
characteristic h(e**) and the mean square error A(h; f) of the optimal linear estimate of the functional A,¢ in the
case where the spectral density f(\) of the sequence is exactly known and the minimality condition (1) is satisfied.
The spectral characteristic can be found from the following conditions:

Dh(e™) € L3(f),
2)As(e™) = h(e™) L L3(f).

Alh; f) =
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262 INTERPOLATION PROBLEM WITH MISSING OBSERVATIONS
It follows from the second condition that for any n € H*(£) the following equations should be satisfied
(46— Asgn) = B(Ag — A&7 =0
The last relation is equivalent to equations
B(Af — A)E, =0, ke Z)\S.

By using representations (3), (4) and definition of the inner product in H we get

E / (As(e™) = h(e™)) Z(dN) - / e RAZ(dN) | =

= / (As(e™) — k(™)) fF(Ne X =0, k € Z\S.

It follows from this condition that the function (A, (e™) — h(e™)) f()) is of the form
(As(e™) = h(e™))f(N) = Cs(e™),

s—1 Mi+Nyq

CeN =3 3 elie,

1=0 j=M,

where c(j), j € S are unknown coefficients that we have to find.
From the last relation we deduce that the spectral characteristic h(e**) of the optimal linear estimate of the
functional A,¢ is of the form

h(e™) = Ag(e™) = Co(e™) fH ). (5)

To find equations for determination the unknown coefficients c(j),j € S, we use the decomposition of the
function f~1()) into the Fourier series

o0

Fr = )0 rme'™, (6)

m=—00

where 7, are the Fourier coefficients of the function f~1(\).
Inserting (6) into (5) we obtain the following representation of the spectral characteristic

s—1 My+Niq1 s—1 Mi+Niq1 0o
h(ei)\) = (Z Z a(j)eijk> - ( Z C(.j)eijA> ( Z Tmeim)\> . @)

=0 j=M, =0 j=M, m=—oo

It follows from the first condition, h(e*) € L3(f), that the Fourier coefficients of the function h(e**) are equal
to zero for j € S, namely

/h(eﬂ)e*iﬂdx =0,j€S8.

—T
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M. MOKLYACHUK AND M. SIDEI 263

Using the last relations and (7) we get the following system of equations that determine the unknown coefficients
c(j).j €S,

s—1 Mi+Niy1

Mkl Z Z TMli_O

=0 j=M;
s—1 Mi+Niya

a(My_1+1 Z Z )My 41— = 0; ®)

=0 j=M,

a(Mk—l + Nk’)* Z C(j)er—l'i'Nk'—j =0,
=M,

where k =1,...,s.
Denote by 55:(51,62, Ceey (7:5), 5k:(a(Mk,1), ...,a(Mk,1+Nk)), k=1,...,8, q= N1+ No+ ...+
Ny + s. Let B; be a g x ¢ matrix

B B By,
Byy B Bas

BS = . b
By Bs ... B

where By, are (N, + 1) x (N,, + 1) matrices with elements that are Fourier coefficients of the function f~1(\) :
an 7] 271‘ / f 7l(k J Ad}‘ = Tk—j,

k:Mm717"-7 Mm71+Nm7
j:Mn—17~--; Mn—1+Nn7

mn=1,...,s.

Making use the introduced notations we can write formulas (8) in the form of equation
5‘s = Bsasa (9)

where €, = (¢1,¢2, ..., Cs), Ck = (c((Mg—1),...,c(Mg_1+ Ng)), k=1,...,s, is a vector constructed from the
unknown coefficients ¢(j), j € S. Since the matrix B is reversible [31], we get the formula

¢, = B7'a,. (10)
Hence, the unknown coefficients ¢(j), 7 € S, are calculated by the formula
c(j) = (BS'a,);

where (B . 155)j is the j component of the vector B 'a,, and the formula for calculating the spectral characteristic

of the estimate A ¢ is of the form

1 Mi+Nyy1 1 Mi+Nyy1 oo
(Z > a W) (Z > (BS '4,), A)(Z rmei’”)‘>. (11)

1=0 j=M, =0 j=M, m=—00
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264 INTERPOLATION PROBLEM WITH MISSING OBSERVATIONS

The mean square error of the estimate of the function can be calculated by the formula

A(h; f) = % / ]Cs(ei’\)ff*l()\)d)\ —

T [s—1 Mi+Np1 s—1 Mi+Nij41 0o (12)
:/(Z Z C(k)eikA) (Z Z C(j)em> ( Z ,,,meim)\> A\ —

=0 k=M, =0 j=M, m=—o00

—T

= <6876838> = <B5_158)§S>?

where (-, -) is the inner product in C'9.
Let us summarize our results and present them in the form of a theorem.

Theorem 2.1
Let £(j) be a stationary stochastic sequence with the spectral density f()) that satisfies the minimality condition
(1). The mean square error A(h, f) and the spectral characteristic h(e**) of the optimal linear estimate A.¢ of the

s—1

functional A¢ from observations of the sequence &(j) at points of time j € Z\S, where S = |J{M,,..., M; +
1=0

Ni41}, can be calculated by formulas (12), (11).

Example 1. Consider the problem of linear interpolation of the functional A€ = a(0)£(0) + a(1)€(1) + a(5)£(5)
which depends on the unknown values £(0), £(1), £(5) of the stochastic sequence £(j) from observations at points
j € Z\S, where S = {0,1} U {5}. In this case the spectral characteristic (7) of the estimate A»¢ can be calculated
by the formula

h(e™) = (a(0) + a(1)e™ + a(5)e™™) — ((0) + c(1)e™ + c(5)e™) - F71(N), (13)

o0

where f()) is a known spectral density, the function f~1(\) admits the decomposition f~1(\) = > 7,e™,

m=—0o0

and coefficients ¢(0), ¢(1), ¢(5) are determined by the system of equations

a(0) = ¢(0)ro + c(1)r_1 + c(5)r_s,
a(l) = ¢(0)r1 + ¢(1)rg + ¢(5)r_q,
a(5) = ¢(0)rs + c(1)r4 + c(5)ro.

Bi1 B2
By = ,
? ( Bo1 B )

s () ma (1) B (n n)Ba= ().

1

The matrix B, is of the form

Let dy = (d1,d2), where @1 = (a(0),a(l)), d2 = (a(5)), and let €z = (€1, ¢2), where & = (¢(0),¢(1)),
(¢(5)). In this case equations (9) and (10) can be rewritten as

St
Il

o N
ay; = BscCy,
Gy = By 'a,.

Denote by
D =det(Bs) = 7"8 — PQT_4T4 — T1T—1T0 + T1T—574 + T'5T_1T_4 — T'5T_5T0.

We get the following formulas for calculating the coefficients ¢(0), ¢(1), ¢(5)
c(0) = [(r% —7r_47r4)a(0) — (r_1rg — r—sra)a(l) + (r_qry — 7175700)@(5)] D71,
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M. MOKLYACHUK AND M. SIDEI 265

e(l) = [(—rlro +7r_475)a(0) + (rg — rsr_s)a(l) — (ror_4 — 7‘_57“1)@(5)] -D 1,

e(5) = [(rlm —rors)a(0) — (rorq — r57_1)a(1) + (rg — 7”—17“1)&(5)] DL

Thus, the unknown coefficients ¢(0), ¢(1), ¢(5) in (13) are determined.
The mean square error of the estimate is calculated by the formula

A(f) =< 32_152, 8y >= D! [(a(O))zrg — (a(()))2r_4r4 —a(0)a(l)r_1ro + a(0)a(l)r_sry
+a(0)a(5)r_17_4 — a(0)a(5)r_sro — a(0)a(1)rory + a(0)a(1)r_srs + (a(1))*rs
—(a(1))?*rsr_5 — a(D)a(5)ror_4 + a()a(5)r_sr1 + a(0)a(5)rirs — a(0)a(5)rers
—a(D)a(5)rors + a(Da(5)r_1rs + (a(5))*r2 — (a(5))27‘11"_1} .

Consider this problem for the spectral density

f(/\)zil , ol < 1.

11— ae—iA|?

In this case we have
ffy=1- 046_”“2 = (1 +|af® — ae™ — ae‘”)

and the Fourier coefficients of the function f~1()\) are as follows
ro = (1 + |oz|2) ,T1=—Q, T_1 = —a.
The spectral characteristic is calculated by the formula

h(e™) = (a(0) + a(1)e™ + a(5)e”™) — (c(0) + c(1)e™ + ¢(5)e™) x
(1 + \04|2 — e — ae‘“‘) ,

where the coefficients ¢(0), ¢(1), ¢(5) are calculated by the formulas
e(©) = [(1+ laf*)2a(0) + (a(L + la)a(D)] - D,
(1) = [(@(1+[al)a(®) + (1 + [a*2a(1)] - D,
«(3) = (1 +]af)? = af)a(5)| - D,

with D = (1 v |a|2) (1 +laf + |a|4) .

Inserting values of ¢(0), ¢(1), ¢(5) into the formula for calculating the spectral characteristic we obtain that
. 2 .
h(e™) = [(a(O)a <1 + |a\2) +a(1)a? (1 + |a|2)> et

" <a(0) (@)2 (1 + |O‘|2) +a(l)a (1 + |a|2)2> Q2N g

+a(5)a (1 +laf® + |a|4) M 4 a(s)a (1 Flaf + \a\‘*) eﬂ X

((+107) 1+ 1)) ™

Stat., Optim. Inf. Comput. Vol. 3, September 2015



266 INTERPOLATION PROBLEM WITH MISSING OBSERVATIONS

The mean square error is of the form
A(f)y=D7" [(0(0))2(1 +la*)* + a(0)a()a(1 + |al*) + a(0)a(1)(1 + |al*)a
+(a(1)*(L+ |af*)* + (a(5))* (1 + |af*)* - (a(5)) Ialz} :
a)Leta(0) =1, a(1) =0, a(5) = 1. We get the following formula for calculating the spectral characteristic
Re™) = (14 €)= (c(0) + c(L)e™ + e(3)e”™) (1+ [af’ = ae™ — ae™?),
and formulas for calculating coefficients ¢(0), ¢(1), ¢(5)
e(0) = (1+1al) / (1+]al* +lal*).,
(1) =a/ (1+|af* + Jaf*),
e(5) =1/ (1 + |a\2) .
Thus, the spectral characteristic of the estimate Ay is of the form
h(e) = [a (1+ |a|2)267“ + (@) (1+]al*) 2+
ta (14l +]al*) e + @ (1+ Ja* + |a]*) €] x

((1+1a) (141 + |a\4))71.

The mean square error of the estimate flg is calculated by the formula
Ar=A(f) = (20+1aP)? = [al) / (1+]al*) (14 Jaf* +Jaf*).
b) Let a(0) =1, a(1) =0, a(5) = 0. We get that
h(e) =1+ (c¢(0) + c(1)e™) (1 +|af® — ae — ae_M) )
where coefficients ¢(0), ¢(1) are calculated by the formulas
c(0) = (1+1al) / (1+]al* + Jaf*),

() =a/ (L+]al +lal').

and ¢(5) = 0. R
The spectral characteristic of the estimate As¢ is of the form

) 2 ) -1
h(e) = (a (1+1aP) e+ (@) (1+1al) 627’)‘> (1 1ol +lal') .
The mean square error is calculated by the formula

8o =A(f) = (1+1aP) / (1+]al +af*).

It is obvious that A; > A,.
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Example 2. Consider the problem of linear interpolation of the functional A3¢ = a(—n)&(—n) + a(0)£(0) +
a(m)&(m) which depends on the unknown values £(—n), £(0), £(m) of the stochastic sequence £(j) from
observations of the sequence at points j € Z\S, where S = {—n} U {0} U {m}.

The spectral characteristic of the estimate As¢ is of the form

Be™) = (a(=n)e ™™ +a(0) + a(m)e™) — (e(-n)e ™ +¢(0) + c(m)e™) - f (),

where f=1(\) = Y 7,,e™ and coefficients c¢(—n), ¢(0), ¢(m) are calculated by the formulas

m=—0o0

a(—n) = c(—n)rg + c(0)r_, + c(M)r_p_m,
a(O) = c(=n)ry, + c(0)rg + c(m)r_m,
= c(=n)"nsm + c(0)rm, + c(m)ro.

The matrix Bs is of the form

Biy1 Bia Bis
By = | Ba1 B2 DB |,
B3; B3z DBss

Biy=(r0),Bi=(7r-n).Bis=(r—n-m ),
Byy=(mn ),Ba=(r0),Bas=(7-m ),

Bglz(rn+m )7332:(Tm)7B33:(TO)-

Let 53 = (61,62763), where dl = (a(—n)), 62 = (a(O)), dg = (a(m)), and let 63 = (81,62,63), where61 =

(e(=n)), ¢ = (¢(0)), & = (c(m)).

In this case equations (9) and (10) can be written as
= B3¢,

3 = By 'as.
Denote by

3
D= det(BB) =Ty —ToT—mTm — TnT—-nT0 + TR’ —p—mTm + Tn4+mT—nT—m — T'nd+mT—n—mT7T0-.

Then
c(=n) = [(r§ = r—mrm)a(—n) = (r—nro — "—n—mTm)a(0) + (r—pTm — r—n—mro)a(m)] /D,

c(0) = [(—rnro 7 mnam)a(—=n) + (18 = Ppym?—n_m)a(0) — (ror_m — r_n_mrn)a(m)] /D,

c(m) = [(rnrm — 10Tntm)a(—n) — (rorm — TnpmT—n)a(0) + (r% — r,nrn)a(m)] /D.

The mean square error is calculated by the formula

A(f) =< By 'as, @ >= D" [(a(—n) — (a(=n))*r_mrm — a(—n)a(0)r_,ro
+a(—n)a(0)r—p—mrm + a(—n)
+a(=n)a(0)r—mrnim + (a(0 ))27" — (a(0 ))27’n+m7"fn7m —a(0)a(m)ror—p,
+a(0)a(m)r_p_mrn + a(—n)a(m)r,rm, — a(—n)a(m)rorptm — a(0)a(m)rory,
+a(0)a(m)r_pyTpim + (a(m))’rg — (a(m))’ryr_y] .

n)a m)r_nr_ —a(—n)a(m)r_,—mro — a(—n)a(0)rory,

n)a
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268 INTERPOLATION PROBLEM WITH MISSING OBSERVATIONS

Consider the problem of estimation of the functional A3(¢) = &(—n) + £(0) + £(m) in the case where the
spectral density of the stochastic sequence is of the form

f()\)zil —, o] < 1.

[1 — qe—|

In this case f~1(\) = (1 + |af® — aet* — ae‘i’\) and all Fourier coefficients of the function f~1()), except

ro, r1, T—1, are equal to zero 0.

Consider the following four cases: 1)n # 1, m# 1;2)n#1,m=1;3)n=1,m#1;4)n=1, m=1.

The spectral characteristic and the mean square error of the estimate As¢ of the functional As(€) are calculated
by the following formulas.

In the first case

h( ZA) (ae( n— 1)1A+ae( n+1)z)\+ae ”‘—ﬁ—dei’\—i-ae(m*l)i’\—i—

6{6(7’L+1)i>\> (1 + |a|2)_2

A(f) =3/(1+[al*);

In the second case

) =[(o i) 7)o ) 0
(( ) +a (1 + |a\2)) (1 v \a|2> 2Ny

Q
o (1410 +laf') €% 4o (14 Jf? + faf') 02 x

(14 10) (14 Jal +1al))

(
A = (300 + o) ~ ol + (1 + o) (@ + @)
(

In the third case

h(e) = [((a)2 +a (1 n |a\2)) (1 + |a|2) oMy
(a2 + (1 + |oz|2)> <1 + |oz\2> e Ay

& (1+ ol +Jaf!) e o (14 ol + Jaf*) D]

((1 + |a\2> (1 +laf® + |a\4>)_17

3(1+ Jaf*) = Ja* + (1 + [af)(a + a))

((1 + o ) (1 +laf + |a\4))71 ;

/N
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In the fourth case
ae) = [(@2 +a (14 o) + (1+1al +al*) ) ae*+
( 1+ |af® + |a\4) ta (1 n |a|2) n W) ae—w} x
-1
L fal +Jaf* 4 Jaf®)

(
A() = (30 + laP) = laf + (1L + o) (@ + &) + (a* + 62)) -
(

(1 + |a\2) (1 +laf® + |a\4))_

3. Minimax-robust method of interpolation

The traditional methods of estimation of the functional A,¢ which depends on unknown values of a stationary
stochastic sequence £(j) can be applied in the case where the spectral density f()\) of the considered stochastic
sequence &(j) is exactly known. In practise, however, we do not have complete information on spectral density of
the sequence. For this reason we apply the minimax(robust) method of estimation of the functional A&, that is we
find an estimate that minimizes the maximum of the mean square errors for all spectral densities from the given
class of admissible spectral densities D.

Definition 3.1. For a given class of spectral densities D a spectral density fo(\) € D is called the least favourable
in D for the optimal linear estimation of the functional A¢ if the following relation holds true

Afo) = A(h(fo); fo) = max A (h(f): f)

Definition 3.2. For a given class of spectral densities D the spectral characteristic 2°(¢**) of the optimal linear
estimate of the functional A.£ is called minimax-robust if

(e™) € Hp = () Ls(f)

feD
A (h; f) = sup A (hO;
qin max A (b f) = sup (% 1)

It follows from the introduced definitions and the obtained formulas that the following statement holds true.

Lemma 3.1

The spectral density fo(\) € D is the least favourable in the class of admissible spectral densities D for the optimal
linear estimate of the functional A¢ if the Fourier coefficients of the function f; ' (\) define a matrix B? that is a
solution to the optimization problem

I}lea[}){<B a,, a6> < B0 13, a6>. (14)

The minimax spectral characteristic h° = h(fo) can be calculated by the formula (11) if h(fo) € Hp.

The least favourable spectral density fo and the minimax spectral characteristic h° form a saddle point of the
function A (h; f) on the set Hp x D. The saddle point inequalities

A (h; fo) = A (h% fo) = A (% f) Vf e D,Vh e Hp

hold true if h° = h(fy) and h(fo) € Hp, where f; is a solution to the constrained optimization problem

0 M
A(f)=-A (% f) = —— / |C (\)dX\ — inf, f(\) € D, (15)
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where
s—1 Mi+Niy1

i Z -1z )j Ry

=0 ] Ml

The constrained optimization problem (15) is equivalent to the unconstrained optimization problem
Ap(f) = A(f) +8(f|D) — inf,

where §(f |D) is the indicator function of the set D. Solution fj to this problem is characterized by the condition
0 € OADp(fo), where A p(fo) is the subdifferential of the convex functional Ap(f) at point f, . This condition
makes it possible to find the least favourable spectral densities in some special classes of spectral densities D [14],
[32], [33].

Note, that the form of the functional A (ho; f ) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (15). Making use the method of Lagrange multipliers and the form
of subdifferentials of the indicator functions we describe relations that determine least favourable spectral densities
in some special classes of spectral densities (see books [11, 29, 30] for additional details).

4. Least favourable spectral densities in the class D

Consider the problem of the optimal estimation of the functional A, which depends on the unknown values of a
stationary stochastic sequence £(j) in the case where the spectral density is from the class

Dy =105 [z p

Let the sequence a(k), k € S, that determines the functional A&, be strictly positive. To find solutions to the
constrained optimization problem (15) we use the Lagrange multipliers method. With the help of this method we
get the equation

1
f3N

|CO(e))?
IEN)

R

]MﬂMﬁAQ

o1
where p? is a constant (the Lagrange multiplier), p(f()\)) is a variation of the function f()). From a generalization
of the Lagrange lemma we get that the Fourier coefficients of the function f; ! satisfy the equation

s—1 Mi+Np4q 2

PIEDIREC i

=0 k=M,

=1, (16)

where c¢(k), k € S, are components of the vector €, that satisfies the equation BY¢, = a5, the matrix BY consists
from matrices BY,,,(k, j), each of which is determined by the Fourier coefficients of the function f;*()\)

B /f Je " FTIAGN = )

k:Mmflwuv Mmfl'*‘Nma
j:Mn717"'7 Mnfl—i_N’nm

m,n=1,...,s.

Stat., Optim. Inf. Comput. Vol. 3, September 2015



M. MOKLYACHUK AND M. SIDEI 271

The Fourier coefficients ry, = r_j, k € S, satisfy both equation (16) and equation BYC, = &;. These coefficients
can be found from the equation BYp? = &, where B2 = (po,0,...,0). The last relation can be presented in the
form of the system of equations

repo = a(k), k € S.

From the first equation of the system (for k& = 0) we find the unknown value py = a(0)(ro) . It follows from the
extremum condition (14) and the restriction on the spectral densities from the class D, that the Fourier coefficient

ro =5 [ fo '(N)d\ = P. Thus,

ri = Pa(k)a™*(0).

Let
[ Pa(k)a"0) ifkesS;
Tk =T—k = 0 ifk€{07~--aMs—1+N5}\S'

We can represent the function f; ! ()) in the form

Ms_1+Ns

ot = Z e,

k=—(Ms_1+Ns)
Since the sequence a(k),k € S, is strictly positive, the sequence 7,k =0,1,..., Ms_1 + N, is also strictly
positive and the function f; L(\) is positive, so it can be represented in the form [19]

M. 14N, 2

Z ’Yke_ik)\

k=0

foty) =

, A€ [—m, 7],

where 7, =0,k € {0,..., Ms_1 + N5} \S. Hence, fo()\) is the spectral density of the autoregressive stochastic
sequence of order M;_; + N, generated by the equation

Ms_1+Ns s—1 Mi+Ni11
Yo wEn—k)=>_ > wuln—k) = e, a7
k=0 =0 k=M,

where €, is a “white noise” sequence.
The minimax spectral characteristic 2( fo) of the optimal linear estimate of the functional A& can be calculated
by the formula (5), where

s—1 Mi+Ny4q
Cn(e?) = > c(k)e® =po = P71a(0),
=0 k=M,
namel
g s—1 Mi+Ni1 Ms_1+Ng
R Pfla(o) Z Tkeik)\
1=0 k=M, k=—(Ms_1+N,)

s—1 My+Nijq1 (18)

N;
= Za(k‘)e_“”‘ + Z Z a(k)e™ A,
k=1 I=1 k=M,
Summing up our reasoning we come to conclusion that the following theorem holds true.

Theorem 4.1
The least favourable in the class D, spectral density for the optimal linear estimation of the functional A&
determined by strictly positive sequence a(k),k € S, is the spectral density of the autoregressive sequence (17)
whose Fourier coefficients are 7, = r_j, = Pa(k)a='(0),k € S. The minimax spectral characteristics h(fo) is
given by formula (18).
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Example 3. Consider the problem of the optimal linear estimation of the functional A>¢ = 2£(0) + £(2) which
depends on the unknown values £(0), £(2) of the stationary stochastic sequence {£(j) : j € Z} from observations
of the sequence at points of time Z\ {0, 2} . The system of equations that determine the Fourier coefficients of the
least favourable spectral density in the class D is of the form

Topo = 25

Topo = 1.

We have rg = P,ro = r_o = %P. The least favourable spectral density is of the form
fo=1/|z+ye?|,

where z = + g, y= i\/g . The minimax spectral characteristic can by calculated by the formula

h(f()) = —\/fe%’\.

5. Least favourable spectral densities in the class Dy
Consider the problem of the optimal estimation of the functional A, which depends on the unknown values of a

stationary stochastic sequence £(;) in the case where the spectral density of the sequence is from the set of spectral
densities with restrictions on the moments of the function f~1(\). Let

1 s
Dy =< f(N) %/ffl()\)cos(w)\)d)\:rw,w:O,l,...,W ,

where r,,w = 0,1, ..., W is a strictly positive sequence. There is an infinite number of functions in the class Dy
[19] and the function
w
7t = Z e’ >0, X € [-m,7].
w=—W

To find solutions to the constrained optimization problem (15) for the set Dy of admissible spectral densities we
use the Lagrange multipliers method and the equation

s—1 Mi+Niya 2 w w 2
Z Z c(k)e* = Z Qup cos(wA) = Zp(w)em’)‘ , (19)
=0 k=M, w=0 w=0

where a,,,w =0,1,...,W are the Lagrange multipliers and c¢(k),k = 0,..., W are solutions to the equation

B¢, = a,.

Consider two cases: W > M, 1 + Ny and W < My_; + Ns. Let W > M,_1 + N,. In this case the given
Fourier coefficients 7, define the matrix BY and the optimization problem (14) is degenerate. Let p(Ms_1 +
Ns+1)=...=p(W)=0and p(j) =0,5 ¢ S. Components p(j),j € S, of the vector P can be found from the
equation BYp, = &,. Hence, the relation (19) holds true. Thus the least favorable is every density f(\) € Dy, and
the density of the autoregression stochastic sequence

w
o) =1/ Y rgem =1/ (20)
w=—W

w
E ’Ykeik)\
k=0

is least favorable, too.
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Let W < Ms_1 + N,. Then the matrix B; is determined by the known r,,w € SN{0,...,W}, and the
unknown 7, w € S\ {0, ..., W}, Fourier coefficients of the function f~1()). The unknown coefficients p(k),
ke Sn{0,...,W}, and 7,,w € S\{0,...,W}, can be found from the equation B,p? = a,, with p’ =
(p(0),...,p(W1),0,...,0), where W is determined from the relation {0, ..., W1} = {0,...,W}NS.

The last equation can be presented as the system of equations

ropo +rip1 + ...+ 7w, pw, = a(0);
r1po + Topo + - - - + r_wy41pw, = a(l);

rw,Po + rwi—1Po + - .. + ropw, = a(Wh);

TM,_1+N,Po + 711 + ... + 1opw, = a(Ms—1 + Ny).

From the first W, equations we can find the unknown coefficients p(k) and from the next equations we find the
Fourier coefficients r,,, w € S\ {0,..., W}.

If the sequence r,,, w € S, that is constructed from the strictly positive sequence r,,,w € S N{0,..., W} and
the calculated coefficients r,,, w € S\ {0, ..., W}, is also strictly positive, then the least favourable spectral density
fo()) is determined by the Fourier coefficients r,,, w € S of the function f; ' ()\)

Ms_1+Ng

A =1/ Z (ree® +r_ e =1/
k=0

Ms_ 14N,

Z %6

2y

Let us summarize our results and present them in the form of a theorem.

Theorem 5.1

The least favourable spectral density in the class Dy, for the optimal linear estimate of the functional Ay¢
in the case where W > M,_; + N, is the spectral density (20) of the autoregression stochastic sequence of
order W determined by coefficients r,,w =0,1,...,W. In the case where W < M,_; + N5 and solutions
rw,w € S\ {0,..., W}, to equation B,p° = &, together with coefficients r,,,w € SN {0,..., W}, form a strictly
positive sequence, the least favourable spectral density in Dyy is the density (21) of the autoregression stochastic
sequence of the order M;_; + N,. The minimax characteristic of the estimate is calculated by formula (11).

6. Least favourable spectral densities in the class D}

Consider the problem of the optimal estimation of the functional A, which depends on the unknown values of a
stationary stochastic sequence £(j) in the case where the spectral density of the sequence is from the set of spectral
densities

Dy ={ 1[0 <o) £ F0) <ul) 5= [ 0van=r ¢

where v(\), u(\) are given bounded spectral densities. Let the sequence a(j), j € S, that determines the functional
A€ be strictly positive. To find solutions to the constrained optimization problem (15) for the set D;, of admissible
spectral densities we use the condition 0 6 OAp(fo). It follows from the condition 0 € A p(fo) for D = D} that
the Fourier coefficients of the function f0 satisfy both equation BY¢, = &, and the equation

—1 Mi+Niya 2

= P1(A\) + ¥2(N) +pp %,

) 1 as)k 1N

=0 k=M,
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where 11 (\) > 0 and 11 (\) = 0if fo(A) > v(A\); ¥2(A) < 0and ¥o(N) = 0if fo(N\) < u(N). Therefore, in the case
where v(\) < fo(A) < u()), the function f; ' () is of the form

2

Ms_1+Ns Ms_1+Ns
= >0 ke ey =1 YT et
k=0 k=0

where 1, = r_; = Pa(k)a*(0). The least favourable in the class D is the density of the autoregression stochastic
sequence of the order M;_; + N if the following inequality holds true

2

M,_1+N, Mg_1+N,
v\ > Z (re™ 4 r_pe ) = Z eFA > uT(N), A € [-m, 7). (22)
k=0 k=0

In general case the least favourable density is of the form

s—1 Mi+Ny 2

fo(A) = max < v(A), min ¢ u(N), poz Z ((Bg)_l 5s)keik>\ . 23)

1=0 k=M,

The following theorem holds true.

Theorem 6.1

If the sequence a(j), j € S, is strictly positive and coefficients r, = r_ = Pa(k)a=1(0), k € S, satisfy the
inequality (22), then the least favourable in the class D; spectral density for the optimal linear estimate of
the functional A.¢ is density (17) of the autoregression stochastic sequence of order M;_; + Ns. The minimax
characteristic h( fo) of the estimate can be calculated by the formula (18). If the inequality (22) is not satisfied, then
the least favourable spectral density in Dy is determined by relation (23) and the extremum condition (14). The
minimax characteristic of the estimate is calculated by formula (11).

7. Conclusions

In this article we describe methods of solution of the problem of the mean-square optimal linear estimation of
s—=1Mi+Nia l

the functional A, = > > a(4)E(j), My = > (Ni + Ki), No = Ko = 0, which depends on the unknown
=0 j=M, k=0

values of the stationary stochastic sequence £(). Estimates are based on observations of the sequence £() at points

s—1
Jj € Z\S,where S = |J {M;, M; +1,..., M; + Niy1}. We provide formulas for calculating the values of the mean
li

square error and the spgctral characteristic of the optimal linear estimate of the functional in the case where the
spectral density of the sequence £(j) is exactly known. In the case where the spectral density is unknown, but a
set of admissible spectral densities is given, the minimax approach is applied. We obtain formulas that determine
the least favourable spectral densities and the minimax spectral characteristics of the optimal linear estimates of
the functional A;£ for concrete classes of admissible spectral densities. It is shown that spectral densities the
autoregressive stochastic sequences are the least favourable in some classes of spectral densities.
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