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Abstract In this work, we establish the exact solutions to the modified forms of Degasperis—Procesi (DP) and Camassa—
Holm (CH) equations. The generalized (G’/G)-expansion and generalized tanh-coth methods were used to construct solitary
wave solutions of nonlinear evolution equations. The generalized (G’/G)-expansion method presents a wider applicability for
handling nonlinear wave equations. It is shown that the (G’/G)-expansion method, with the help of symbolic computation,
provides a straightforward and powerful mathematical tool for solving nonlinear evolution equations in mathematical
physics.
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1. Introduction

In the recent years, the investigation of the traveling wave solutions for nonlinear partial differential equations plays
an important role in the study of nonlinear physical phenomena. During the past decades, both mathematicians
and physicists have devoted considerable effort to the study of exact and numerical solutions of the nonlinear
ordinary or partial differential equations corresponding to the nonlinear problems. Many powerful methods have
been presented. For instance, Hirota’s bilinear method [ 1], the inverse scattering transform [2], F-expansion method
[3], sine-cosine method [4], homotopy perturbation method [5], homotopy analysis method [6, 7], variational
iteration method [9], tanh-coth method [10, 11], Exp-function method [12, 13, 14, 15], central difference and
Newton iteration method [16], septic B-spline collocation method [17] and so on. Here, we use of an effective
method, (G’/G)-expansion method, for constructing a range of exact solutions for the nonlinear partial differential
equations, first proposed by Wang et al [19]. Zhang et al. [20] examined the generalized (G’/G)-expansion method
and its applications. Authors of [21] obtained the exact solutions for the symmetric regularized long wave equation
using the (G’/G)-expansion method. Fazli and Manafian [22] applied the (G’/G)-expansion method for solving the
couple Boiti-Leon-Pempinelli system. Also, Bekir [23] used to application of the (G’/G)-expansion method for
nonlinear evolution equations. In [24], solitary wave and periodic wave solutions via (G’/G)-expansion method
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have been obtained. The CH equation
Uy — Uxxt 1 3uux = 2uxuxx + Ullyexx, (1)

has been investigated in the literature in [25, 40] and the references therein. However, changing the coefficients 3
and 2 in Eq. (1) to 4 and 3, respectively, gives the DP equation

Uy — Uxxt 1 4uux = 3uxuxx + UWlyxx- (2)
The CH equation has peaked solitary wave solutions of the form [40]
u(z,t) = ce”1#7tl, 3)

where c is the wave speed. The name "peakon’, that is, solitary wave with slope discontinuities, was used to single
them from general solitary wave solutions since they have a corner at the peak of height c [40]. In this article an
application of the proposed method to the modified forms of Degasperis—Procesi and Camassa—Holm equations is
illustrated. we will investigate modified forms of the DP and the CH equations given by

2
Uy — Uxxt + 4u Uy = JUylyy + Ulxxx, (4)

and

2
g — Uyyt + 3U Uy = 2UylUyy + Ulxxx, (5)

respectively. In [25] Mustafa studied DP equation. Multi-peakon solutions of DP equation was investigated by
Lundmark [26]. Shen have obtained the new integrable equation with peakon and compactons [27]. Chen have
acquired the new type of bounded waves for DP equation [28]. In [29, 30] have obtained the integrable shallow
water equation and completely integrable shallow water equation respectively. In [31, 32] Liu and et al. have
studied the CH equation and have obtained peaked wave solutions [31] and peakons [32]. Peakons and periodic
cusp waves of the generalized CH equation have been studied by [33]. Also in [34] Tian and et al. have studied
the generalized CH equation and obtained new peaked solitary wave solutions. Boyd [35] derived a perturbation
series which converges even at the peakon limit, and gave three analytical representation for the spatially periodic
generalization of the peakon, called coshoidal wave”. Cooper and Shepard [36] derived approximate solitary wave
solution by using some variational functions. Constantin [37] gave a mathematical description of the existence of
interacting solitary waves. Wazwaz [38] derived a solitary wave solutions for modified forms of Degasperis-Procesi
and Camassa-Holm equations. A class of nonlinear fourth order variant of a generalized Camassa-Holm equation
was investigated by [39] where have obtained compact and noncompact solutions. Recently, CH equation and some
its generalized forms have been studied by many authors, for instance, Wazwaz [40] have obtained new solitary
wave solutions to the modified forms of DP and CH equations. He [41] derived exact travelling wave solutions of
a generalized CH equation using the integral bifurcation method. In [42] an integrable shallow water equation has
been discussed with linear and nonlinear dispersion. Also, new integrable equation with peakon solutions has been
studied by Degasperis [43]. Explicit solutions of the Camassa-Holm equation have been obtained in [44]. Guo
[45] obtained periodic cusp wave solutions and single-solitons for the b-equation. Biacklund transformation has
been applied for the modified DGH equation by [46]. In [47] bifurcations of travelling wave solutions for a variant
of CH equation investigated by He. In [48] Rui et. al, applied the integral bifurcation method and its application
for solving a family of third-order dispersive PDEs. Finally, Liu and Qian [49] have derived peakons and their
bifurcation for the generalized CH equation. The article is organized as follows: In Section 2, first we briefly give
the steps of the methods and apply these methods to solve the nonlinear partial differential equations. In Section
3, the application of the (G’/G)-expansion method to the modified DP equation will be introduced briefly. Also,
Section 4 by using the results obtained in Section 2, the corresponding solutions of the modified CH equation can
be obtained. Also a conclusion is given in Section 5. Finally some references are given at the end of this paper.
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338 CONSTRUCTION OF EXACT SOLUTIONS TO THE MODIFIED FORMS OF DP AND CH EQUATIONS

2. Basic ideas of two methods

2.1. The (%)-expansion method

Step 1. For a given NLPDE with independent variables X = (x,¢) and dependent variable w:
P, Uty Uy, Uz, Ugety o) = 0, (6)
can be converted to an ODE
M(u, —cu’ v’ v —cu”;...) =0, @)

by transformation £ = = — ct is wave variable. Also, ¢ is constant to be determined later.
Step 2. We seek its solutions in the more general polynomial form as following
m

N, (GO
u(€) = 0+; k(G(g)) : ®)

where G(&) satisfies the second order LODE in the form

G"(§) + AG'(§) + nG(€) =0, ©)

where ag, ax(k =1,2,...,m), A and p are constants to be determined later, a,, = 0, but the degree of which is

generally equal to or less than m — 1, the positive integer m can be determined by considering the homogeneous

balance between the highest order derivatives and nonlinear terms appearing in Eq. (7).

Step 3. Substituting Eq. (8) and Eq. (9) into Eq. (7) with the value of n obtained in Step 1. Collecting the coefficients
Lo K

of (%T(g))) (k=0,1,2,...), then setting each coefficient to zero, we can get a set of over-determined partial

differential equations for ag, a;(i = 1,2, ...,n), A, ¢ and p with the aid of symbolic computation Maple.
Step 4. Solving the algebraic equations in Step 3, then substituting a;, ..., a,,, ¢ and general solutions of Eq. (9)
into Eq. (8) we can obtain a series of fundamental solutions of Eq. (6) depending of the solution G(£) of Eq. (9).

2.2. The generalized tanh—coth method
Step 1. For a given NLPDE with independent variables X = (x,¢) and dependent variable w:

P(u7ut7uz7u1$>uzt7'“) :01 (10)
can be converted to an ODE
M(u, —cu' v’ u”, —cu”,...) =0, 11

which transformation £ = = — ct is wave variable. Also, c is constant to be determined later.
Step 2. We introduce the Riccati equation as following

O =r+pb+qd?,  B=0%(), E=z-—d, (12)

leads to the change of derivatives

d o d
d—g—(r—kp'i)—l-q‘l))@, (13)

2 2

d d d
d—gzz(r+p<1>+q<1>2) (p+2q<1>)ﬁ+(r+pq>+q®2)ﬁ , (14)
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3
d
_ 2 252 2
dg?)—(r—l—pfb—i—qq)){(Gqu) +6pg® + 20g +7) ot (1)
243 2 2 ? 2\2 a?
(64°@% + 9pg®” + 3(p” + 2rq)® + 3rp) 57 T (r 4+ p® + q@?) 7|

which admits the use of a finite series of functions of the form

u(€) = 5() =Y ar® + Y bpd 7, (16)

k=0 k=1

where ai(k =0,2,...,m), bp(k =1,2,...,m), p, r and ¢ are constants to be determined later. But, the positive
integer m can be determined by considering the homogeneous balance between the highest order derivatives and
nonlinear terms appearing in Eq. (11). If m is not an integer, then a transformation formula should be used to
overcome this difficulty. For aforementioned method, expansion (16) reduces to the standard tanh method for
bk = 0, 1 § k S m.

Step 3. Substituting Egs. (12) —(15) into Eq. (11) with the value of m obtained in Step 2. Collecting the coefficients
of ®* (k= 0,1,2,...), then setting each coefficient to zero, we can get a set of over-determined partial differential
equations for ag, a;(i = 1,2,...,m),b;(: = 1,2, ...,m) p, ¢ and r with the aid of symbolic computation Maple.
Step 4. Solving the algebraic equations in Step 3, then substituting ag, a1, b1, ..., Gm, bm, ¢ in Eq. (16).

Step 5. We will consider the following twenty seven solutions of generalized Riccati differential equation (12) are
given in [10, 11].

Case 1: For each pg # 0 or gr # 0 and A = p? — 4qr > 0, Eq. (12) has the following solutions

®,(¢) = ;—ql [p + VA tanh (\/Zg/Q)] : 17)
By (€) = ;—ql [p+\/Zcoth (\/Zg/m, (18)
By(6) = ;—ql [p +VA [tanh (\/Eg) + isech (ﬂg)” L i= /T, (19)
B,4(6) = ;—ql [p +VA [coth (\/Zg) + csch (\/Kg)ﬂ , (20)
b5 (¢) = ;—ql [Zp +VA [tanh (\/Zg/zl) + coth (\/Zg/zlm , @1)
! /(A2 + B2)A — AV/A cosh (\/Eg)
2o(8) = 2q l—p - Asinh (\/Zf) + B 7 22)
1 V(B2 — A%)A + AV/A cosh (VAE)
®7(8) = % l—p - Asinh (VAE) + B ) (23)
where A and B are two nonzero real constants and satisfy B2 — A% > 0
B 2r cosh (\/K{/Q)
2s(8) = VAsinh (VAE/2) — pcosh (VAE/2) 7 @9
_ —2rsinh (VA¢/2)
Po(8) = psinh (\/Zf/Q) — /A cosh (\/Z{/Q) 7 @)
Bro(€) = 2r cosh (VAE2) (26)

VA sinh (\/Zf) — pcosh (\/Z{) +ivVA’
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2r sinh (VAE/2)

Pul6) = —psinh (\/Zf) + v/A cosh (\/Ef) + VA’ @7)
Buo(E) = 4rsinh (VAE/4) cosh (VAE/4) 58
12(8) = —2psinh (\/55/4) cosh (\/35/4) + 2v/A cosh? (\/55/4) — VA (28)
Case 2: For each pg # 0 or gr # 0 and A = p? — 4qr < 0, Eq. (12) has the following solutions
Bual6) = 5 [p— VA tan (VAE/2)]. 29)
Dy4(€) = ;—ql [p+ V=Acot (V=A¢/2)] (30)
P1s() = %ql [0 — V=R [tan (V=AE) £ see (V=AE)]] 31)
B1a(6) = 5, [p+ VA [eot (VRE) £ ese (V=AE)]]. (32)
P1o() = iql [2p — VA [tan (V_RAE/4) — cot (vV_AE/4)]], (33)
1 +1/(42 + B2)A — AV/—Acos (V-A¢)
is(6) = 27(1 [p * Asin (Mg) + B ’ 34
@ 1 ++/(B% — A2)A + AV/—Acos (V-AE) N
wle) =5 |77 Asin (V=A¢) + B ’ 49
where A and B are two nonzero real constants and satisfy B2 — A% > 0
B —2rcos (V=A¢/2)
0(8) = v —Asin (\/—AE/Q) + pcos (\/ —A§/2) ’ (36)
_ 2rsin (V—A¢/2)
2 (8) = —psin (\/jf/Q) +v/—Acos (MS/Q) ' (37)
o B —2rcos (V=A¢/2) 38
2(8) = v —Asin (\/fAf) + pcos (\/fAf) +=A’ (38)
B 2rsin (vV—A¢/2)
8 = G (VoRE) -V Beos (VAL LV B 49
o B 4rsin (vV—A&/4) cosh (vV-AE/4) 10
24(8) = —2psin (vV—A&/4) cos (V=AE/4) + 2/ —Acos? (V-AE/4) — V-A' “0)
Case 3: For » = 0 and pg # 0 Eq. (12) has the following solutions
_ —pd
PlS) = T coh(p) — smb ()] @
Bog(£) = plcosh(pg) + sinh(p¢)] @)

~ ¢[d + cosh(p€) + sinh(p¢)]’
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where d is an arbitrary constant.
Case 4: For r = p = 0 and ¢ # 0 Eq. (12) has the following solution

-1

(€)= o (43)
where c is an arbitrary constant.
But from (G’/G )-expansion method, we have
G\ GG -G?  (-AG - uG)G - G” e G\ >
we set F' = %, then
F' = —p— \F — F?. (45)

Thus we obtain that the exact solutions derived by (G’/G)-expansion are same as ones by the generalized tanh-coth
methods. Hence we use only the generalized (G’/G)-expansion method.

3. Applications of the (G’/G)-expansion method
3.1. The modified Degasperis—Procesi equation
In this section we employ the (G’/G)-expansion method to the modified DP equation as
U — Ut + 40205 = Syl + Ul (46)
The wave variable £ = x — ct PDE transforms to an ODE
1o

—cu’ 4 e’ + 4’ = 3" + uu”. A7)
Integrating Eq. (47) with respect to ¢ and considering the zero constants for integration, we obtain

c(u’ —u) + %ug —uu” — ()?=0. (48)
To determine the index, m, we balance the linear term of the highest order with the highest order nonlinear

terms. Therefore, in Eq. (48) we balance uu” with u3, so that 2m + 2 = 3m, and this gives us m = 2. Hence,
the expression for u(£) now simplifies to:

) —a (GO (GO X
(§) =ao+ 1(G(§)>+ 2<G(§)> ) 2 # 0, (49)
and therefore
2o 2 (GO GO\, G\
u”(§) = a3 (G(f)) + 2ajap <G(§)) + (a7 + 2apas) (G(f)) + (50)
G'(&) 2
230&1 G(f) ) + 0
and .
uge (§) = 6az (?;8) (51
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342 CONSTRUCTION OF EXACT SOLUTIONS TO THE MODIFIED FORMS OF DP AND CH EQUATIONS

G'(¢)
G(¢)

+(6agAp + 2a1 1 + a1>\2) <

a6

> + 2a00% + aj M.

3
) + (8agu + 3a1\ + 4ag\?) (

G'(§)
G(6)

Substituting (49)-(51) into Eq. (48) and equating the coefficients of (G’/G)%; i =0, ...,6 to zero, leads to the
following nonlinear system of algebraic equations:

+(2a1 + 10ag)) (

(G]G0 : 2a9p® + gag — agai A + caip) — a?p® — cag — 2apazp’® =0, (52)
(G'/G)1 ceal N + 4a3a1 — 3a§/¢/\ + 6caop — cay — agar N2 — 2agay i — 6agag i — 6ajasp® + 2carp = 0,
(G')G)? : —2(\% 4 2u)a? + 3ay M(c — ag) + 4aday — 6a3u® + 4(2cp + N?)az(c — ag) + 4agat — 15a1a2\p — cag = 0,
(G'/G)? : —2apa; — 14a3\p — 18ayasp + 10caz\ — 9a1az\* + %a? + 8agayas — 10agaz\ + 2ca; — 5a2\ = 0,
(G'/G)* - —6agag + 6cay + 4a2ay — 21ajas\ — 8a2\? + 4aga3 — 16a3u — 3a? = 0,
(G'/G)? : 4ara3 — 12a1a9 — 18a3\ = 0,
(G'/G)8 : —10a3 + %ag =0.

Solving system (52) gives:
15 15 15 5

ao 5 a1:77 32:?» C:§> (53)
" JI5 JI5
_ -9+ V1561 15u _ @ _ E _ 11 F /151
ag = S + 2 ) a] = 2 ) ag = 2 ) Cc= ] ) (54)
where A and p are arbitrary constants. Substituting (53) and (54) into expression Eq. (49), can be written as
15 165X (G 15 (G (&) 15
= — 4+ — — =x—-—t 55
wo =+ (G )+ (5g)  emx- 55)
or )
— ] / / .
() = 9+ VIS 15 15\ (G/(9)Y) 15 (GO ’ gzx_u:p\/ﬁt. 56)
8 2 2 G(§) 2 \ G 8

Substituting the general solutions of Eq. (9) into (55) and (56) we have three types of exact solutions of Eq. (46)
as follows:
1. When \? — 4y > 0, we obtain hyperbolic function solution

2
Cy sinh (”22_4“5) + Cq cosh (”)‘2_4“5>

2

w1 (§) = — (A —4p) (57)
8 C cosh (V)‘24#5> + Cs sinh (”A24”£>
15, , 1o
8 A 2’
where £ = x — 2t and
15 C; sinh <”)\224”£> + Cq cosh <”A224“§>
uz(€) = —(A\* —4p) (58)

H —— ——
8 C; cosh (/\22_4%) + Csy sinh (W)
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15 -9+ 151 15
Eiliahaly R —JEvia + 7'”7
8 8 2
where ¢ = x — 11%\/1*5145.
2. When A\? — 4 < 0, we have trigonometric function solution

15 —Cy sin (V 4“2_/\%) + Cq cos <V 4“2_/\%)

uz(§) = —(4p — %)
8 Nz Vs
Cq cos (W) + Cqysin <4”2)‘2§>
15 15
i P et
8 * 2’
where ¢ =z — ¢ and
15 —Cy sin <4”2A25> + Cq cos <V4“2>‘25>

2

ug(§) = —(4p — )‘2)
8 C; cos (v 4”_)\25) + Cysin (V 4“2_’\%)

1 -9+ 1561 1
775)\2Jr 9+ v 51+ 5,u’
8 8 2
where ¢ = x — H%‘/ﬁt.

3. When A2 — 4u = 0, we get rational solution

15 C2 15 ., 154 15
U.5(§) 2 (Cl i 025)2 3 + 9 € X 9
1 2 1 -9+ 151 1 11 15i
u6(£):£%775)\2+m+ﬁ’ fzxfﬂt.
2 (C1 +Cq¢) 8 8 2 8
IfC1 #0,Cy=0,A> 0, =0, then (57) and (58) give respectively
1 A 1
ur(§) = —g/\2 sech? [2 (X - ;t)] ,
-9+ V151 1 A 11 15i
us(§) = %\/751 - §5)\2 sech? [2 <x — $8\/751t>] .
In particular, If C; # 0,Co = 0, A = 0, v > 0, then (59) and (60) can be written as respectively
15 15
u(§) = o5 H sec? [\/ﬁ <X - 2t>} )

uio(é) = 9= VIS ig\/ﬁi + %,u sec? {\/ﬁ (x - 125‘5)} .

But, if C; # 0,Cq = 0, A = 0, u < 0, then (57) and (58) get respectively
1 1
upi(§) = ?5,“ sech® [v K <X - 25t>} )

-9+ V151 15
up2(€) = — s + oM sech? {\/ﬁ (x

)

1 ;8\/ﬁt>]

343

(39)

(60)

(61)

(62)

(63)

(64)

which are the exact solutions of the DP equation. It can be seen that some results are similar to the results in [40].
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3.2. The modified Camassa—-Holm equation
We next consider the modified CH equation [40] as
W — Ut + 30 = 20l + Ul (65)
The wave variable ¢ = x — ct PDE transforms to an ODE
—cu’ 4 e’ + 43u?u’ = 20’ + u’”, (66)

where by integrating Eq. (66) with respect to £ and considering the zero constants for integration, we get

1
c(u” —u) +u® —un’ — §(U/)2 =0. (67)

Applying the procedure given in the previous sections and balancing uu” and u® in Eq. (67), we obtain m = 2.
Proceeding as before we get

1
(G'/G)° = a3 + 2cagu® — cag + carp\ — 2apasp® — apap\ — iaf;ﬁ =0, (68)

(G'JG)' : 6caghp — darasp® — apar N\? — 2a3p) — 6agas A\ — cay + 3agay 4 cay\* + 2caip — 2apaip = 0,
(G'/G)? : (3a1 A + 8agp)(c — ap) + 3a3 (ag — p) + (4cag — dagag — gaf)ﬁ + a(3a — 4agu® — 1lagip —¢) = 0,
(G'/G)? : =10agag A + 2cay — 14aias — 2apa; + a® — 10a3 4 10caz\ — Ta1aa\? + 6agaras — 4a3)\ = 0,

(G'/G)* : 3aga3 — 12431 — 6agay — 17ajas\ — 6a3\? + 3a3as + 6cay — ga% =0,
(G'/G)? : —14a3)\ — 10ayag + 3aja3 = 0,
(G'/G)° : —8a3 + a3 = 0.
Solving system (68) gives:
ag = 8y, a; = 8, ag = 8§, c=2, (69)

or
ag =8u — 1, a; = 8, ag = 8§, c=1, (70)

where \ and p are arbitrary constants. Substituting (69) and (70) into expression (49), can be written as

0w () (§§) o i
T e (C9)(YOY, ™

1. When A? — 4y > 0, we obtain hyperbolic function solution

2
Cy sinh (W) + Cs5 cosh (M>

2

Cy cosh <V)‘224“5> + Cqy sinh <”)‘24“£>

2

wi(§) = 2(A* — 4p) (73)

—2)% + 8, £ =x—2t,

Stat., Optim. Inf. Comput. Vol. 3, December 2015



R. SHAHABI, J. MANAFIAN, M. ASADPOUR, I. ZAMANPOUR, J. JALALI

and

2

Cj cosh <“\22_4“5> + Cqy sinh (M>

2

2
Cy sinh ('XZQM) + Co cosh (M)

us(€) = 2012 — 4p)

—20% + 8y — 1, E=x—t.

2. When A\? — 4 < 0, we have trigonometric function solution
—Cy sin (V4“2_)‘2£) + Cs cos (”4“2_)‘25)
Cy cos <V4’L2>\25> + Cysin (V4“2)‘2§>

uz(€) = 2(4p — A?)

—2X% + 84, £ =x—2t,

and

—Cj sin (”4”2)‘25> + Cs cos (”4“2/\25)

wa(€) = 24yt — N?) -
Cy cos <4”2_>\2§> + Cysin (V 4“'2_)\2£>

—20% + 8y — 1, E=x—t.

3. When A% — 4, = 0, we get rational solution

02
=22 _9)? =x—2
u(g)—zcig—zx%rs -1 E=x—t
R (GRENGN3E S e

IfCy #£0,Co =0,\ >0, =0, then (73) and (74) can be written respectively as

2 (€) = —2)2 sech? [; (x — Qt)] ,

A
ug(€) = —1 — 2)\% sech? {2 (x— 2t)} .
In particular, If C; # 0,Co = 0, A = 0, # > 0, then (75) and (76) give respectively
ug(€) = 8 sec?[V/A(x — 20)],

uio(€) = —1 + 8 sec?[\/p(x — t)].
But, if C; # 0,Ce = 0, A = 0, u < 0, then (73) and (74) get respectively

up1(€) = 8 sech?[y/—pu(x — 2t)],
u12(§) = —1 4 8p sech?[y/—p(x — t)),

345

(74)

(75)

(76)

7

(78)

)

(80)

which are the exact solutions of the CH equation. It can be seen that the results are similar to the results in [40].
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4. Conclusion

The generalized (G’/G)-expansion method was successfully used to establish periodic wave and solitary wave
solutions. The obtained results complement the useful works of others for this important equations. Generalized
(G’/G)-expansion method is a useful method for finding travelling wave solutions of nonlinear evolution equations.
These exact solutions include three types hyperbolic function solution, trigonometric function solution and rational
solution. The generalized (G’/G)-expansion method is more powerful in searching for exact solutions of NLPDE:s.
Some of these results are in agreement with the results reported specially by [40]. Also, new results are formally
developed in this article. It can be concluded that the this method is a very powerful and efficient technique in
finding exact solutions for wide classes of problems.
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