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1. Introduction

Theory of estimation of the unknown values of stationary stochastic processes based on a set of observations
of the processes plays an important role in many practical applications. The development of the theory started
from the classical works of Kolmogorov [24] and Wiener [77], in which they presented methods of solution of
the extrapolation and interpolation problems for stationary processes. The interpolation problem considered by
Kolmogorov means estimation of the missed values of stochastic sequences. The prediction problem consists in
estimation the future values of the process based on observations of the process in the past. The third classical
problem is filtering of stochastic processes which consists in estimation the original values of the signal process
from observations of the process with noise. All these problems for stationary sequences and processes are clearly
described in books by Gikhman and Skorokhod [12], Hannan [17], Rozanov [73], Yaglom [80, 81].

One of the fields of practical applications of the stationary and related stochastic sequences is economical
modelling and financial time series. Most simple examples of stationary linear models are moving average (MA)
sequences, autoregressive (AR) and autoregressive-moving average (ARMA) sequences, state space models, all
of which refer to stationary sequences with rational spectral function without unit AR-roots. The main results
concerning the model description, parameter estimation, forecasting and further investigations are described in the
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classical book by Box, Jenkins and Reinsel [2]. Most of results which have appeared since that time were based on
the assumption that the spectral structure of the stationary sequence is known.

Traditional methods of solution of linear extrapolation, interpolation and filtering problems for stationary
stochastic sequences may be employed under the condition that spectral densities of the sequences are known
exactly (see, for example, selected works of Kolmogorov [24], survey article by Kailath [21], books by Rozanov
[73], Wiener [77], Yaglom [80, 81]). In practice, however, complete information on the spectral densities is
impossible in most cases. To solve the problem the parametric or nonparametric estimates of the unknown spectral
densities are found or these densities are selected by other reasoning. Then the classical estimation method is
applied provided that the estimated or selected densities are the true one. This procedure can result in a significant
increasing of the value of the error as Vastola and Poor [76] have demonstrated with the help of some examples.
This is a reason to search estimates which are optimal for all densities from a certain class of the admissible
spectral densities. These estimates are called minimax since they minimize the maximal value of the error. Many
investigators have been interested in minimax extrapolation, interpolation and filtering problems for stationary
stochastic sequences. See, for example, the papers by Hosoya [19] and Taniguchi [75]. A survey of results in
minimax (robust) methods of data processing can be found in the paper by Kassam and Poor [23]. The paper
by Grenander [15] should be marked as the first one where the minimax approach to extrapolation problem for
stationary processes was proposed. Franke [9, 10], Franke and Poor [11] investigated the minimax extrapolation
and filtering problems for stationary sequences with the help of convex optimization methods. This approach makes
it possible to find equations that determine the least favourable spectral densities for various classes of admissible
densities.

In the works by Moklyachuk [35] — [58] problems of extrapolation, interpolation and filtering for stationary
processes and sequences were studied. The corresponding problems for vector-valued stationary sequences and
processes were investigated by Moklyachuk and Masyutka [59] — [64]. In the articles by Dubovets’ka and
Moklyachuk [3] - [7] and in the book by Golichenko and Moklyachuk [13] the minimax estimation problems were
investigated for another generalization of stationary processes — periodically correlated stochastic sequences and
processes. Luz and Moklyachuk [26] —[32], [34] investigated the classical and minimax extrapolation, interpolation
and filtering problems for sequences and processes with nth stationary increments.

In the proposed paper we deal with the problem of estimation of the functional A¢ = >~ a(k)&(k) which
depends on the unknown values of a stationary stochastic sequence £(k) based on observations of the sequence
&(k) + n(k), where n(k) is an uncorrelated with the sequence (k) stationary stochastic sequence. Formulas for
calculating the mean-square errors and the spectral characteristics of the optimal estimate of the functional are
derived in the case of spectral certainty, where the spectral densities of the sequences £(n) and 7(n) are exactly
known. The estimation problem is solved in the case of spectral uncertainty, where the spectral densities of
sequences are not exactly known, but, instead, a set of admissible spectral densities is given. The minimax-robust
estimation method is applied in this case. Formulas that determine the least favourable spectral densities and the
minimax-robust spectral characteristic of the optimal linear estimates of the functional A¢ are derived in the case
of spectral uncertainty for some concrete classes of admissible spectral densities.

The paper is organized as follows. The spectral representations of stationary stochastic sequences and their
correlation functions are described in Section 2. Factorizations of spectral densities with relations to one-sided
moving average representations and applications to the problem of prediction of stationary sequences are discussed
in this section. In section 3 the problem of the mean square optimal linear estimation of the functionals which
depend on the unknown ‘future’ values of a stationary stochastic sequence from a class of stationary stochastic
sequences is investigated. Estimates are based on observations of the sequence in the ‘past’. Following the
Grenander [15] approach to investigation the problem of optimal linear estimation of the linear functional we
consider the problem as a two-person zero-sum game. It is show that this game has equilibrium point. In Section 4
the extrapolation problem for functionals of stationary sequences is investigated in the case of spectral certainty,
where the spectral density of the stationary stochastic sequence is exactly known, as well as in the case of spectral
uncertainty, where the spectral density of the sequence is not exactly known, but a class of admissible spectral
densities is given. The classical Hilbert space projection method and the minimax-robust procedure to extrapolation
of the functional are applied. The corresponding results of investigation of the extrapolation problem for functionals
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of stationary sequences from observations with noise are presented in Section 5. In Section 6 and Section 7 results of
investigation of the interpolation problem for functionals of stationary sequences from observations without noise
and with noise are presented. The problem is investigated in the case of spectral certainty as well as in the case
of spectral uncertainty. Formulas are proposed for calculation the value of the mean square errors and the spectral
characteristics of the interpolation in the case of spectral certainty. Relations which determine the least favourable
spectral densities and the minimax spectral characteristics are proposed in the case of spectral uncertainty for some
special classes of spectral densities.

2. Stationary stochastic sequences. Spectral representation

In this section properties of stationary stochastic sequences illustrated with the help of some examples are
presented. The spectral representation of stationary stochastic sequences and their correlation functions are
described. Basic properties of linear transformations of stationary stochastic sequences are proposed. The Wold
representation of stationary stochastic sequences is studied with application to the problem of prediction of
stationary sequences.

2.1. Definitions. Examples

Let H = Lo(9, F, P) be the space of all complex valued random variables ¢ = £(w),w € €, such that E|¢|? < oo.
Covariation of the random variables £, € H is defined as the quantity

cov (§,m) = E(§ — EE)(n — En). (1)

Definition 2.1. A sequence of complex valued random variables £(n), n € Z, with values in the space H =
Ly(Q, F, P) is called wide sense stationary if for all n € Z and k € Z the following relations hold true

E¢(n) = E£(0) = C = const,

cov(€(k + n),£(K)) = cov(£(n), £(0)). @)

In the following we will assume that F£(n) = 0, n € Z. This assumption gives us a possibility to consider the
covariation as the inner product in the Hilbert space H = Ly(2, F, P) and use the powerful methods and results of
the Hilbert space theory.

Definition 2.2. The function
R(n) = cov(§(n),£(0)), n € Z, 3)

is called the correlation function of the wide sense stationary sequence &(n).

Example 1
White noise sequence. The white noise sequence € = {(n),n € Z} is a sequence of orthogonal random variables

such that Ee(n) = 0, Ec(i)e(j) = d;;, where ¢;; is the Kroneker symbol. This sequence is stationary with the
correlation function

s

R(n) = / eAAF()N), “)

—T

A
) = % /f(v)dv, fo)=1, —m<v<m 5)

The white noise sequence has the absolutely continuous spectral function F'(\) with the constant spectral density
function f(v) = 1.
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Example 2
Moving average sequence. Let ¢ = {e(n),n € Z} be a white noise sequence. Consider the sequence

oo

&)= > alk)e(n— k), 6)

k=—o0

where a(k) are complex valued numbers such that >~ |a(k) | < c0. By the Parseval equality

o0

cov(£(n +m),&(m)) = cov(é(n),£(0) = Y a(n + k)a(k).

k=—o0

For this reason £ = {{(n),n € Z} is a stationary sequence, which is called (two-sided) moving average (MA)
sequence generated by the white noise sequence ¢ = {¢(n),n € Z}.
In the case where a(k) = 0 forall k = —1,—2, ..., the sequence

oo

£(n) = ) alk)e(n —k), )

k=0

is called one-sided moving average (MA) sequence generated by the white noise sequence ¢ = {¢(n),n € Z}.
In the case where a(k) =0 forall k = —1,—2,... andallk =p+1,p+2,..., the sequence

§(n) = a(0)e(n) +a(l)e(n — 1) +--- +a(p)e(n — p), 8)
is called moving average M A(p) sequence of order p generated by the white noise sequence ¢ = {¢(n),n € Z}.

The correlation function R(n) of the moving average sequence M A(p) is of the form

sy

— 5 [ emsova

—T

R(n)

with the spectral density function
; €))

where

is a polynomial of order p.

Example 3
The autoregressive sequence AR(q). Lete = {e(n),n € Z} be a white noise sequence. A sequence §{ = {£(n),n €
Z} is called the autoregressive sequence of order ¢ if it satisfies the equation

§(n) +b(1)E(n —1) + -+ b(g)é(n — q) = &(n). (10)
In the case where all zeros of the polynomial
Q(z) =14+biz+ -+ bgz? (11)

are outside the unit disk D = {z : |z| < 1}, equation (10) has a stationary solution which can be represented as
one-sided moving average sequence. In this case the correlation function R(n) is of the form

s

_ i iAn
— 5 [ emsova (12)

—T

R(n)
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Example 4

The autoregressive and moving average ARM A(p, q) sequence. Suppose that in the right-hand side of the equation
(10) instead of £(n) we put the sequence ape(n) + a(l)e(n — 1)+ --- + a(p)e(n — p). We get the so called
autoregressive and moving average ARM A(p, q) sequence of order (p, q)

§(n) +b(1)E(n —1) + -+ b(g)é(n — q) = a(0)e(n) +a(l)e(n — 1) +--- +a(p)e(n - p). (13)

Under the same conditions on zeros of the polynomial Q(z) as in the previous example, equation (13) has a
stationary solution £ = {£(n),n € Z}. The correlation function R(n) of the sequence £ = {£{(n),n € Z} is of the
form

R(n) = / ¢ F(A)dA,

:271'

-7
2

7 P(efi)\)

2.2. Spectral representation of stationary sequences

Theorem 1

Herglotz theorem. Let R(n) be the covariance function of a (wide sense) stationary stochastic sequence £ =
{&(n),n € Z} with zero mean value. Then on the space ([—m, ), B([—m, 7))) there is a finite measure F' = F(B),
B € B([—m,)), such that for every n € Z

™

R(n) = / e E(dN), (15)

—T

where [ e F(d)) is the Lebesgue-Stieltjes integral.
Remark 2.1. The measure F' = F(B) in the representation (15) is called the spectral measure, and the function
F(X) = F([—m, \) is called the spectral function of the stationary sequence with the covariance function R(n).

Remark 2.2. In the case where > - |R(n)| < oo the spectral function F(X\) has the spectral density f(\),

n=—oo

which is determined by the formula

F) = > e R(n).

n—=——oo

The following theorem provides the corresponding spectral representation of the stationary stochastic sequence
€ ={&(n),n € Z} itself.

Theorem 2

Let £ = {£(n),n € Z} be a stationary stochastic sequence with zero mean value F{(n) =0, n € Z. There is
an orthogonal stochastic measure Z = Z(A), A € B([—m, 7)), such that for every n € Z the following spectral
representation is valid

K

£(n) = / ePMZ(d\) | = / ePnZ(d\) |. (16)

-7 [—m,m)
Moreover, E |Z(A)]> = F(A).

Let £ = {£(n),n € Z} be a stationary stochastic sequence with the spectral representation (16). Let H (&) be the
closed in the mean-square sense linear manifold spanned by the random variables {(n), n € Z. Letn € H(£). The
following theorem describes the structure of such random variables.
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Theorem 3
For any 1 € H (€) there is a function ¢ € L?(F) such that

™

1= [ ez, (7)

Remark 2.3. Let Hy(§) and L3(F) be the corresponding closed linear manifolds spanned by the variables
{€(n),n =0,-1,-2,...} and by the functions {e, = ¢, n=0,—1,-2,...}. Then for n € Hy(£) there is a
function p € LE(F) such that

n=[ ez,

—T
2.3. Linear filters of stationary sequences

Consider a special but important class of linear transformations that are defined by means of the so called linear
filters. Suppose that, at instant of time m, a system (filter) receives as input a signal 2:(m), and that the output of the
system is, at instant of time n, the signal h(n — m)z(m), where h = h(m), m € Z, is a complex valued function
called the impulse response function of the filter. The total signal y(n) obtained from the input 2(m), m € Z, can

be represented in the form
(oo}

y(n) = Z h(n —m)xz(m). (18)

For physically realizable systems values of the output at instant of time n are determined only by the “’past” values
of the signal, i.e. the values x(m) at instants m < n. It is therefore natural to call a filter with the impulse response
function h = h(m) physically realizable (causal filter), if h(m) = 0 for all m < 0, in other words if

n

(o)
y(n) = Z h(n —m)x(m) = Z h(m)x(n —m). 19
m=-—o00 m=0
An important spectral characteristic of a filter with the impulse response function & = h(m) is its Fourier transform

o0

p(N) = Y eTmAn(m), (20)

m=—0oQ

which is called the spectral characteristic of the filter.

Let us now describe conditions under which the series in (18) and (20) convergence. Let us suppose that the input is
a stationary stochastic sequence £ = {{(n),n € Z} with the covariance function R(n) and spectral decomposition
(16). If the following condition holds true

i h(k)R(k — 1)h(l) < oo, (1)
k,l=—o0

oo

then the series > >_ _ h(n —m){(m) converges in the mean-square sense and therefore there is a stationary
sequence 77 = {n(n),n € Z} such that

o0 oo

n(n) =Y h(n—m)&(m)= > h(m)¢(n—m). (22)

m=—0o0 m=—0oo

In terms of the spectral measure condition (21) is equivalent to the condition that the spectral characteristic of the
filter p(\) € L?(F), that is

/ le(N)|? F(d)) < oo. (23)
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Under the condition (21) or condition (23) from (22) and (16) we find the spectral representation of the sequence
n= {77(”)771 € Z}

™

mm:/w%mﬂw» (24)

The correlation function R, (n) of the sequence n = {n(n),n € Z} is determined by the formula

™

fwm:/?mwmfﬂﬁy 25)

—T

In particular, if the input to a filter with the spectral characteristic ¢ = ¢(\) is taken to be white noise ¢ =
{e(n)},n € Z}, then the output will be a moving average stationary sequence

n(n)= Y h(m)e(n—m) (26)
with the spectral density

The following theorem shows that every stationary stochastic sequence with a spectral density can be represented
as a moving average sequence.

Theorem 4

Let n = {n(n),n € Z} be a stationary stochastic sequence with the spectral density f,(\). Then (possibly on
the extended probability space) we can find a white noise sequence ¢ = {(n),n € Z} and a filter such that the
representation (26) is valid.

Proof
For a given (nonnegative) spectral density function f,(\) we can find a function () such that

Since -
fr(A)dA < o0,

we have p()\) € L?()\), where ) is the Lebesgue measure on [—, 7).
Hence the function () can be represented as a Fourier series (20) with

h(m) ! /7r e p(N)dA,

:% -

where convergence is understood in the sense that

2

/7r o(A) — Z e "MAn(m)| d\ — 0, n — oco.

- Im|<n

Let -
n(n) :/ "M Z(dN), n €.

—T
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In addition to the random measure Z Z(A) we introduce another (independent) orthogonal stochastic measure
Z = Z(A) with M|Z(a,b)|* = 22 and construct the measure

Z(a) = / o2 (N Z(dN) + / 1 - ® ()] Z(dN),

A A

where o is the pseudoinverse operation

0® — a”l, a#0,
o 0, a=0.
The stochastic measure Z = Z(A) is a measure with orthogonal values, and for every A = (a, b] we have
A
BlZ(A /\so »Ple(r %mf/uf ppar="101
2m
where |A| = b — a. Therefore the stationary sequence
e(n) = / ™ Z(d)), ne,
is a white noise sequence. Note that
[ ememzan = [ ez =) @)

and, from the other hand,

/ " MoV Z(dN) = / " < i e“”*Mm)) Z(dX) =

- - m=—o0

Z h(m /w in=mA Z(d)) = Z h(m m).

This equality, together with (27), establishes the representation (26). This completes the proof of the theorem. [J
Corrolary 2.1

Let the spectral density function f,,(A) > 0 (almost everywhere with respect to the Lebesgue measure) and let the
following factorization of the function f,(A) > 0 holds true

Fa) = eI (28)
p(\) =D e Mh(k), D Ih(K)* < cc. (29)
k=0 k=0
Then the sequence n = {n(n),n € Z} admits the representation as one-sided moving average sequence
n(n) =Y h(m)e(n —m).
m=0

In particular, if P(z) = a(0) + a(1)z+ --- 4+ a(p)zP is a polynomial that has no zeros on {z : |z| = 1}, then the
sequence 7 = {n(n),n € Z} with the spectral density

faV) = |Pe=™)*
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can be represented in the form
n(n) = a(0)e(n) +a(l)e(n — 1) +--- + a(p)e(n — p),
where ¢ = {e(n),n € Z} is a white noise sequence.

Corrolary 2.2
Let £ = {¢{(n),n € Z} be a sequence with rational spectral density
2
: (30)

—iA

P(e
10 =g

where polynomials P(z) = a(0) +a(l)z+---+a(p)zP and Q(z) =1+ b(1)z + --- + b(¢)=? have no zeros on
{z : |z| = 1}. Then there is a white noise sequence £ = {£(n),n € Z} such that the following equation holds true

§(n) +b(1)E(n —1) + - +b(q)¢(n — ¢) = a(0)e(n) + a(l)e(n — 1) + -+ a(p)e(n — p). €2))
Conversely, every stationary stochastic sequence £ = {{(n),n € Z} that satisfies this equation with a white noise
€ ={e(n),n € Z} and polynomial Q(z) = 1+ b(1)z + - - - 4 b(q)z9 with no zeros on {z : |z| = 1} has the spectral
density (30).

Let us describe conditions under which a function f(\) admits the representation (28), (29).
First, denote by Hj the set of all analytic in the unit disk D = {z : |z| < 1} functions f(z) such that

T

()2 =Tlim [ [f(re®)]?db < co.

rT1 -
For the function
o0
f(z) = Z anz"
n=0
we have
o0
f(re?) = Z anre™?.
n=0

It means that a,,r™ are the Fourier coefficients of the function f(re'?). From the Parseval equality it follows that

/ [F(re”)Pdo = 2> " |an [*r®".
- n=0

We can conclude that f(z) € Hs if and only if

oo

Z lan|? < oco.

n=0
For any function f(z) € H we can determine a series

oo

f(eié) _ z:anemG7

n=0

which converges in Ly[—, 71]. The function f(2),|z| < 1, restores from the function f(e*®) with the help of the
Poisson formula

, 1 [T 4
f(re) = — f(e)P(r,0,u)du,
2r J_,
where
1—r S lnlgin(-u)
P e — — n| m(l—u .
(7"7 7u) 1_9r COS(Q _ u) + 72 n;mr e
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Theorem 5
Let f(\) be a nonnegative and integrable with respect to the Lebesgue measure on [—m, 7) function. In order that
a function g(z) € Hj exists such that

FO) = lg(e™)P?,

it is necessary and sufficient that the following condition holds
/ [In f(A)]dA < oo. (32)

Proof
Let condition (32) holds true. Then the function

v(r,0) = S /7r In f(A)P(r,0, \)dA

2 J_ .

is harmonic in the unit disk D = {z : |z| < 1}. From the Jensen inequality it follows that

v(r,0) < In {;ﬂ /_7; FONP(r,0, /\)d/\} .

Denote by ¢(z) the analytic in the unit disk D = {z : |z| < 1} function with the real part v(r,6). Consider the
function g(z) = e#(*)/2, For this function

. 1 &
lg(re®®)|? = k) = e < o [ F(N)P(r,0,\)dA,

I .

/W lg(re’)|?do < ’ F)dA.

—T —T

So, the function g(z) € H, and
L |g(rei®) 2 = e 1) — £(6)

almost everywhere. O

Corrolary 2.3
In order that a stochastic sequence n = {n(n),n € Z} admits the representation as one-sided moving average
sequence

am) =3 almletn—m), 3 Ja(m)]? < oo.
m=0 m=0

where ¢ = {e(n),n € Z} is a white noise sequence, it is necessary and sufficient that the sequence n = {n(n),n €
Z} has an absolutely continuous spectral measure and its spectral density f(\) satisfies the condition

/W In f(A\)d\ > —oo. (33)

Determined in the theorem analytical in the unit disk D = {z : |z| < 1} function ¢(z) with the real part v(r, 0)
has the boundary value In f()). By the Schwartz formula we have

1 ™ A
o(z) = %[ lnf()\)zutzd)\. (34)
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It follows from the decomposition of the function g(z) = exp {@} into a power series g(z) = Y ., b,2" that
the coefficients a,, = v/27b,,. From the other hand, the function g(z) can be represented in a different form. Since

we have

If we introduce the notation

we will have

So

e + 2 2ze~ N L ik
e ) DR

1 [ 1 o,
g(z)exp{M/_ﬂlnf()\)dA+2ﬂkzldkz },

1 oo oo
exp {271_ dezk} = ez, cg=1,
k=1 n=0
_ oo
g(z) = PZ cnZ"
n=0
a, = V2nPc,.

2.4. Wold expansion of stationary sequences

In contrast to the representation (16) which gives an expansion of a stationary sequence in the frequency domain,
the Wold [78, 78] expansion operates in the time domain. The main point of this expansion is that a stationary
sequence £(n) can be represented as a sum of two stationary sequences, one of which is completely predictable (in
the sense that its values are completely determined by its “past), whereas the second does not have this property.

First we give some definitions. Let H (&) and H,, (&) be closed linear manifolds, spanned by all values of the
stationary sequence {£(k), k € Z} and values {{(k),k =n,n — 1,n — 2,...} respectively. Let

S(6) = N, (€).

For every element n € H () denote by

fin = Proj (n|H,(§))

the projection of the element 1 on the subspace H,,(£). Denote also

fis = Proj (n|5(€)),

Every element € H () can be represented in the form

n=1s+(n—1s),

where 1 — 7js L17)s. Therefore the space H () can be represented as the orthogonal sum

H(&) = 5(§) @ R(S),

where S(&) consists of the elements 7g with n € H(£), and R(&) consists of the elements of the form 1 — 7jg.
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Definition 2.3. A stationary sequence £(n) is called regular, if

and singular, if

Remark 2.4. Singular sequence is also called deterministic, and regular sequence is called purely or completely
nondeterministic. If S(§) is a proper subspace of the space H (), then the sequence {(n) is called nondeterministic.

Theorem 6
Every wide sense stationary random sequence £(n) has a unique decomposition

§(n) =& (n) +£°(n), 35)
where £"(n) is regular sequence and £*(n) is singular sequence. The sequences £ (n) and nd £°(n) are orthogonal.
Proof
Define

£°(n) = Proj (£(n)|S(£)), &"(n) =&(n) — &°(n).

Since £ (n) LS(€) for every n, we have S(£7) LS (£). On the other hand, S(¢") C S(€) and therefore S(£") is trivial
(contains only random sequences that coincide almost surely with zero). Consequently £"(n) is regular.
Moreover, H,(§) C Hn(€%) © Hn(§") and H,(€°) C Hn(§), Hn(€") C Hp(§). Therefore H,(§) = Hn(€%) &
H, ("), and hence for every n

5(§) € Hn(£) @ Hn (&) (36)
Since &, L.S(£), it follows from (36) that

S(§) € Hn(£%),

and therefore S(§) C S(£°) C H(&®). But&: € S(€), hence H(£°) C S(€), and consequently
5(&) = 5(8°) = H(&),

which means that £°(n) is singular.
The orthogonality of £*(n) and £ (n) follows in an obvious way from £°(n) € S(€) and £"(n) LS(E). O

Definition 2.4. Let £(n) be a nondegenerate stationary sequence. A random sequence £(n) is called the innovation
sequence for £(n), if the following conditions holds true:

1) £(n) consists of pairwise orthogonal random variables with Ee(n) = 0, E|e(n)|> = 1;

2) H,(§) = Hy(e) forall n € Z.

Remark 2.5. The reason for the term “innovation” is that e(n + 1) provides new "information”, not contained in
H,, (&), that is needed for forming H, 11 (§).

The following fundamental theorem establishes a connection between one-sided moving average sequences and
regular sequences.

Theorem 7

The necessary and sufficient condition for a nondegenerate stationary sequence &(n) to be regular is that there exist
oo}

an innovation sequence ¢ = {e(n)} and a sequence of complex numbers {a(n),n > 0}, with > |a(n)|” < oo,

n=0

such that

£(n) = _a(k)e(n — k). (37)

k=0

Stat., Optim. Inf. Comput. Vol. 3, December 2015



MIKHAIL MOKLYACHUK

Proof
Necessity. Represent H,,(§) in the form

Hy(§) = Hp—1(§) @ Bn(§),

361

where B, () is the space of random variables of the form 53 - {(n), where /3 is a complex number. Since H,, (&) is
generated by elements from H,,_1(£) and elements of the form 5 - £(n), the dimension (dim) of the space B,,(§)
is either zero or one. But the space H,, (&) cannot coincide with H,,_1(§) for any value of n. In fact, if for some n
the space B, (&) is trivial, then by stationarity B, (§) is trivial for all n, and therefore H(¢) = S(&), contradicting
the assumption that the sequence £(n) is regular. Thus the space B,,(§) has the dimension 1. Let (n) be a nonzero

element of B,, (). Take
n(n)
In(n)]”

where ||n(n)||> = E[n(n)|> > 0. For fixed n and k > 0 consider the decomposition

Hn(g) == Hn—k(é-) D Bn—k+1(€) S D Bn(g)

The elements e(n — k), ..., &(n) is an orthogonal basis in B;,_x41(£) & - -- & B, (§) and

En =

k—

,_.

a(j)e(n — j) + Proj (§(n)[Hn—x(€)),  a(j) = E&(n)e(n — j).
7=0

By the Bessel inequality
Z\a P < lEm))? < oo

The series
oo

> alj)e(n — )

=0

converges in the mean square, and then, by (38), relation (37) will be established as soon as we show that

Proj (£(n) | Hy_1,(€)) 250, & — oo.

Consider the case n = 0. Denote &; = Proj (£(0)|H;(€)). Since

k—§O+Zé — €& il

and the terms that appear in this sum are orthogonal, we have for every k > 0

= [éx-&| <o

(38)

Therefore the limit klim é, k exists (in the mean square sense). For each k the value é,k € H_ (&), and therefore
—00

the limit in question must belong to the space kQOH _1(&) = S(&). But, by assumption, S(&) is trivial, and therefore

2

Proj (£(n)|Hp—i(€)) 250, &k — 0.
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Sufficiency. Let the nondegenerate stationary sequence £(n) have a representation (37), where € = {e(n)} is an
orthonormal system (not necessarily satisfying the condition H,,(§) = H,,(¢), n € Z). Then H,,(§) C H,(¢) and
therefore S(§) = QHk(f) C H,(e) for every n. But £, 411 H,(¢), and therefore £,,,1.L.5(£) and at the same time

e = {e(n)} is a basis in H(E). It follows that S(&) is trivial, and consequently £(n) is regular. This completes the
proof of the theorem. U

Remark 2.6. It follows from the proof of the theorem 7 that a nondegenerate sequence £(n) is regular if and only
if it admits a representation as one-sided moving average

€n) = arén_s (39)

k=0

where € = {£(n)} is an orthonormal system which (it is important to emphasize this !) does not necessarily satisfy
the condition H,,(§) = H,(€), n € Z. In this sense the conclusion of the theorem 7 says more, and specifically that
for a regular stationary sequence £(n) there exist a sequence of numbers a = {a(n)} and an orthonormal system
of random variables ¢ = {e(n)}, such that not only (39), but also (37), is satisfied, with H,,(§) = H,(g), n € Z.

Theorem 8
Wold expansion. A nondegenerate stationary sequence £ = {£(n)} can be represented in the form

E(n) =€)+ alk)e(n — k), (40)

k=0

> la(k)?
k=0

and ¢ = {e(n)} is the innovation sequence (for £"(n)).

where

The significance of the concepts of regular and singular sequences becomes clear if we consider the following
(linear) extrapolation problem, for whose solution the Wold expansion (40) is especially useful.

Let Hy (&) be the closed linear manifold spanned by values of the stationary sequence {{(k),k =0,—1,—2,...}.
Consider the problem of constructing an optimal (least-squares) linear estimator £(n) of the value &(n) of the
sequence at point n, > 0 based on observations of the “past” {¢(k),k = 0,—1,—2,...}. The estimate £(n) is a
projection of £(n) on the manifold Hy(&):

£(n) = Proj (&(n)| Ho(€)). (41
Since the sequences £°(n) and £7(n) are orthogonal and Hy (&) C Ho (&%) @ Ho(€"), we obtain, by using (40)
£(n) (n) +£"(n)[Ho(€)) = Proj (§°(n)|Ho(£)) + Proj (€7 (n)|Ho(¢)) =

+
(n)[Ho(£°) © Ho(&")) + Proj (&,|Ho(€%) @ Ho(£")) =
(n)[Ho(&°)) + Proj (§7(n)|Ho(£")) =

= Proj
= &(n +PYOJ(Z a(k)e(n — k)[Ho(")).
In (40) the sequence ¢ = {¢(n)} is an innovation sequence for ™ = {¢"(n)} and Hy({") = Hy(e). Therefore

£(n) = & (n) + Proj <Za k)| Ho(e > =&(n Za 42)

k=0

Proj
Proj

(3
(&
(&
)

and the mean-square error of prediction £(n) based on observations {£(k),k = 0,—1,—2,...} equals

02 = Elg(n) —&m)| = latk)". “3)

Stat., Optim. Inf. Comput. Vol. 3, December 2015



MIKHAIL MOKLYACHUK 363

Two important conclusions follows from the presented results.

1) If the sequence £(n) is singular, then for every n > 1 the error of the extrapolation a,% is zero; in other words,
we can predict £(n) without error from its past” {¢(k),k =0,—1,—2,...}.

2) If the sequence (n) is regular, then 02 < o2, and

. 2 2
n,h—>H;oU” = Z la(k)|”. (44)
k=0
Since
S Jalk)? = Elgm),
k=0

it follows from (44) and (43) that if n increases, the prediction of £(n) based on observations {{(k),k =
0,—1,-2,...} becomes trivial (reducing simply to E{(n) = 0).

2.5. Conclusions

In this section we describe properties of stationary stochastic sequence illustrated with the help of some examples.
The spectral representation of stationary stochastic sequences and their correlation functions are described.
Properties of linear transformations of stationary stochastic sequences are described. The Wold representation
of stationary stochastic sequences is analysed. Application to the problem of prediction of stationary sequences is
described.

For the detailed exposition of results of the theory of stationary stochastic sequences see books by Gikhman and
Skorokhod [12], Hannan[17], Rozanov([73], Yaglom [80, 81].

3. Estimates for functionals of stationary sequences

In this section we deal with the problem of the mean square optimal linear estimation of the functionals

N
AnE = a()E0),
=0

AE =" a()E()
j=0

which depend on the unknown values of a stationary stochastic sequence £(j) from the class = of stationary
stochastic sequences satisfying the conditions

BE(j) =0, EBIEGIP <P (45)

Estimates are based on results of observations of the sequence £(j) at points of time j = —1, -2, ....

Following the Ulf Grenander [15] approach to investigation the problem of optimal linear estimation of the
functional A ¢ (as well estimation of the functional A{) we consider the problem as a two-person zero-sum game
in which the first player chooses a stationary stochastic sequence £(j) from the class E of stationary stochastic
sequences such that the value of the mean square error of estimate of the functional attains its maximum. The
second player is looking for an estimate of the linear functional which minimizes the value of the mean square
error. It is show that this game has equilibrium point. The maximum error gives a moving average stationary
sequence which is least favourable in the given class of stationary sequences. The greatest value of the error and
the least favourable sequence are determined by the largest eigenvalue and the corresponding eigenvector of the
operator determined by the coefficients a(j) which determine the functionals.
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3.1. The maximum value of the mean-square error of estimate of the functional An¢§

In this subsection the maximum value of the mean-square error of the optimal linear estimate of the functional
An& which depend on the unknown values of a stationary stochastic sequence £(j) from the class = is found.

o ~ 2 X
Let A(¢,An)=F ’A NE— ANg‘ denotes the mean-square error of an estimate Ay of the functional Ayné.
Denote by A the class of all linear estimates of the functional Ay¢&.

Theorem 1 .
The function A(&, Ay ) has a saddle point on the set = x A. The following relation holds true

min max A(¢, Ay) = max min A(E, Ay) = Pr.
Anen §€E §EE Anen

The least favourable in the class = of stationary stochastic sequences satisfying conditions (45) for the optimal
linear estimation of the functional A ¢ is one-sided moving average sequence of order N, which is determined by
the formula ‘
J
€6 =D @l —we(u).
u=j—N

Here 1% is the largest eigenvalue of the selfadjoint compact operator )y in the space CWV+1 | determined by the

matrix Qn = {Qn(p, q)}gq:0 that is constructed with the elements

min(N—p,N—q)
Onpg)= Y.  alp+walg+u), pqg=0,1,... N,
u=0

e(w) is a stationary stochastic sequence with orthogonal values:
Ee(i)e(j) = 6ij,

where §;; is the Kronecker symbol; {¢(u),u = 0, ..., N} is determined by the eigenvector that corresponds to v,
and the condition ||£(j)[|> = P.

Proof. Lower bound. Denote by =p the class of all regular stationary sequences which satisfy conditions (45).
Since Zr C =, we have

max min A(§, Ay) > max min A(E, Ay). (46)
EEE Ayen £€ER AyeER
A regular stationary sequence £(j) admits the canonical representation as an one-sided moving average sequence
J
G = D eli—we(u), 47

U=—00

where e(u) is a standard stationary stochastic sequence with orthogonal values, {p(u):u=0,1,...} are
coefficients of the canonical representation (47). The sequence £(j) € Zg is determined if there are determined
coefficients {¢(u) : w = 0,1,...} such that

j 2

S ol - ue(u)

U=—00

Blg(5))* =
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= Z |<,0(j - u)|2 = Z ‘QD(U)|2 <P (48)
u=0

U=—00

N 2 N
The value of the mean-square error ‘A ~NE— ANE ’ attains its minimum if we choose an estimate An¢ of the
form

N
Ane =" a()E0),
j=0

where £(j) is the optimal estimate of the value of £(j) based on observations of the sequence £(p) at points
p=—1,-2,.... Taking into consideration the canonical representation (47) of the regular sequence and the form

of the optimal estimates of its values
—1

G =D wli—we(w), (49)

U=—00
we can write

L2
min E ‘ANg _ ANg’ _
An€EA

N i J
= Y a@a() 3.3 i —we(G — o) Be(w)z(v)
i,j=0

u=0 v=0
N L min(z,5) -
=Y alal) D eli-uwe(i—u) =
i,j=0 u=0
N [
= >~ ali)a()RG.j). ©0
i,j=0

where :

min(z,j
R, j)= Y li—uwe(j—u).

The change of variables p =i — u, ¢ = j — u, gives us a possibility to write (50) in a different form

L2 N o
min E[Avé — Ane] = > w(p)o(a) Qn(p.a), 51)
AneA o
where
min(N—p,N—q)
Qvipg)= D alp+ualg+u). (52)
u=0

Denote by Q the operator in the space C/N+1), determined by the matrix {Qx (p, q)};quo. The operator Q  is
selfadjoint (its matrix is Hermitian) bounded operator. It can be represented in the form Q) = Ay - A}, where the

operator Ay is determined by the matrix { Ay (p, Q)};quo with

alp+q), p+q<N,
AN(p,Q):{ (0 ) p+q>N.

For this reason the operator () has nonnegative eigenvalues [1], [71]. It follows from (51), that ¢(p) = 0 for
p > N. Denote by

¢ = {95(0)7@(1)3785(]\[)}7 @(p) = P_1/2g0(p).
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Condition (48) with this notation is of the form
=1 Zl PP <1, (53)

where ||3]| is the norm in the space CN+1), Taking into consideration (51) and (53), we can write

min A, Ay) = P(QnG, &),
ANEAN

where (-, -) is the inner product in the space C(N+1),
Taking into account (46), we get the following bound from below for the maximum value of the error [8], [14],
[71]
max min A(¢, Ay) > P max (Qn@, @) = Py, 54
E€E AneA llell<1

where 1% is the greatest eigenvalue of the operator Q.
Upper bound. To find the upper bound of the minimax values of the error we use the inequality

min maxA(§, Ay) < min maxA(€, Ay), (55)
Anen §€E Anen, €€

where A; is the class of all linear estimates of the functional Ay¢, which have the form
Ane= )" c(h)E0). (56)

Here ¢(j) are complex-valued coefficients such that

S 1)

j=—o00

Taking into consideration the spectral representations of the stationary stochastic sequence £(j) and the correlation
function of the sequence £(j) , we can write

Za - Y i)El)| =

j= j=—00

A€ Ax) = E|Axe - Aws\ —E

_ /7r |AN(€D\) _ C’(BM)‘QFg(d/\),

—T

where
N 1

Za z])\ z)\) _ Z C(j)eijA.
=0 Jj=—00

Here F¢(d)\) is the spectral measure of the stationary stochastic sequence. Restriction (45) is equivalent to the
restriction

max / ! Fe(d)) < P. (57)

¢ex J_
So we can write .
max A(E, Ay) = max/ |An (™) — C(e™)|2Fe(d)) <

cex gez

—T
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< (e [Awe) = O ) o [ Fean

Ae[—m,7] o

<P max |Anx(e?) = C(e™).
AE[—7,m]

To calculate

max |An(e?) — C(e)]?
AE[—m,7]

consider the class of all power series

n=0

which are regular in the region |z| < 1 and have fixed first V + 1 coefficients
a(n) =d(n), n=0,1,...,N.

Denote by p?% the greatest eigenvalue of the matrix

H={H(@p,q} .

min(p,q)

H(pvq): Z d(pfj)a(qu)v paq:(),]-v"-,N'
7=0

It follows from the properties of the power series, that [16]

. ) )
min max z — .
{a(n)mn>N+1} |z|=1 [F(2)] PN

Since in our case
d(p) :a(N_p)a pzoala"'aNa

we have to determine the greatest eigenvalue of the matrix

Gy ={Gnp )} o

min(p,q)

Grn(pa)= Y, a(N—p+uwa(N—q+uw).
u=0

Denote this greatest eigenvalue by w3;. With this notations we have

min max A(¢, Ay) < Pw?.
AneA, §EE

Taking into account (55), we get

min max A(§, Ay) < Pw?.
ANGA €=

Note, that
For this reason w3, = v3,. Comparing (54) and (58), we get

min max A (¢, Ay) < max min A(E, Ay).
Ayen E€E €€E Ayen

Since the opposite inequality always holds true, only equality is possible in (59). Proof is complete.

From the proof of the theorem a construction of the optimal minimax estimate follows.

367

(58)

(39)
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Corollary 1 A
The optimal minimax estimate A ¢ of the functional Ax¢ is of the form

Ane=Y"alj) ( D el —u)a(u)) ,
§=0

u=j—N

where e(u) is a stationary sequence with orthogonal values, the sequence {©(u),u =0,1,..., N} is uniquely
determined by coordinates of the eigenvector of the operator @ that corresponds to the greatest eigenvalue v
and condition E [£(j)|> = P.

Example 1
Consider the problem of optimal linear stimulation of the functional

Ar§ = £(0) +£(1)

that depends on the unknown values of a stationary sequence £(j), that satisfies the conditions
EE(j) =0, ElG)° <1,

based on observations of the sequence £(j) at points j = —1,—2,....
Eigenvalues of the operator @, determined by equation (52), are equal to 3 4 /5. So the greatest eigenvalue
is v? = 3 + /5. The eigenvector corresponding to the eigenvalue v? = 3 + /5 is of the form G = {((0), (1)},

where
0(0) =/ (5+V5)/10, (1) =4/(5—V5)/10.

The least favourable stationary sequence £() is a moving average sequence of the form

§(7) = (0)el) + (el —1) =

=1/ (5+V5)/10 €(j) + /(5 — V/5)/10 e(j + 1).

The optimal linear minimax estimate A4 € of the functional A,¢ is of the form

Arg = p(1) e(~1) = /(5 — V53)/10 e(~1).
The mean-square error of the optimal estimate of the functional A;¢ does not exceed 3 + /5.

3.2. The maximum value of the mean square error of estimate of the functional A

In this subsection the maximum value of the mean square error of the optimal linear estimate of the functional
o0
AE =" a()E()
§=0

which depend on unknown values of a stationary stochastic sequence £(j) from the class Z is found.
We will suppose that the sequence {a(j) : 7 = 0,1, ...} which determines the functional A¢ satisfies conditions

> laG) < oo, D (G + 1)) < oo (60)
j=0 =0
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Theorem 9 )
The function A(¢, A) = E ‘Ag — A¢ ‘ has a saddle point on the set = x A. The following relation holds true

min max A(¢, A) = max min A (€, A) = Pv?.
AcA E€E EEE Aea

The least favourable in the class = of stationary stochastic sequences satisfying conditions (45) for the optimal
linear estimation of the functional A is a moving average sequence
J
£6)= Y i —we(w).
U=—00
Here 12 is the greatest eigenvalue and G = {p(u) : u = 0, 1,... } is the corresponding eigenvector of the selfadjoint
compact operator in the space ¢, determined by the matrix

oo

Q=1{Qp.0}" . Qp.a) =) alp+uwalg+u),

u=0
e(u) is a stationary sequence with orthogonal values.
Proof. Lower bound. Let £ € =g. In this case the following inequality holds true
maxmin A(€, A) > max min A(¢, A). (61)
£e=s AeA EEER AEA

Making use the canonical representation of the regular stationary sequence (47) as a moving average sequence and
form (49) of the optimal estimate we have

. .12
minA({,A) =min £ ’Ag — Ag‘ =
AeA AeA

2

d_ali) D el = welw)

o =
7=0 u=0
= o) @Qp, ), (62)
P,q=0
where -
Qp.q) = alp + walg+u). (63)
u=0

Denote by @ the operator in the space ¢5, determined by the matrix Q@ = {Q(p, q) };?q:() . Since the second condition

from (60) is satisfied and

00 2

dlRmol =

p,q=0 p,q=0

<> (Za<p+u>2-2a<q+u>|2> )

p,q=0 u=0 u=0

o0

> alp +w)alg+u)

u=0

<

0o oo 2 00 2
= (ZZIG(]D+U)I2> = (Z(p+1)|a(p)|2> :

p=0 u=0 p=0
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we have

QI < N @) <D (p+ D alp)* < oo,
p=0

where N(Q) is the Hilbert-Schmidt norm of the operator (). The operator () is selfadjoint (its matrix is Hermitian)
Hilbert-Schmidt operator. For these reasons the operator () is selfadjoint continuous operator [1],[71]. It can be
represented in the form () = A - A*, where the operator A is determined by the matrix

A={AP: D} pyeo, AWp,q) =alp+q), p,g=0,1,...,00.

The operator () has real nonnegative eigenvalues. Note that the operator A is a Hilbert-Schmidt operator and its
Hilbert-Schmidt norm equals to

oo 1/2
N(A) = (Z(er 1) Ia(p)|2> :
p=0

Let us introduce the notation

F={p(u):u=0,1,...}, @(u) =P 2p(u).
Making use the introduced notations (62) can be written in the form

min A(§, 4) = P(Q@, ) .
AeA

Taking into consideration (48), we get

max min A(¢, A) = P max (Q@, @) = P2,
£€ER AeA I#ll=1

where 12 is the greatest eigenvalue of the operator @ and (-, -) is the inner product in the space /. Making use (61),
we can estimate the maximin value of the error

max min A(¢, 121) > P2 (64)
§EE AeA

Upper bound. Consider the sequence of operators )y, determined by matrices (52), and the operator @)
determined by the matrix with elements (63). Since the second condition from (60) is satisfied, then

o0

NQ-Qn)= Y (p+1)ap)* =0,

p=N+1

as N — oo. Having in mind that

Q —Qn| < N(Q—-Qn),

we have
A}iln ”Q QNH =0.
—»00

It means that the sequence of operators ) y converge uniformly to the operator ). That is why [8], [14]

lim v% =2
N—o00 N ’
where 1%, is the greatest eigenvalue of the operator @ i, and /2 is the greatest eigenvalue of the operator (). Making

use the statement of Theorem 1, we can write

minmax A(§, A) = (65)
AcA EEE
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= lim min maxA(¢, Ay) = lim Pr% = P2
N—oo ANEA EeE N— oo

Comparing (65) and (64), we get

min max A(€, A) = Pv? < maxmin A(€, A),
AecA E€E €EE Aeca

where only equality is possible.
This completes the proof of the theorem.

Corollary 2 .
The optimal minimax linear estimate A of the functional A¢ is of the form

Ag = "a(j) l i (i - u)e(u)} :
7=0 U=—00

where e(u) is a standard stationary sequence with orthogonal values, the sequence {p(u):u=0,1,...} is
uniquely determined by coordinates of the eigenvector of the operator () that corresponds to the greatest eigenvalue
v2 and condition E ||£(5)|* = P.

Example 2
Consider the problem of optimal linear estimation of the functional

AL =" e Ne()),
j=0

where )\ > 0, which depends on the unknown values of a stationary sequence £(j), that satisfies the condition

E¢(j) =0, E()f <1,

based on observations of the sequence at points j = —1, —2,.... Conditions (60) are satisfied. Elements of the
matrix which determines the operator @), determined by the equation (63), are of the form

o0

QP q) = Za(p + u)m = e—/\(p+q)(1 _ 6—2,\)—1.

u=0
Eigenvalues of the operator () are determined by the system of equations
o
pe(p) =Y e X1 — e p(s), p=0,1,....
s=0
It follows from this system of equations that ¢(p) are of the form

Lp(])) :Ce_kp7 p:O71""

The constant C' is determined by the condition

> o) =1.
p=0

So we have
C=1-e)2 pp)=1-e )/
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Substitution of these expressions to the system of equations gives us
—2X3\—2
p=(1—-e"")""

We can conclude that the least favourable in the class = stationary sequence £(j) is a moving average sequence of
the form _
J
£0) = (L— e )2 3 (),
U=—00
where £(u) is a stationary sequence with orthogonal values.
The optimal linear minimax estimate Ag of the functional A€ is as follows

Aé— _ (1 _ 6—2A)1/2Ze—2kj l _Z e)\u&_(u)‘| )

7=0 U=—00
The value of the mean-square error does not exceed
A=(1-e?M2

This value of the mean-square error gives the least favourable stationary sequence.

3.3. Conclusions

In this section we propose a method of solution of the mean square optimal linear estimation of the functionals
AnE = Z;.V:O a(§)€(j) and AE = Z;’io a(j)&€(4) which depend on the unknown values of a stationary stochastic
sequence £(7) from the class = of stationary stochastic sequences satisfying the conditions E£(5) = 0, E|£(j)]? <
P. Estimates are based on results of observations of the sequence £(j) at points of time j = —1,—2,....

Inspired by the Ulf Grenander [15] approach to investigation the problem of optimal linear estimation of the
functionals which depend on the unknown values of a stationary stochastic process we consider the problem as a
two-person zero-sum game. It is show that this game has an equilibrium point. The maximum error gives a moving
average stationary sequence which is least favourable in the given class of stationary sequences. The greatest value
of the error and the least favourable sequence are determined by the greatest eigenvalue and the corresponding
eigenvector of the operator determined by the coefficients a(j) which determine the functional.

For the corresponding results for stationary stochastic processes with values in a Hilbert space see papers by
Moklyachuk [35] — [39], [57].

4. Extrapolation problem for functionals of stationary sequences

In this section we deal with the problem of the mean-square optimal estimation of the linear functionals
N 00
ANE = a()E), A& = a(i)EG),
§=0 §=0

which depend on the unknown values of a stationary stochastic sequence £(j),j € Z, based on observations of the
sequence £(j) at points of time j = —1,—-2,....

The problem is investigated in the case of spectral certainty, where the spectral density of the stationary stochastic
sequence £(j) is exactly known. In this case the classical Hilbert space projection method of linear estimation of
the functional is applied. Formulas are derived for calculation the value of the mean square error and the spectral
characteristic of the mean-square optimal estimate of the linear functional. In the case of spectral uncertainty, where
the spectral density of the stationary stochastic sequence is not exactly known, but a class of admissible spectral
densities is given, the minimax-robust procedure to linear estimation of the functional is applied. Relations which
determine the least favourable spectral densities and the minimax spectral characteristics are proposed for some
special sets of admissible spectral densities.
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4.1. The classical Hilbert space projection method of linear extrapolation

Let £(5), j € Z, E£(j) =0, be a (wide sense) stationary stochastic sequence. We will consider values of
€(j), j € Z, as elements of the Hilbert space H = Ly(2, F, P) of complex valued random variables with zero
first moment, F¢ = 0, finite second moment, F|¢|? < oo, and the inner product (£,1) = E£7. The correlation
function R(k) = (£(j + k), £(5)) = EE(j + k)E(7) of the stationary stochastic sequence £(j), j € Z, admits the

spectral representation
s

R(k) = / eMAF(dN),
-
where F'(d)) is the spectral measure of the sequence. We will consider regular stationary stochastic sequences with
absolutely continuous spectral measures and the correlation functions of the form

T

— i eik}\
= o [

—T

R(k)

where f()\) is the spectral density function of the sequence £(5) that satisfies the regularity condition

s

/1n(f(>\))d)\ > —o0. (66)

—T

This condition is necessary and sufficient in order that the error-free extrapolation of the unknown values of the
sequence is impossible [12].
Suppose that coefficients a(j), which determine the functional A¢, satisfy conditions

D olal)l < oo, Y (G + 1) la()” < oe. (67)
j=0 §=0

In this case the functional A¢ has the second moment and the Hilbert-Schmidt operator @), determined in the
previous section, has its Hilbert-Schmidt norm finite.
Let the sequence £(j) admits the canonical representation as a moving average sequence

€G) =Y diG —we(w), (68)

U=—00

where the sequence d(u) satisfies condition

D ld(w))? < oo,
u=0

and where ¢(u) is a standard stationary white noise sequence
Ee(i)e(j) = dij,

d;; is the Kronecker symbol.
In this case the spectral density f(\) of the stationary sequence £(j) admits the canonical factorization

FO) =NV, () =D d(k)e ™. (69)

k

00
=0
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Denote by Ly(f) the Hilbert space of functions a()) such that

/Tf a(A)a(N) f(A)dX < cc.

Denote by L; (f) the subspace of the space Ly (f) generated by functions
{e™n=—-1,-2,...}.

Every linear estimate A¢ of the functional A¢ based on observations of the sequence £(j) at points j = —1, -2, ...

is of the form -

A= [ h(e™)Ze(aN),

—T

where Z¢(A) is the orthogonal random measure of the sequence &(j):
— 1
B (2400 Z83)) = 5 [ foan
™ A1NAs

h(e™) is the spectral characteristic of the estimate flf which belongs to the subspace L, (f). The mean-square error
of the linear estimate 1215 of the functional A¢ based on observations of the sequence £(j) at points j = —1,—-2,. ..,
is calculated by the formula

A(h, )= M |ag - de| =

1 T
:% |A(z)\ 7,/\|f

—Tr
where
(o]
E a z])\
Jj=0

If the stationary stochastic sequence £(j) admits the canonical representation in the form of a moving average
sequence (68), then the optimal estimate of the functional A¢ is determined by the spectral characteristic h(f) €
L5 (f) such that

A(R(f),f) = min A(h, f) = [|Ad|, (70)
heLy (f)
where - .
1Ad)* = [I(Ad)x |, =Y a(k+1)d
k=0 =0

Note, that ||Ad||* < co under the conditions (67). The spectral characteristic h(f) of the optimal estimate is
calculated by the formula

h(f) = A(e™) =7 (N r(e™), (71

where -
r(e™) =) (Ad)re™. (72)

k=0

For the functional An¢ the mean-square error and the spectral characteristic of the optimal estimate of the
functional is calculated by the formulas

An(h(f), ) = [ And]?, (73)
hn(f) = An(e?) =7 (V) ra(e™), (74)
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where
N N
An(E®) =D "a(i)e ™, rn(e) =D (And)ee™, (75)
j=0 k=0
N N—k
lAnd|* = S II(ANDIP,  (Axd)i = Y alk +1)d(1),k=0,1,...,N.
k=0 =0

As a corollary, from the formula (73) one can find the following formula for calculation the mean-square error of
optimal estimates £(j) of the unknown values £(j)

Bl —é0)| = >l (76)

where d(u) are determined from equations of factorization (69) of the density f()).
Thus we came to conclusion that the following theorem holds true.

Theorem 10

If conditions (67) are satisfied and the density f(\) admits the canonical factorization (69), then the mean-square
error of the optimal linear estimate of the functional A¢ based on observations of the sequence £(j) at points
j=—1,-2,...,is calculated by formula (70) (by formula (73) for the functional Ay¢). The spectral characteristic
of the optimal linear estimate of the functional is calculated by formula (71) ( by formula (74) for the functional

ANE).

4.2. Minimax-robust method of linear extrapolation of functionals

Formulas (70) — (76) can be applied to calculate the spectral characteristic and the mean-square error of the optimal
linear estimate of the functional A¢ only in the case where the spectral density f(\) of the stationary stochastic
sequence £(j) is exactly known. In the case where the spectral density f(\) is not exactly known, but, instead,
a set D of admissible spectral densities is specified, the minimax approach to the problem of the optimal linear
estimate of the functional which depends on the unknown values of the stationary sequence is reasonable. Under
this approach one finds an estimate of the functional which is optimal and minimize the mean-square error for all
spectral densities from a given class D simultaneously.

Definition 1
A spectral density f°()) is called the least favourable in the class D for the optimal linear extrapolation of the
functional A¢ if the following relation holds true

AR(S"), 17) = max A(h(f), f) = max hefgi}}f) A(h, ).

Taking into consideration relations (70) — (76), we can verify that the following statements hold true

Theorem 11
The spectral density f°(\) € D is the least favourable in the class D for the optimal linear extrapolation of the
functional A&, if it admits the canonical factorization

PO = (i do(’f)ff”“) : (i d“(k)e““*>7 (77)
k=0 k=0

where d° = {do(k) tk=0,1,.. } is a solution to the constrained optimization problem

| Ad||* — max, (78)
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fo) = (i d(k)e‘“”) : <i d(k)e””) €D.

k=0 k=0

The sequence £(7) in this case admits the canonical one-sided moving average representation

€G) =Y d°( —we(u). (79)

U=—00

Theorem 12
The spectral density f°(\) € D is the least favourable in the class D for the optimal linear extrapolation of the
functional Ay¢, if it admits the canonical factorization

N N
f(]()\) _ (Z do(k)eik)‘> . (Z do(k)eik)‘> , (80)
k=0 k=0

where d° = {do(k) :k=0,1,...,N } is a solution to the constrained optimization problem

|And||* = max, (81)

N N
f\) = (Z d(k)e‘““) : <Z d(k)e“”) eD.
k=0 k=0

The sequence £(7) in this case admits the canonical one-sided moving average representation of order N + 1:

J

G = D d°G —ue(u). (82)

u=j—N

Definition 2
The spectral characteristic h°(e?*) of the optimal linear extrapolation of the functional A¢ is called minimax
(robust) if the following conditions hold true

0 iA _ — : _ 0
Ko(e) € Hp = JDD Ly (f), min I}leaB(A(h,f) = rfneagA(h 1)

The least favourable spectral density f°(\) € D and the minimax (robust) spectral characteristic h°(e*) € Hp
form a saddle point of the function A(h, f) on the set Hp x D. The saddle point inequalities

A(h, f) = AR, f°) > A(R°, f) Vf e DVheHp
hold true if K% = h(f°) and h(f°) € Hp, where f° is a solution to the constrained optimization problem

A(h(f%), 1) = I}{leagﬁ(h(fo)vf)

If we have found a solution fO(\) to this problem, then the minimax(robust) spectral characteristics can be
calculated by formulas (71), (74) if the condition h(f°) € Hp holds true.
The spectral density f°()) is a solution to the following constrained optimization problem

A(f) = =A(h(f°), f) —inf, f()) €D, (83)

™ r dA 2
AN =5 [ e i
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where r(e**) is calculated by formulas (72), (75) with f(\) = ().
The constrained optimization problem (83) is equivalent to the following unconstrained optimization problem
[581,[70]
Ap(f) = =A(R(f°), f) + 8(f|D) — inf, (84)

where 0(f|D) is the indicator function of the set D. Solution of the problem (84) is determined by the condition
0 € OAp(f°), where A p(fY) is the subdifferential on the convex functional A ( f) at the point f°. With the help
of conditions (83), (84) we can find the least favourable spectral densities for concrete classes of spectral densities.

Note, that the form of the functional A(h(fy), f) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (83). Making use the method of Lagrange multipliers and the form of
subdifferentials of the indicator functions of certain classes of spectral densities we describe relations that determine
least favourable spectral densities in some special classes of spectral densities [57], [64].

4.3. Least favourable spectral densities in the class D

Consider the problem of the optimal estimation of the functionals A¢ = E;’;l a(§)¢(j) and Ay€ = Zjvzl a(H)E)
which depends on the unknown values of a stationary stochastic sequence £(j) from observations of the sequence
&(4) at points of time j = —1,—2,... in the case where the spectral density f(\) is from the class Dy of spectral
densities which are characterized by restrictions on the first moment of the density

Doz{f()\): ;ﬂ/: f()\)d)\gPo},

where Fy, Py > 0, is a given number. This class of spectral densities describes stationary sequences with restriction
on the dispersion E|£(5)]? < P.

We can apply the method of Lagrange multipliers to find solution to the optimization problem (83). We get the
following relations that determine the least favourable spectral density f© € Dy

r(e™)* = a2V, (85)

where o is the Lagrange multiplier.
This relation can be rewritten in the following way

(i(AdO)keik)\> . (i(AdO)keikA> —a? (i dO(k.)eik)\> . (i dO(k)e—ik,\) (86)
k=0 k=0

k=0 k=0

The unknown «o? and d° = {do(k) tk=0,1,.. } are determined with the help of equations of the canonical
factorization (77) of the density f°()), solution of the constrained optimization problem (78) and restrictions
imposed on densities from the class of admissible spectral densities Dy.

For all solutions d = {d(k) : K =0, 1,...} of the equation

Ad = ad, a € C, (87)
which satisfy condition
ld]* =" ld(k)]* = Py, (88)
k=0

the following equality holds true

2 2

o) = . (89)

Z d(k)efik:)\
k=0

=|c Z(Ad) etk

k=0
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Solution d° = {do(k) k=0,1,.. } of the equation (87) which satisfies condition (88) and gives the maximum
value || Ad°||? = vo P, of the quantity || Ad||? determines the least favourable spectral density

2

) =D d(k)e ™A, (90)
k=0
which is the spectral density of the one-sided moving-average sequence
J
€)=Y d°( —we(u). 1)

Thus the following statement fulfilled.

Theorem 13

The least favourable in the class Dy for the optimal extrapolation of the functional A¢ is the spectral density (90) of
the one-sided moving-average sequence (91) which is determined by solution d° = {do(k) k=0,1,.. } of the
equation (87) which satisfies condition (88) and gives the maximum value || Ad°||?> = v P, of the quantity || Ad)|?.
The minimax spectral characteristic of the optimal estimate of the functional A¢ is calculated by the formula (71).

For the functional Ax¢ = Z;\le a(7)&(7) the corresponding relation has the following form

ra ()] = a? [ W), (92)
and the equality
N 2 N 2
. 2 . ~ .
(€] =D (Avd)re™ | =Y (And)re ™ | 93)
k=0 k=0
holds true, where
k
(And)k =Y a(N —k+wu)d(u), k=0,1,...,N.
u=0
For all solutions d = {d(k) : k = 0,1,..., N} to equations
And = ad, a € C, 94
Ayd=pd, p €C, 95)
which satisfy condition
N
ld]* =" ld(k)* = P, (96)
k=0
the following equality holds true
N 2 N 2
P =D dER)e™™ | =1e> (Ad)re™| 97)
k=0 k=0

Solutions d° = {do(k) :k=0,1,...,N } of the equations (94), (95) which satisfy condition (96) and gives the

maximum values || Axd°||? = ||Axd®||> = v3 Py of the quantity ||Ayd||? determines the least favourable spectral

density

) (98)
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which is the spectral density of the one-sided moving-average sequence of order N

€G)= > d°G —ue(u). (99)

u=j3j—N
Thus the following statement holds true.

Theorem 14

The least favourable in the class Dy for the optimal extrapolation of the functional A ¢ is the spectral density (98)
of the one-sided moving-average sequence (99) which is determined by solutions d° = {do(k) :k=0,1,...,N }
of the equations (94), (95) which satisfy condition (96) and gives the maximum value ||Axd°||? = ||AndC|]? =
v%, Py of the quantity ||Ayd||?. The minimax spectral characteristic of the optimal estimate of the functional Ay¢
is calculated by the formula (74).

Corollary 3

The spectral density (98) of the one-sided moving-average sequence (99), where the sequence d° =
{ d°(k):k=0,1,...,N } satisfy condition (96), is the least favourable in the class Dy for the optimal extrapolation
of the functional a(N)&(N).

4.4. Least favourable spectral densities in the class D),

Consider the problem of the optimal estimation of the functionals A = E;’;l a(j)é(7) and AnE = Z;V:1 a(5)€(4)
which depends on the unknown values of a stationary stochastic sequence £(j) from observations of the sequence
&(4) at points of time j = —1, —2,... in the case where the spectral density f()\) is from the class Dy, of spectral
densities which are characterized by restrictions on the moments of the density

1 s
DM:{f()\) by f(/\)cos(m)\)d)\:r(m),sz,l,...,M},
(L
where 1(0) = Py and 7(0),7(1),...,r(M) is a strictly positive sequence. The moment problem in this case has not

uniquely determined solutions and the class D), contains an infinite number of densities [25].
We can apply the method of Lagrange multipliers to find solution to the optimization problem (83) in the case
D = Dj;. We get the following relations that determine the least favourable spectral density f° € Dy,

2

M M
Ir(e™A(fON) 7 = Z Qm, cos(m) = Z p(m)e™| | (100)
m=0 m=0
where a;,,,m = 0,1,..., M are the Lagrange multipliers.
It follows from this relation that the least favourable spectral density f° € D,y is of the form
E (Ad)ke””\
fo(\) = 222 . (101)

M )
Z p(m)e—zm)\
m=0

The unknown {p(m): m=20,1,...,M} and d={d(k):k=0,1,...} are determined by equations of the
canonical factorization (77) of the density fY()), solution of the constrained optimization problem (78) and
restrictions imposed on densities from the class of admissible spectral densities D ;.

Denote by vy Py the maximum value || Ad°||? of the quantity || Ad||?, where d = {d(k) : k =0, 1, ...} satisfies
condition (88) and are determined by equations of the canonical factorization (77) of the density f°(\) and
restrictions imposed on densities from the class of admissible spectral densities D ;.
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Denote by v}, Py the maximum value || Ad°||? of the quantity || Ad||?, where d = {d(k) : k =0, 1,...} satisfies
condition (88) and are determined by equations of canonical factorization (77) of the density (101) and restrictions
imposed on densities from the class of admissible spectral densities D).

The following statement is true.

Theorem 15

If there exists a sequence d°’ = {do(k) :k=0,1,.. } which satisfies condition (88) and such that vy, Py =
vy Po = || Ad°||?, then the least favourable in the class D, for the optimal extrapolation of the functional A¢ is the
spectral density (90) of the one-sided moving-average sequence (91). If vy, < 1/]&, then the least favourable in the
class Dy, for the optimal extrapolation of the functional A¢ is the spectral density (101) which admits the canonical
factorization (77). The unknown {p(m):m =0,1,...,M} and d = {d(k): k=0, 1, ...} are determined by
equations of canonical factorization (77) of the density f°()), solution of the constrained optimization problem
(78) and restrictions imposed on densities from the class of admissible spectral densities D ;. The minimax spectral
characteristic of the optimal estimate of the functional A€ is calculated by the formula (71).

Consider now the problem of the optimal estimation of the functional Ayx¢ = Z;V:1 a(7)€(4). It follows from
the relation (100) that in this case the least favourable spectral density f°(\) € Dy is of the form
2

N
Z ( AN d)k eikA
A) = £=0 : 102
fod) = — — (102)
Z p(m)e—zm)\
m=0
These densities are spectral densities of the autoregressive-moving-average ARM A(M, N) sequences
M N
> pm)é(n—m) = (And)re(n — k). (103)
m=0 k=0

The unknown {p(m):m =0,1,...,M} and d={d(k): k=0,1,...,N} are determined by equations of
canonical factorization (80) of the density fY()), solution of the constrained optimization problem (81) and
restrictions imposed on densities from the class of admissible spectral densities D ;.

Denote by vy Py the maximum value || Axd®||? of the quantity ||And)||?, where d = {d(k) : k=0,1,...,N}
are determined by equations (94), (95), condition (96) and equations of canonical factorization (80) of the density
fo ()\) € Dyy.

Denote by vy, Po the maximum value ||Axd°||? of the quantity ||Axd||?, where d = {d(k) : k =0,1,...,N}
satisfies condition (96), equations of canonical factorization (77) of the density (102) and restrictions imposed on
densities from the class of admissible spectral densities fO(\) € Djy.

Thus the following statement holds true.

Theorem 16

If there exists a solution d° = {do(k) :k=0,1,....N } of the equation (94), or the equation (95), which satisfy
condition (96) and such that vy, n Py = 1/;(4 yPo=A4A ~d°||?, then the least favourable in the class Dy, for the
optimal extrapolation of the functional A ¢ is the spectral density (98) of the one-sided moving-average sequence
99).Ifvyny < fo - then the least favourable in the class Dy, for the optimal extrapolation of the functional Ax¢
is the spectral density (102) of the autoregressive-moving-average ARM A(M, N) sequences (103). The unknown
{p(m) :m=0,1,...,M}and d = {d(k) : k=0, 1, ...} are determined by equations of canonical factorization
(77) of the density f°()), solution of the constrained optimization problem (78) and restrictions imposed on
densities from the class of admissible spectral densities Dj,;. The minimax spectral characteristic of the optimal
estimate of the functional A ¢ is calculated by the formula (74).

4.5. Least favourable spectral densities in the class D;}

Consider the problem of minimax estimation of the functionals A¢ and A ¢ which depend on the unknown values
of a stationary stochastic sequence £(j) for the sets of spectral densities that describe the “strip” model of stationary
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stochastic sequences

Dt = {70

o< 10 <, o [ = n .

where v(A), u(\) are given bounded spectral densities.
From the condition 0 € dAp(fy) for D = DY we find the following equation which determines the least
favourable spectral density for the optimal estimation of the functional A

Z (Ad)keik/\
k=0

where ¢1(A) > 0 and ¢1(A) = 01if fo(A) = v(A); 12(A) < 0and P2(A) = 0if fo(A) < u(A).
From this equation we find that the least favourable spectral density for the optimal estimation of the functional
A€ is of the form

2
= (1(A) + P2 (V) + a0) [¢" V)|, (104)

2

fo(A) = max < v(A), min ¢ u(A), ¢ (105)

Z(Ad)keik)\
k=0

Denote by v, Py the maximum value ||Ad°||? of the quantity ||Ad||?, where d = {d(k):k=0,1, ...} are
solutions of the equation (87) which satisfy condition (88), the inequality

Z d(k)e—ik)\
k=0

and determine the canonical factorization (77) of the density fO(\) € DY.

Denote by v, Py the maximum value ||Ad°||? of the quantity || Ad|?, where d = {d(k) : k = 0,1,...} satisfies
condition (88) and determine the canonical factorization (77) of the density (105) from the class of admissible
spectral densities Dy.

Thus the following theorem holds true.

2

() < < u(N), (106)

Theorem 17

If there exists a solution of the equation (87) which satisfy condition (88) and such that v, Py = v} Py = || Ad°||?,
then the spectral density (90) of the one-sided moving-average sequence (91) is the least favourable in the set D for
the optimal extrapolation of the functional A£. If v, < v;", then the least favourable in the class D¥ for the optimal
extrapolation of the functional A¢ is the spectral density (105) which admits the canonical factorization (90).
The sequence d = {d(k) : k =0,1,...} is determined by the optimisation problem (78) and restrictions imposed
on densities by the given set of admissible spectral densities. The minimax spectral characteristic of the optimal
estimate of the functional A¢ is calculated by the formula (71).

For the functional A ¢ the least favourable spectral density for the optimal estimation of the functional is of the

form
2

N
Z(ANd)keik)\

k=0

fo(A) = max ¢ v(A), min ¢ u(A),c (107)

Denote by v,y Py the maximum value ||Ayd°||? of the quantity || Axd||?, where d = {d(k) : k =0,1,...,N}
are solutions of the equations (94), (95), which satisfy condition (96), the inequality

< u(A), (108)

and determine the canonical factorization (80) of the density f°()\) € D*.
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Denote by v,y Py the maximum value |[AydC||? of the quantity ||And||?, where d = {d(k):k=0,1,...}
satisfies condition (88) and determine the canonical factorization (77) of the density (107) from the class of
admissible spectral densities D.

The following theorem holds true.

Theorem 18

If there exists a solution of the equation (94), or equation (95), which satisfy condition (96) and such that
vunPo = y+ = || AndC||?, then the spectral density (98) of the one-sided moving-average sequence (99) is
the least favourable in the set D} for the optimal extrapolation of the functional Ax¢. If v, n < v v then the least
favourable in the class DY for the optimal extrapolation of the functional Ax¢ is the spectral density (107) which
admits the canonical factorization (90). The sequence d = {d(k) : k = 0,1,...} is determined by the optimisation
problem (78) and restrictions imposed on densities by the given set of admissible spectral densities. The minimax
spectral characteristic of the optimal estimate of the functional Ax¢ is calculated by the formula (74).

4.6. Least favourable spectral densities in the class D,

Consider the problem of minimax estimation of the functionals A¢ and A ¢ which depend on the unknown values
of a stationary stochastic sequence £(j) for the set of spectral densities that describes the “z— contamination” model
of stationary stochastic sequences

Dgz{f()\)‘f()\):(l—s) (A) + eu(A /f )\ = PO}

where w(\) is a known spectral density, and () is an unknown spectral density. From the condition 0 € A p (f°)
for the functional A¢ we find the following equations which determine the least favourable spectral densities for
the optimal estimation of the functional A¢ for the given set of admissible spectral densities

00 2

Z(Ad)keik)\

k=0

where 11 (A) > 0 and 91 (\) = 01if fo(A) > (1 — e)w(N).
From this equation we find that the least favourable spectral density for the optimal estimation of the functional
AE is of the form

= (W1 + o) ["W)]7, (109)

o 2

a0 |3 (4d

k=0

fo(A) =max < (1 —e)w (110)

Denote by v.P, the maximum value ||Ad°||? of the quantity ||Ad||?, where d = {d(k):k=0,1,...} are
solutions of the equation (87) which satisfy condition (88), the inequality

00 2

E —zkA

k=0

> (1—2)w(N), (111)

and determine the canonical factorization (77) of the density f°()\) € D..

Denote by v Py the maximum value ||Ad°||? of the quantity || Ad||?, where d = {d(k) : k = 0,1,...} satisfies
condition (88) and determine the canonical factorization (77) of the density (110) from the class of admissible
spectral densities D..

The following theorem holds true.

Theorem 19
If there exists a solution of the equation (87) which satisfy condition (88) and such that v. Py = vF Py = || Ad"
then the spectral density (90) of the one-sided moving-average sequence (91) is the least favourable in the set D, for

1%,
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the optimal extrapolation of the functional A¢. If v. < v, then the least favourable in the class D, for the optimal
extrapolation of the functional A¢ is the spectral density (110) which admits the canonical factorization (90).
The sequence d = {d(k) : k =0,1,...} is determined by the optimisation problem (78) and restrictions imposed
on densities by the given set of admissible spectral densities. The minimax spectral characteristic of the optimal
estimate of the functional A¢ is calculated by the formula (71).

For the functional A ¢ the least favourable spectral density for the optimal estimation of the functional is of the

form

N 2

Z(ANd)keik')\

k=0

fo(A) =max < (1 —e)w(N),ap (112)

Denote by vV Py the maximum value || Axd°||? of the quantity || Axd||?, where d = {d(k) : k =0,1,..., N} are
solutions of the equations (94), (95), which satisfy condition (96), the inequality

N
Z d(k)efik)\
k=0

and determine the canonical factorization (80) of the density f°()\) € D..

Denote by v+ Py the maximum value ||And°||? of the quantity ||And||?, where d = {d(k) : k=0,1,...}
satisfies condition (88) and determine the canonical factorization (77) of the density (107) from the class of
admissible spectral densities D..

The following theorem holds true.

Theorem 20

If there exists a solution of the equation (94), or the equation, (95), which satisfy condition (96) and such that
vN Py = vt Py = ||And®||?, then the spectral density (98) of the one-sided moving-average sequence (99) is the
least favourable in the set D, for the optimal extrapolation of the functional Anx¢. If vV < ¥+, then the least
favourable in the class D, for the optimal extrapolation of the functional A ¢ is the spectral density (112) which
admits the canonical factorization (90). The sequence d = {d(k) : k = 0,1,...} is determined by the optimisation
problem (78) and restrictions imposed on densities by the given set of admissible spectral densities. The minimax
spectral characteristic of the optimal estimate of the functional Ax¢ is calculated by the formula (74).

2
> (1- (), (113)

4.7. Least favourable spectral densities in the class D

Consider the problem of minimax estimation of the functionals A¢ and A ¢ which depend on the unknown values
of a stationary stochastic sequence () for the set of spectral densities that describes the model of “e— neighborhood
in the space L; of a stationary stochastic sequence

1

D= {5 [ 10— ol ar<e .

—T

where ¢ is a given numbers, v(\) is a given spectral density.
From the condition 0 € A (f°) we find that the least favourable spectral density for the optimal estimation of
the functional A¢ is of the form

2

fo(A) = max < v(A), ¢ (114)

D (Ad)ge™
k=0

Denote by v1. P the maximum value [|Ad°||? of the quantity ||Ad||?, where d = {d(k): k=0, 1, ...} are
solutions of the equation (87) which satisfy condition (88), the inequality

Z d(k)efik)\
k=0

2
> v(A), (115)
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and determine the canonical factorization (77) of the density f°(\) € D;..

Denote by v, Py the maximum value ||Ad°||? of the quantity || Ad||?, where d = {d(k) : k =0, 1,...} satisfies
condition (88) and determine the canonical factorization (77) of the density (114) from the class of admissible
spectral densities D..

The following theorem holds true.

Theorem 21

If there exists a solution of the equation (87) which satisfy condition (88) and such that v1. Py = V15P0 = [|Ad°
then the spectral density (90) of the one-sided moving-average sequence (91) is the least favourable in the set D,
for the optimal extrapolation of the functional A&. If v, < z/f;, then the least favourable in the class Dq. for the
optimal extrapolation of the functional A¢ is the spectral density (114) which admits the canonical factorization
(90). The sequence d = {d(k) : k =0,1,...} is determined by the optimisation problem (78) and restrictions
imposed on densities by the given set of admissible spectral densities. The minimax spectral characteristic of
the optimal estimate of the functional A¢ is calculated by the formula (71).

1%,

For the functional A ¢ the least favourable spectral density for the optimal estimation of the functional is of the

form
2

(116)

f() ()\) = max

N
Z And)i
k=0

Denote by viY Py the maximum value || A d°||? of the quantity || Axd||?, where d = {d(k) : k =0,1,..., N} are
solutions of the equations (94), (95), which satisfy condition (96), the inequality

N 2

E 77,k)\

k=0

> v(A), (117)

and determine the canonical factorization (80) of the density f°()\) € Di..

Denote by vi\ " P, the maximum value ||AydC|? of the quantity ||Axd|?, where d = {d(k):k =0,1,...}
satisfies condition (88) and determine the canonical factorization (77) of the density (116) from the class of
admissible spectral densities D;..

The following theorem holds true.

Theorem 22

If there exists a solution of the equation (94), or equation (95), which satisfy condition (96) and such that
vV Py = ¥ Py = || AndC|?, then the spectral density (98) of the one-sided moving- average sequence (99) is
the least favourable in the set D; . for the optimal extrapolation of the functional Ax¢. If vi¥ < vi'*, then the least
favourable in the class D;. for the optimal extrapolation of the functional A ¢ is the spectral density (116) which
admits the canonical factorization (90). The sequence d = {d(k) : k =0, 1,...} is determined by the optimisation
problem (78) and restrictions imposed on densities by the given set of admissible spectral densities. The minimax
spectral characteristic of the optimal estimate of the functional Ay¢ is calculated by the formula (74).

4.8. Least favourable spectral densities in the class D-.

Consider the problem of minimax estimation of the functionals A¢ and A& which depend on the unknown values
of a stationary stochastic sequence £(j) for the set of spectral densities that describes the model of “c— neighborhood
in the space Lo of a stationary stochastic sequence

Dy - {fm ;/ZIf(A)—v(A)szs},

where ¢ is a given numbers, v(\) is a given spectral density.
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From the condition 0 € A (f°) we find that the least favourable spectral density for the optimal estimation of
the functional A€ is of the form

o\ 1/2

) | (0

fo(A) = 5

(118)

Z(Ad)keik)\
k=0

The sequence d = {d(k) : k = 0,1, ...} is determined by equations of the canonical factorization (90) of the density
(118), optimisation problem (78) and restriction

1 ™

2 ),

IFON) — v\ dA =e. (119)

The following theorem holds true.

Theorem 23

The least favourable in the set D,. spectral density for the optimal extrapolation of the functional A¢ is
determined by equation (118). The sequence d = {d(k) : kK = 0, 1,...} is determined by equations of the canonical
factorization (90) of the density (118), optimisation problem (78) and restriction (119) imposed on densities by
the given set of admissible spectral densities. The minimax spectral characteristic of the optimal estimate of the
functional A¢ is calculated by the formula (71).

For the functional A ¢ the least favourable spectral density for the optimal estimation of the functional is of the

form
o\ 1/2

ZEIy UC)

fo(A) = 5

(120)

N
Z(ANd)keik)\
k=0

The sequence d = {d(k) : k =0,1,..., N} is determined by equations of the canonical factorization (90) of the
density (120), optimisation problem (78) and restriction (119).

Theorem 24

The least favourable in the set Do. spectral density for the optimal extrapolation of the functional AyE is
determined by equation (120). The sequence d = {d(k) : k =0,1,..., N} is determined by equations of the
canonical factorization (90) of the density (120), optimisation problem (78) and restriction (119) imposed on
densities by the given set of admissible spectral densities. The minimax spectral characteristic of the optimal
estimate of the functional A¢ is calculated by the formula (74).

4.9. Conclusions
In this section we propose methods of solution of the problem of the mean-square optimal linear estimation

o0 N
of the functionals A = 3" a(j)E(5) and AnE = > a(j)&(j) which depend on the unknown values of the

§=0 §=0
stationary stochastic sequence &(j). Estimates are based on observations of the sequence £(j) at points of time
7 =—1,—2,.... The problem is investigated in the case of spectral certainty, where the spectral densities of the

stationary stochastic sequence £(j) is exactly known. In this case the classical Hilbert space projection method of
linear estimation is applied. Formulas are derived for calculation the value of the mean square errors and the spectral
characteristics of the mean-square optimal estimates of the linear functionals. In the case of spectral uncertainty,
where the spectral density of the stationary stochastic sequence is not exactly known, but a class of admissible
spectral densities is given the minimax-robust procedure to linear estimation of the functionals is applied. Relations
which determine the least favourable spectral densities and the minimax spectral characteristics are proposed for
some given sets of admissible spectral densities.

The minimax-robust approach to the problem of one step ahead optimal prediction of the stationary stochastic
sequences as well as estimation of one missed value of the sequences based on convex optimization methods was

Stat., Optim. Inf. Comput. Vol. 3, December 2015



386 MINIMAX-ROBUST ESTIMATION PROBLEMS FOR STATIONARY STOCHASTIC SEQUENCES

initiated in papers by Franke [9, 10], Franke and Poor [11]. See also papers by Hosoya [19], Taniguchi [75], and
survey paper by Kassam and Poor [23].

For the relative results on the mean-square optimal linear extrapolation of linear functionals for stationary
stochastic sequences and processes see papers by Moklyachuk [39] — [45], [57], book by Moklyachuk and
Masyutka [64].

5. Extrapolation problem for stationary sequences from observations with noise

In this section we deal with the problem of the mean-square optimal estimation of the linear functionals A¢ =

00 N
> a(§)E(j) and An€ = > a(5)€(4) which depend on the unknown values of a stationary stochastic sequence

j=0 §=0
€(j),j € Z, from observations of the sequence £(j) + n(j) at points of time j = —1,—2,..., where n(j) is an
uncorrelated with £(7) stationary stochastic sequence. The problem is investigated in the case of spectral certainty,
where the spectral densities of the stationary stochastic sequences £(j) and 7(j) are exactly known. In this case the
classical Hilbert space projection method of linear estimation is applied. Formulas are derived for calculation the
value of the mean square errors and the spectral characteristics of the mean-square optimal estimates of the linear
functionals. In the case of spectral uncertainty, where the spectral densities of the stationary stochastic sequences
are not exactly known, but a class of admissible spectral densities is given the minimax-robust procedure to linear
estimation of the functional is applied. Relations which determine the least favourable spectral densities and the
minimax spectral characteristics are proposed for some special sets of admissible spectral densities.

5.1. The classical Hilbert space projection method of linear extrapolation

Let £(j),j € Z, and n(j),j € Z, be (wide sense) stationary stochastic sequences with zero mathematical

expectations E¢(j) =0, En(j) =0. The correlation functions Re(k) = E&(j + k)&(j) and R, (k) = En(j +

k)n(j) of stationary stochastic sequences £(j), j € Z, and 1(j), j € Z, admit the spectral representations

Rg(k):/ei“F(dA), R,,(k):/e““G(d)\),

where F'(d)\) and G(d)) are spectral measures of the sequences. We will consider stationary stochastic sequences
with absolutely continuous spectral measures F'(d\) and G(d\) and the correlation functions of the form

1 I 1 I
Re(h) = 5= [ i, Ry®) = 5 [ ePanan

where f()\) and g()\) are the spectral density functions of the sequences £(j),j € Z, and 7(j),j € Z,
correspondingly.
We will suppose that the spectral density functions f(\) and g(A) satisfy the minimality condition

7 1
/ mdA < . (121)

Under this condition the error-free extrapolation of the unknown values of the sequence £(j) + n(j) is impossible.
The stationary stochastic sequences £(j) and 7(j) admit the spectral representations

€)= / FRZ(N), ) = / e7NZ, (M),

—T —T
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where Z¢(d)) and Z, (d\) are orthogonal stochastic measures of the sequences &£(j) and 7)(j) such that

EZe(A)Ze(Bg) = F(A; N Ay) = i/ FOAN,
T JAINA,
EZy(A1)Zy(A2) = G(A1NAy) = 217T/A R g(A)dA.

Consider the problem of the mean-square optimal estimation of the linear functional
AL = a(h)8()
§=0

which depends on the unknown values of a stationary stochastic sequence £(j),j = 0,1, ..., based on observations
of the sequence £(j) + 7(j) at points of time j = —1,—-2,. ...

We will suppose that the sequence {a(j):j =0,1,...} which determines the functional A¢{ satisfies the
following conditions

> laG) < o0, D (G + 1)) < oo (122)
j=0 j=0

It follows from the spectral representation of the sequence £(j) that we can represent the functional A¢ in the
form

A = / A(e™) Ze(dN), (123)

where

A(e™) = a(j)e.

j=0
Denote by A¢ the mean square optimal linear estimate of the functional A¢ from observations of the sequence

~ 12
&(3) +n(j) at points of time j = —1,—2,.... Denote by A(f,g) = FE ‘A{ — A{‘ the mean square error of the

estimate A¢. To find the estimate A¢ we will use the Hilbert space projection method proposed by Kolmogorov [24].
We will consider £(j),j € Z, and 7(j),j € Z, as elements of the Hilbert space H = Lo(Q2, F, P) of complex
valued random variables with zero first moment, £ = 0, finite second moment, F|{ |2 < 00, and the inner product
(& n) = E€N.

Denote by H°(¢ + ) the subspace of the Hilbert space H = L (), F, P) generated by elements {£(j) + n(j) :
j=-1,-2,...}. Denote by Lo(f + g) the Hilbert space of complex-valued functions that are square-integrable
with respect to the measure whose density is f(A\) + g()\). Denote by L3(f + g) the subspace of La(f + g)
generated by functions {e¥* : j = —1,-2,...}.

The mean square optimal linear estimate A€ of the functional A¢ based on observations of the sequence
£(j) + n(4) at points of time j = —1,—2,... is an element of the H°(¢ + 7). It can be represented in the form

™

Ag = /h(ei’\)(Zg(dA) + Z,(dN)), (124)

—T

where h(e**) € LY(f + g) is the spectral characteristic of the estimate Ae.
The mean square error A(h; f, g) of the estimate A€ is given by the formula

~ 12 T . . T .
Ahi f9) = E|ag = A€ = oo [ 1) = heM svan+ o= [ e gnar
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The Hilbert space projection method proposed by A. N. Kolmogorov [24] makes it possible to find the spectral
characteristic h(e**) and the mean square error A(h; f, g) of the optimal linear estimate of the functional A¢ in
the case where the spectral densities f(A) and g(\) of the sequences £(j),7 € Z, and 7n(j),j € Z, are exactly
known and the minimality condition (121) is satisfied. The spectral characteristic is determined by the following
conditions:

1A € H(E+ ),
2)A¢ — AELH (€ + ).

It follows from the second condition that the following equations should be satisfied

b (- i) (€5 +7) -

= % (A(e™) = h(e™)) e A F(N)dA — /h(eM)e_mg(/\)d/\ =0, j=-1,-2,....

The last equations are equivalent to equations

™

/ [A(€™)F(A) = h(e™M)(f(N) + g(\)] e rdr =0, j=—-1,-2,....

It follows from these equations that the function [A(e™) f(A) — h(e**)(f(A) + g(A))] is of the form

A@E)F) = h(eM)(F (V) +g(N) = C(e™), (125)

Cle™) = _cli)e™,
§=0
where ¢(j),j = 0,1, ... are unknown coefficients that we have to find.
From the relation (125) we deduce that the spectral characteristic h(e**) of the optimal linear estimate of the
functional A is of the form

h(ei)\) A(Gl)‘)f()\) B C(ei)\) _
I IOVE O
) . (126)
A(ei/\) A(eu)g()‘) + C(CZ)\)
a SN +9(0)

It follows from the first condition, which determines the spectral characteristic h(e**) € LY(f + g) of the optimal
linear estimate of the functional A¢ that the Fourier coefficients of the function h(e’*) are equal to zero for
j=0,1,..., namely

1 , g
— [ h(eMe AN =0, j=0,1,...
27

—T

Using the last relations and (126) we get the following system of equations

A f(>‘) o C(ei)\) efij)\ o .
/(“e>ﬂm+g@> ﬂM+MM> M=07=01
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These equations can be represented in the form

> - z(k HA )\ l(k BA
S alk) eI gy Z / =0, j=0,1,... (127)
k=0 f( ey k=0 FA
Let us introduce the following notations
LT F)
Rin = — i(F—k)A d\;
7R om ) +g(A

1 iy 1
B, = — *1(J*k)>\7d)\;
moam ) C FO+ 9N

e oo

Making use the introduced notations we can write equations (127) in the form

> Rjka(k) =Y Bjrc(k), j=0,1,...
k=0 k=0

The derived equations can be written in the form
Ra = Bc,

where a = (a(0),a(1),...) is a vector constructed from the coefficients that determine the functional A¢, ¢ =
(c¢(0),¢(1),...) is a vector constructed from the unknown coefficients c¢(k),k =0,1,..., B and R are linear
operators in {2, which are determined by matrices with elements (B); . = Bjx, (R)jx = Rj k. j,k=0,1,...
We get the formula
c= BflRa, (128)

Hence, the unknown coefficients ¢(j), 5 = 0,1, ..., are calculated by the formula
N (p-l
c(j) = (B Ra)j ,

where (BflRa)j is the j-th component of the vector B~'Ra, and the formula for calculating the spectral
characteristic of the estimate A¢ is of the form
> (B Raeet™
B~ 'Ra),e’
i ain JY =0 (129)
h(e'?) = A(e) -
f) +9(N) ) +9(\)

The mean square error of the estimate of the function can be calculated by the formula

.12 1 A A( +§0 1Ra
At fo) = plae—ae] = 5 f (700 + 9002 FdA
17 A(eMN)f(N) — gO(B—lRa)keim (130)

—T

= (Ra,B™'Ra) + (Qa,a),
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where (a,c) = > .- a(k)c(k) is the inner product in the space ¢ and Q is a linear operator in /5, which is
determined by the matrix with elements (Q); » = Q; . j,k =0,1,...
Let us summarize our results and present them in the form of a theorem.

Theorem 5.1

Let £(j) and n(j) be stationary stochastic sequences with the spectral densities f(\) and g()\) that satisfy the
minimality condition (121). Let conditions (122) be satisfied. The spectral characteristic h(e**) and the mean
square error A(h; f, g) of the optimal linear estimate Ag of the functional A¢ from observations of the sequence
&(7) + n(4) at points of time j = —1, —2,... can be calculated by formulas (129), (130).

5.2. Minimax-robust method of extrapolation

The traditional methods of estimation of the functional A¢ which depends on the unknown values of a stationary
stochastic sequence £(j) can be applied in the case where the spectral densities f(\) and g(\) of the considered
stochastic sequences £(j) and 7(j) are exactly known. In practise, however, we do not have complete information
on spectral densities of the sequences. For this reason we apply the minimax(robust) method of estimation of the
functional A¢, that is we find an estimate that minimizes the maximum of the mean square errors for all spectral
densities from the given class of admissible spectral densities D.

Definition 5.1. For a given class of spectral densities D = D x D, the spectral densities fo(X) € Dy, go(X) € D,
are called the least favourable in D for the optimal linear estimation of the functional A¢ if the following relation

holds true
A (fo,90) = A (h(fo,90);5 fo,90) = = max  A(h(f,g);f 9)-

(f:9)€D XDy

Definition 5.2. For a given class of spectral densities D = Dy x D,, the spectral characteristic h°(e**) of the
optimal linear estimate of the functional A¢ is called minimax-robust if

e eHp= [ L8(f+9),
(f,9)EDsx Dy

min max A(h;f,g)= sup A (R’ f,g).
Joip max A fg) S (h% f.9)

It follows from the introduced definitions and the obtained formulas that the following statement holds true.

Lemma 5.1
The spectral densities fy(A\) € Dy, go(A) € D, are the least favourable in the class of admissible spectral densities
D = Dy x D, for the optimal linear estimate of the functional A¢ if the Fourier coefficients of the functions

(foN) + 90N~ fo)(foN) +90N)) ™Y fo(N)goN) (fo(A) + go(N)
define operators B®, R?, Q" that determine a solution to the optimization problem

max Ra, B 'Ra) + (Qa,a
(f,g)GDfXD.q< ) +{Qa.a) (131)
— (R, (B°) 'R%a) + (Q"a,a).

The minimax spectral characteristic h° = h(fo, go) can be calculated by the formula (129) if h(fo, g0) € Hp.

The least favourable spectral densities fo()\), go(A) and the minimax spectral characteristic h° = h(fo, go) form
a saddle point of the function A (h; f, g) on the set Hp x D. The saddle point inequalities

A (h; fo,90) = A (% fo, 90) > A (R £, g)

Vh € Hp,Vf € D¢,Vg € D,
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hold true if h° = h(fo, go) and h(fo, go) € Hp, where (fo, go) is a solution to the constrained optimization problem

sup A (h(fo,90); f,9) = A (h(fo,90); fo, 90) » (132)

(f,9)€Dsx Dy

where
o |AEM)g0(0) + 3 (BY)~'Ra) ;e
1 j=0
Ao )it = 5 [ T TESeVE Fax
o ) (133)
(’L}\ f() io: lRO ) igA
1 j=0
"o o0 + 302 g(A)dA,

—T

The constrained optimization problem (132) is equivalent to the unconstrained optimization problem

AD(fag) = _A(h(f07g()),f,g) + 6(f7g|Df X Dg) — inf? (134)

where 0(f,g|Ds x D) is the indicator function of the set D = Dy x D,. Solution ( fo, go) to the problem (134) is
characterized by the condition 0 € A p(fo, go), Where A p(fo, go) is the subdifferential of the convex functional
Ap(f,g) at point (fo, go). This condition makes it possible to find the least favourable spectral densities in some
special classes of spectral densities D (see books [20], [70], [72] for additional details).

Note, that the form of the functional A(h(fo, go); f,g) (133) is convenient for application the Lagrange method
of indefinite multipliers for finding solution to the problem (132). Making use the method of Lagrange multipliers
and the form of subdifferentials of the indicator functions we describe relations that determine least favourable
spectral densities in some special classes of spectral densities (see books [13, 58, 64] for additional details).

Lemma 5.2

Let (fo,90) be a solution to the optimization problem (134). The spectral densities fo(A), go(A) are the least
favourable in the class D = Dy x D,, and the spectral characteristic h° = h(fo, go) is minimax for the optimal
estimate of the functional A¢, in the case where h(fo, g0) € Hp.

5.3. Least favourable spectral densities in the class D?c X Dg

Consider the problem of the optimal estimation of the functional A¢ = Z;ozo a(7)€(j) which depends on the
unknown values of a stationary stochastic sequence £(j) based on observations of the sequence £(j) + n(j) at
points of time j = —1, —2, ... in the case where the spectral densities f()), g(A) are from the class D = D? x DY,
where

1 s
0§ =4 1|5 [ Fvar< i b,

1 s
— ANd\ < P
o gA)dA < P

—T

Let the densities fo()\) € DY}, go(A) € Dy and the functions % (fo, go), hy(fo, go), determined by the relations

2

AlM)go(N) + i(( )" Ra) e
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2
(z)\ f() Z IRO ) ijA
j=0

hg(QOvQO): ( ( )_|_ ( )) ’

(136)

be bounded. In this case the functional

A(blos90):1.9) = 5 [ Rlfosgd TN+ o= [ (o g0)g)ax

is linear and continuous on the space L; x L; and we can apply the method of Lagrange multipliers to find solution
to the optimization problem (134). We get the following relations that determine least favourable spectral densities
foe DY ¢ e DS

s

—*/hf fo,go ))d)\_ %/hg(fo,go)P(g(A))d)\

1
+a1—/p(f( d)\+a2—/ A))dA =0,
2m

where p(f())) and p(g())) are variations of the functions f(\) and g()\), the constants «r; > 0 and «y > 0. From
this relation we get that the least favourable spectral densities fo(\) € D?, go(A) € Dg satisfy equations

N+ (BY)TIR%);e | = a1 (fo(N) + go(N), (137)
=0

M) fo(N) = D (B R%);e7| = as(fo(A) + go()). (138)
=0

Note, that oy # 0 in the case, where

1 s
Z—/fo()\)d)\:Pl,
Y3

i [ (NdA = P
Gy g0 = .

Summing up our reasoning we come to conclusion that the following theorem holds true.

and s # 0 in the case, where

Theorem 5.2

Let the spectral densities fo(A) € Dg’c and go(A) € D} satisfy the minimality condition (121) and let the functions
h¢(fo,90) and hy(fo, go), determined by the formulas (135), (136), be bounded. The functions fy(A) and go(A),
which give solution to the system of equations (137), (138) are the least favourable spectral densities in the class
D = D} x Dy for the optimal estimation of the functional A¢ = 377 a(j)¢(j) which depends on the unknown
values of a stationary stochastic sequence £(j) based on observations of the sequence £(j) + 7(j) at points of time
j = —1,-2,...,if they determine a solution to the optimization problem (131). The function h°(e?*), determined
by the formula (129), is minimax-robust spectral characteristic of the optimal linear estimate of the functional A¢.
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Theorem 5.3

Let the spectral density f()) be known and fixed and the spectral density go(\) € D). Let the functions f()) and
go(X) be such that the function (f(\) + go(A)) ™! is integrable and let the function h(f, go), determined by the
formula (136), be bounded. The spectral density go(\) is the least favourable spectral densities in the class DS for
the optimal estimation of the functional A = Z]o-io a(7)&(7) which depends on the unknown values of a stationary
stochastic sequence () based on observations of the sequence £(j) + n(j) at points of time j = —1,—2,..., if it

is of the form
=Y ((B")"'Rla);e*| — f(A)}
=0

and the functions f(\) and go(\) determine a solution to the optimization problem (131). The function h°(e**),
determined by the formula (129), is minimax-robust spectral characteristic of the optimal linear estimate of the
functional A¢.

go(\) = max {0,042_1

5.4. Least favourable spectral densities in the class D] x D,

Consider the problem for the optimal estimation of the functional A¢ =372 im0 @ a(7)€(j) which depends on the
unknown values of a stationary stochastic sequence £(j) based on observations of the sequence £(j) + n(j) at
points of time j = —1, —2, ... in the case where the spectral densities f()), g(A) are from the class D = D¥ x D,,
where

DY = { FN o) < FO) <l 5 [ VA< Py b

™

1
D. = {90 o) = (1= () + e, o [ g < P
Here the spectral densities v(A), u(\), g1(A) are known and fixed and the densities v(A) and u(\) are bounded.
Let the densities f(\) € DY, ¢°(\) € D. determine bounded functions h¢(fo, o), he(fo,g0) with the help
of formulas (135), (136). Then from the condition 0 € 9Ap,  (fo,g0) we derive the following equations that
determine the least favourable spectral densities

A(eM)go(N) + 3_((BY) T R%) ;e | = (fo(A) + 90 (M) (11 (N) +2(A) + ), (139)
™) fo(A Z )" 'R%) e = (fo(A) + 90(N) (9 (A) + az), (140)

where ;1 < 0 and ; = 0 in the case fo(A) > v(A); ¥2 > 0 and 2 = 0 in the case fo(A) < u(N); ¢(A) <0 and
©(A) = 01in the case go(A) > (1 —e)g1(N).
The following theorems hold true.

Theorem 5.4

Let the spectral densities fo(A) € DY and go(A) € D, satisfy the minimality condition (121) and let the functions
hy(fo, 90) and hy(fo, go), determined by the formulas (135), (136), be bounded. The functions f,(A), go(A), which
give solution to the system of equations (139), (140) are the least favourable spectral densities in the class D} x D,,
if they determine a solution to the optimization problem (131). The function h°(e*}), determined by the formula
(129), is minimax-robust spectral characteristic of the optimal linear estimate of the functional AE.

Theorem 5.5
Let the spectral density f(\) be known and fixed and let the spectral density go(A) € D.. Let the function
f(A) + go(X) satisfy the minimality condition (121), and let the function h,(f, go), determined by the formula
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(136), be bounded. The spectral density go(\) is the least favourable spectral densities in the class D, for the
optimal linear estimate of the functional A&, based on observations of the sequence £(j) + 7(j) at points of time

j=-—1,-2,...,if itis of the form
— > ((B)'R%);e?| — f(A)}
j=0

and the functions f()),go(\) determine a solution to the optimization problem (131). The function h%(e*),
determined by the formula (129), is minimax-robust spectral characteristic of the optimal linear estimate of the
functional A&.

go(A\) = max {(1 —e)g1(N),

5.5. Least favourable spectral densities in the class Ds., x D1,

Consider the problem for the optimal estimation of the functional A& = Z;’io a(7)&(j) which depends on the
unknown values of a stationary stochastic sequence £(j) based on observations of the sequence £(j) + n(j) at
points of time j = —1, —2, ... in the case where the spectral densities f()), g(\) are from the class Dy., X D,
which describe the model of “c-neighbourhood of spectral densities in the space Lo x L;. Let

D251 = /|f | d)\ < €1

be the “c-neighbourhood” in the space Ls of a given bounded spectral density f1()\) and let

Die, = g(A 27T/Ig A)|dX < eg

be the “c-neighbourhood” in the space L; of a given bounded spectral density g1 ()).

Let the spectral densities fy(\) € Dac,, go(A) € D, determine the bounded functions h¢( fo, 90), hg(fo,90)
with the help of formulas (135), (136). Then from the condition 0 € 0Ap fyg( foyg0) for D = Dy, X Dy, We
derive the following equations that determine the least favourable spectral densities

oo
)+ Z 1R0 el

J=0

2

= (fo(A) + 90(N)*(fo(N) = fr(N))au, (141)

2
= (fo(\) + 9o(N)>¥(N)as, (142)

00
1)\ fO E IRO ij)\
=0

where [U(A)] < 1and U(\) = sign(go(/\) g1(N)), in the case go(A) # g1()\), a1, oo are constants.
Equations (141), (142) with the optim zatlon problem (131) and the normalizing conditions

—/|f | dA=¢e; (143)

*/|9 A dX = &5 (144)

determine the least favourable spectral densities in the class D = Da., X Di.,.
The following theorems hold true.
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Theorem 5.6

Let the spectral densities fo(A\) € Dac,, go(A) € D1, satisfy the minimality condition (121) and let the functions
h¢(fo,90) and hg(fo, go), determined by the formulas (135), (136), be bounded. The spectral densities fo(A), go(A),
which give solution to the system of equations (141)—(144) are the least favourable spectral densities in the class
Do, x Dy.,, if they determine a solution to the optimization problem (131). The function h°(e**), determined by
the formula (129), is minimax-robust spectral characteristic of the optimal linear estimate of the functional A£.

Theorem 5.7

Let the spectral density f(\) be known, and let the spectral density go(\) € Di.,. Let the function f(\) + go(A)
satisfy the minimality condition (121), and let the function h4(f, go), determined by the formula (136), be bounded.
The spectral density go()) is the least favourable spectral densities in the class D, for the optimal linear estimate
of the functional A¢, based on observations of the sequence £(j) at points of time j = —1, —2,..., if it is of the

form
—f (A)}

and the functions f()),go(\) determine a solution to the optimization problem (131). The function h°(e*),
determined by the formula (129), is minimax-robust spectral characteristic of the optimal linear estimate of the
functional A&.

A(E) F(N) =) _((BY) 'R )¢

=0

go(\) = max {gl()\), Qs

5.6. Conclusions
In this section we propose methods of solution of the problem of the mean-square optimal linear estimation of the
o0

functional A = > a(j)&(j) which depends on the unknown values of the stationary stochastic sequence (7).
§=0

Estimates are based on observations of the sequence £(j) 4+ n(j) at points of time j = —1,—2,.... Here n(j) is
an uncorrelated with £(j) stationary sequence. We provide formulas for calculating the values of the mean square
error and the spectral characteristic of the optimal linear estimate of the functional in the case of spectral certainty,
where the spectral densities f(\) and g(\) of the sequences £(j) and 7(j) are exactly known. In the case of spectral
uncertainty, where the spectral densities f(A) and g(\) are not known, but a set of admissible spectral densities
is given, the minimax approach is applied to estimation of the functionals. We obtain formulas that determine the
least favourable spectral densities and the minimax spectral characteristics of the optimal linear estimates of the
functional A¢ for concrete classes of admissible spectral densities.

For the relative results on the mean-square optimal linear extrapolation of linear functionals for stationary
stochastic sequences and processes based on observations with noise see papers by Moklyachuk [46] — [48], [52]

— [57], book by Moklyachuk and Masyutka [64].

6. Interpolation problem for stationary sequences

In this section we deal with the problem of the mean-square optimal estimation of the linear functional Ax¢ =

N
>~ a(4)&(j) which depends on the unknown values of a stationary stochastic sequence £(j),j € Z, based on
j=0

observations of the sequence at points of time j € Z\{0,1,..., N}. The problem is investigated in the case of
spectral certainty, where the spectral density of the stationary stochastic sequence £(j) is exactly known. In this case
the classical Hilbert space projection method of linear estimation of the functional is applied. Formulas are derived
for calculation the value of the mean square error and the spectral characteristic of the mean-square optimal estimate
of the linear functional. In the case of spectral uncertainty, where the spectral density of the stationary stochastic
sequence is not exactly known, but a class of admissible spectral densities is given the minimax-robust procedure
to linear estimation of the functional is applied. Relations which determine the least favourable spectral densities
and the minimax spectral characteristics are proposed for some special sets of admissible spectral densities.
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6.1. The classical Hilbert space projection method of linear interpolation

Let £(j), j € Z, be a (wide sense) stationary stochastic sequence. We will consider values of £(j), j € Z, as
elements of the Hilbert space H = Lo(£2, F, P) of complex valued random variables with zero first moment,
E¢ =0, finite second moment, E|£|? < oo, and the inner product (£,7) = E¢n. The correlation function
R(k) = (£(j + k),£(j)) = EE(j + k)E(j) of the stationary stochastic sequence £(j), j € Z, admits the spectral

representation [12]

R(k) = / eMAF(dN),

—T

where F(d)\) is the spectral measure of the sequence. We will consider stationary stochastic sequences with
absolutely continuous spectral measures and the correlation functions of the form

2 [

:27r

—T

R(k)
where f()\) is the spectral density function of the sequence () that satisfies the minimality condition
/f—l(A)dA < 0. (145)

Under this condition the error-free interpolation of the unknown values of the sequence is impossible [73].
The stationary stochastic sequence £(j), j € Z, admits the spectral representation [12, 22]

£0) = / e Z(dN), (146)
where Z(A) is the orthogonal stochastic measure of the sequence such that

BZ(A) 78 = F(danan) = 5 | T

Consider the problem of the mean-square optimal estimation of the linear functional
N
AnE = a()E0)
j=0

which depends on the unknown values of a stationary stochastic sequence £(j),j € Z, from observations of the
sequence at points of time j € Z\{0,1,...,N}.

It follows from the spectral representation (146) of the sequence £(j) that we can represent the functional An¢
in the form

AnE = / An(e™)Z(dN), (147)

where
N
Ax(e®) = 3 ai)e,
=0

Denote by HY(¢) the subspace of the Hilbert space H = Ly(), F, P) generated by elements {£(j):j €
Z\{0,1,...,N}. Let Lyo(f) be the Hilbert space of complex-valued functions that are square-integrable with
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respect to the measure whose density is f(\). Denote by LY (f) the subspace of Ly(f) generated by functions
{e'i* j € Z\{0,1,...,N}}. The mean square optimal linear estimate Ay¢ of the functional Ay¢ from
observations of the sequence £(3) at points of time j € Z{0,1,..., N} is an element of the H" (¢). It can be
represented in the form

s

Ane = / h(e™)Z(dN), (148)

—T

where h(e**) € LY (f) is the spectral characteristic of the estimate Ane€.
The mean square error A(h; f) of the estimate An¢ is given by the formula

A(h f)=E (ANf - ANf‘Q = % / |An () = h(e™)[* F(V)dA.

The Hilbert space projection method proposed by A. N. Kolmogorov [24] makes it possible to find the spectral
characteristic h(e**) and the mean square error A(h; f) of the optimal linear estimate of the functional Ax¢ in the
case where the spectral density f(\) of the sequence £(j), j € Z, is exactly known and the minimality condition
(145) is satisfied. The spectral characteristic can be found from the following conditions:

Dh(e™) € Ly (f),
2)An(e™) = h(e™) L Ly (f)-

It follows from the second condition that for any € H™V (¢) the following equation should be satisfied
(Ang— Angn) = B(AnE — Ang)i = 0.
The last relation is equivalent to equations
E(AnE — AnE)E, =0, ke Z\{0,1,...,N}.

By using representations (147), (148) and definition of the inner product in the Hilbert space H = Lo(Q2, F, P)
we get

s ™

E / (AN(ei)‘) — h(e”‘)) Z(d)) - /efik,\m _
= % (An(e™) = h(e™) F(Ne * XA =0, k € Z\{0,1,...,N}.

It follows from these equations that the function (Ax (e**) — h(e™)) f()) is of the form

(An(e™) = h(e™)f(A) = Cn(e™), (149)

N
Cw(e™) =D _e(i)e”,
§=0
where ¢(j),j7 =0,1,..., N, are unknown coefficients that we have to find.
From the relation (149) we deduce that the spectral characteristic h(e**) of the optimal linear estimate of the
functional Ax¢ is of the form
h(e™) = An(e?) — Cn(e™)f 1), (150)
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To find equatlons for determination the unknown coefficients ¢(j),7 = 0,1, ..., N, we use the decomposition of
the function f~1()) into the Fourier series

o0

FA = D rme™, (151)

m=—0oo

where r,,, are the Fourier coefficients of the function f~1(\)

1 Tr71 —imA
m= — Ae M.
= 5 [ 110

Inserting (151) into (150) we obtain the following representation of the spectral characteristic

h(e) = (Z a(i)ﬁ”) - (Z C(J')eijx> ( Z Tmeim)\> ' (152)

j=0 7=0 m=—oo

It follows from the first condition, h(e**) € LY (f), which determines the spectral characteristic, that the Fourier
coefficients of the function h(e**) are equal to zero for j = 0,1,..., N, namely

sy

h(e™)e™ dA =0, j=0,1,...,N.

27

—T

Using the last relations and (152) we get the following system of equations that determine the unknown
coefficients ¢(5),j = 0,1,..., N,

7=0
N
a(l)— c(g)r =0;
(1) ZO (7)1 (153
N
a(N)— Zc(j)rN,j =0.
7=0
Denote by ay = (a(0),a(1),...,a(N)) and let €y = (¢(0),¢(1),...,¢(IN)) be a vector constructed from the
unknown coefficients ¢(j),j = 0,1,..., N. Let By be an (N + 1) x (N + 1) matrix
Bip Bu ... Bis
BN = . . . . )
Bno Byi ... Bpyny

with elements that are Fourier coefficients of the function f~*(\) :
:—/f Ne " E=DXg\ = rp 4, k=0,1,...,N, j=0,1,...,N.
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Making use the introduced notations we can write equations (153) in the form of equation
ay = BycCy, (154)
Since the matrix By is reversible [74], we get the formula
Cy = B;,lé'N. (155)
Hence, the unknown coefficients ¢(j),7 = 0,1,..., N, are calculated by the formula
c(j) = (BﬁlﬁN)j7

where (B;,lé'N)j is the j component of the vector B&lﬁN, and the formula for calculating the spectral

characteristic of the estimate A ~¢& s of the form

N N o
he) = (Zao)e“*) - (Z (B&lawje”*) ( 2. Tmem) (130)

7=0 7=0 m=—o0

The mean square error of the estimate of the function can be calculated by the formula

A(h; f)

I
Q

=
—~
(bs.
>
S~—"
~
L
—
>
N~—
U
>

I

(157)

I
\
/N

[]=
peN
=
)
5
>
~_—
lT O
[~]=
! ﬁ‘
()
Y
l
o
>
N~
VR
[~]e
=
3
m{d
3
S
N~
QU
=
Il

where (-, -) is the inner product in C(V+1)

Let us summarize our results and present them in the form of a theorem.

Theorem 6.1

Let £(j) be a stationary stochastic sequence with the spectral density f(\) that satisfies the minimality condition
(145). The spectral characteristic h(e**) and the mean square error A(h, f) of the optimal linear estimate Ay ¢
of the functional A ¢ based on observations of the sequence £(j) at points of time j € Z\{0,1,..., N} can be
calculated by formulas (156), (157).

Example 1. Consider the problem of linear estimation of the functional A;1£ = a£(0) + b&(1) which depends on
the unknown values £(0), £(1) of the stationary stochastic sequence £(j) from observations of the sequence £(5)
at points j € Z\{0,1}. In this case the spectral characteristic (152) of the estimate A;& can be calculated by the
formula

h(f) = a+be™ — (c(0) + c(1)e™) F7H(N), (158)

where f(\) is a known spectral density, coefficients ¢(0), ¢(1) are determined by the system of equations

a=c(0)a+c(1)8,
b=c(0)3+c(1)a,

where

1 i _
O‘:%/ﬂ SN dA,
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> [ o

:27'{'

a p
n=(5 1)

The determinant D = det(By) of the matrix By is as follows D = det(B;) = o? — |32
We get the following formulas for calculating the coefficients ¢(0), ¢(1)

c(0) = (aa — bB)/(a® — |BI?),
c(1) = (b — aB)/(a® — |B).

Thus, the unknown coefficients ¢(0), ¢(1) in (158) are determined.
The mean square error of the estimate is calculated by the formula

A(f) = [(la]* + [b]*) & = (@b + ab) 8] /(a® — |B]). (159)

B

The matrix B is of the form

6.2. Minimax-robust method of interpolation

The traditional methods of estimation of the functional A& which depends on the unknown values of a stationary
stochastic sequence £(j) can be applied in the case where the spectral density f(\) of the considered stochastic
sequence £(j) is exactly known. In practice, however, we do not have complete information on spectral density of
the sequence. For this reason we apply the minimax(robust) method of estimation of the functional Ay¢, that is
we find an estimate that minimizes the maximum of the mean square errors for all spectral densities from a given
class of admissible spectral densities D.

Definition 6.1. For a given class of spectral densities D a spectral density fo(A) € D is called the least favourable
in D for the optimal linear estimation of the functional A ¢ if the following relation holds true

Afo) = A(h(fo): Jo) = max A (h(f): ).

Definition 6.2. For a given class of spectral densities D the spectral characteristic h°(e**) of the optimal linear
estimate of the functional A ¢ is called minimax-robust if

(e € Hp = () Ly'(f),
feD

i A(h; f) = sup A (h; f) .
i max A (b f) = sup A (K; )

It follows from the introduced definitions and the obtained formulas that the following statement holds true.

Lemma 6.1

The spectral density fo(A) € D is the least favourable in a class of admissible spectral densities D for the optimal
linear estimation of the functional A ¢ if the Fourier coefficients of the function f; '(\) define a matrix BY, that
determines a solution to the optimization problem

r}peagw;alv, av) = ((BY) 'an, an). (160)

The minimax spectral characteristic h° = h(fy) can be calculated by the formula (156) if h(fo) € Hp.

The least favourable spectral density f, and the minimax spectral characteristic 2° form a saddle point of the
function A (h; f) on the set Hp x D. The saddle point inequalities

A (h; fo) = A (h% fo) = A (R f) Vf e D,Yh € Hp
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hold true if h° = h(fy) and h(fo) € Hp, where f; is a solution to the constrained optimization problem
: 1710 (eir
A(f)=-A (ho;f) =g / Wf()\)d)\ — inf, f\) € D, (161)
™ 0

where
N
=> ((BR)™'an), e
=0

The constrained optimization problem (161) is equivalent to the unconstrained optimization problem
Ap(f) =A(f) +0(f|D) — inf,

where §(f |D) is the indicator function of the set D. Solution f; to this problem is characterized by the condition
0 € 0Ap(fo), where OAp(fo) is the subdifferential of the convex functional Ap(f) at point fy. This condition
makes it possible to find the least favourable spectral densities in some special classes of spectral densities D [20],
[70], [72].

Note, that the form of the functional A (ho; f ) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (161). Making use the method of Lagrange multipliers and the form
of subdifferentials of the indicator functions we describe relations that determine least favourable spectral densities
in some special classes of spectral densities (see books [13, 58, 64] for additional details).

6.3. Least favourable spectral densities in the class D,

Consider the problem of the optimal estimation of the functional Ay = Zjvzl a(7)€(j) which depends on the
unknown values of a stationary stochastic sequence £(j) from observations of the sequence £(j) at points of time
j € Z\{0,1,..., N} in the case where the spectral density is from the class

Dy =3 1|5 [0z

Let the sequence a(k),k = 0,1,..., N, that determines the functional Ay ¢, be strictly positive. To find solutions to
the constrained optimization problem (161) we use the Lagrange multipliers method. With the help of this method
we get the equation
[CREN] 1
— D
fE) Pf3(N)

7 ] p(f(A)dr =0,

where p3 is a constant (the Lagrange multiplier), p(f()\)) is a variation of the function f()\). From a generalization
of the Lagrange lemma we get that the Fourier coefficients of the function f; ! satisfy the equation

2

N
> e(k)e® | = pj, (162)
k=0

where c¢(k),k = 0,1,..., N, are components of the vector €y that satisfies the equation

B%¢n = ay, (163)

the matrix BY, is determined by the Fourier coefficients of the function f; *()\)
B (k / fo tN)e T ETI AN =4
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k=0,1,...,N,
j=0,1,...,N.

The Fourier coefficients ry =r_;, k=0,1,..., N, satisfy both equation (162) and equation (163). These
coefficients can be found from the equation

BBy =an, By = (po,0,...,0).
The last relation can be presented in the form of the system of equations
repo = a(k), k=0,1,..., N.
From the first equation of the system (for k£ = 0) we find the unknown value
po = a(0)(ro) "

It follows from the extremum condition (160) and the restriction on the spectral densities from the class D, that

the Fourier coefficient .
1 _
ro =5 /fo Y(\)d\ = P.

re = Pa(k)a"*(0), k=0,1,...,N.

We can represent the function f; () in the form

Thus,

N
) =) et
k=—N
Since the sequence a(k),k =0,1,..., N, is strictly positive, the sequence 7,k =0,1,..., N, is also strictly

positive and the function f; L(\) is positive, so it can be represented in the form [25]

N
-1 )\) — Z,yke—ikk
k=0

Hence, fo()\) is the spectral density of the autoregressive stochastic sequence of order NV generated by the equation

2

A€ [—m, 7],

N
> b —k) =en, (164)

where ¢, is a “white noise” sequence.
The minimax spectral characteristic h( fo) of the optimal linear estimate of the functional Ay ¢ can be calculated
by the formula (150), where

namely

=Y a(k)e® — P71a(0) D e =3 a(k)e (165)

k=0 k=—N k=1

Let the sequence a(N),a(N —1),...,a(0) that determines the functional Ay¢ be strictly positive. In this case
the Fourier coefficients 7, = r_x, k = 0,1, ..., N, can be found from the equation

B?Vﬁ?\]:al\fa ﬁ?V:(07707p0)

Stat., Optim. Inf. Comput. Vol. 3, December 2015



MIKHAIL MOKLYACHUK 403

From this equation we find the unknown values of

ry = Pa(N — k)a ' (N), k=0,1,...,N.

)

The minimax spectral characteristic h( fo) of the optimal linear estimate of the functional Ay ¢ can be calculated
by the formula

N N

N
Z a(k)e™ — P~La(N)eNA Z leleikA _ ZG(N — ke iR, (166)

k=0 k=—N k=1
Summing up our reasoning we come to conclusion that the following theorem holds true.

Theorem 6.2

The least favourable in the class D, spectral density for the optimal linear estimation of the functional
ANE determined by strictly positive sequence a(0),a(1),...,a(N) is the spectral density of the autoregressive
sequence (164) whose Fourier coefficients are ry, = r_; = Pa(k)a='(0),k =0,1,..., N. The minimax spectral
characteristics h( fo) is given by formula (165). The least favourable in the class D spectral density for the optimal
linear estimation of the functional Ayx¢ determined by strictly positive sequence a(N),a(N — 1),...,a(0) is the
spectral density of the autoregressive sequence whose Fourier coefficients are ry, = r_j, = Pa(N — k)a Y(N), k =
0,1,...,N. The minimax spectral characteristics h(fo) is given by formula (166).

Example 2. Consider the problem of the optimal linear estimation of the functional A& = a£(0) + b&(1) which
depends on the unknown values £(0), £(1) of the stationary stochastic sequence {£(j) : j € Z} from observations
of the sequence at points of time Z\ {0, 1} .

The least favourable spectral density in the class Da is of the form

fo(N) = 1/]z + ye™|?,

ek (P (1 (010" /2)”
v= (P (1501017 /2)

under the condition |b/a| < 1/2. For example, in the case of a = 4, b = /3 the least favourable spectral density
fo(X) and the minimax spectral characteristic are calculated by the formulas

o) =4/ PIVB + 2,
h(fo) = —V3e™"™.

Under the condition |b/a| > 2 the least favourable spectral density fo()\) is as follows

fold) =1/ Iz +ye 2,

v == (P (1 + (1 —4(a/b)2)1/2) /2)1/2
(o ) )

For example, in the case of a = v/3, b = 4 the least favourable spectral density fo(\) and the minimax spectral
characteristic are calculated by the formulas

where

where

) = 4/P|1 + V3PP,
h(fo) = —V/3e*.
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6.4. Least favourable spectral densities in the class D),

Consider the problem of the optimal estimation of the functional Ax¢& = Zjvzl a(7)&(7) which depends on the
unknown values of a stationary stochastic sequence £(j) from observations of the sequence £(7) at points of time
j €Z\{0,1,..., N} in the case where the spectral density is from the set of spectral densities with restrictions on
the moments of the function f~1()\). Let

Dy =< f(N) %/fﬁl()\)cos(m)\)dA:rm,m:O,l,.‘.,M ,

where r,,,m = 0,1,..., M is a strictly positive sequence. There is an infinite number of functions in the class Dy,
[25] and the function
M
A= >0 re™ >0, A€ [-m,7].
m=—M

To find solutions to the constrained optimization problem (161) for the set D, of admissible spectral densities we
use the Lagrange multipliers method and get the equation

2

N 2 M M
Z c(k)e™ = Z QU cOs(MmA) = Z p(m)el™ | (167)
k=0 m=0 m=0

where «,,,m =0,1,..., M are the Lagrange multipliers and c(k),k = 0,..., N are solutions to the equation

BYéy =in.

Consider two cases: M > N and M < N. Let M > N. In this case the given Fourier coefficients r,, define
the matrix BY and the optimization problem (160) is degenerate. If we take p(N +1) = --- = p(M) = 0 and
components (p(0),...,p(N)) of the vector jy find from the equation B py = dy then the relation (167) holds
true. Thus the least favorable is every density f(\) € Dy, and the density of the autoregression stochastic sequence

M
E ’}/keik/\
k=0

M
o) =1/ )" rjme™ =1/ (168)

m=—M

is least favourable, too.

Let M < N. Then the matrix By is determined by the known r,,, m =0,1,..., M and the unknown 7,,,
m = M +1,..., N, Fourier coefficients of the function f~1(\).

The unknown coefficients p(k), k=0,1,...,M, and r,, m=M+1,...,N, can be found from the
equation BypQ = dy with p% = (p(0),...,p(M),0,...,0), or from the equation Byp)) = dn with pl’ =
(07 s ,0,p(M),p(M - 1)3 s 7p(0))

If the sequence r,,,, m = 0,1, ..., N, that is constructed from the strictly positive sequence r,,,, m = 0,1,..., M,
and the calculated coefficients r,,, m = M +1,..., N, is also strictly positive, then the least favourable spectral
density fo(A) is determined by the Fourier coefficients 7,,,, m =0, 1,..., N, of the function f; ')

N
E ,Ykezk)\
k=0

Let us summarize our results and present them in the form of a theorem.

N
o) =1/ Y ™ =1/ (169)

m=—N

Theorem 6.3

The least favourable spectral density in the class Dy, for the optimal linear estimation of the functional A ¢ in the
case where M > N is the spectral density (168) of the autoregression stochastic sequence of order M determined
by coefficients r,,,,m = 0,1,..., M. If M < N and solutions r,,, m = M +1,..., N, to the equation Byp%, =
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an with p& = (p(0),...,p(M),0,...,0), or to the equation Bypy = dn with p)Y = (0,...,0,p(M),p(M —
1),...,p(0)) together with coefficients r,,,, m = 0,1, ..., M, form a strictly positive sequence, the least favourable
spectral density in D, is the density (169) of the autoregression stochastic sequence of the order N. The minimax
characteristic of the estimate is calculated by formula (156).

Similar statement holds true for the set of spectral densities
Dyr = by /f A) cos(wA)dA =71y, , m=0,1,..., M;7 €R »,
™

where R is a convex compact which have a strictly positive sequence as an interior point.

6.5. Least favourable spectral densities in the class D'~

Consider the problem of the optimal estimation of the functional Ax¢& = Zjvzl a(7)&(j) which depends on the
unknown values of a stationary stochastic sequence £(j) from observations of the sequence £(j) at points of time
j €2Z\{0,1,..., N} in the case where the spectral density is from the set of spectral densities

D= =L FO) [0 < () < F) < ul), o / SN =P ¢,

where v(\), u()) are given bounded spectral densities. Let the sequence {a(0),a(1),...,a(N)} (or the sequence
{a(N),a(N —1),...,a(0)}) be strictly positive. To find solutions to the constrained optimization problem (161)
for the set D'~ of admissible spectral densities we use the condition 0 € A p( fy). It follows from the condition
0 € 9Ap(fo) for D = D¥~ that the Fourier coefficients of the function f; ' satisfy both equation

BYéy = dn

and the equation
2

= P1(A) + Ya(N) +py %,

N

Z ((B?V)ilaN>keik)\

k=0
where 11 () > 0 and 11 (A) = 01if fo(A) > v(A); ¥2(A) < 0 and (A ) = 0if fo(A) < u(N).
Therefore, in the case where v(\) < fo(\) < u()), the function f; *(\) is of the form

2

N

ot = Y et =

k=—N

b

with 7, = Pa(k)a=1(0), in the case where the sequence {a(0),a(1),...,a(N)} is strictly positive, and with
ry =r_ = Pa(N — k)a~!(N), in the case where the sequence {a(N),a(N —1),...,a(0)} is strictly positive.

The least favourable in the class D = D¥~ is the density of the autoregression stochastic sequence of the order
N if the following inequality holds true

N N
v =) (e e ) = ) e > umt (), A e [ (170)
k=0 k=0
In general case the least favourable density is of the form
N -2
1 . . 0y~ 1~ ik
0(A) = max < v(A), min ¢ u(N), |po Z (BY) an) e (171)
k
k=0

The following theorem holds true.
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Theorem 6.4

If the sequence {a(0),a(1),...,a(N)} is strictly positive and coefficients ry = r_; = Pa(k)a=1(0), k =
0,..., N, satisfy the inequality (170) (or the sequence {a(N),a(N —1),...,a(0)} is strictly positive and
coefficients ry, = 7_; = Pa(N — k)a~!(NV) satisfy the inequality (170)), then the least favourable in the class D%~
spectral density for the optimal linear estimate of the functional Ax¢ is density of the autoregression stochastic
sequence (164) of order N. The minimax characteristic h( fy) of the estimate can be calculated by the formula (165).
If the inequality (170) is not satisfied, then the least favourable spectral density in D;;~ is determined by relation
(171) and the extremum condition (160). The minimax characteristic of the estimate is calculated by formula (156).

6.6. Conclusions
In this section we propose methods of solution of the problem of the mean-square optimal linear estimation of the

N
functional Ay¢ = > a(j)&(7) which depends on the unknown values of the stationary stochastic sequence £(7).
§=0

Estimates are based on observations of the sequence () at points j € Z\{0,1,..., N}. We provide formulas for
calculating the values of the mean square error and the spectral characteristic of the optimal linear estimate of the
functional in the case of spectral certainty, where the spectral density of the sequence £(j) is exactly known. In
the case of spectral uncertainty, where the spectral density is unknown, but a set of admissible spectral densities
is given, the minimax approach is applied to estimation of the functional. We obtain formulas that determine
the least favourable spectral densities and the minimax spectral characteristics of the optimal linear estimates of
the functional Ax¢& for concrete classes of admissible spectral densities. It is shown that spectral densities the
autoregressive stochastic sequences are the least favourable in some classes of spectral densities.

The minimax-robust approach to the problem of estimation of one missed value of the stationary stochastic
sequences based on convex optimization methods was initiated in papers by Franke [9, 10]. See also papers by
Hosoya [19], Taniguchi [75], and survey by Kassam and Poor [23].

For the relative results on the mean-square optimal linear interpolation of linear functionals for stationary
stochastic sequences and processes see papers by Moklyachuk [50] — [57], book by Moklyachuk and
Masyutka [64], papers by Moklyachuk and Sidei[67], Moklyachuk and Ostapenko[65].

7. Interpolation problem for stationary sequences from observations with noise

In this section we consider the problem of the mean-square optimal estimation of the linear functional Ayx& =

N
> a(4)€(j) which depends on the unknown values of a stationary stochastic sequence £(j),j € Z, from
j=0

observations of the sequence £(j) + n(j) at points of time j € Z\{0,1,..., N}. The problem is investigated in
the case of spectral certainty, where the spectral densities of the stationary stochastic sequences £(j) and 7(j) are
exactly known. In this case the classical Hilbert space projection method of linear estimation of the functional is
applied. Formulas are derived for calculation the value of the mean square error and the spectral characteristic
of the mean-square optimal estimate of the linear functional. In in the case of spectral uncertainty, where the
spectral densities of the stationary stochastic sequences £(j) and 7n(j) are not exactly known, but classes of
admissible spectral densities are given, the minimax-robust procedure to linear estimation of the functional is
applied. Relations which determine the least favourable spectral densities and the minimax spectral characteristics
are proposed for some special sets of admissible spectral densities.

7.1. The classical Hilbert space projection method of linear interpolation

Let £(j),j € Z, and n(j),j € Z, be (wide sense) stationary stochastic sequences with zero mathematical

expectations E¢(j) =0, En(j) =0. The correlation functions Re(k) = E&(j + k)&(j) and R, (k) = En(j +
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k)n(j) of the stationary stochastic sequences £(j),j € Z, and n(j), j € Z, admit the spectral representations [12]

Re(k) = / eFAE(dN),  Ry(k) = / eFAG(dN),

where F(d\) and G(d)\) are the spectral measures of the sequences. We will consider stationary stochastic
sequences with absolutely continuous spectral measures F'(dA) and G(dX) and the correlation functions of the

form
s T

- [ atnar

T or

—T —T

1

Re(h) = 5= [ ™ f00r, Ry(k)

where f(\) and g(\) are the spectral density functions of the sequences £(j),j € Z, and n(j),j € Z,
correspondingly.
We will suppose that the spectral density functions f(\) and g(\) satisfy the minimality condition

7 1
_/ Wd)\ < 0. (172)

Under this condition the error-free interpolation of the unknown values of the sequence £(j) + n(j) is impossible
[73].
The stationary stochastic sequences £(j) and 7(j) admit the spectral representations [12, 22]

€)= / FNZ(N), i) = / eNZ,(N),

where Z¢(d)) and Z, (d)) are orthogonal stochastic measure of the sequences £(j) and 7(j) such that
— 1
B2 ZeB0 = FAinaa) = - [ an

—-— 1
A1NAs

Consider the problem of the mean-square optimal estimation of the linear functional
N
AnE =" aliEG)
§=0

which depends on the unknown values of a stationary stochastic sequence £(j),j € Z, from observations of the
sequence £(j) + n(j) at points of time j € Z\{0,1,..., N}, where 1(j),j € Z, is uncorrelated with £(j),j € Z,
stationary stochastic sequence.

It follows from the spectral decomposition of the sequence £(j) that we can represent the functional A& in the
form

Ané = / An(e™)Ze(dN), (173)

where

. N
An(e?) = a(j)e .

Jj=0
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Denote by Ax¢ the mean square optimal linear estimate of the functional A& from observations of the
. 2
sequence £(j) + n(j) at points of time j € Z\{0,1,...,N}. Denote by A(f,g) =F ‘ANS — AN§’ the mean

square error of the estimate An€. To find the estimate Ay¢ we will use the Hilbert space projection method
proposed by A. N. Kolmogorov [24]. We will consider random values £(j),j € Z, and 1(j),j € Z, as elements
of the Hilbert space H = Ly(2, F, P) of complex valued random variables with zero first moment, E€ = 0, finite
second moment, E|¢|? < oo, and the inner product (&,7) = E£7.

Denote by H” (¢ + 1) the subspace of the Hilbert space H = Lo (Q, F, P) generated by elements {£(j) + n(j) :
j€Z\{0,1,...,N}. Denote by Lo(f + g) be the Hilbert space of complex-valued functions that are square-
integrable with respect to the measure whose density is f()\) + g(\). Denote by LY (f + g) the subspace of
Lao(f + g) generated by functions {e¥/*, j € Z\{0,1,...,N}}.

The mean square optimal linear estimate An¢ of the functional Ax¢ from observations of the sequence
£(4) +n(j) at points of time j € Z\{0,1,..., N} is an element of the H™ (¢ + 7). It can be represented in the

form
v

Ané = / h(e™)(Ze(dN) + Z,(dN)), (174)

—Tr

where h(e*) € LY (f + g) is the spectral characteristic of the estimate Ané.
The mean square error A(h; f, g) of the estimate Ay ¢ is given by the formula

i l? 1 [ Y PNE L / ixy|2
Ahi f,9) = B |Ang = Axe] = 5 [ [Ax(@) = HeN f0an+ 5 [ e gnar

The Hilbert space projection method proposed by A. N. Kolmogorov [24] makes it possible to find the spectral
characteristic h(e**) and the mean square error A(h; f, g) of the optimal linear estimate of the functional A ¢
in the case where the spectral densities f(\) and g()\) of the sequences £(j),j € Z, and n(j),j € Z, are exactly
known and the minimality condition (172) is satisfied. The spectral characteristic can be found from the following
conditions:

2)AnE — ANELHN (€ +1).

It follows from the second condition that for any j € Z\{0, 1, ..., N} the following equations should be satisfied

B [(Axe -~ ne) (€5 +70)] =
— % / (An(e™) = h(e™)) e F(A)dA - % /ﬂh(eM)e_ijAg()\)d/\ =0.

—T

The last equations are equivalent to equations

s

% [An () F(N) = R(e)(F(A) +g(N\)] e"rdr =0, jeZ\{0,1,...,N}.

—1T

It follows from these equations that the function [Ay (™) f(A) — h(e™)(f(A) + g(A))] is of the form

An (@) F(N) = heM)(FON) + g(N) = O (), (175)
N
On(e™) = 3 e(i)e,
7=0
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where ¢(j),7 = 0,1, ..., N, are unknown coefficients that we have to find.
From the relation (175) we deduce that the spectral characteristic h(e**) of the optimal linear estimate of the
functional Ayn¢ is of the form

h(ei)\) AN(eM)f(/\) — ON(ED\) _
f) +9(N) a
) ) (176)
_ Ay An(eNgN) + O
S FO)+9(N)

It follows from the first condition, which determines the spectral characteristic h(ei*) € LY (f + g) of the
optimal linear estimate of the functional Ax¢&, that the Fourier coefficients of the function h(e**) are equal to
zero for j = 0,1,..., N, namely

™

h(eM)e A =0, j=0,1,...,N.

o

—T

Using the last relations and (176) we get the following system of equations

r P O e N PR o
/(A“€>ﬂ»+g@> ﬂM+gOQS M=0 =0

—T

The last equations can be written in the form

(k=D £(\) N I ))
a d)\ E o / )\:O,j:O,l,...,N. 177
/f g(N) —~ 78 a77)

Let us introduce the following notations

=0

BN = b i1 gy

- o 7O+ 900
- —i(j—k)X ) (/\)
e / o +gn™

Making use the introduced notations we can write equations (177) in the form

N N
S" RYalk) =37 BYe(k), j=0,1,...,N.
k=0 k=0

The derived equations can be written in the matrix form
Ryany =Bpycy,

where ay = (a(0), (1) ,a(N)) is a vector constructed from the coefficients that determine the functional
ANE, ey = (¢(0),c(1),.. ( )) is a vector constructed from the unknown coefficients c¢(k),k =0,1,..., N,
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By and Ry are linear operators in CN*1, which are determined by matrices with elements (By);x = Bj\’k
(Rn)jk = RNy 4,k =0,1,..., N,
Since the matrix B is reversible [74], we get the formula

cy = By'Ryay, (178)
Hence, the unknown coefficients ¢(j),7 = 0,1,..., N, are calculated by the formula
c(j) = (BEIRNaN)j7
where (B]_\,1 Rya N)j is the j-th component of the vector BJ_\,1 R yay, and the formula for calculating the spectral

characteristic of the estimate Ay ¢ is of the form

N
Z (B;\rlRNaN)keik/\
Ayt (179)

fF) +9(N) fF) +9(N)

The mean square error of the estimate of the function can be calculated by the formula

h(e™) =

2

™

An(eM)g(\) + 3 (By' Ryan) e’
k=0

A £,.9) = Bl ave — e = 5 [ O + g2 F(A)dA
: 180
1 7 An(e?)f(A) = ’ﬁzo(Bz_leNaN)keik’\ (180)

"o / (f(A) + g(N))? g(A)dA

—T

= (Ryan,By'Ryan) + (Qnan, ay),

where Qy is a linear operator in CV*1, which is determined by matrix with elements (Qy) Jk = Qé\’ e o k=
0,1,...,N.
Let us summarize our results and present them in the form of a theorem.

Theorem 7.1

Let £(5) and n(j) be uncorrelated stationary stochastic sequences with the spectral densities f(A) and g()) that
satisfy the minimality condition (172). The spectral characteristic h(e**) and the mean square error A(h; f, g) of
the optimal linear estimate A y¢ of the functional Ay ¢ based on observations of the sequence £(j) + 7(j) at points
of time j € Z\{0,1,..., N} can be calculated by formulas (179), (180).

7.2. Minimax-robust method of interpolation

The traditional methods of estimation of the functional A& which depends on the unknown values of a stationary
stochastic sequence £(j) can be applied in the case where the spectral densities f(\) and g(\) of the considered
stochastic sequences £(5) and 7(j) are exactly known. In practise, however, we do not have complete information
on spectral densities of the sequences. For this reason we apply the minimax(robust) method of estimation of the
functional A ¢, that is we find an estimate that minimizes the maximum of the mean square errors for all spectral
densities from the given class of admissible spectral densities D.

Definition 7.1. For a given class of spectral densities D = D x D, the spectral densities fo(A) € Dy, go(X) € D,
are called the least favourable in D for the optimal linear estimation of the functional A ¢ if the following relation
holds true

A (fo,90) = A(h(fo,90)5 fo,90) =  max  A(h(f,g9);f,9)-

(f:9)€D XDy
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Definition 7.2. For a given class of spectral densities D = Dy x D,, the spectral characteristic h°(e**) of the
optimal linear estimate of the functional Ay¢ is called minimax-robust if

WeeHdp= (] LY¥(f+9)

(f,9)€Dsx Dy

min max A(h;f,g)= sup A (R’ f,g).
in max, A(hi f,0) = swp (h% f.9)

It follows from the introduced definitions and the obtained formulas that the following statement holds true.

Lemma 7.1
The spectral densities fy(\) € Dy, go(A) € D, are the least favourable in the class of admissible spectral densities
D = Dy x D, for the optimal linear estimate of the functional A ¢ if the Fourier coefficients of the functions

(o) + g0~ foW)(fo(A) + 90 fo(N)go(N)(fo(A) + go(A) "

define operators B, R}, QY that determine a solution to the optimization problem

max  (Ryay,By'Ryay) + (Qnay,ay)
(£:.9)€Ds %Dy (181)

= (Ryan, (BY) 'R{an) + (Qyan,an).
The minimax spectral characteristic h® = h(fo, go) can be calculated by the formula (179) if h(fo, go) € Hp.

The least favourable spectral densities fo(\), go(A) and the minimax spectral characteristic h® = h(fy, go) form
a saddle point of the function A (h; f, g) on the set Hp x D. The saddle point inequalities

A (h; fo,90) = A (h%; fo, 90) = A (R f. g)
Vh e Hp,Vf € Df,Vg € Dg

hold true if h° = h(fo, go) and h(fy, go) € Hp, where (fo, go) is a solution to the constrained optimization problem

sup A(h(angO)vag) :A(h(f()agO);angO)a (182)

(f,9)€D§x Dy

where
A CO 2
A (h(fo,90); f+9) 277/| i +go()\))( )| FA)dA
1 [ An(EN)fo) = Ok (M)
N A TTOVETy R
CR(e™) = ((BY)"Ryan);e?,
§=0

The constrained optimization problem (182) is equivalent to the unconstrained optimization problem

AD(f7g) = _A(h’(f()vgo)af)g) +6(f7g|Df X Dg) — inf) (183)

where 0(f,g|Dys x D) is the indicator function of the set D = Dy x D,. Solution ( fo, go) to the problem (183) is
characterized by the condition 0 € A p(fo, go), Where A p(fo, go) is the subdifferential of the convex functional
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Ap(f,g) at point (fo, go). This condition makes it possible to find the least favourable spectral densities in some
special classes of spectral densities D [20], [70], [72].

Note, that the form of the functional A(h(fo,g0); f,g) is convenient for application the Lagrange method of
indefinite multipliers for finding solution to the problem (182). Making use the method of Lagrange multipliers
and the form of subdifferentials of the indicator functions we describe relations that determine least favourable
spectral densities in some special classes of spectral densities (see books [13, 58, 64] for additional details).

Lemma 7.2

Let (fo,90) be a solution to the optimization problem (183). The spectral densities fo()), go(A) are the least
favourable in the class D = Dy x Dy, and the spectral characteristic h® = h(fy, go) is minimax for the optimal
estimate of the functional Ax¢ if h(fo, g0) € Hp.

7.3. Least favourable spectral densities in the class D?c X Dg

Consider the problem of the optimal estimation of the functional Ax¢& = Zjvzl a(7)&(7) which depends on the
unknown values of a stationary stochastic sequence £(j) from observations of the sequence £(j) + n(j) at points
ofhtimej € Z\{0,1,..., N} in the case where the spectral densities f()), g(\) are from the class D = D?t x DY,
where

D} = £ 1| 5- [ Fvar< Py b

s

1
— [ 9(NAA < Py
27
Let the densities fo(\) € D?c, go(X) € DY and the functions % ( fo, o), hg(fo, go), which are determined by the
relations

An (e 2) 4+ OO (eiM]?
hf(f0a90)2| N((fo)(i?)(ﬁ;;()\%g )| ’ (184)

eiA OO (i 2
h"(QO’g“):MN((fo)(f)(i)go(%V)g = (15

be bounded. In this case the functional

™ T

A(blos90):1.9) = 5 [ RelhosadT VDN + o= [ (o g0)g)ax

—T —T

is linear and continuous on the space L; x L; and we can apply the method of Lagrange multipliers to find solution
to the optimization problem (183). We get the following relations that determine the least favourable spectral
densities f© € D%, ¢° € D)

~ g [ hrlfo oGO~ 5 [ hyfosgo)ola)an

oy [oronan+ass [ otgin=o,

where p(f()\)) and p(g(X)) are variations of the functions f(\) and g()\), the constants «r; > 0 and «y > 0. From
this relation we get that the least favourable spectral densities fo(A) € D?, go(N) € D(g) satisfy equations

| AN (e™)go(N) + CR ()] = ar(fo(A) + go(N)), (186)
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| AN (€) fo(A) = CR(e™)] = aa(fo(A) + go(N)). (187)
Note, that oy # 0 in the case where

1
— A)dA = P,
3 [ foir=p
and o # 0 in the case where

1
— A)d\ = Ps.
3 [ wir=r,

Summing up our reasoning we come to conclusion that the following theorem holds true.

Theorem 7.2

Let the spectral densities fo(A) € D} and go(A) € Dy satisfy the minimality condition (172) and let the functions
h¢(fo,90) and hy(fo,go), determined by the formulas (184), (185), be bounded. The functions fy(A), go(A),
which give solution to the system of equations (186), (187) are the least favourable spectral densities in the class
D = DY x DY, if they determine a solution to the optimization problem (181). The function h°(e**), determined
by the formula (176), is minimax-robust spectral characteristic of the optimal linear estimate of the functional Ax¢&.

Theorem 7.3

Let the spectral density f()) be known and fixed, and let the spectral density go(A) € D). Let the functions f())
and go(\) be such that the function (f()\) + go(\)) ! is integrable and let the function h,(f, go), determined by
the formula (185), be bounded. The spectral density go()) is the least favourable spectral densities in the class Dg
for the optimal linear estimate of the functional A ¢, if it is of the form

go(A) = max {0, a5 " [An(e™) f(N) = CR(e™)] = fF(N)}

and the functions f()),go(\) determine a solution to the optimization problem (181). The function h°(e*),
determined by the formula (176), is minimax-robust spectral characteristic of the optimal linear estimate of the
functional An¢.

Theorem 7.4

Let the spectral density fo(A\) € D?c, let the function f; *()\) be integrable, and let the function h(f,), determined
by the formula (150), be bounded. The spectral density fo()) is the least favourable spectral densities in the class
D?c for the optimal linear estimate of the functional A&, based on observations of the sequence () at points of
time j € Z\{0,1,..., N}, if it satisfies the relation

Jo(A) = a1 [CR (™))

and fy()\) determine a solution to the optimization problem (160). The function h°(e**), determined by the formula
(150), is minimax-robust spectral characteristic of the optimal linear estimate of the functional A x¢&.

7.4. Least favourable spectral densities in the class D;} x D,

Consider the problem of the optimal estimation of the functional Ax¢& = Zjvzl a(7)&(7) which depends on the
unknown values of a stationary stochastic sequence £(j) from observations of the sequence £(j) + n(j) at points
of time j € Z\{0, 1, ..., N} in the case where the spectral densities f(\), g()\) are from the class D = D¥ x D,
where

Dy = $ I o) £ 7 <uh, 5 [ s <Pt

T

D= { g |9 = (1 = )gr () + ew(), o / g(N)d < Py

—T
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Here the spectral densities v(\), u(\), g1(\) are known and fixed and the densities v(\) and u(\) are bounded.

Let the densities f°(\) € DY, g°(\) € D, determine the bounded functions h ¢ ( fo, go), hg(fo, go) with the help
of formulas (184), (185). Then from the condition 0 € A p fﬁg( fo,90) we derive the following equations that
determine the least favourable spectral densities

|[An (€M) go(A) + CR(e™)] = (fo(A) + go(A) (11 (A) +72(A) + ar ), (188)

|An (™) fo(N) = CX ()] = (fo(N) + g0 (M) (M) + az ). (189)

Here v; < 0 and 71 = 0 in the case fo(\) > v(A); 72 > 0 and v, = 0 in the case fo(A\) < u(A); ¢(A) <0 and
©(A) = 01in the case go(A) > (1 —e)g1(N).
The following theorems hold true.

Theorem 7.5

Let the spectral densities fo(A) € DY, go(A) € D, satisfy the minimality condition (172) and let the functions
h¢(fo, go) and hgy(fo, go), determined by the formulas (184), (185), be bounded. The functions fo()), go()), which
give solution to the system of equations (188), (189) are the least favourable spectral densities in the class D} x D,

if they determine a solution to the optimization problem (181). The function h°(e*}), determined by the formula
(176), is minimax-robust spectral characteristic of the optimal linear estimate of the functional A x¢&.

Theorem 7.6

Let the spectral density f(A) be known, and let the spectral density go(\) € D.. Let the function f(A) + go(A)
satisfy the minimality condition (172), and let the function hy( f, go), determined by the formula (185), be bounded.
The spectral density go(A) is the least favourable spectral densities in the class D, for the optimal linear estimate
of the functional A&, if it is of the form

go(A) = max {(1 = €)g1(A), a2 [An(e™) f(A) = CR ()] = F(N) }

and the functions f()),go(\) determine a solution to the optimization problem (181). The function h°(e**),
determined by the formula (176), is minimax-robust spectral characteristic of the optimal linear estimate of the
functional AN¢&.

Theorem 7.7

Let the spectral density fo(\) € DY, let the function f; '(\) be integrable, and let the function h( fy), determined
by the formula (150), be bounded. The spectral density fo()) is the least favourable spectral densities in the class
D for the optimal linear estimate of the functional Ax¢&, based on observations of the sequence £(j) at points of
time j € Z\{0,1,..., N}, if it satisfies the relation

fo(A) = max {v()\), min {u()\), o1 ’Cjov(ei’\) ‘ }}
and fy()\) determine a solution to the optimization problem (160). The function h°(e**), determined by the formula
(150), is minimax-robust spectral characteristic of the optimal linear estimate of the functional Ax¢&.
7.5. Least favourable spectral densities in the class Dy, x D1,

Consider the problem of the optimal estimation of the functional Ax¢ = Z;V:1 a(7)&(j) which depends on the
unknown values of a stationary stochastic sequence £(j) from observations of the sequence £(j) + n(7) at points
of time j € Z\{0,1,..., N} in the case where the spectral densities f()), g(A\) are from the class Da., X Dic,,
which describe the models of “c-neighbourhood” of spectral densities in the space Ly x L;. Let

Daey = £ |5 [ 170 = AV ar <
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be “c-neighbourhood” in the space L, of a given bounded spectral density f;()), and let
1 ™
Diey = 90 |5 [ s = sl ar <

be “e-neighbourhood in the space L; of a given bounded spectral density g1 ()).

Let the spectral densities fy(\) € Dac,, go(A) € D, determine the bounded functions h¢(fo, 90), he(fo,90)
with the help of formulas (184), (185). Then from the condition 0 € dAp,  (fo,90) for D = Dy, x Dy, we
derive the following equations that determine the least favourable spectral densities

| An(e™)g0(N) + CR (M) = (fo(N) + go(W)*(fo(N) = fr(N)an, (190)

. . 2
[An (™) fo(A) = CR ()] = (fo(A) + g0(A)* T (N, (191)
where |¥(\)] < 1and U(\) = sign(go(A) — g1(N)), in the case go(A) # g1(A), a1, o are constants.
Equations (190), (191) with the optimization problem (160) and the normalising conditions

s

o [ - AW i = (192)
%/Iy(k)—gl(A)ldAzaz (193)

determine the least favourable spectral densities in the class D = Dy, X Dig,.
The following theorems hold true.

Theorem 7.8

Let the spectral densities fo(A) € Da.,, go(A) € D1, satisfy the minimality condition (172) and let the functions
h¢(fo, g0) and hy( fo, go), determined by the formulas (184), (185), be bounded. The spectral densities fo()), go(A),
which give solution to the system of equations (190)—(193) are the least favourable spectral densities in the class
Ds., x Dy.,, if they determine a solution to the optimization problem (181). The function h°(e**), determined by
the formula (176), is minimax-robust spectral characteristic of the optimal linear estimate of the functional A €.

Theorem 7.9

Let the spectral density f(A) be known, and let the spectral density go(\) € Di.,. Let the function f(X) + go(A)
satisfy the minimality condition (172), and let the function h4( f, go), determined by the formula (185), be bounded.
The spectral density go()\) is the least favourable spectral densities in the class D1, for the optimal linear estimate
of the functional A&, if it is of the form

go(N) = max {g1(A), a3 " [An () f(A) = O (e™)| = F(N)}

and the functions f()),go(\) determine a solution to the optimization problem (181). The function h°(e*),
determined by the formula (176), is minimax-robust spectral characteristic of the optimal linear estimate of the
functional An¢&.

Theorem 7.10

Let the spectral density fo()\) € Do, let the function f; ' (\) be integrable, and let the function A( fy), determined
by the formula (150), be bounded. The spectral density fo(\) is the least favourable spectral densities in the class
D, for the optimal linear estimate of the functional Ax¢, based on observations of the sequence £(3) at points of
time j € Z\{0,1,..., N}, if it satisfies the relation

1C2 )7 = (o) (fo(A) = f1(N)an

and fo()\) determine a solution to the optimization problem (160). The function h°(e**), determined by the formula
(150), is minimax-robust spectral characteristic of the optimal linear estimate of the functional Ax¢&.
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7.6. Conclusions
In this section we propose methods of solution of the problem of the mean-square optimal linear estimation of

N
the functional Ax¢ = > a(j)£(j) which depends on the unknown values of a stationary stochastic sequence £(7).

7=0
Estimates are based on observations of the sequence £(j) + 1(j) at points j € Z\{0,1,..., N}, where n(j) is an
uncorrelated with £(j) stationary sequence. We provide formulas for calculating values of the mean square error
and the spectral characteristic of the optimal linear estimate of the functional in the case of spectral certainty where
the spectral densities f(A) and g(\) of the sequences £(j) and 7(j) are exactly known. In the case of spectral
uncertainty where the spectral densities f(\) and g(\) are not known, but a set of admissible spectral densities is
given, the minimax approach is applied. We obtain formulas that determine the least favourable spectral densities
and the minimax spectral characteristics of the optimal linear estimates of the functional Ay ¢ for concrete classes
of admissible spectral densities.

For the relative results on the mean-square optimal linear interpolation of linear functionals for stationary
stochastic sequences and processes based on observations with noise see papers by Moklyachuk [55] — [57], book
by Moklyachuk and Masyutka [64].

8. Conclusion Remarks

In the proposed paper we describe methods of solution of the problems of the mean-square optimal linear
extrapolation and interpolation of linear functionals which depend on the unknown values of a stationary stochastic
sequence £(k) based on observations of the sequence £(k) as well as observations of the sequence £(k) + n(k),
where 7)(k) is an uncorrelated with the sequence £(k) stationary stochastic sequence. The corresponding methods of
solution of the problem of the mean-square optimal linear filtering of stationary stochastic sequences are described
in the paper by Luz and Moklyachuk [33].

Following the Ulf Grenander [15] approach to investigation the problem of optimal linear estimation of the
functional which depends on the unknown values of the stationary stochastic continuous parameter process we
consider the problem as a two-person zero-sum game in which the first player chooses a stationary stochastic
sequence £(j) from the class = of stationary stochastic sequences with E£(j) =0 and E|£(5)|> = 1 which
maximizes the value of the mean square error of estimate. The second player is looking for an estimate of the linear
functional which minimizes the value of the mean square error. It is show that this game has equilibrium point. The
maximum error gives a one-sided moving average stationary sequence which is least favourable in the given class
of stationary sequences. The greatest value of the error and the least favourable sequence are determined by the
largest eigenvalue and the corresponding eigenvector of the operator determined by coefficients which determine
the functionals. Note, that this approach can be applied to a specific class of estimation problems.

The second approach to the estimation problems we applied is based on the Kolmogorov [24] Hilbert space
projection method which we apply in the case of spectral certainty, where the spectral densities of the sequences
&(n) and 7(n) are exactly known, and the convex optimization method proposed by Franke [9, 10] which is applied
in the case of spectral uncertainty, where the spectral densities of the sequences are not exactly known, but, instead,
a set of admissible spectral densities is given. Formulas for calculation the mean-square errors and the spectral
characteristics of the optimal estimates of functionals are derived in the case of spectral certainty. In the case of
spectral uncertainty the minimax-robust estimation method is applied. Formulas that determine the least favourable
spectral densities and the minimax-robust spectral characteristics of the optimal linear estimates of the functionals
are derived.

In the papers by Moklyachuk [35] — [58] problems of extrapolation, interpolation and filtering for stationary
processes and sequences were studied. The corresponding problems for vector-valued stationary sequences and
processes were investigated by Moklyachuk and Masyutka [59] — [64]. In the articles by Dubovets’ka and
Moklyachuk [3] - [7] and in the book by Golichenko and Moklyachuk [13] the minimax estimation problems were
investigated for another generalization of stationary processes — periodically correlated stochastic sequences and
stochastic processes. Luz and Moklyachuk [26] — [32], [34] investigated the classical and minimax extrapolation,
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interpolation and filtering problems for sequences and processes with nth stationary increments. Investigation of the
mean-square optimal linear estimation problems for functionals of stationary stochastic sequences and processes
with missing observations is started in the papers by Moklyachuk and Sidei [67], [68]. The minimax estimation
problems for functionals of a generalization of stationary processes — harmonizable stable stochastic sequences
and processes is started in the papers by Moklyachuk and Ostapenko [65], [66]. For the results for functionals of
random fields see the book by Moklyachuk and Shchestyuk [69].
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