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discrete minmax fractional programming problem are achieved based on some partitioning schemes under various types of
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1. Introduction and Preliminaries

Here in this paper, we plan to establish several sets of generalized parametric sufficient optimality conditions
under various generalized (F, 3, ¢, p, 6, m)-univexity assumptions for the following semiinfinite discrete minmax
fractional programming problem of the form:

(P) Minimize max 1i(@)
1<i<p gi(w)
subject to
Gj(x,t) <0 forallt € T;, je€gq,
Hy(z,s) =0 foralls € S, ker,
r e X,
where X is an open convex subset of R", the n-dimensional Euclidean space, for each j € ¢ = {1,2,...,¢} and

k € r, T; and S}, are compact subsets of complete metric spaces, for each i € p, f; and g; are real-valued functions
defined on R™, for each j € ¢, * — G,(x,t) is a real-valued function defined on R” for all ¢ € T;, for each
k € r, x — Hy/(x, s) is areal-valued function defined on R" for all s € Sy, foreach j € gand k € r, t — G;(z,t)
and s — Hy/(z, s) are continuous real-valued functions defined, respectively, on T and Sy, for all z € R", and for
eachi € p, g;(x) > 0 for all z satisfying the constraints of (P).
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16 GENERALIZED SECOND ORDER PARAMETRIC OPTIMALITY CONDITIONS

This communication deals with investigating primarily results on various second-order necessary and sufficient
optimality conditions for several types of optimization problems for the semiinfinite discrete minmax fractional
programming based on generalized (F, (3, ¢, p,0, m)-univexity assumptions, while problems for the discrete
minmax fractional programming based on generalized (F, 03, ¢, p, 6, m)-univexity assumptions were initiated
in [4]. Here, we shall apply two types of partitioning schemes due to Mond and Weir [3] to the context
of the new classes of generalized second-order uninvex functions to formulate and discuss numerous sets of
generalized second-order sufficient optimality conditions for (P). To the best of our knowledge, all the second-
order sufficient optimality results established in this paper are new in the area of semiinfinite discrete minmax
fractional programming. In fact, it seems that results of this type have not yet appeared in any shape or form
for any type of mathematical programming problems. The generalized optimality conditions established here are
suitable to utilize in constructing some generalized second-order parametric duality models for (P) and proving
numerous weak, strong, and strict converse duality theorems.

Section 1 of this paper is devoted first to some introductory materials on the semiinfinite discrete fractional
programming and related developments, and then recalling some basic definitions and auxiliary results which
will be needed in the sequel. In Section 2, we state and prove various second-order parametric sufficient
optimality results for (P) using a variety of generalized (F, 3, ¢, p, §, m)-sounivexity assumptions along with
some partitioning schemes. Finally, in Section 3 we summarize our main results and also point out some further
research opportunities arising from certain modifications of the principal problem investigated in the present paper
leading to the concluding remarks.

We also observe that all the optimality results obtained for (P) are also applicable, when appropriately
specialized, to the following three classes of problems with discrete max, fractional, and conventional objective
functions, which are particular cases of (P):

g o
(P1)  Miningize yyas, fl=):

fi(z)

k]

P2 Minimize
(P2) z€R g1(x)

(P3) Minimize fi(x),
zclF

where F (assumed to be nonempty) is the feasible set of (P), that is,
F={recX:Gjx)<0,jecq, Hp(r)=0, ker}.

We next introduce some new classes of generalized second-order univex functions, referred to as (strictly)
(F,B, ¢, p,0, m)-sounivex, (strictly) (F,p,o,p,0, m)-pseudosounivex, and (prestrictly) (F,S,¢,p,0,m)-
quasisounivex functions. They are further extensions of the classes of second-order (strictly) (¢,n, p, 8, m)-
sonvex, (strictly) (¢4,n, p, 8, m)-pseudosonvex, and (prestrictly) (¢, n, p, 6, m)-quasisonvex functions which were
introduced recently in [4]. For brief accounts of the evolution of the generalized F-convex and other related
functions, the reader is referred to [4, 5]. We abbreviate ’second-order univex” as sounivex. Let f : X — R be
a twice differentiable function.

Definition 1.1. The function f is said to be (strictly) (F, 3, ¢, p, 8, m)-sounivex at =* if there exist functions
B: X xX >Ry =(0,00), 9: R>R, p: X XX >R, 6: X xX — R a sublinear function F(x,z*;-):
R™ — R, and a positive integer m (m > 1 such that for each v € X (x # x*) and z € R,

* * * * 1 * * *\ ||m
o(f(x) = f(&")(>) = F(x,2*; Bz, 2" )V f(z*)) + §<Z7V2f($ )z) + pl@, %) [|0(z, 2")[|™,
where || - || is a norm on R™ and (a, b) is the inner product of the vectors a and b.
The function [ is said to be (strictly) (F, 8, ¢, p, 0, m)-sounivex on X if it is (strictly) (F, 8, ¢, p, 0, m)-sounivex
at each z* € X.
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R.U. VERMA AND G.J. ZALMAI 17

Definition 1.2. The function f is said to be (strictly) (F, 8, ¢, p, 8, m)-pseudosounivex at x* if there exist functions
B: XXX >Ry, ¢0:RoR p: X xX >R, 0: X xX =R a sublinear function F(z,x*;-): R" = R,
and a positive integer m (m > 1 such that for each x € X (x # «*) and z € R",

F(a,a*; Bla,a")V f(a")) + §<z,v2f(:c*)z> > —p(a, 2|0z, )™
= o(f(x) — f(z*))(>) > 0.

The function f is said to be (strictly) (F, 3, ¢, p, 8, m)-pseudosounivex on X if it is (strictly) (F, 3, ¢, p, 0, m)-
pseudosounivex at each x* € X.

Definition 1.3. The function f is said to be (prestrictly) (F, S, ¢, p, 0, m)-quasisounivex at z* if there exist
functions B: X x X 5 Ry, ¢:RoR, p: X x X =R, 0: X x X = R" a sublinear function F(x,x*;-):
R™ — R, and a positive integer m (m > 1 such that for each x € X and z € R™,

¢(f(a) = flz"))(<) <0
= F(z,2";B(z,2")V f(z")) + %(%sz(x*)@ < —plz,2")[|0(x, z7)[|™.

The function f is said to be (prestrictly) (F,B,¢,p,0,m)-quasisounivex on X if it is (prestrictly)
(F, B, @, p,0, m)-quasisounivex at each x* € X.

From the above definitions it is clear that if f is (F, 3, ¢, p, 6, m)-sounivex at z*, then it is both (F, 3, ¢, p, 8, m)-
pseudosounivex and (F, 8, ¢, p, 6, m)-quasisounivex at z*, if f is (F, 8, ¢, p, 8, m)-quasisounivex at =*, then it is
prestrictly (F, 8, ¢, p, 8, m)-quasisounivex at 2*, and if f is strictly (F, 5, ¢, p, 6, m)-pseudosounivex at z*, then it
is (F, B, ¢, p, 8, m)-quasisounivex at z*.

In the proofs of the duality theorems, sometimes it may be more convenient to use certain alternative but
equivalent forms of the above definitions. These are obtained by considering the contrapositive statements. For
example, (F, 3, ¢, p, 8, m)-quasisounivexity can be defined in the following equivalent way:

The function f is said to be (F, 3, ¢, p, 0§, m)-quasisounivex at z* if there exist functions 5: X x X — R, ¢:
R—-R, p: X xX - R, §: X xX — R" asublinear function F(x,z*;-) : R™ — R, and a positive integer m
(m > 1 such that for each € X and z € R",

F(z,2"; Bz, 2")Vf(z")) + %<2,V2f($*)2> > —pla, )0z, z%) ™
= o(f(2) - f(z")) > 0.

Note that the new classes of generalized convex functions specified in Definitions 1.1 - 1.3 contain a variety
of special cases that can easily be identified by appropriate choices of F, 3, ¢, p, 6, and m. For example,
if we let F(z,2%;Vf(z*)) = (Vf(z*),n(x,2*)) and B(z,x*) = 1, then we obtain the definitions of (strictly)
(¢,m, p, 8, m)-sonvex, (strictly) (¢, n, p, 8, m)-pseudosonvex, and (prestrictly) (¢, 7, p, 8, m)-quasisonvex functions
introduced recently in [4].

We conclude this section by recalling a set of second-order parametric necessary optimality conditions for (P).
The form and features of this result will provide clear guidelines for formulating various sets of second-order
parametric sufficient optimality conditions for (P).

Theorem 1.1. [4] Let 2* € [F and \* = maxi<i<p fi(2*)/g:(2*), for each i € p,let f; and g; be twice continuously
differentiable at z*, for each j € g, let the function z — G, (z, t) be twice continuously differentiable at 2* for all
t € Ty, and foreach k € r, let the function z — H (2, s) be twice continuously differentiable at «* for all s € S.
If 2* is an optimal solution of (P), if the second order generalized Abadie constraint qualification holds at z*, and
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18 GENERALIZED SECOND ORDER PARAMETRIC OPTIMALITY CONDITIONS

if for any critical direction y, the set cone
{(VGj(x*,t), <y,v2cj(x*,t)y>) Lt Ty(a%),j € q}
+  span{ (VHk(x*,s), (y, VZHk(x*,s)w) :s € Sk, kert,
where Tj(z*) = {t € T; : G;(z*,t) = 0},

is closed, then there exist u* e U ={u € RP :u >0, Zle u; =1} and integers v and v*, with 0 < 1§ <
v* <n+ 1, such that there exist v indices j,, with 1 < j,, < ¢, together with v/ points t™ € ij (z*), m €
v, v* — 1 indices ky,, with 1 < k,,, < r, together with v* — v§ points s™ € S, for m € v*\i§, and v* real
numbers v}, with v}, > 0 for m € v, with the property that o

p
D u[Vfila®) = X (Vgi(a®)] + Z VG, (%, ™)

*
v

+ > W VH, (a%,s™) =0, (1.1)

m:u(’;-&-l

p
<y,[2u2‘[v2ﬁ,(x — N'Vgi(x +Z = V26, (2, )
-

*
v

+ > vanQHkm(xﬁsm)]yDQ (1.2)

—*
m=vg +1

ui[fi(z*) — N"gi(z")] =0, i€ p, (1.3)

where v \ 1y is the complement of the set v relative to the set v.

2. Generalized Second-Order Sufficient Optimality Conditions

In this section, we discuss several families of sufficient optimality results under various generalized
(F, B, ¢, p,0, m)-sounivexity hypotheses imposed on certain combinations of the problem functions. This is
accomplished by employing a certain partitioning scheme which was originally proposed in [4] for the purpose
of constructing generalized dual problems for nonlinear programming problems. For this we need some additional
notations.

Let vy and v be integers, with 1 < vy < v <n + 1,andlet{Jy, Ji,...,Jas } and { Ky, K1, ..., K} be partitions
of the sets 1 and v\ vy, respectively; thus, J; C v, foreachi € M U {O} J; N J; =0 for each i,j € M U{0} with
1 # j, and UL oJi = 1p. Obviously, similar properties hold for { Ky, K1, .. K M +- Moreover, if my and my are
the numbers of the partitioning sets of vy and v\vy, respectively, then M = max{ml, ms} and J; =0 or K; =)
fori > min{ml, MQ}.

In addition, we use the real-valued functions z — ®;(z,\,v,%,5), i €p, z = (2, \,u,v,t,5), and z —

A, (z,v,1,5) defined, for fixed A\, u, v, = (t*,¢2,..., 1), and 5 = (s*0 1, 5702 ), on R" as follows:
D;(z,\,0,t,3) = fi(2) — Agi(2) + Z v Gj,, (2, t™) + Z UmHy,, (2,5™), i€ p,
meJg meKy

P
O(z, N\, u,v,t,5) = Zul[fz(z) — Agi(2)] + Z UG, (2, t7) + Z U Hy,, (2,5™),
i=1

meJo meKo
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R.U. VERMA AND G.J. ZALMAI 19

A (z,v,1,38) = Z UG, (2, 1) + Z vmHy, (2,8™), 7€ M.

medJ, meK -

In the proofs of our sufficiency theorems, we shall make frequent use of the following auxiliary result which
provides an alternative expression for the objective function of (P).

Lemma 1. [7] For each x € X,

_ filz) >y wifi(x)
wlz) = 1o gi(x) et Zf:i wigi(x)

Making use of the sets and functions defined above, we can now formulate our first collection of generalized
sufficiency results for (P) as follows.

Theorem 2.1. Let z* € F, let \* = p(x*), let the functions f;,g;, i € p, z = Gj(2,t), and z — Hy(z,s) be
twice continuously differentiable at x* for all t € T; and s € Sy, j € q, k €1, and assume that there exist
w* € U and integers vy and v, with 0 < vy <v <n+ 1, such that there exist vy indices Jms with 1 < j,, <g,
together with vy points t™ € ij (%), m € vy, v — vy indices k,, with 1 < k,,, < r, together with v — v points
s™ € Sk, m € v\vy, and v real numbers v, with v}, > 0 for m € vy, such that (1.1), (1.2) and (1.3) hold.
Assume, further that any one of the following four sets of hypotheses is satisfied.:

(@) (i) z— ®(z,\*,u*,v*, 1,5) is prestrictly (F, 3, ®, p, 0, m)-quasisounivex at z*, and $(a) > 0= a > 0;
(ii) for each 1€ M, z — A (z, v*,1,8) is strictly (F, B, br, pr, 0, m)-pseudosounivex at z*, br is
increasing, and ¢.(0) = 0;
(iii) p+ Y0l pr > 0;
(b) (i) z— ®(z,\*,u*,v*1,5) is (F, B, b, p, 0, m)-pseudosounivex at z*, and $(a) > 0 = a > 0;
(ii) for each T € M, z — A (z,v*,t,5) is (F, 3, Gryprs 0, m)-quasisounivex at x*, & is increasing, and
6-(0) = 0;
(iii) p+ 30l pr > 0;
(c) (i) z— ®(z, \*,u*,v*,t,35) is prestrictly (F, B, ¢, p,0, m)- quasisounivex at z*, and ¢(a) > 0 = a > 0;
(ii) foreacht € M, z — A (2,v*,1,5) is (F, 3, br, pr, 0, m)- quasisounivex at t*, b~ is increasing, and
-(0) = 0;
(iii) p+ 7L pr > 0
(d) (i) z— ®(z,\*,u*,v*,1,5) is prestrictly (F, 3,6, p, 0, m)- quasisounivex at z*, and ¢(a) > 0 = a > 0;
(ii) for each T € My, z — A (z,v*,1,3) is (F, B, br\ prs 0, m)-quasisounivex at x*, for each T € My #
0, z — Ar(2,v",1,5) is strictly (F, B, bry prs 0, m)-pseudosounivex at x*, and for each T € M,Z is
increasing and ¢, (0) = 0, where { My, My} is a partition of M;

(iii) p+ Y 1l pr > 0.

Then x* is an optimal solution of (P).

Proof
Let = be an arbitrary feasible solution of (P).
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20 GENERALIZED SECOND ORDER PARAMETRIC OPTIMALITY CONDITIONS

(a) : In view of the positivity of §(x, z*) and sublinearity of F(xz,x*;-), it follows from (1.1) and (1.2) that

}'(x x*; Bz, x” {Zu [Vfi(z™) = A*Vg;(z™)] + Z vy, VG, (", t")+
meJy
Z U:‘nVHkm(a:*,sm)})
meKo
1 * - *\72 2 2 m * 72 * .m *
+§<z,[Zui[V fi(z®) = A*Vg(x +Zv VG, (x*,t") + vav Hy, (z*,s )]z>
i=1 meJo meKyp
M
Jr]:(x x*; Blx, x* Z [ Z v, VG, (2™, t™) + Z v:‘nVHkm(z*,sm)}>
=1 méeJ, meK
M
<z*,2[ Z vIV2Gy, (7, t7) + Z v;VQHkm(x*,sm)]z*> >0. (2.1
=1 meJ, meK

Since z,z* € F, foreach 7 € M,

A (z,v",1,8) = Z vy, Gy, (x,t™) + Z vy Hi, (x,s™)

meJ, meK,

<0

=3 Gy @+ Y o Hy, (@8
medJ, meK

= A (z",v",1,5),
and so using the properties of the function ¢, we get
éT(AT(m,v*,ﬂ 5) — A (2%, 0", 1, §)) <0,
which because of (ii) implies that

}"(:E,x*;ﬂ(x,x*){ Z v, VG, (¥, t™) + Z v:‘nVHkm(x*,sm)D

medJ, meK,

n %<z*, { Z U;k,LVQGjm(x*7tm) + Z U:RVQHkm ($*75m)] Z*>

meJ, meK
< —pr(x, 2")|0(z, z7)|™.

Summing over 7 and using the sublinearity of F(z, z*;-), we obtain

M
]-'(as,x*;ﬂ(x,x*)Z[ Z vy, VG, (2", 1) + Z v:‘nVHkm(x*,sm)D
=1 meJ, meK
M
}<z*,2[ Z vi, VG, (2%, 1™) + Z vanQHkm(x*,sm)}z*>
2 T=1 me&J, meK,

M
Z MNO(z, %)™, (2.2)
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Combining (2.1), (2.2) and using (iii) we get

]:(3: x*; Bz, x” {Zu [Vfi(z™) — A*Vg;(z")] + Z vy, VG, (2%, t™)

meJy
p
+ Z vy VHy, (x*,sm)}) + %<z*, [Zu;‘[Vsz(x*) — N*V2g;(2*)] + Z vi V3G, (2%, t™)
meKy i=1 meJy
M
+ Y Vi, (5] ) > Z ol )™ > —pla, 2|6z, ") ™, (2.3)

meKo

which by virtue of (i) implies that ¢(®(xz, \*, u*,v*,£,5) — ®(z*,\*,u*,v*,1,5)) > 0, which in light of further
properties of ¢ reduces to
q)(l:a A*,U*,’U*,ﬂ §) > q)(iU*, A*aU*aU*7ﬂ 5) = Oa

where the equality follows from (1.3) and the feasibility of z*. Since z,2* € IF and v};, > 0, m € vy, we have

0<Zu fz Z( )]

Now using this inequality and Lemma 2.1, we obtain ¢ (z*) < ¢(x). Since x is arbitrary, we conclude that z* is an
optimal solution to (P).
(b): Based on the proof of part (a), we see that (ii) leads to the following inequality:

M
}"(%m*;ﬂ(m,x*)Z[ Z v, VG, (¥, t™) + Z v,*nVHkm(x*,sm)D
=1 meJ, meK
1 M
+ §<z*,Z[ Z U;V2Gjm(l'*,tm)+ Z U;V2Hk7n(x*,sm)}z*>
=1 meJ, meK,
M
Z MOz, %)™ (2.4)
Now combining this inequality with (2.1) and using (iii), we obtain
]-'(x x*; Bz, x” {Zu [Vfi(z™) = A*Vg;(z")] + Z vy, VG, (2%, t™)
meJy
+ Z v:‘nVHkm(:z:*,sm)}>
meKo
1 p
* * 2 * *v72 * * 2 * 4m
+§<z , [Zul[v fi(@®) = X'V (x")] + Z v, VG, (", t™)
i=1 meJdg
M
3 VR, ()] 2 3 e ) 0, = e, )0, 2|,
meKo T=1

which applying (i) implies that ¢ (®(z, \*, u*, v*,{,5) — ®(z*, A*,u*,v*,,5)) > 0. Thus, we conclude that z* is
an optimal solution to (P), while the proofs for (c) and (d) are similar to (a) and (b). ]

Making use of the sets and functions defined above, we can now formulate our first collection of generalized
second-order parametric sufficient optimality results for (P) as follows.
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22 GENERALIZED SECOND ORDER PARAMETRIC OPTIMALITY CONDITIONS

Theorem 2.2. Let z* € F, let \* = p(x*), let the functions f;,g;, i € p, z — Gj(z,t), and z — Hy(z,s) be
twice continuously differentiable at x* for all t € T; and s € Sk, j € q, k €1, and assume that there exist
u* € U and integers vy and v, with 0 < vy < v <n+ 1, such that there exist v indices jm,, with 1 < j,, <gq,
together with vy points t™ € ij (x*), m € vy, v — vy indices ky,, with 1 < k,, < r, together with v — vy points
s™ € Sk,., m € v\w, and v real numbers v}, with v}, >0 for m € vy, such that (1.1), (1.2) and (1.3) hold.
Assume, further that any one of the following seven sets of hypotheses is satisfied:

(a) (i) for each i€ I, ={i€p:ul >0}, &= ®;(&v*, A 1,5) is (F,B, ¢, pi, 0, m)-pseudosounivex at
x*, ¢, is strictly increasing, and ¢;(0) = 0;

(ii) for each t € M, & — Ay(&,v*,1,5) is (.7-',,6,ét,ﬁtﬁ,m)—quasisounivex at *, ¢, is increasing, and
#¢(0) = 0;

(iii) ey, wipi(@, @) + 0Ly pe(x, %) > 0 forall v € F;

(b) (i) for each i € I, £ — <Izi(§7v*,)\*,f, 5) is prestrictly (F, B, ¢s, pi, 0, m)-quasisounivex at x*, ¢; is
strictly increasing, and ¢;(0) = 0;

(ii) for eacht € M, & — A¢(&,v*,t,3) is strictly (F, 3, b1, pr, 0)-pseudosounivex at x*, &y is increasing,
and ¢:(0) = 0;

(iii) ey, wipi(@, @) + 3Ly pe(w, %) > 0 forall v € F;

(c) (i) for each i€ 1y, & — <Izi(§7v*,)\*7f, 5) is prestrictly (F, B, ¢s, pi, 0, m)-quasisounivex at x*, ¢; is
strictly increasing, and ¢;(0) = 0;

(ii) for each t € M, § — Ay(§,v*,t,5) is (.7-",6,gZNJt,ﬁt,G,m)-quasisounivex at ©*, ¢, is increasing, and
¢+(0) = 0;

(iii) 3iey, wipi(@, @) + 30y pu(w, %) > 0 forall w € F;

(d) (i) for each i € I, & — ®;(§,v*,\*1,5) is (]—',B,@i,ﬁi,G,m)—pseudosounivex at x*, for each i €
Ly, &= ©;(§,v",v*, X, 1, 5) is prestrictly (F, B, ¢i, pi, 0, m)-quasisounivex at x*, and for each i €
Iy, @&; is strictly increasing and ¢;(0) = 0, where {11, I>} is a partition of 1 ;

(ii) foreacht € M, & — A(§,v*,1,5) is strictly (F, B3, b1, pr, 0, m)-pseudosounivex at r*, &y is increasing,
and ¢:(0) = 0;

(iii) 3iey, wipi(@, @) + 30y pu(w, %) > 0 forall x € F;

(e) (i) for each i1 € I 1 # 0, & — ®;(&,v*, \*,1,5) is (]—',L@,éi,ﬁi,O,m)—pseudosounivex at x*, for each
i € Iy, §— D, (E,v*, A 1,5) is prestrictly (F, 3, i, pi, 0, m)-quasisounivex at x*, and for each
i € Iy, @, is strictly increasing and ¢;(0) = 0, where {114, I>4 } is a partition of 1;

(ii) foreacht € M, & — Ay(§,v*,v*,t,35) is (F, 3, b1, pr, 0, m)-quasisounivex at x*, by is increasing, and
$¢(0) = 0;

(iii) ey, wipi(@, @) + 32y pe(w, %) > 0 forall x € F;

(f) (i) for each i € Iy, & — <Izi(§7v*,)\*7f, 5) is prestrictly (F, B, ¢s, pi, 0, m)-quasisounivex at x*, ¢; is
strictly increasing, and ¢;(0) = 0;

(ii) for eacht € My # 0, & — Ay(§,v*, 1, 5) is strictly (F, 3, b1, pr, 0, m)-pseudosounivex at x*, for each
te My, & — MN(§,0%,t,5) is (F,B, ¢, pr, 0, m)-quasisounivex at x*, and for each t € M, ¢; is
increasing and ¢.(0) = 0, where {M ,, M, } is a partition of M;

(iii) 3 ieq, uipi(z, x*) + Zivil pe(z,x*) >0 forallx € F;

(g) (i) for each i € Iy, = ®;(§,v*,\*,1,5) is (}",@,(;_Si,ﬁi,G,m)—pseudosounivex at x*, for each i€
Iy, & — ®i(&,v*,\*,1,5) is prestrictly (F, 83, ¢i, pi, 0, m)-quasisounivex at x*, and for each i €
Iy, ¢; is strictly increasing and ¢;(0) = 0, where {I1,I>; } is a partition of I.;
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(ii) for eacht € M,, & — Ny(&,v*, 1, 5) is strictly (F, B3, bt pr, 0, m)-pseudosounivex at x*, for each t €
My, & — A(&,0%, t,5)is (F, B, ¢+, pt, 0, m)-quasisounivex at x*, and for each t € M, ¢ is increasing
and ¢(0) = 0, where {M, M} is a partition of M ;

(iii) 3 ieq, uipi(z, x*) + Zi\il pe(z,x*) >0 forallx € F;
(iv) Tig # 0, My # 0, 0r Y0y, uipilz,a*) + 0 i, 2*) > 0.
Then x* is an optimal solution of (P).

Proof
(a): Assume that z* is not an optimal solution to (P). Then there exists a feasible solution Z of (P) such that
©(Z) < ¢(z*) = \*. Hence, we have

fi(Z) — XNgs(z) < 0 foreachi € p. (2.5)

Since v* > 0, for each i € I, we have

O, (z,v*, N1, 5) = fi(z) — )+ Y viGs( + ) viHi(x,5™)
j€Jo keKy
< fi(Z) — X\*g;(Z) (by the feasibility of Z)
<0
= fi(z") = XN'gi(x") + Z viGy(z*, ") + Z wiHi (2%, s™)
j€Jo keKo

(by the feasibility of z*)
- (pz(x*v ’U*, U)*, >‘*a {7 '§)7
and so using the properties of the function ¢;, we get

¢i(q)i(i‘,v*7)‘*) - ¢i(x*?v*7)\*)) < 07

which in view of (i) implies that

}"(x,x*;ﬁ(:c,x*) {Vfi(x*) — A"Vgi(z*) + Z vy, VG, (2%, t™) + Z vy, VHy, | (a:*,sm)D—F

meJy meKo
%<Z*, {sz;(x*) i )\*v2gl(x*) + Z ’U V2G (1, tm) + Z v;v2H;€m(m*’3m)} z*>
meJo meKo

< —piz,2")||0(z, 7)™

Since u* > 0, u} =0 foreachi € p\I;, >r | uf =1, and F(x,z*,-) is sublinear, the above inequalities yield

f(x x*; Bz, ™ {Zu [Vfi(z*) = X*Vg;(«™)] + Z vy, VG, (x*,t™) + Z v:‘”VHkm(x*,sm)}>+

meEJo meKo

%<Z*7{Zuﬂv2f1(m*)_/\*VQQz(-T*)]‘f' Z U;V2Gjm(l‘*,tm)+ Z ’U:;LVQHk;m(.’E*’Sm)}Z*>
=1

meJo meKg

<= uipi(z,a)|0(@ a)|™. (2.6)

i€l
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Proceeding as in the proof of Theorem 2.1, we see that our assumptions in (ii) lead to

M
]-'(a:,x*;ﬁ(x,x*)Z[ Z v, VG, (%, t™) + Z v;VHkm(x*,sm)D
=1 meJ, meK
! M
+ §<Z*,Z |: Z ’U;knszj(af*,tm)
7=1 mé€EdJ,

M
+ Z v;‘nVQHkm(x*,sm)]z*> < —Zﬁt(m,x*)HG(E,m*)HQ,
T=1

meK,

which when combined with (2.1) results in

F (™ fla,a ) { Y wllV A7) = N Vgl + 3 05, VG, (@7, ¢7)
i=1

meJo

+ Z vy VHy, (Jc*,sm)}) + %<z*, { iu;‘[v2fi($*) — A\*V2g;(x")]
i=1

meKo

M
+ Z vi V3G, (25, t™) + Z vanQHkm(x*,sm)}z*> > ZﬁT(:E,x*)HG(gE,m*)HQ.
=1

meJo meKo

Based on (iii), this inequality contradicts based on our assumption (2.6). Hence, z* is an optimal solution to (P).
(b) - (g) : The proofs are similar to that of part (a). O

In the following theorem, we construct a different partitioning method which appears to be general for
formulating a general duality model for a multiobjective fractional programming problem, and then we present
another collection of sufficient optimality results for (P) which are different from those stated in Theorems
2.1 and 2.2. These results are formulated on a partition of p in addition to those of vy and v\v, and by
placing appropriate generalized (F, /3, ¢, p, #)-univexity requirements on certain combinations of the functions
z = wi[fi(2) — Agi(2)], z = Gj(z,1), and z — Hy(z,s).

Let {Io, I1,...,1a}, {Jo,J1,...,Je},and {Ky, K1, ..., K.} be partitions of p, vy, and v\vy, respectively, such
that D = {0,1,2,...,d} C E={0,1,...,e}, and let the function z — II.(z, A\, u,v,t,5) : R® — R be defined,
for fixed \, u, v, = (t!,42,...,#"0), and 5 = (s*0 1 sv0Ft2 . ), by

I (2 A w0 E5) = S wlfi(2) = Aga@) + 3 vmGy, (,87)
i€l medJ,

+ Z vmHg, (2,8™), T € D.
meK,

Theorem 2.3. Let z* € F, let \* = @(a*), let the functions f;, g;, i € p, z — G;(z,t), and z — Hy(z,s) be
differentiable at x* for all t € T; and s € Sy, j €q, k€r, and assume that there exist u* € U,u* > 0, and
integers vy and v, with 0 < vy <v <n+1, such that there exist vy indices Jms With 1 < jp, < q, together with vy
points t™ € ij (z*), m € v, vV — v indices kp,, with 1 < ky,, < r, together with v — vy points s™ € Sk,,, M €
v\, and v real numbers v, with v}, > 0 for m € vy, such that (1) and (2) hold. Assume, furthermore, that any
one of the following seven sets of hypotheses is satisfied:

(a) (i) for each T € D, z — (2, \*,u*,v*{,5) is (F,B,¢r,pr,0,m) - pseudosounivex at z*, ¢, is
increasing, and ¢ (0) = 0;
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(ii) for each T € E\ D,z — A, (z,v*,1,3) is (F, B, ¢+, pr, m)— quasisounivex at x*, ¢, is increasing,
and ¢-(0) = 0;
(iii) Y cppr > 0;
(i) for each T € D, z — 1L (z, \*,u*,v*,t, 3) is prestrictly (F, 8, ., pr, 0, m)- quasisounivex at z*, ¢,
is increasing, and ¢ (0) = 0;
(ii) for each 7 € E\ D, z — A (z,v*,1,5) is strictly (F,B,¢-,pr,0,m)- pseudosounivex at x*, ¢, is
increasing, and ¢ (0) = 0;
(iii) ZTGE pr > 0;
(i) for each T € D, z — L. (z, \*,u*,v*,t, 3) is prestrictly (F, 8, ¢, pr, 0, m)- quasisounivex at v*, ¢,
is increasing, and ¢ (0) = 0;
(ii) for each T € E\ D, z — A (z,v*,1,5) is (F, B, -, pr, 0, m)- quasisounivex at x*, ¢, is increasing,
and ¢-(0) = 0;
(iii) Y cppr>0;
(i) for each T € D1, z — I, (2, \*, u*,v*,t,35) is (F, B, ér, pr, 0, m)- pseudosounivex at x*, for each
T € Do, 2z — I (2, \*,u*,v* 1, 8) is prestrictly (F, 8, -, pr, 0, m)- quasisounivex at x*, and for each
T € D, ¢, is increasing and ¢, (0) = 0, where { D1, D2} is a partition of D;
(ii) for each T € E\ D, z — A.(z,v*,%,5) is strictly (F, B, ¢+, pr,0,m)- pseudosounivex at z*, ¢, is
increasing, and ¢ (0) = 0;
(iii) 3, cp pr = 0;
(i) foreachT € Dy # 0, z — (2, \*, u*,v*, 1, 5) is (F, B, ¢+, pr, 0, m)- pseudosounivex at x*, for each
T € Dy, z — 1L (2, \*, u*,v*, 1, 5) is prestrictly (F, B, ¢+, pr, 0, m)- quasisounivex at x*, and for each
T € D, ¢, is increasing and ¢, (0) = 0, where { D1, D2} is a partition of D;
(ii) for each T € E\ D,z — A (z,v*,1,5) is (F, B, ¢r, pr, 0, m)- quasisounivex at x*, ¢, is increasing,
and ¢,(0) = 0;
(iii) Y cppr>0;
(i) for each T € D, z — 1L (2, \*, u*,v*,t, 5) is prestrictly (F, 8, ., pr, 0, m)- quasisounivex at v*, ¢,
is increasing, and ¢.(0) = 0;
(ii) for each T € (E\ D)1 # 0, 2 — A.(2,v*,1,5) is strictly (F, 3, ¢+, pr, 0, m)- pseudosounivex at z*,
for each T € (E\ D)s, z = A (2,v*,t,5) is (F, B, ¢+, pr, 0, m)- quasisounivex at x*, and for each
T € D, ¢, is increasing and ¢ (0) = 0, where {(E \ D)1, (E \ D)2} is a partition of E \ D;
(iii) 3, cp pr = 0;
(i) for each T € Dy, z — (2, \*,u*,v*,,5) is (F,B, ¢+, pr, 0,m)- pseudosounivex at z*, for each
T € Dy, z — 1L (2, \*, u*,v*, 1, 5) is prestrictly (F, B, ¢+, pr, 0, m)- quasisounivex at x*, and for each
T € D, ¢, is increasing and ¢, (0) = 0, where { D1, D2} is a partition of D;
(ii) for each T € (E\ D)1, z — A-(2,v*,1,5) is strictly (F, B, ¢+, pr,0, m)- pseudosounivex at x*, for
each 7 € (E\ D)a, z = A (2,v*,1,5) is (F, B, &r, pr, 0, m)- quasisounivex at x*, and for each T €
D, ¢, is increasing and ¢,(0) = 0, where {(E \ D)1, (E \ D)2} is a partition of E \ D;
(iii) 32, cppr = 0;
(iv) Dy #0, (E\D)1 #0,0r) ppr>0.

Then x* is an optimal solution of (P).

Proof

(a): Assume that =* is not an optimal solution to (P). Then based on the proof of Theorem 2.2, we arrive at the
inequalities f;(Z) — A*g;(Z) <0, i € p, for some Z € FF. Since u* > 0, we see that for each 7 € D,

> uilfi@) = Ngi(@)] < 0. 2.7)

icl,
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Now using this inequality, we see that
H(fc)\*u*v*EE)

=3 uf @]+ Y G @™+ Y vl Hi, (2,5™)

i€l medJ, meK,

<> — \*gi(z)] (by the feasibility of Z and positivity of vZ,, m € 1)
i€l

<0

= ujl Ngi(@)] + Y G, (@ ™) + Y opHy, (2%, s™)
i€l meJ, meK -

(since (1.3) holds, z* € F, and t™ € Tj (%), m € vp)
= IL (%, \*, u*, v*, 1, 5),
and so using the properties of the functions ¢, 7 € D, we get
(bT(HT(sE, A ut vt §) — T (2%, A u™, 0™, 1, §)) <0,

which in view of (i) implies that

]7(33 x*; Bz, ™ {Zu [V fi(z*) = X*Vg;(«™)] + Z vy, VG, (2%, t™)

i€l meJd,
+ Z vinVHkm(x*7sm)})
meK,
1 * * m
+§<z,{2ui[vzfi(:c — \*V3g(z +ZU V3G (z*,t™)
i€l JjeJi
+ 30 Vs ) < il 02|
keEK,

Summing over 7 € D and using the sublinearity of F(z,z*;-), we get

F(w,2% B, {Zu Vi(a") = AVgi(a )]+ Y | Y 0 VG, (a7

T€D med,
+ Z v;‘nVHkm(a:*7sm)}})
meK,
1
G DGO EPR IS IED DI DEA RN
i€l 7€D med,
+ Y VR, @ s f) < = 3 pel@at) o) | 28)
meK, T€ED

As shown in the proof of Theorem 2.2, for each 7 € E\D, A, (Z,v*,{, §) < A (z*,v*,t,5), and so using the
properties of ¢, 7 € E\D, we get the inequality ¢ (A, (Z,v*,%,5) — A (x*, v*, 1, )) < O, which in view of (ii)
implies that

]-'(x,x*;ﬁ(x,x*){ Z v, VG, (2%, t™) + Z v;‘nVHkm(x*,sm)D

meJ, meK -

1 * * * 4m * * m *
—|—§<z ,{ZvjVQGj(x ,t) + Z viV2 Hy (2%, s )]Z >

jed, kEK,
< —pr (T, 2")[0(z, ") |
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Summing over 7 € E\ D and using the sublinearity of F(z,x*;-), we obtain

}'(x,x*;ﬁ(w,x*) Z [ Z v VG, (2", t™) + Z v;‘nVHkm(a:*,sm)D

T€E\D me&J, meK,
1 * * * 4m * * _m *
+§<Z , Z [ZvjVQGj(:L’ M) + Z viV2H (%, s )}z >
TEE\D jEJ; kEK,

<= Y p@a)lp@ ) @9

TEE\D

Now combining (2.8) and (2.9) and using (iii), we have

]-'(a:x ; Bz, x* {Zu [Vfi(z*) — X*Vgi(x +Zv VG, (x*, ™)+

m=1
v

Z U’Tankm (x*,sm)})
m=vog+1

p 2
—|—<z*,[2u2‘[v2f¢(o: — N'V2g,(x +Z LV, @ ) Y U;VZHle(x*,sm)}zw
i=1 m=vj+1

<=3 prla )bz, 2)|™ <0,

TEE

which contradicts (1.1) and (1.2) (since S(x,z*) > 0 and F(x, 2*;0) = 0). Therefore, 2* is an optimal solution of
(P).
(b) - (g) : The proofs are similar to that of part (a). ]

The modified versions of Theorems 2.2 and 2.3 can be stated in a similar manner. Theorems 2.1 - 2.3, and their
modified versions encompass a large family of sufficient optimality conditions for (P) whose members can easily
be identified by appropriate choices of the partitioning sets .J,,, K,, p € mU{0}, and I;, t € £U{0}. To this
context, we state explicitly some important special cases of part (a) of Theorem 2.2, for example, the following
corollary.

Corollary 1. Let z* € F, let \* = p(a*), let the functions f;,g;, i € p, 2 — Gj(z,t), and z — Hy(z,s) be
twice continuously differentiable at x* for all t € T; and s € Sy, j €q, k €r, and assume that there exist
u* € U and integers vy and v, with 0 < vy <v <n+ 1, such that there exist vy indices jp,, with 1 < j,, <g,
together with vy points t™ € ij( x*), m € vy, v — vy indices kp,, with 1 < k,,, < r, together with v — vy points
s™ € Sg,., m € v\wy, and v real numbers v}, with v}, > 0form € vy, suchthat (1.1), (1.2) and (1.3) hold. Assume
further that any one of the following ten sets of hypotheses is satisfied:

(a) (i) for each i€l ={icp:ul >0}, the function &— fi(§)—Ngi(&) is (F,B, i, pi,0,m)-
pseudosounivex at ©*, ¢; is strlctly increasing, and ¢;(0) = 0;
(ii) the function & — Z; 15 G;(&,t) —|—Zk LU HR(E, ) is (}",57q~5,579,m)—quasis0univex at ©*, ¢ is
increasing, and ¢(0) = 0;
(iii) 3 ieq, uipi(z,x7) + p(z,2*) = 0 forall x € F;
(b) (i) for each i€ Iy, the function &— fi(§) —Ngi(§)+ D7 viG;(&,t) + >k viHk(E s) is
(F, B, ¢s, pi, 0, m)-pseudosounivex at z*, ¢; is strictly increasing, and ¢;(0) = 0;
(ii) Zieu ulpi(z,x*) > 0 forall x € F;
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(c)

(d)

(e)

)

(g)

(h)

(i)

()
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(i) for each i€ l,, the function & — fi(€) —A*gi(§)+zjgo ; G;(¢,t) —i—zk L UrHR(E,s) s
(F, B, ¢s, pi, 0, m)-pseudosounivex at x*, ¢; is strictly increasing, and qbl( ) =0;
(ii) foreacht € M, &€ —
$+(0) =0
(iii) 3 iey, wipi(@,a*) + 3y po(w, %) > 0 for all x € F;
(i) for each i€ I, the function & — f;(&) — N*g;(¢ "‘Z; VUFG(61) + D ek, Vi HE(E,8) s
(F, B, bi, pi» p, 0, m)-pseudosounivex x*, ¢; is strictly increasing, and ¢;(0) = 0;
(ii) for efzch teM, &— Zkem vpHi (€, 8) is (F, B, b1, pt, 0, m)-quasisounivex at z*, &y is increasing,
and ¢:(0) = 0;
(iii) 3 iey, wipi(@, @) + 3Ly pe(x, %) > 0 for all x € F;
(i) for each i€, the function &— fi(€) = A"gi(§)+ D I_viG;(&,t) is (F,B, ¢, pi,0,m)-
pseudosounivex at *, ¢; is strictly increasing, and $;(0) = 0;

e, viG;(€,t)is (F, B, b1, pr, 0, m)-quasisounivex at ¥, &y is increasing, and

(ii) the function & — %, _ viHg(&, s) is (.7-",B,gzz,[),@,m)-quasisounivex at ©*, ¢ is increasing, and
¢(0) =0;
(iii) Zz’el+ wipi(z,z*) + p(z,z*) > 0 forall v € F;
(l) fOl" each i€ I—‘r: th‘E function 5 — f’b(g) - )‘*g’b(g) + 22:1 UZ-Hk(ga S) is (]:757 éiaﬁi797m)_
pseudosounivex at x*, ¢; is strictly increasing, and ¢;(0) = 0;
(ii) the function & — Z] 1 U5GG(8) is (F, B, b, 5,0, m)-quasisounivex at T*,  is increasing, and ¢~>(0) =0;
(iii) 3 ,cr, uipi(z,a*) + plz, %) = 0 for all v € F;

(i) for each iely, the function &— f;(€) = Ngi(z)+ > ,_i viHr(§,s) is (F, B, bi, pi, 0, m)-
pseudosounivex at x*, ¢; is strictly increasing, and ¢;(0) = 0;

(ii) for ez}chj € ¢, the function § — viG;(§,t) is (F, 5, (Z;j, p;, 0, m)-quasisounivex at z*, ¢~>j is increasing,
and ¢;(0) = 0;
(iii) Zieu ufpi(z,x*) + 25:1 pj(x,x*) > 0 forall x € F;
(i) for each i€ Iy, the function &— fi(€)—Ngi(€)+ D I_viG;(&,t) is (F,B, ¢, pi,0,m)-
pseudosounivex at v*, ¢; is strictly increasing, and ¢;(0) = 0;
(ii) foreach k € r, § = wiHy (¢, s) is (F, B, Dy Pres 0, m)-quasisounivex at x* and qﬁk(O) =0y
(iii) 3 ieq, uipi(z, %) + Sy Pr(z,2*) >0 forall z € F;
(i) for each i€ Iy, the function & — fi(§) — \*g;(¢ +Z]€Jo ; G;(¢,t) +Ek LUHR(E,s) s
(F, B, ds, pi, 0, m)-pseudosounivex at x*, ¢; is strictly increasing, and gbz( ) =0;
(ii) t~he Sfunction & — Zje]l 3Gy(Et) is (F, B, b, p, 0, m)-quasisounivex at x*, ¢ is increasing, and
¢(0) =0;
(iii) Zi€I+ ulpi(z,x*) + plx,x*) > 0 forall x € F;
(l) fOV each i € I+a E - .]ill(g) - A*gl + Z] 1 ] 1(§7t) + ZkeKO UZH/C(§7S) is (‘F7/87(;5i7ﬁi707m)'
pseudosounivex at x*, ¢; is strictly increasing, and ¢;(0) = 0;

(ii) the function £ — ZkeKl viHR(E, s) is (]-',ﬁ,q;, 0,0, m)-quasisounivex at x*, ¢ is increasing, and
¢(0) =0;
(iii) Zi61+ wlpi(z, x*) + plx,z*) > 0 forall x € F.

Then x* is an optimal solution of (P).

Proof

In general proofs follow based on appropriate manipulations, while comparing parts (f) and (g) of the above
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corollary, we observe that they represent two extreme cases with respect to the (F, 3, ¢, p, 8, m)-quasisounivexity
assumptions in the sense that in (f) all the functions § — v;G/;(€), are lumped together, whereas in (g) separate
(F, B, @, p, 0, m)-quasisounivexity conditions are imposed on the individual functions. O

3. Concluding Remarks

We have established several sets of generalized second-order parametric sufficient optimality criteria for a
semiinfinite discrete minmax fractional programming problem using a variety of generalized (F, 3, ¢, p, 8, m)-
sounivexity assumptions. These optimality results can be applied to constructing various duality models as well as
for developing new algorithms for the numerical solution of minmax fractional programming problems. The results
investigated in this communication seem to be applicable to further generalizations and challenging applications
to higher order exponential type (F, 3, ®, p, 8, m)-sounivexities based on the recently introduced notion of the
Hanson-Antczak type invexities by Zalmai [8].
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