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Abstract This paper deals with the mean-square optimal linear estimation of linear functionals, which depend on the
unknown values of a stationary stochastic sequence from observations with a stationary noise sequence. If spectral densities
of the sequences are exactly known, we derive the formulas for calculating the mean-square errors and the spectral
characteristics of the optimal linear estimates of functionals. The minimax (robust) method of estimation is applied in the
case of spectral uncertainty, where spectral densities are not known exactly while sets of admissible spectral densities are
given. Formulas that determine the least favorable spectral densities and the minimax spectral characteristics are proposed
for some special sets of admissible densities.
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1. Introduction

Estimation of unknown values of stochastic sequences is of a great interest both in the theory of random processes
and applications of this theory to the data analysis. Such problems arise in such areas of science as oceanography,
meteorology, astronomy, radio physics, statistical hydromechanics etc. Effective methods of solution of estimation
problems (interpolation, extrapolation and filtering) of stationary sequences were developed by A. N. Kolmogorov
(see selected works by Kolmogorov [15]). Detailed description and further development of the methods can be
found in books by Yu. A. Rozanov [35] and E. J. Hannan [10]. A significant contribution to the theory of forecasting
was made by H. Wold [39, 40], T. Nakazi [31]. Constructive methods of solution of the estimation problems for
stationary stochastic processes were proposed by N. Wiener [38] and A. M. Yaglom [41, 42].

The crucial assumption of most of the methods of estimation of the unobserved values of stochastic processes is
that the spectral densities of the considered stochastic processes are exactly known. However, in practice, complete
information on the spectral densities is impossible in most cases. In this situation, one finds a parametric or
nonparametric estimate of the unknown spectral density and then apply one of the traditional estimation methods
provided that the selected density is the true one. This procedure can result in significant increasing of the value
of error as K. S. Vastola and H. V. Poor [37] have demonstrated with the help of some examples. To avoid this
effect one can search the estimates which are optimal for all densities from a certain class of admissible spectral
densities. These estimates are called minimax since they minimize the maximum value of the error. The paper by
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Ulf Grenander [9] was the first one where this approach to extrapolation problem for stationary processes was
proposed.

Several models of spectral uncertainty and minimax-robust methods of data processing can be found in the
survey paper by S. A. Kassam and H. V. Poor [14]. In papers by J. Franke [5], J. Franke and H. V. Poor [6] the
minimax extrapolation and filtering problems for stationary sequences were investigated with the help of convex
optimization methods. This approach makes it possible to find equations that determine the least favorable spectral
densities for different classes of densities.

In papers by M. Moklyachuk [19] — [22] problems of linear optimal estimation of the functionals which
depend on the unknown values of stationary sequences and processes were investigated. Methods of solution the
interpolation, extrapolation and filtering problems for periodically correlated stochastic sequences and processes
were described by M. Moklyachuk and I. Dubovetska [4], M. Moklyachuk and I. Golichenko [23]. The
corresponding estimation problems for vector-valued stationary sequences and processes were investigated in
papers by M. Moklyachuk and A. Masyutka [24]-[26]. Estimation problems for functionals which depend on
the unknown values of stochastic sequences with stationary increments were investigated by M. Luz and M.
Moklyachuk [16] - [18]. The problem of interpolation of stationary sequence with missing values was investigated
by M. Moklyachuk and M. Sidei [29, 30]. The corresponding problem for harmonizable stable sequences was
investigated by M. Moklyachuk and V Ostapenko [27], [28].

Prediction problem for stationary sequences with missing observations was investigated in papers by
P. Bondon [1, 2], Y. Kasahara, M. Pourahmadi and A. Inoue [13, 32], R. Cheng, A. G. Miamee, M. Pourahmadi [3].
The problem of interpolation of stationary sequences was considered in the paper of H. Salehi [36].

In this paper we investigate the problem of the mean-square optimal estimation of the functional A{ =

>~ a(j)&(—7) which depends on the unknown values of a stationary sequence {£(j),j € Z} from observations
j€Zs
of the sequence £(j) + ( ) at points j € Z_\S, where the stationary sequence {n( ),j € Z} is uncorrelated with

the sequence £(j), S = U{ (M; + Ny),...,—M}, Z5 ={1,2,.. }\ST, S+ = U{MZ,.. , My + N}, Mo =0,

Ny = 0. The problem is 1nvest1gated in the case of spectral certainty, where both s;iectral densities of the sequences
&(4) and n(j) are known. In this case we derive formulas for calculating the spectral characteristic and the mean-
square error of the optimal linear estimates using the method of projection in the Hilbert space of random variables
with finite second moments proposed by Kolmogorov [15]. In the case of spectral uncertainty, where the spectral
densities are not exactly known while a set of admissible spectral densities is given, the minimax method is applied.
Formulas for determination the least favorable spectral densities and the minimax-robust spectral characteristics of
the optimal estimates of the functional are proposed for some specific classes of admissible spectral densities.

2. Hilbert space projection method of filtering

Consider stationary stochastic sequences {{(j),j € Z} and {n(j),j € Z} with absolutely continuous spectral
measures F'(d)), G(d)\) and correlation functions of the form

Re(k) = %/e““f()\)d)\, R, (k) = %/eimg()\)d)\,

—T —T

where f()) and g(\) are the spectral densities of the sequences {£(j),j € Z} and {n(j),j € Z} respectively.
We will suppose that the spectral densities f(\) and g(\) satisfy the minimality condition

/f i < oo )

This condition is necessary and sufficient in order that the error-free filtering of unknown values of the sequences
is impossible [35].
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310 FILTERING FOR SEQUENCES WITH MISSING OBSERVATIONS

The stationary stochastic sequences £(j) and 7(j) admit the following spectral decomposition [8], [12]

£() = / EAZ(dN), () = / ¢ 7, (dN),

—T —T

where Z¢(d\) and Z,)(d)\) are orthogonal measures defined on (—, 7] that correspond to the spectral measures
F(dX) and G(d))

B2 () ZeE) = Fdind) = - [ foa
BZ,(A)Z(0) = G(A1 N &) = o /A i

S
Suppose that we have observations of the sequence £(j) + 7(j) at points j € Z_\S, where S = |J {—(M; +
=1

Ny),...,—M;}. The problem is to find the mean-square optimal linear estimate of the functional
AL =) a(h)e(=)),
jezs

which depends on the unknown values of the sequence £(j), Z° = {1,2,...}\S*, ST = J{M,,..., M; + N;}.
=1

Suppose that the coefficients {a(j),7 = 0,1, ...} defining the functional A¢ satisfy the following conditions

D alk) <o, > (k+1)a(k)]* < oo )

kezs kezs

The first condition ensures that the functional A has finite second moment. The second condition ensures the
compactness in {5 of operators that will be defined below.

It follows from the spectral decomposition of the sequence £(j) that the functional A can be represented in the
following form

At = /A(ei)‘)Zg(d/\), Ale™) =Y a(j)e

jezs

Consider values £(7) and 7(j) as elements of the Hilbert space H = Ly (€2, F, P) generated by random variables
¢ with zero mathematical expectations, E¢ = 0, finite variations, E|¢|? < oo, and inner product (£,71) = E&T.
Denote by H*(£ + n) the closed linear subspace generated by elements {£(j) + n(j) : j € Z_\S} in the Hilbert
space H = Lo(Q2, F, P). Let Lo(f + g) be the Hilbert space of complex-valued functions that are square-integrable
with respect to the measure whose density is f(A) + g(A). Denote by L5(f + g) the subspace of La(f + g)
generated by functions {¢”?*, j € Z_\S}.

The mean-square optimal linear estimate A¢ of the functional A¢ from observations of the sequence £(5) + 1(5)
can be represented in the form

e = / B(e™)(Ze(dAN) + Zy(dA),

where h(e*) € L5(f + g) is the spectral characteristic of the estimate.
The mean-square error A(h; f) of the estimate A¢ is given by the formula

~ 12 T . . T .
Ahi f9) = E |4 = A€ = oo [ 1) = heN svan+ o= [ e gnar
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The Hilbert space projection method proposed by A. N. Kolmogorov [15] makes it possible to find the spectral
characteristic h(e**) and the mean square error A(h; f) of the optimal linear estimate of the functional A€ in the
case where spectral densities f(\) and g(\) of the sequences are exactly known and the minimality condition (1)
is satisfied. According to this method the optimal estimate of the functional A¢ is a projection of the element A
of the space H on the space H*(£ + n). It can be found from the following conditions:

1)A¢ € H* (¢ + ),
2)AE — ACLH® (€ + ).

It follows from the second condition that the spectral characteristic h(e**) for any j € Z_\S satisfies the
equations

E [ (4¢ - A¢) €0) +n(3)] =

1

T o

(A(e™) — h(e™)) e~ F(A)dA — % / h(e™)e= T g(A\)dA = 0.

The last relation is equivalent to equations

™
1

o [ [AEFN) = he)(FN) +g(\)] e772dA =0, j€ZN\S.

—T

Hence the function [A(e™) f(X) — h(e™)(f(A) + g(A))] is of the form

A(E) ) = M) (F (V) +9(N) = C(e™),

oo
Ce™) =) _ci)e™ + Y _e(ie?,
jes §=0
where ¢(j),j € T =S U{0,1,2,...} are unknown coefficients that we have to find. )
From the last relation we deduce that the spectral characteristic of the optimal linear estimate A¢ is of the form

PN 16 ()
M) = A T oy T Ty T 90y )

It follows from the first condition, A¢ € H* (€ + 1), which determine the optimal linear estimate of the functional
A, that the Fourier coefficients of the function h(e*) are equal to zero for j € T,

T

% h(e?)e ™ AN =0, k € T,
namely
RN (P CE™) N\ iy
o (A(e )f(AHg(A)f(A)Jrg(A))e =0 kel
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312 FILTERING FOR SEQUENCES WITH MISSING OBSERVATIONS

We will use the last equality to find equations which determine the unknown coefficients ¢(j),j € T. After
disclosing the brackets we get the relation

' 1 = —1(k+]/\ A
2 “Var | TO0+ S0y -
D 4)
o—i(k—3)X Foemitk=i)x
— | = T.
27r/f d“z 5e | g | =0k
]GS g
Let us introduce the Fourier coefficients of the functions f(/\)_lkg(/\), f(/\’;gi‘;()\), f’zf\))‘féf‘;)
1 h : . 1
b s = — —%(7‘0—1)/\7(1)\7
AR E Y [OVESTON ®
I N [0V
= i(k+5)A d\
m= g [ T ©
i A
oL / o SO, -

Using the introduced notations we can verify that equality (4) is equivalent to the following system of equations:
> rkjali) =3 brje(d) + Y bk jeli), keT.
jezs jES j=0
Denote by a(j) = 0,5 € S, a(0) =0 a(j) = 0,5 € ST. Thus, we can write
D o regali) =D bige(d) + Y bre(), keT.
JET jes j=0
The last equations can be rewritten in the following form
Ra = B¢, (8)

where € is a vector constructed from the unknown coefficients ¢(j), j € T, vector & has the same with the vector ¢
dimension, it is of the form
a = (0p,d1,01,d2,02,...4d;,0;,...,ds,05,ds11),
S
where 0 is the vector which consists form | S| 4 1 zeros, where |S| = > (N + 1) is the amount of missing values,
k=1
vectors 0;,% = 1,2,..., s, consist from N; + 1 zeros, vectors

a = (a(1),...,a(M; — 1)),
612((M 1+N 1+1) (]\41—1))7 122,,8,
ds+1 = (a(Ms+ Ns+1),a(Ms + N+ 2),...),

are constructed from the coefficients that determine the functional A¢.
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Operators B, R are linear operators in the space ¢, defined by matrices with coefficients (B)y ; = by j, k,j € T,
(R)kj = kg kg €T,

Bs,s Bs,sfl v Bs,l Bs,n
Bsfl,s Bsfl,sfl cee Bsfl,l Bsfl,n
B = : : . : s
Bl,s Bl,sfl cee Bl,l Bl,n
Bn,s Bn,s—l cee Bn,l Bn,n

where elements in the last column and the last row are the matrices with the elements

Bin(k,j)=byj, 1=1,2,...s,

k:_Ml_Nla"'7_Ml, j:0,1,27...,
By m(k,j)=br;, m=12...,s,
k=01,2,.... j=—My—Nyp,....—M,,

Bpn(k,j) =br;, k., j=0,1,2,...,
and other elements of matrix B are the matrices with elements of the form

Bim(G k) =bg;, Lm=12,...s
k=—M,—N,,...,—M;, j=—My, —Nyp,...,—~Mpy.

The unknown coefficients c(k), k € T, which are defined by the equations (8), can be calculated by the formula
c(k) = (B7'Ra)y,

where (B~1Ra,);, is the k£ component of the vector B~ 'Ra. A
The formula for calculating the spectral characteristic h(e**) of the estimate A¢ is of the form

—1 5: eik/\
iy B Rk ©)
ey Ty

The mean-square error of the estimate A¢ can be calculated by the formula

T

A(e™)g(N) + X (BT Ra)e™

.12 1 =

At fio) = B|ac- de = o GOETIO FN)A
L7 A(eMN) f(N) _kZT(B—lRa)kem (10)

Tor (F(N) +9(N))? g(A)dA

—T

= (Ra,B7'Ra) + (Qa, a),

where Q is the linear operator in the space ¢, defined by matrix with coefficients (Q)x,; = qx,j, k,j € T.
Let us summarize results and present them in the form of a theorem.

Theorem 2.1

Let £(j) and 7(j) be uncorrelated stationary sequences with spectral densities f(A) and g(\) which satisfy the
minimality condition (1). The spectral characteristic h(e**) and the mean square error A(f, g) of the optimal linear
estimate of the functional A¢ which depends on the unknown values of the sequence £(;j) based on observations of
the sequence £(j) + n(j), j € Z_\S can be calculated by formulas (9), (10).
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314 FILTERING FOR SEQUENCES WITH MISSING OBSERVATIONS

Consider the problem of the mean-square optimal linear estimation of the functional

AL =" a(h)E(=9),

jezs

which depends on the unknown values of the sequence £(7) from observations of the sequence £(j) + 7(j) at points
jEZNS,S={-(M+N),....,—M}, 7% ={1,2,.. \S*, ST ={M,...,M + N}.
From theorem 2.1 the following corollary can be derived.

Corollary 2.1

Let £(j) and 7(j) be uncorrelated stationary sequences with spectral densities f(\) and g(\) which satisfy the
minimality condition (1). The spectral characteristic h(e**) and the mean square error A(f, g) of the optimal linear
estimate of the functional A which depends on the unknown values of the sequence £(j) based on observations of
the sequence £(j) + n(j), 7 € Z_\S can be calculated by formulas (11), (12)

> (B7'Ra) e

N A fON  ker (11)
N = A T e T Ty
A(h; f,g) = (R, B™'Ra) + (Qa, &), (12)

where B, R, Q are linear operators in the space {5 defined by matrices with coefficients (B) ; = by j, k,j € T,
Rk, =71k, k,j €T, (Qrj =gk . k,j €T, (T =5U{0,1,2,...}). For example matrix B is of the form

Bs,s Bs,n
b= ( Buy Bun )

where its components are matrices with the elements

Bon(k,j) =br;, k=-M-N,...,—-M, j=012,...,
Bno(k,j)=br;, k=012,..., j=-M-N,...,—M,
Bun(k.j) =bpj, kj=0,1,2,. ..,

Bou(j k) =br;, k=-M-—N,....—M, j=-M-N,...,—M.

Consider the problem of the mean-square optimal linear estimation of the functional

AL =Y a(i)E(—d),

jezs

which depends on the unknown values of the sequence £(;7) from observations of the sequence £(j) + 7(j) at points
jEZ \{—s},2°% ={1,2,.. Y\ {s}.

It follows from theorem 2.1 that the following corollary holds true.
Corollary 2.2
Let £(j) and 7(j) be uncorrelated stationary sequences with spectral densities f(A) and g(\) which satisfy the
minimality condition (1). The spectral characteristic h(e**) and the mean square error A(f, g) of the optimal linear
estimate of the functional A which depends on the unknown values of the sequence £(j) based on observations of
the sequence £(5) + 7(j), j € Z_\{—s} can be calculated by formulas (13), (14)

Z (BflRE—i)keik)\

oM = Al fN)  ker (13)
M) = A T e T e
Al .9) — (R&, B-'R&) + (Qa, ), (14)
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where B, R, Q are linear operators in the space ¢, defined by matrices with coefficients (B)j ; = by j, k,j € T,
(R)k,j = Tkj» k,jeT, (Q)kvj = qk,j> k,jgelT, (T = {S} U {07 1,2,.. }),

b—S,—S B—s,n
B B ( Bn»—s Bn,n > ’
where elements in the last column and the last row are the matrices with the elements
B—s,n(k7j):bk7j7 k:—S, j:0a132,-.-a
Bn,—s(k,j):bk’j7 k:0,1,2,..., jzfs,
Bpn(k,j) =brj, kj=0,1,2,....

Consider the problem of the mean-square optimal linear estimation of the functional
Ané= > a()é(=),
j€zsn{o,...,N}

which depends on the unknown values of the sequence £(j) from observations of the sequence £(5) + n(j) at points
j € Z_\S, where S is defined in the introduction. The linear estimate of the functional A ¢ has the representation

A = / B () (Ze(dA) + Z,(dN)).

Define the vector ay as follows: elements with indices from the set 7N (S U {0, ..., N}) coincide with the
elements of the vector & with the same indices and elements with indices from the set 7\(S U {0,...,N}) are
zeros. Let B, R, Q be linear operators in the space ¢, defined in the theorem 2.1.

The spectral characteristic hy (e**) and the mean square error A(hy; f, g) of the optimal linear estimate of the
functional A ¢ can be calculated by formulas (15), (16)

Z (B—lRaN)keik)\

N A(einy TN ker (15)
() = AN ey T Ty
A(hy; f,g) = (Ray, B 'Ray) + (Qay, dn), (16)
where Ay (e™) = 3 a(j)e A,

j€Z5n{0,...,N}
The following corollary holds true.

Corollary 2.3

Let £(j) and 7(j) be uncorrelated stationary sequences with spectral densities f(\) and g(\) which satisfy the
minimality condition (1). The spectral characteristic hx (e**) and the mean square error A(hy; f, g) of the optimal
linear estimate of the functional A ¢ which depends on the unknown values of the sequence £(j) from observation
of the sequence £(j) + 7(j) at points j € Z_\S can be calculated by formulas (15), (16).

Example 1. Let £(5) and 7(j) be uncorrelated stationary sequences with the spectral densities
FO) == ae P, g(a) = |1 - P

respectively, where |o| < 1, || < 1. Consider the problem of the mean-square optimal linear estimation of the
functional

Az§ = a(1)§(—1) + a(2)§(-2)
which depends on the unknown values £(—1), £(—2) based on the observations of the sequence £(j) + n(j) at
points j € Z_\{—n,—n+ 1}.
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316 FILTERING FOR SEQUENCES WITH MISSING OBSERVATIONS
The spectral density of the sequence £(j) + 7(j) has the representation

)

F)+g(N) =1 —ae*i)‘|2 +1 —be*i)‘|2 = |z —ye 2

x
Since |a| < 1, |b] < 1, then |%| < 1. Making use of decomposition of the function -1 into the power series we

can write the canonical factorizations of functions 7 A)ig( 3 T );’;S:\;( b and ]E&’;Zf;?g)
1 = ’
_ 77416)\
N9 o —ye M| Z Pt
1 —ix|2 o k o k 2

f) ‘ —ae ’ Y~ —ika _ Z Y~ —ik+1)A

P k k+1

F)+9(n) | — ye ’\| P + Pt *
o 2
_ l +Z yk+1 _ ayk e—i(k+1)A
T rk+2 k41 ’
k=0
—ix|2 —ix|2 Y NE
fgN) [T —aem 7 [1—be™" |1 —(a+ble +abe "
JFA) +9(A) |z — ye—ir? |z — ye—ir?
2
oo k oo
_ Y ik (a+b)y* e—i(k+1)A aby® o—ilk+2)A
=D e > JREE) + Z OIS
k=0 k=0
2

|1 L ymar—bT gy +Z k2 3 (a + b)ykt? N aby® o—i(kr2)A
Tz rk+3 k2 rk+1

The spectral characteristic of the optimal linear estimate Axé can be calculated by the formula

) kZT(B_11{52)143%A
i —i) —2iA S
nale) = e AT R g T T a0

where unknown components (B~'Ras)x, k € T = {—n,—n + 1} U{0,1,...} are to be found.

Linear operators B, R, Q are defined by the matrices B, R, () with elements of the form (5), (6), (7) respectively,
and we have vector ay = (0,0,0,a(1),a(2),0,...),

b—n,—n b—TL,—n+1 b—n,O b—n,l b—n,2
bonti,—n bopti,—n+1 bont10 bopt11 b_pyi2
B_ bo,—n b1,—n+1 bo,o bo,1 bo.2
b1,—n b1,—n+1 b1,0 b1 1 b1,2 . ’
ba,—n bo, —nt1 b2.0 ba1 b2,2
T —n,—n T—n,—n+1 T—n,0 T—n,1 T—n,2
'—n+l,—n T—n+1,—n+1 T—n+1,0 T—n+1,1 T—n+1,2
R— T0,—n T1,—n+1 70,0 To,1 70,2 ’
T1,—n T1,—n+1 71,0 1,1 1,2
T2,—n T2, —n+1 72,0 2.1 2.2
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qd—n,—n qd—n,—n+1 qd—n,0 qd—n,1 qd—n,2
Q—n+1,—7L q—n-‘rl,—n—i-l q—n-‘rl,O Q—n-s-1,1 Q—n-s-1,2
Q= q0,—n q1,—n+1 40,0 qo,1 40,2
N q1,—n q1,—n+1 41,0 q1,1 q1,2
q2,—n q2,—n+1 42,0 42,1 42,2

We need to find the matrix B~! which defines the operator B~!. In order to find it we represent the matrix B in

the form
K L
5= ¥ )

bfn —-n bfn —n+1 bfn 0 bfn 1 bfn 2 )
K = ) ) , L = ) ) ) ,
( b—n—l—l,—n b—n+1,—n+1 > < b—n+1,0 b—n+1,1 b—n+1,2 s

bo,—n  b1,—n+1 boo boa1 boe

where

bi,—n b1,_nt1 bio bi1 b1

M = N=1| byo boy boy

b2,—n b2,—n+1 ’

By the Frobenius formula [7] the matrix B~ is of the form

Bl vl ~V-lLN
"\ -NT'MVTP N4 NTIMVTILNTY )0

where V = K — LN~ M.

The matrix N~! can be found in the following way. Since matrix N is the matrix B,, ,, defined in theorem 2.1,
o . . . . 1 . 1 _ _ 71-)\] —92
it is .constructed from the F.ourler coe.fﬁc%ents of the functlf)n FOTFIOY The. function FoUtey = |l — ye™™M|
admits the following canonical factorization, where z,, are its Fourier coefficients

oo
Z wke—ikk
k=0

Y

’lﬂkzﬁ,kzo, Qozx,elz—y, 9]:(),]>1

00 -2

1 1 B i
F)+9(0) 2

N2
[z —ye "

2

o0

—ijA
Z O;e
j=0

o] . o0 .
Hence z, = ) ¢Yxtj4p, p>0,and 2, =Z,,p > 0. Inthe case i > j we have b; j = 2, = > ith,_;, and
k=0 =i

inthecasei < jwehave b, ; =z _; =Z;_; = > Vi—;¥,_;.
=
Denote ¥ and © linear operators in the spaceJ ¢5 which are defined by matrices with elements ¥; ; = 1);_;,
©;;=0,_;,when0<j<i ¥,;=0,0,; =0, when 0 < i < j. Elements of the matrix N can be represented
in the form N (i, j) = (¥ ), ;. It can be shown that the relation ¥© = @® = I holds true . It follows from this
relation that elements of the matrix N~! can be calculated by the formula N='(i, j) = (©@); ;.
Denote
min(z,5)
N7'(i,j) =7, = 0i—10j—1. (17)
1=0
The matrix N ! is of the form
Y0,0 70,1 70,2
N1 = Y10 V1,1 V1,2
72,0 V2,1 72,2
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Denote (LN_lM)k,j = /Bk,jv (V_l)k,j = Tk,j> (N_lMV_l)kJ = —Pk,j»
(V_lLN_l)kJ = —0k,j» (N_l + N_IMV_lLN_l)k,j = Wk,j-
Thus the matrix B! is of the form

T—n,—n T—n,—n+1 0—n,0 O—n,1 0—n2
T—n+1,-n T—n+l,-n+1 O—n+1,0 O—n+1,1 O—ntl1,2
Bl — P0,—n P0,—n+1 Wo,0 wo,1 wo,2 7
P1,—n P1,—n+1 w1,0 w11 w1,2
P2,—n P2,—n+1 w20 w21 w22

T—n,—n = (bfn+1,fn+1 - ﬂ,n+17,n+1)/d,

Ten—nt1 = —(b—n,—n+1 — B—n,—n+1)/d,

Tent1,-n = —(b—nt1,—n — Bnt1,-n)/d,

T—n+l,—n+1 = (b—n,—n - /B—n,—n)/da

d= (b—n,—n - ﬂ—n,—n)(b—n+l,—n+l - ﬂ—n+l,—n+1)7
(bfn,fnﬂ - Bfn,fnJrl)(bfnJrl,fn - Bfn+1,fn)v

Br,; = Z (Z bk,r’)’m‘) bi g,

=0 \r=0
—n+1
Pk,j = E Vi i E berr,ja
r=—n
—n+1
Ok,j = Z Tk,i Z bz RN
i=—n
—n+1 —n+1

Wk,j = Vk,j +Z’ykz Z Z b; rTrmmel'Yl,J Vk,j + Vk,j- (18)

m=—nr=—m

The unknown coefficients c¢(k), k € T can be calculated by formulas

(k) = S (B~ Ry ja(i) = a()(B Byer +a(2) (B~ R)is, )
jeT
—n+1
Z Tk Zrl,j—i_zo—k} iTi,55 =-n,—n+1, j=12
—n+1
(B™'R)i; = Z pklrl,JJrZwk,T”, k=0,1,..., j=12. (20)

The spectral characteristic and the mean-square error of the estimate can be calculated by formulas

c eik)\
f) k;T ")

T+ fO)+g(N)’

hg(e”‘) = (a(l)e*i/\ + a(2)e*2i/\)

A(hs; f,g) = (Réz, B"'Ray) + (Qab, a2)

= Z Drea+a(2)re2) c(k) +a(l)gir + a(2)qr 2 + a(1)ge1 + a(2)gz 2.
keT
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The coefficients rj, ; can be found from the canonical factorization of the function %

f) - —i(k+1)A _ 1 y ay"
— (k+1) bo=—, Ok k>0
= ) = k42 k417 ’
fN)+9) = z v
Hence, r; ; = > ¢l*i$lﬂ"
l=max(i,j)
Coefficients gy ; we can find from the canonical factorization of the function %
A » 1 —azx —bx
S B2 gy — = o =Y
ey . v
k+2 k+1 k
y (a+b)y aby
Yk = kv 2 T e B> L
T T T
Hence,qij = >,  @w1-i®_;-

l=maz(i,5)

Example 2. Consider the problem of the mean-square optimal linear estimation of the functional A¢ =

a(1)é(—1) + a(2)£(—2) in the case of observations of the sequence £(j) + n(j) at all points j € Z_ without
missing observations.

And compare values of the mean square errors derived in the case of missing observations and in the case of all
observations at points j € Z_.
The mean-square error of the estimate is determined by the formula [18], [21]

where vector & = (0,a(1), a(2),0,0,...), and B, R, Q are linear operators in the space ¢, defined by matrices
(]~3)k,j =b;, k,j>0, (f{)k,j =714, k,j>0, (Q)m = Qg,j, k,j >0, where elements by ;, 7y ;j,qr,; are
determined by formulas (5),(6),(7) respectively, h is the spectral characteristic of the estimate of the functional
which depends on the unknown values of the sequence without missing values. Hence

o0

1(h; £,9) Z Drea +a(2)ry2) é(k) + a(l)gia + a(2)qr2 + a(l)ge1 + a(2)g2,2,
k=0

where ¢(k) = (B~'Ra)y, k > 0. Since matrix which determines the operator B coincides with matrix N from the
previous example elements of the matrix which determines the inverse operator B~ are calculated by the formula

(17). Hence é(k Z Z Vit ;0(4), k > 0.
7=01i=

Consider the expression (20). Making use of (18), we can rewrite (20) in the following form

—n+1

( Z Pk zrz,] + Z% 'er,] + Zykr Zrl,j7 k .7 > 0.

i=—n
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Consider the formula (19) for £ > 0

c(k) =Y (B™'R)ra(j) = Y _(B™'R)uja(j) + ) (B~

JjeET jeSs j=0
—n+1
:Z(BilR)k,j +Z<Z pkzr1]+z’}/kﬂzg+zl/k1r23>
jESs i=—n
—n+1
k)+Z(B_1R)k,] +Z ( Z Pk,iTi,j5 Zyk 17‘17_])
JES i=—n
—&(k) + er(k).
Hence
A(ha; f,9) = Aa(h; f.9)+
Z Tk1+a 2 Tkg +Z T‘k1+a 2)7"]@’2)0(/6).
k=0 kesS

3. Minimax-robust method of filtration

Theorem 2.1 and its corollaries can be applied to filtering of the functional in the cases where the spectral densities
of the sequences are exactly known. If complete information on the spectral densities is impossible while a class
of admissible densities is given, it is reasonable to apply the minimax-robust method of filtering which consists in
minimizing the value of the mean-square error for all spectral densities from the given class. For description of the
minimax method we propose the following definitions [19].

Definition 3.1. For a given class of spectral densities D = D x D, the spectral densities f(X) € Dy, go(X) € D,
are called least favorable in the class D for the optimal linear filtering of the functional A¢ if the following relation
holds true

A (fo,90) = A (h(fo,90) 5 fo,90) = max A(h(f,9);f,9)-

(f,9)ED§XxDy

Definition 3.2. For a given class of spectral densities D = Dy x D, the spectral characteristic h°(e**) of the
optimal linear estimate of the functional A¢ is called minimax-robust if there are satisfied conditions

e eHp= (] Li(f+g),

(f:9)€D XDy

min max A (h; f,g) = max A (h°; f,g).
heHp (f,g)€D (hi 1,9) (f.9)€D ( fg)

From the introduced definitions and formulas derived above we can obtain the following statement.

Lemma 3.1

Spectral densities fo(A) € Dy, go(A) € D,, satisfying the minimality condition (1) are the least favorable in the
class D = Dy x D, for the optimal linear filtering of the functional A¢ if operators BY, R°, Q° determined by the
Fourier coefficients of the functions

(fo) + 90N~ foW) (o) + 90N~ fo(Ngo(N) (fo(A) + go(A) ™
determine a solution to the constrain optimization problem

max (Ra,B7'Ra) + (Qa,a) =
(/.9)€D; xD, @1)

(R°a, (BY)"'R’a) + (Q'a, a).
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The minimax spectral characteristic h° = h(fo, go) is determined by the formula (9) if h(fo, go) € Hp.

The least favorable spectral densities fo()), go(A\) and the minimax spectral characteristic h° = h(fo, go) form a
saddle point of the function A (h; f, ¢g) on the set Hp x D. The saddle point inequalities

A (h; fo,90) = A (% fo, 90) > A (R f,g)
Wh € Hp,Vf € D;,¥g € D,

hold true if h° = h(fo, go) and h(fy, go) € Hp, where (fo, go) is a solution to the constrained optimization problem

sup A (h(fo,90); f,9) = A (h(fo,90); fo, 90) » (22)
(f.9)€Dsx Dy
/A A) + CO(e! )|
A (h(fo,90); f.9) = / +go()\)) FA)dA

|A L>\ fO (ez’)\)|2
/ SEr e

CO(eM) _ Z((BO)_lRoﬁ)je“’\,
JET

The constrained optimization problem (22) is equivalent to the unconstrained optimization problem [33]:

Ap(f.9) = =A(h(fo, 90); . 9) + 6((f,9) Dy x Dy) — inf, 23

where §((f,g)|Dy x D) is the indicator function of the set D = Dy x D,. Solution of the problem (23) is
characterized by the condition 0 € 0Ap(fo, go), where OAp(fo) is the subdifferential of the convex functional

Ap(f,g) at point (fo,go) [34].

The form of the functional A(h(fo, g0); f, g) admits finding the derivatives and differentials of the functional in
the space L1 x L;. Therefore the complexity of the optimization problem (23) is determined by the complexity of
calculating the subdifferential of the indicator functions 6((f, g)|Dy x Dy) of the sets Dy x D, [11].

Lemma 3.2

Let (fo, go) be a solution to the optimization problem (23). The spectral densities fo()), go(A) are the least favorable
in the class D = Dy x D, and the spectral characteristic h° = h(fy, go) is the minimax of the optimal linear
estimate of the functional A& if h(fy, g0) € Hp.

4. Least favorable spectral densities in the class D., x D.,

Consider the problem of the optimal linear filtering of the functional A¢ in the case where spectral densities f()\),
g(A) belong to the set of admissible spectral densities D., x D.,, where

Doy = { FOVIFO) = (1 — e )un(A) + equ(A /f Jir=p, b

DQ=9QMW=G—@MW+WML%/ﬁMw:&,

where w1 (), v1 () are known and fixed spectral densities and «(\), v(A) are unknown ones. These sets of spectral
densities describe “c-contamination” models of stochastic sequences.
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Suppose that the densities fo(\) € D?, go(\) € D and functions determined by formulas

[A(e™)go(N) + C0(e)
(fo(A) + go(N))? 7

|A(e“‘)f0()\) _ Co(e“‘)}?
(fo(A) + go(N))?

‘ 2

h¢(fo.90) = 24)

hg(f()ago) =

(25)

are bounded. In this case the functional
U

A(blos90):1.9) = 5 [ blhoradT VD + o= [ (o g0)g)ax

—T

is continuous and bounded in the space L; x L; and we can use the method of Lagrange multipliers to solve the
optimization problem (22) [33].
As a result we obtain the following relations determining the least favorable spectral densities

[A(e™)go(N) +C(e™)] = (fo(N) + go(N) (1 (A) +ar ), (26)
[A(e™) fo(h) = C%(e™)] = (fo(A) + go(N) (w2 (A) + a3 ), @7
where ¢1(A) <0, and ¢1(A\) =0 when fo(A) > (1 —e1)ur(N), p2(N) <0, and p2(A) =0 when go(A) > (1 —
g2)v1(A).
: Tﬁe following theorem holds true.
Theorem 4.1

Let the spectral densities fo(A) € De,, go(A) € D., and the minimality condition (1) holds true. Suppose that
functions determined by formulas (24), (25) are bounded. The functions f(\), go(\) determined by relations (26),
(27) are the least favorable spectral densities in the class D., x D, for the optimal linear filtering of the functional
A¢ if they determine a solution to optimization problem (21). The function h( fy, go) determined by formula (9) is
the minimax spectral characteristic of the optimal estimate of the functional A¢&.

Corollary 4.1

Suppose that the spectral density f(\) is known, the spectral density go(A\) € De,. Let the function f(X) + go(\)
satisfy the minimality condition (1) and the function h4(f, go) determined by (25) is bounded. The spectral density
go(A\) is the least favorable in the class D, for the optimal linear filtering of the functional A€ if it is of the form

go(A) = max {(1 = e2)vi(A), a2 [A(e™) f(A) = C%(e™)] = F(N)},

and the pair f()\), go(\) determine a solution to the optimization problem (21). The function h(f, go) determined
by formula (9) is the minimax spectral characteristic of the optimal estimate of the functional A¢.

5. Least favorable spectral densities in the class D = D! x D*

Consider the problem of the optimal linear filtering of the functional A¢ for the class of admissible spectral densities
D = D! x DY, where

Di={ 505 [ 150 - nlar<e b

Dy =4 9(A) [v(A) < g(N) <u(N),

v

[owar<p

—T

o
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where spectral densities u(\), v(\), f1(\) are known and fixed and the spectral densities u(\) and v(\) are bounded.
The class of admissible spectral densities D} describes a model of “c-neighbourhood” in the space L; of the given
bounded spectral density f;(\). The class DY describes the “band” model of stochastic sequences.

Let the sequences fO(\) € D}, g°(\) € D determine the bounded functions h¢(fo, go), hy(fo, go) defined by
the formulas (24), (25). It follows from the condition 0 € A p(fo, go) that the least favorable densities satisfy the
following equations

[A(E)go(N) + COe™)] = (fo(A) + go(A) ¥ (Nar, 28)

|A(e™) fo(A) = COe™M)| = (fo(A) + go(M)) (1 (A) +72(A) + a5 1), (29)
where |U(A\)| <1, and U(\) = sign(fo(A) — f1(A)) when fo(A) # f1(N), a1, s are fixed values, v; < 0, and
71 = 0 when go(A) > v(A), 72 > 0, and 72 = 0 when go(X) < u(X).

Equations (28), (29) together with the extremal condition (21) and normalization condition

f/lf Nldr =<, (30)

determine the least favorable spectral densities in the class D.
The following theorem holds true.

Theorem 5.1

Let the spectral densities fo(A\) € D!, go()\) € DY, and the minimality condition (1) holds true. Suppose the
functions defined by the formulas (24), (25) are bounded. Functions determined by equations (28)—(30) are the
least favorable spectral densities in the class D! x DY for the optimal linear filtering of the functional A¢ if they
determine a solution to the optimization problem (21). The function h(fo, go) determined by formula (9) is the

minimax spectral characteristic of the optimal estimate of the functional A&.

Corollary 5.1

Suppose that the spectral density g(\) is known, the spectral density fo(A\) € D! and the minimality condition
(1) holds true. Let the function h(fo, g) determined by (24) be bounded. The spectral density fo(\) is the least
favorable in the class D} for the optimal estimation of the functional A¢ if it is of the form

foN) = max { f1(A), a1 |A(eM)g(A) + C(e™)| — g(N) },

and the pair fo()), g(A\) determine a solution to the optimization problem (21). The function A( fy, g) determined
by formula (9) is the minimax spectral characteristic of the optimal estimate of the functional A¢.

6. Least favorable spectral densities in the class D = D? x D*

Consider the problem of the optimal linear filtering of the functional A¢ for the class of admissible spectral densities
D = D? x DY, where

D? = /\f NP <e b,

™

1
— A)dN < P
5 [z,

—T

Dy = {9(A) [p(A) < g(A) <u(X)

where spectral densities u()), v(\), f1(A) are known and fixed, the densities w(\) and v(\) are bounded. The class
D? describes a model of “e-district” in the space Lo of the given bounded spectral density f1()).

Suppose that densities fo(\) € D2, go(\) € D¥ are such that functions h¢(fo, go), hg(fo, go) determined by the
formulas (24), (25) are bounded.
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From the condition 0 € dAp(f°, g°), where D = D2 x D¥, we obtain equations which the least favorable
spectral densities should satisfy

| A(e™)g90 () + COUe)[* = (foN) + 90 (V)2 (fo(N) = (M), 3D

[A(e™) fo(A) = C%e™)] = (Fo(N) + 9o (M) (11 (A) +72(N) + a3 ), (32)

where 1, a are fixed values, v, < 0, and v; = 0 when go(A\) > v(A); 72 > 0 and 5 = 0 when go(A) < u(X).
Equations (31), (32) together with the optimization problem (21) and the normalization condition

1 2
o [ 1) = A dr = (3)

determine the least favorable spectral densities in the class D.
The following theorem holds true.

Theorem 6.1

Let the densities fo(\) € D2, go(\) € D¥ be such that the minimality condition (1) holds true and the functions
determined by (24), (25) are bounded. The spectral densities fo(A), go(A) are the least favorable in the class
D? x DY for the optimal linear filtering of the functional A¢ if they satisfy equations (31)—(33) and determine a
solution to the optimization problem (21). The function h( fo, go) determined by formula (9) is the minimax spectral
characteristic of the optimal estimate of the functional A¢.

Corollary 6.1

Suppose that the spectral density g()\) is known, the spectral density fo(\) € D? and the minimality condition(1)
holds true. Let the function h( foy, g) determined by formula (24) be bounded. The spectral density fo()) is the
least favorable in the class D? for the optimal linear filtering of the functional A¢ if the following relation holds
true

|A(e)g(\) + COe™)|” = (foN) + g(N)?(fo(N) = F1(V)),

and the pair fo(\), g(\) determine a solution to the optimization problem (21). The function h(fy, g) determined
by formula (9) is the minimax spectral characteristic of the optimal estimate of the functional A¢.

7. Conclusions

In the article we propose methods of the mean-square optimal filtering of functionals which depend on the unknown
values of a stationary sequence based on observed data of the sequence with a stationary noise and with missing
observations. In the case of spectral certainty, where spectral densities of the stationary sequences are exactly
known, we derive formulas for calculating the spectral characteristics and values of the mean-square errors of the
optimal estimates of the functionals. In the case of spectral uncertainty, where spectral densities of the stationary
sequences are not exactly known while certain sets of admissible densities are given, we derive relations which
determine the least spectral densities and the minimax-robust spectral characteristics of estimates.
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