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1. Introduction

Fixed point theorems are a very performance tool of the present mathematical applications. Also, random fixed
point theorems are stochastic generalizations of Banach’s fixed point theorem and Banach’s type fixed point
theorems in complete metric spaces. Random nonlinear analysis is an important mathematical methodology which
is mainly concerned with the study of random nonlinear operators and their properties and its development
is required for study of wide classes of random operator equations. Random Techniques have been crucial in
various areas from pure mathematics to applied sciences. The study of random fixed point theorem was first
introduced by Prague school of probability in the 1950s. Later, Spacek [1] and Hans [2, 3] first proved random
fixed point theorems for random contraction mappings in separable complete metric spaces. Moreover, there
were many authors who have studied about random fixed point theorems and its application, for instance, in
[4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. In the sense of another fixed point theorems,
there are many mathematicians who studied common fixed point theorems in various mappings and spaces (see in
[22, 23, 24, 25, 26])

On the other hand, in 1970, Takahashi [27] first suggested the knowledge of convex metric spaces and first
studied the fixed point theorems for non-expansive mappings in this spaces. Later, the iterative processes for non-
expansive mappings in the hyperbolic type space was studied by Kirk and Goebel, see in [28, 29]. Later, many
paper of Liu [30, 31, 32] showed some sufficient and necessary conditions for two schemes of Ishikawa iterative
process of asymptotically quasi-non-expansive mappings to converge to fixed point in a convex Banach space.
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66 MODIFIED RANDOM ERRORS S-ITERATIVE PROCESS

Next, Tian [33] give some sufficient and necessary conditions for Ishikawa iterative process of two asymptotically
quasi-non-expansive mappings which introduced by Das and Debats [34] to converge to fixed points in convex
metric spaces.

Recently, in a convex metric spaces, Khan [35] suggested the iterative process for common fixed points of
asymptotically quasi-non-expansive mappings {7; : ¢ € J} where J = {1,2,3, ..., k} as follows:
Tyt1 = WI(TLYk—1)n, Tnj Vkn)
Yh—1)n = W1 Yk—2)n> Tn} Ck—1)n),

Yk—2)n = W (T oY(k—3)n> Tns Qk—2)n), "

Yon = W(Tinylnaxnv a?n)a
Yin = W(TlnyOnaxn; aln)a

where Yo, = x,, and {«;,, } are real sequences in [0, 1] .

Also, Wang and Liu [36] introduced an Ishikawa type iterative process with errors to estimate the fixed point
mappings of 7" and S which were uniformly quasi-Lipschitzian mappings in generalized convex metric spaces as
follows:

Tpt1 = W({,En, Syruuna G, by Cn)u

Yn = W (@n, T, vn, ap,, by, 1), @
where {a, },{bn},{cn},{al,},{b),} and {c},} are real sequences in [0, 1] such that a,, + b, + ¢, = a,, + b/, + ¢, =
1 and {uy,}, {v,} are two bounded sequence.

Recently, the S-iterative process was suggested by Agarwal, O’Regan and Sahu [37] in a Banach space. They
proved that this iterative process converges faster than Mann iterative process and Ishikawa iterative process.

r1 € K,

Tnt1 = (1 —ap)Txy + anT(yn), 3)
Yn = (1 - 6n)$n + BnT(xn)vn € N7

where {a,,} and {3, } are the sequences in (0, 1). Also, there were many authors who have studied about this
iterative process for estimate a fixed point in various spaces and them results showed that the rate of convergence
for this iterative process is much quicker than another iterative process (see e.g.,[38, 39, 40, 41, 42]).

Motivated and inspired by (1), (2) and (3), we modified the following random S-iterative process in a generalized
convex metric space. Let {T; : i € J} where J = {1,2,3,...,k} be a finite family of random uniformly quasi-
Lipschitzian operators such that 7; : Q x K — K, where K is a non-empty closed convex subset of a separable
generalized convex metric space (X, d) with a convex structure W (see in definition 3 and 4). Let ¢; : 2 — K be a
measurable mapping, the sequence {(,(w)} is generated by

CnJrl = W(T,I?(w7 Cn(w))7T/?(wa X(k—l)n(w))aukn(w); aknaﬂkru’ykn)a
X(k—=1)n = W(Gn(w), T, A 1(w X(k— Q)n( w)), V(k— 1)n(w) Q- 1)m5(k )ny V(k— 1)n)
(

X(k—2)n = W(Cn(w)vTIz—Z(wvX(k73)n(w)) (k—2)n W),Oé k— 2)n76(k72)n,'7(k:72)n)a @

Xan = W(Gn (@), TP (@, X1n (@), 020 (); 020 Boms Y2n),

Xin = W (G (W), T (w, Xon(w)), v1n (W); @1n, Bin, Yin),

Stat., Optim. Inf. Comput. Vol. 5, March 2017



P. SAIPARA, W. KUMAM AND P. CHAIPUNYA 67

where xo, (w) = ¢, (w), forany giveni € J, {ain}, {Bin}, {7in } are real sequences in [0, 1] with cv;p, + Bin + Yin =
1 and the bounded sequence {v;,(w)}: 2 — K is a sequence of measurable mappings which {v;,(w)} € K,
Yw € Qand Vn € N.

The purposes of this paper are to suggest the modified random S-iterative process and prove some stochastic
fixed point theorems of a finite family of random uniformly quasi-Lipschitzian operators in a generalized convex
metric space. In this paper was organized as follows. In section 2 and 3, we present preliminaries and main results,
respectively.

2. Preliminaries

Overview on this paper, we denote the notation that 7" (w, x) is the n th iteration T'(w, T'(w, ...T'(w, x)...)) of T'and
the letter I denotes the random mapping 7 : 2 x K — K defined by I(w,z) = z and T° = I. First, we present
about the following definition of a random fixed point operator 7.

Definition 1
[43] Let (2, ) be a measurable space with ¥ be a o-algebra of subsets of €2, and let K be a non-empty subset of a
metric space (X, d).

i) A mapping £ : Q — X is measurable if ¢~1(U) € X for any open subset U of X;
ii) the operator 7' : Q@ x K — K is a random mapping iff for any fixed = € K, T'(-,z) : 2 — K is measurable
and continuous if Vw € Q, T'(w, z) : K — X is continuous;
iii) a measurable mapping £ : 0 — X is a random fixed point of the random operator 7": Q2 x X — X iff
T(w,€&(w)) = €&(w), Yw € .

By above definition 1, we denote the set of all random fixed points of a random operator T by RF(T'). Next, we
present about the following definitions of operator 7" that using in our main results.

Definition 2
Let K be a non-empty subset of a separable metric space (X,d) and T': Q x K — K be a random operator. The
operator 7' is called

i) an asymptotically nonexpansive random operator if there exists a sequence of measurable mappings
{kn(w)}: @ — [1, 00) with lim,, ;o kr(w) = 0 such that

AT (w, ), T"(w,y)) < (1 + kn(w))d(z, y)

forallw € Qand z,y € K;
ii) a uniformly L-Lipschitzian random operator if

d(T"(w, ), T"(w,y)) < Ld(z,y)

forallw € Q, x,y € K and L is positive constant;
iii) an asymptotically nonexpansive random operator if there exists a sequence of measurable mappings
{kn(w)}: @ — [1,00) with lim,, , &k (w) = 0 such that

d(T" (w,n(w)), €(w)) < (1 + kn(w))d(n(w),E(w))

for all w € Q, where £ : 2 — K is a random fixed point of operator 7" and 7 : 2 — K is any measurable
mapping;
iv) a uniformly quasi-Lipschitzian random operator if

AT (w,n(w)), €(w)) < Ld(n(w),&(w))

forallw € Q, where ¢ : 2 — K is arandom fixed point of operator 7', 7 : {2 — K is any measurable mapping
and L is positive constant;
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v) an semi-compact random mapping if for any sequence of measurable mappings {&,(w)} : Q@ — K, with
limy, 00 d(T'(w, En(w)), En(w)) = 0, for all w € 2 there exists a subsequence {&,; } of {&,, } which converges
pointwise to £, where £ : 2 — K is a measurable mapping.

Now, we present about the following definition of a convex structure in a metric space and a generalized convex
metric space.

Definition 3
[27] A convex structure in a metric space (X,d) is a mapping W : X x X x [0,1] — X satisfying, for any
z,y,u € X and any A € [0, 1]

d(ua W(I7 Y, A)) < Ad(“? I’) + (1 - A)d(ua y)'

A metric space together with a convex structure is said to be a convex metric space. A non-empty subset K of X is
called convex if W(z,y,\) € K for any (z,y,\) € K x K x [0;1].

Definition 4

[33, 36] Let X be a metric space, I = [0, 1], {an }, {Bn}, {7n} be real sequence in [0, 1] with v, + B, + v = 1. A
mapping W : X3 x I?x — X is called a convex structure on X, if it satisfies the following conditions: for each
(T,Y, 2; Oy By 1n) € X3 xIPandue X,

d(u, W(z, y, 2, Bn, n)) < and(u, @) + Bnd(u, y) + 1nd(u, 2).
A metric space together with a convex structure is called a generalized convex metric space.

In the sense of random fixed point, a non-empty subset K of X is called convex if W(x,y, 2; apn, Bn,1n) € K
for any (x,y, 2; A, BnyYn) € X2 x I3. The mapping W : K3 x I? — X is called a random convex structure if for
any measurable mappings &, 7, ¢ : Q@ — K and each fixed a,, 8, v € [0, 1] with a, + B, + v = 1, the mapping
W((),n(+),¢(+)) : @ — K is measurable.

The last, we present the following lemmas for proving the main results as follow.

Lemma 1
[44] Let X be a separable metric space and Y a metric space. If f: € x X — Y is measurable in w € ) and
continuous in z € X, and if = : Q@ — X is measurable, then f(-, z(-)) : @ — Y is measurable.

Lemma 2
[31] Let {pn}, {gn}, {rn} be sequences of nonnegative real numbers satisfying the following conditions:

Pn+1 < (1 + QTL)pn + Tn, ZZO:O qn < 00, Z;L.o:o Th < 00
we have

1) lim,, oo Py €Xists;
i) if liminf,, . p, = 0, then lim,,_,», p,, = 0.

3. The main results

In this section, we state and prove some stochastic fixed point theorems of a finite family of random uniformly
quasi-Lipschitzian operators in a generalized convex metric space as follow.

Lemma 3

Let K be a nonempty closed convex subset of a separable generalized convex metric space (X, d). Let {T; : i € J}
where J = {1,2,3,...,k} be a finite family of uniformly quasi- Lipschitzian random mappings L; > 0. Suppose
that the sequence {(,(w)} is asin (4) and Y07 (Bkn + Yan) < 00. If F = NY_ RF(T;) # 0, then
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1. there exist two positive constants M, M1, such that;

d(Cnt1(w, C(w)) < (1+ O Mo)d((n(w), ((w)) + On My ®)

where ©,, = Brn + Yen and ag, < vk, forall ((w) € Fand n € N;
2. there exist a positive constants Mo, such that;

A(Cnrm (W), C(w)) < Mad(Gn(w), ((w)) + MiMEIET1E),, (6)
forall {(w) € Fandn € N.

Proof
1. Let ((w) € F. Since {v;,(w)} are bounded sequences in K for any j € J, there exists M > 0 such that

M = sup,,cq maxi<;<i d(vip(w), ((w)).

Let L = maxy<;<;{L;} > 0. From the sequence in (4), we get

d(x1n(w), C(w))
= dW(n(w), TT"(w, Xon (w)), 10 (w); @1n5 Bin, Y1n), C (@)
< opd(Gn(w), (W) + Bind(TT (w, Xon (W), C(w)) + Y1nd(vin(w), ((w))
< nd(Gr(w), ((w)) + BrnLd(xon(w), ((w)) +71n M
= 1nd(Gn(w), ((w)) + BrnLd(Con(w), C(w)) + 11 M
< d(Cn(w), C(w)) + Ld(Gon(w), ¢(w)) + M

(14 L)d(Cn(w), C(w)) + M.
For1 < i < k — 1, suppose that

d(Xin (W), ((W)) = (1 + L)' d(¢a(w), ¢(w)) + ZjLI M
holds. Then

d(x (2+1)n( w), ¢(w))

d(W (G (W), Ti4 1 (W, Xin (@), V(ig1)n (W) @it 1)ny Blit1yns Vit 1)n)s C(w))

i+ 1)nd(Cn (W), C(W)) + Bt 1)nd(T41 (W, Xin (W), ((w))
Y+ 1)nd(V(ir1)n (W), ((W))

(2+1)nd( ( ) (W)) +5(i+1)nLd(Xin(w)7<(w))
TY(i+1)n ('U(ZJrl (w)’C(W))

A(i+1)nd(Gn (@), CW)) + Barnn L{(1 + L) d(Cu(w), C(w)) + Tj=5L M}
+Y(i+1)nd(V1n (W), ((w))
{a(isiyn + BitnynL(1+ L) }d(Cn(w), ¢(w ))+B(z+1)nLE§‘;%JLjM+’7(i+1)nM
{1+ L1+ L) }(¢n(w), C(w)) + 5, LM + M
{1+ L1+ L)} (¢ (w), ((w)) + Zi LI M + LOM
{(14 L)' }d(¢n(w), C(w)) + 25, LI M.

IN IN

IN

I IA A
oy

IN
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Therefore, for any 1 < ¢ < k, by mathematical induction, we get

d(xin(@), () < (14 L) d(Ca(w), C(w)) + EjZo L M.

Then, it follows from (4) that

where ©,,

d(Cn1(w), C(w))
d(W (T (w, Cn(w)), Ty (W, X (k=1)n (W), Vin (W); Qkens Brns Yen ), C(w))
end(T (w, Gu(w)), (W) + Brnd(Ti (w, X(k—1)n(w)), ((w))
+knd(Vin (W), C(w))
n Ld(Gn (W), C(w)) + Brn Ld(X (k—1)n(w), {(w))
FYrnd(Vrn (W), (w))
o LAd(Ca (@), C(@)) + Brn L{(1 + L)* 1 d(Gn(w), ()
SESLI MY + yen M
{aenL + BenL(1 + L)* (¢ (w), C(w)) + Ben LEZGLI M + 3 M

k
fonn 4 P2ECI D06, 0),C0)) + (B + ) (LM + M)

g L(1+ L) | BraL(1+L)* o
[ e LICONS (w)) + ©,552 L/ M

{ann (14 L) + Bren(1 + L) }d(Gn (@), () + +0, 552 LI M
{1+ arn(1+ L) + Bra(1+ L) }d(¢a(w), (W) + O, 85 L/ M

{1+ Brn + n) (1 + L)F}d(Ga (), ((w)) + O TS LI M
(]- + GHMO)d(Cn(w)7 C(w)) + Gan

IN

IN

IA

ININ

IN

IN AN A

= Bin + Yin» Mo = (14 L)F and My = S5 LIM.

2. By 1+ x <e* forany x > 0, we get

IN A

IN A

IN

IN A

where My = ¢

d(Gnm(w), C(w))

(1 + @n+m—1M0)d(§n+m—l(w)a C(W)) + Onim-—1 M

eOmtm =t MO (1 4 O 2 Mo)d(Cngm—2(w), ((W)) + Ongm—2 M1}

+On4m-1 M

e®n+m_1M069n+m_2M0d(Cn+m—2(W)7 (W) + Ontm—2Mi + Oppm_1 M
6(®n+m71+®"+m72)M0d(cn—&-m—Q(w)a C(w)) + e(Ontm-1Mo (Ontm—2 + Onim—1)Mi

nt+m—1g nt+m—1g _
MO (G (W), C(w)) + MO O MR e,
MOZOIA(G -2 (), (W) + MTO M I

Mod(Gusm—a(w), (@) + MiMEIT10),

MoT52,0;
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Theorem 1

Let K be a non-empty closed convex subset of a separable complete generalized convex metric space (X,d)
with a random convex structure W. Let {T; : i € J} : Q@ x K — K be a finite family of continuous uniformly
quasi-Lipchitzian random operators with L; > 0. Suppose that the sequence {(,(w)} is generated by (4) and

202 1 (Ben 4 Ykn) < 00 If F = ﬂle RF(T;) # 0, then {¢,,(w)} converges to a common fixed point of {7 : 7 € J}
if and only if lim inf,,_,o d({,(w), F) = 0, where d(z, F) = inf{d(x,y) : Vy € F}.

Proof
By lemma 3, we have

d(<n+1(w7f) < (1 + GnMO)d(Cn(w)’f) + @an

Because 2%, (Bkn + Ykn) <00, by Lemma 2, thus lim, . d((,(w), F) exists. From hypothesis,
liminf,, o0 d(¢p(w), F) = 0, we get

limy, 00 d(¢p(w), F) = 0.

Now, we prove that {(,(w)} is a Cauchy sequence. Actually, for each £ > 0, there exists a constant Ny such that
for all n > Ny, we get

d(Cn(w), F) < gi7; and 572 5 O < ;-

Especially, there exists o1 (w) € F and N; > Ny, where N; is constant such that

d(Cn, (W), 01(w)) < 155

By Lemma 3, we get

d(Cngm (@), Cn(w))
A(Cnym (@), 0(w)) + d(e(w), (a(w))

< Mad(Cn, (@), ¢(w)) + MiMoETER 10,5 + Mad(Cn, (w), ¢(w))
+MIMEIZN O
< 2Mad(Cy, (W), (W) + MiMa (120710, + 5124 ©))
< 2M2d(CN1( ): (W) + 2MiMX52 , O
9

That is {{,(w)} is a Cauchy sequence in closed convex subset of complete generalized convex metric spaces.
Therefore, {(,, (w)} converges to a point of K. Suppose lim,,_,« ¢, (w) = o(w), Yw € Q. Since T; are continuous by
Lemma 1, we know that for any measurable mapping f : Q@ — K, T (w, f(w)) : @ — K are measurable mappings.
So, {¢n(w)} is a sequence of measurable mappings. Hence, o : 2 — K is also measurable. Now, we show that
o(w) € F. From

d(o(w), F) < d(Cn(w), 0(w)) + d(Cn(w), F).
Since d(¢, (w), o(w)) = 0 and d({,(w), F) = 0, so, we get d(o(w), F) = 0. Hence, o(w) € F. O

From definition 2, if T is an asymptotically quasi-nonexpansive random operator, then 7" is a uniformly quasi-
Lipschitzian random operator ((L = sup,,>;{k»})). And if RF(T) # (), then every uniformly L-Lipschitzian
random operator is a uniformly quasi-Lipschitzian random operator, we get the following corollary.
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Corollary 1

Let K be a non-empty closed convex subset of a separable complete generalized convex metric space (X,d)
with a random convex structure W. Let {T; : i € J} :  x K — K be a finite family of continuous asymptotically
quasi-nonexpansive random operator with L; > 0. Suppose that the sequence {(,(w)} is generated by (4) and
202 1 (Ben 4 Yin) < 00 . IfF = ﬂle RF(T;) # 0, then {¢,,(w)} converges to a common fixed point of {7 : 7 € J}
if and only if lim inf,,_,o d({,(w), F) = 0, where d(z, F) = inf{d(x,y) : Vy € F}.

Theorem 2

Let K be a non-empty closed convex subset of a separable complete generalized convex metric space (X, d) with
a random convex structure W. Let {T; : i € J} : Q x K — K be a finite family of continuous uniformly quasi-
Lipchitzian random mappings with L; > 0. Suppose that the sequence {(,(w)} generated by (4), X°, (Bkn +
Ykn) < 0o and F = ﬂle RF(T;) # 0. If for some given 1 <[ < k,

(@) limy, o0 d(Ti(w, Cn(w)), Cu(w)) = 0;
(ii) there exists a positive constant M3 such that

d(Ti(w, Cn (W), Gn(w)) = Mzd(Gn(w), F).

Then {¢,(w)} converges to a common fixed point of {7} : i € J}.

Proof
By condition (i), we get

hmn%oo d(ﬂ (w7 Cn(w))v Cn(w)) = O’
that is,

d<Tl (w7 Cn (w))7 Cn (w)) =0.
Also, by condition (ii), we get

M3d(C(w), F) < d(Ti(w, G (W), u(w)) = 0,
that is,
M3d(Cn(w)7]:) =0.

Thus, follow proof from Theorem 3, we get, {(,(w)} converges to a common fixed point of {T; : i € J}. This
completes the proof. O

Theorem 3

Let K be a non-empty closed convex subset of a separable complete generalized convex metric space (X, d) with
a random convex structure W. Let {T; : i € J} : Q x K — K be a finite family of continuous uniformly quasi-
Lipchitzian random mappings with L; > 0. Suppose that the sequence {(,(w)} generated by (4), X%, (Bkn +
Yin) < 00 and F = (\_, RF(T;) # 0. If

(1) forall 1 <i < k;lim,— o d(T}(w, ¢n(w)), Cn(w)) = 0;
(i1) for some 1 <! < k; T; is semi-compact.

Then {(,(w)} converges to a common fixed point of {T; : i € J}.

Proof

By conditions (i) and (ii), there exists a subsequence {(,, (w)} C {¢n(w)} such that lim; o ¢, = (*(w), Yw € Q,
where ¢*(w) € K. Since T} are continuous for i € .J. So, {¢,(w)} is a sequence of measurable mappings. Hence,
¢*: Q — K is also measurable. Since lim;_ .o d(T3(w, Gy, (w)), ¢, (w)) = d(Ti(w, *(w)), (*(w)) = 0, we get,
(*(w) € F,Vw € Q. By Lemma 6, we get
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d(Cnt1(w), ¢*(w)) < (1+ O Mo)d(¢n(w), (" (w)) + On M.

Since X9 ,0,, < oo, by Lemma 2, there exists p > 0 such that

Jim_d(Cn(w), (W) = p. 7

Since liminf,,_, o d(¢n (w), (*(w)) = 0, we get

lim ¢, (w) = ¢(*(w),

n—>00
that is
Jim d(¢n(w) = ¢*(w)) = 0. ®)
By (7) and (8), we get p = 0.
Hence, {¢,,(w)} converges to common fixed point of {7} : ¢ € J}. This completes the proof. O
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