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Abstract In this paper, we introduce the concept of generalized interval entropy measure of order o and type 3 for the
doubly truncated random variable. A characterization problem for the generalized interval entropy measure has been studied.
The exponential, the pareto and finite range distributions have been characterized in terms of the proposed entropy measure
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1. Introduction

In the literature, the problem of characterizing probability distributions has been investigated by many researchers,
refer to Galambos and Kotz [10] and Azlarov and Volodin [3] among others. The standard practice in modeling
statistical data is either to derive the appropriate model based on the physical properties of the system or to choose a
flexible family of distributions and then find a member of the family that is appropriate to the data. In both situations
it would be helpful if we find characterization theorems that explain the distribution using important measures of
indices.

In modeling and analysis of lifetime data, the average amount of uncertainty associated with the random variable
X, as given by Shannon entropy, is

H(X) = - /0 " fa) log f(x)de (1)

Since the work of Shannon [19], the measure of entropy has been generalized in a number of different ways by
different researchers. A generalization of order o and type (3 of the entropy (1) is the Verma’s entropy [21] defined
as

HE(X)=

log [/Oof“”l(x)dr]; B-l<a<p, =1 )

0

58—«

When 3 =1and a — 1, H?(X) — H(X) given in (1). Varma’s entropy measure is much more flexible due to
the parameters « and 3, enabling several measurements of uncertainty within a given distribution and increase the
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548 CHARACTERIZATION OF LIFETIME DISTRIBUTION BASED ON GENERALIZED INTERVAL ENTROPY

scope of application. The residual lifetime of the system when it is still operating at time ¢ is X; = (X — ¢|X > t);
Ebrahimi [8] proposed the entropy of the residual lifetime X; as

o [T @), f(z)
H(X,t)——/t mlogmdx,t>0. 3)

Ebrahimi [8] showed that the dynamic measure (3) determines the underlying distribution function uniquely.
Similar results in case of a generalized residual entropy have been derived by Belzunce et al. [5] and Asadi et
al. [1]. Since the characterizations of distributions have numerous applications in reliability, characterizations in
terms of dynamic entropies of various distributions have been proposed in the literature, refer to, Nair and Rajesh
[14] and Asadi and Ebrahimi [2].

However, in many realistic situations, uncertainty is not necessarily related to the future but can also refer to the
past. Based on this idea, Di Crescenzo and Longobardi [6] introduced an entropy-based measure of uncertainty
in past life time X; = [t — X|X < t], and called it past entropy. The measures of uncertainty in context with past
lifetime distributions have been studied extensively in the literature, refer to, Di Crescenzo and Longobardi [7]
Nanda and Paul [15] and Kumar et al. [11].

In many situations, we only have information between two points, so we should study the statistical measures
under the condition of doubly truncated random variables. The doubly truncated measures are applicable
to engineering systems when the observations are measured after it starts operating and before it fails. If
the random variable X denotes the lifetime of a unit, then the random variable (X|t; < X < ¢2); where
(t1,t2) € D = {(u,v) € R%: F(u) < F(v)} is called a doubly truncated lifetime variable. Another extension of
Shannon entropy is based on a doubly truncated random variable (X |t; < X < t5), which is defined as

Y A C) B | C)
et = | e e - F @

Given that a system has survived up to time ¢; and has been found to be down at time ¢o, then H (X 1, t2) measure
the uncertainty about its lifetimes between ¢ and ¢,. Sunoj et al. [20] have explored the use of information measures
for double truncated random variables. Furthermore, Misagh and Yari [12, 13] explored the use of weighted
information measures for doubly truncated random variables. For various results on doubly truncated random
variable, we refer to Kayal and Moharana [24], and Kundu [23].

Since generalized entropy plays an important role, in the field of reliability theory and survival analysis, when a
system has lifetime between two time points ({1, ¢2). The measure proposed for doubly truncated random variable
appears in quasar survey, where an investigator assumes that the apparent magnitude is doubly truncated. Also, the
times to progression for patients with certain disease who received chemotherapy, experienced tumor progression
and subsequently died, are doubly truncated. Motivated with this usefulness of the generalized entropy and the
interval entropy, in the present note, an attempt is made to derive some new characterizations to certain probability
distributions and families of distributions using generalized interval entropy, which are useful for modeling and
analysis of lifetime data.

The paper is organized as follows. In Section 2 , we propose the generalized interval entropy and show that the effect
of monotone transformations on it. Section 3 is devoted to the characterization result and uniform distribution has
been characterized through the generalized interval entropy. In Section 4, we characterize the lifetime distributions
based on relationship between the proposed dynamic entropy measure H?(X;t;,t5) and generalized failure rate
function, and also we derive an lower bound to the generalized interval entropy. Some stochastic comparison based
on generalized interval entropy are presented in Section 5.
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V. KUMAR, AND N. SINGH 549

2. Generalized Interval Entropy

The generalized interval entropy of order « and type /3 of the doubly truncated random variable (X[t < X < t2)
is proposed as

B(Xitoity) = - G (N RN I
Hoz(XJ;latQ)*ﬁ_alog [/tl (F(tg)—F(tl) dx 76 1<a<ﬁ7521 (5)

This can be rewritten as

/ 2 foroHa)de = (F(t2) — F(t1))*"7 ™ exp[(8 — a)HE (X311, 12)] - (6)

t1

When the system has the age t;, for different value of a and 3, the generalized interval entropy HZ(X;t1,ts)
provide the information spectrum of the system remaining life until age ¢,.

When, t; — oo, and t; — 0, then (5) reduce respectively to generalized residual and past entropy measure, which
are given respectively as

1 [ et (@) da
HA(X:t)) = 1 il (7
(Xst1) 3—a og ( Foz+6—1(t1) >
and .
8,5, 1 02 fotf=(z)dx
HQ(X7t2) - ﬁ*OLlog ( Fa+'371(t2) (8)

refer to Baig and Dar [4].
Next we show that the effect of monotone transformations on generalized interval entropy defined in (5). In this
context we prove the following result.

Theorem 1

Let X be a non-negative and continuous random variables with p.d.f. f and distribution function F'. Let Y = ¢(X),
with ¢ be a strictly monotonic increasing, continuous and differentiable function, with derivative ¢’. Then for all
0 < t1 <ty < oo, we have

HE(Yity,t) = HY (X507 (t1), ¢ (t2)) + <W) logqﬁ/(x). 9

Proof The probability density function of Y = ¢(X) is g(y) = J,(&%ll(f’y)))) Thus

8y _ 1 g N
Hoz(Yatth)_ﬂ_alOg l/tl <G(t2)—G(t1) dy 7ﬁ 1<O‘<67621

This gives

P B {0 I S GRS S S
HE(Y;t1,t0) ﬁ—algl/m (F(¢_1(t2))_F(¢—1(t1))> <¢’(¢‘1(y))> i

By taking z = ¢~ !(y), we obtain

; . - 1 ) 1 (t2) f(ZL’) a+p—1 i a+p—2 i
HQ(Y’“’”)ﬁ—algVMm (o) Gw) ] W
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550 CHARACTERIZATION OF LIFETIME DISTRIBUTION BASED ON GENERALIZED INTERVAL ENTROPY

This can be written as
HEY it t2) = A0 )07 )+ (252 g ),

This prove the result.

Remark 1
For any absolutely continuous random variable X, define Y = a.X + b, where a > 0 and 0 < b < t; are constants.

Then
tlfb tg*b 270[7&
HP(Y: =H° (X log a.
a( 7t1at2) a( ’ a ) a >+< ﬂ—a oga

Thus generalized interval entropy defined in (5) is invariant under location but not under scale transformation.

Example 1

Pareto distribution plays a central role in various applications. It is used in the investigation of city population,
occurrence of natural resources, insurance risk, size of human settlements, reliability modeling and business failure.
It has been an important model in many socio-economic studies. Let X be a random variable having classical Pareto
distribution with pdf

0

Thus generalized interval entropy (5) of for classical Pareto distribution is given as

1 got+p—1 ta
HJ(X;t, ) = log 2= (0D (atB-1) g,
N e

which gives,

5 1 9a+,8—1 t§9+1)(1—a—ﬁ)+1 . t50+1)(1—o¢—,[ﬂ)+1
HP (X t1,t9) = ——1 )
o(Xityte) = = log <(9+1)(1—a—,8)+1) (77 — ¢, 0)a+h1
Example 2
Let X be a random variable follows the power distribution with cumulative distribution function (cdf)
b
F(x):(g) L 0<z<a, b>0. (12)

Thus we expressed generalized interval entropy (5) for power distribution, which is given as follows

1 pa+B-1 (P D(@FB=1)+1 _y(b=1)(etp-1)41
I .
B—a ® (abw—w(b —Da+s-1)+ 11) (B)f — (Zyb)atht
Example 3

If X is Folded Cramer Distribution with probability density function f(z) = (1_5#,)2, and survival function
F(x)

Hg(X§t17t2) =

= m , then generalized interval entropy (5) is

1 1 t2 et
HE(X;tl,tz):m llog<( & )a+,81/t (1+ fa) 2> HP Udz)]

1+6to 14+6t,

B 1 log 1 y (1 + 9t2)172(a+ﬁ71) _ (1 + 0t1)172(a+571)
f-a (1+tét2 - 1+t¢19t1 Jots=t 1-2(a+p-1) '
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3. Characterization Results Based on HP (X;t,t2)

In this section we show that H?(X;t;,t2) uniquely determines the lifetime distribution function. In this context
we prove the following result. We first give the definition of general failure rate (GFR) functions, refer to Navarro
and Ruiz (1996, 2004).

Definition 1
The GFR functions of a doubly truncated random variable (X |t; < X < t,) are given by A (t1,15) = )

Flt2)—F(t1)
(¢
and hal (ty,t9) = %

Theorem 2

Let X be a non-negative random variable having continuous density function f(x) and distribution function F'(z).
Assume that H ff(X ;t1,t2) be increasing with respect to both coordinates ¢; and ¢2. Then for each « and S,
H?(X;ty,t2) uniquely determines the distribution function F(z).

Proof On differentiating (6) with respect to ¢; and ¢5, we obtain
hg—h@_l(tl, tz) = (Oé + 6 — 1) exp{(ﬂ - Oé)Hg(X; tl, tg)}hg(tl, tg)

+ (B —a)exp{(8 — a)Hé’(X;tl,t2>}a%H5(X;t1,t2>, (13)

and
hTP 4, ) = (a+ B — 1) exp{(B — @) HE(X; 1, t2) }hi (t, ta)

— (B —a)exp{(B — a)Hff(X;tl,m)}a%Hé(X;tl,tz). (14)

Hence for fixed and positive ¢; and ¢o, hi(t1,t2) and ho(t1, t2) are solutions of g(x;,) = 0 and k(y;,) = 0, where
_ .at+pf-1 B(x-
9(xt,) = i, —(a+ B —1ag, exp{(B — a)HL (X;t1,t2)}

— (B —a)exp{(B — )HE (X1, tg)}%Hfj (X;t1,t2), (15)

and
k(yi,) = yffﬁ_l — (a+ B = 1)y, exp{(B — a)Hg(X; t1,t2)}

+%6fwemﬂﬁ*MHﬂXﬁhmﬂgiHﬂthm) (16)

Partial differentiating (15) and (16) with respect to =, and y;,, we obtain

3%(5,52) =(a+ 8- 12— (a+ B —1)exp{(8 — ) HL (X;t1,t2)}, an
to
and
82;%1) = (a+ B -1y —(a+ B — 1) exp{(B — a)HE(X;t1,t2)}. (18)
31

For extreme value of g(z;,) and k(y,), we have 22(%t2) :Oand%
t1

D, =0, which gives as xz;, =

1
(exp{(B — ) HE(X;t1,t2)}) °F7=2 = y,,, respectively. Furthermore, second order derivatives are

629(‘1:752 )

_ _ _ a+p-3
buz = (ot B Vit § -2
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and )
0°k B
(gf1):(a+ﬁ_1)(a+ﬂ_2)yt+ﬁ 3.
aytl !
2 2
Case I: Let o+ 38 > 2, then 2 gfg;ﬁt?) =2 g;'q;’“) > 0. Thus both of g(z¢,) and k(y:,) are minimized at z;, and
to ty

yi, respectively. Also, g(0) = —(8 — a) exp{(8 — ) HJ(X; t1,t2)} 5= HE (X t1,t2) < 0, since we assume that
HP(X;t1,t) be increasing with respect to both coordinates ¢; and ¢, and g(co) = oo. Similarly %(0) > 0 and
k(oc0) = co. Therefore, both the equations g(x:,) = 0 and k(y:, ) = 0 have unique positive solutions h; (¢, t2) and
ha(t1,t2) respectively.

0%g(x1y) _ 0%k(yy)

01:%2 - ayfl
respectively. In the same way one can conclude that hq(t1,t2) and ho(t1,t2) are unique solutions of g(x¢,) = 0,
and k(y;,) = 0 respectively. So, HZ(X;t;,t2) determines the generalized failure rates hj(ti,t2), j =1, 2
uniquely.

CaseIl: Let o + 8 < 2, then < 0. Thus both of g(x,) and k(y;, ) are maximized at x, and y;,

The characterization of specific distributions using relations between reliability measures has become of
increasing interest. Next we characterize uniform distribution in term of the generalized interval entropy (5). We
give the following theorem.

Theorem 3
A random variable X over (a, b), a < b, has uniform distribution if, and only if

2—a—p3

HE(X;t1,t0) = ( i—a

> 10g<t2 —tl). (]9)
Proof The ’only if’; part of the theorem is straight forward. Since in case of uniform distribution of X over (a, b)

x_aandf(x): !

F(x):b—a b—a

Substituting these in (5) and simplifying, we obtain

HP (X ty,ty) = (W) log(ta — t1).

To prove the ’if part’ let (19) be valid. Which gives

t2
FE @) de = (= 0P F(ta) — F(8)] "L 20

t1

Differentiating (20) with respect to ¢; and ¢, we obtain

B 1 1) = +(a+ B = Dhi(tr,t2)(t2 = 12)* 7077

and
(2-—a-p)

(t2 — ty)oFP=1 + (a4 B = Dha(tr, ta)(t2 — t1)> ",

hs TP (b, 1) =

Then, for any fixed ¢; and arbitrary to, hy< (t1,12) is a positive solution of 7(zs,) = 0, where

2—a+p }

{t— 1)o7 T @D

n(ze,) = {xtz}a+ﬂ_1 —(a+ B =1y, (ta — tl)g_‘”‘ﬁ - {
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V. KUMAR, AND N. SINGH 553

Similarly, for any fixed ¢, and arbitrary ¢;, ha (t1,t2) is a positive solution of (v, ) = 0, where

- _ 2—a+p
_ a+pB-1 2—a+p
Clyer) = {ye, } —(a+ B =Dy, (t2 — 1) - {W} (22)
Differentiating both side of (21) and (22) with respect to x;, and y;, respectively, we get
1
hi (ti,t2) = hy (ti,t2) = Pa— (23)
2 — 1

Thus, if lifetime of a component is uniformly distributed in interval (a,b), then the generalized failure rate is,
hi¥(t1,ta) = ﬁ; for ¢ = 1, 2. Thus result is prove.

4. Lifetime Distributions Based on Interval Entropy of Order «« and Type 3

In this section we characterize some specific lifetime distribution functions based on H? (X t;,t,), the generalized
interval entropy of order a and type 3. We will achieve this by considering a relation between H?(X;t,,t5) and
hZX (t1,t2) for i = 1,2, the general failure rate (GFR) function. We give the following result.

Theorem 4
Let X be a non-negative continuous random variable with survival function F(t), general failure rate function
hX(t1,t2) for i = 1,2 and generalized interval entropy H?(X;t;,t2) given by

(B —a)HE(X;t1,t5) = log {]1 [(1 + cto) RSP (1) — (1 + ct)hSTP T (1, tg)} } , (24)

where k is constant hold for all (¢;,¢2) € D. Then X has (i) an exponential distribution iff ¢ = 0, (ii) a Pareto
distribution iff ¢ < 0, and (iii) a finite range distribution iff ¢ > 0 .

Proof (i) The p.d.f. and survival function of an exponential variable X with parameter § > 0, are given respectively
by

f(z) =0e7% and F(z)=e .
The general failure rate functions are

f(tz) 0670“ .
hi(ti,ts) = = ,i=1, 2. 2
(012) = 50— F() — om0 @

The generalized interval entropy H?(X;t,t5) is given by

t . a+pB-1
(B — @)HE(X;t1,t2) = log [/t <P’(?f23f1(—15’ﬁf1)> dx]

to 96799: a+pB—1
=1 _ d
ol ()

got+B-1 [67(a+[371)0t2 _ ef(aJrﬁfl)th}
= log —(a+p-1)0 (e=0t1 — g=0t2)atB—1

— log {]]{; |:hg+571(t1, tg) — hiwrﬁil(tl, t2)i| } 5
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which is (24) for ¢ = 0.
(ii) The p.d.f. of the pareto distribution is given by
f(@) = pa(1+pz)~ D p.g> 0

and the survival function is B

Flz)=1—-F(z) = (14 px)~ %
The general failure rate functions are

f(t:) pq(1 + pt;)~(a+D)

hi(ty,ty) = - i=1, 2
() = B = Ft) — (L ph) @ — (L ¥ pla) @

Substituting in (5) and simplifying, we obtain

(pg)>tP—1
B—a)HP(X;t1,t5) =lo X
(8= o) HalXs o) =logt s S a5 - 1))
K1.+1ﬁ2)1—(a+ﬂ—1xq+1)__(14_pt01—(a+6—1xq+1q

{(1 4 pt1)=9 — (1 + pty)—a}o+p-1

It can be rewritten as

(B—a)HP (X;t1,ts) = log {; [(1 + pto)hSTPT (b, ty) — (1 + pt)ASTP 1y, tz)] } ,

where k = p[l — (¢ + 1)(a+ 8 — 1)] and ¢ = p > 0. Thus (24) holds.
(iii) The p.d.f. and survival function of the finite range distribution are given respectively by

f(z) =ab(1 —azx)*™ a,b >0,and 0 <z < é,

and

F(z)=1-F(z) = (1 — ax)".
The general failure rate functions are

. f(tl) . CLb(]. — ati)b’l .
haltr, 1) = Flt)— F(t1) (1—at)—(1—at)t "' L2

Substituting in (5) and simplifying, we obtain

ab)etB-1
(B — ) HE(X;t1,t2) =log{ - ((b 3)1)(a +A-1)

[(1 _ at2)1+(a+671)(b71) _ (1 _ at1)1+(a+ﬁ71)(b71)]
{(1 —at1)® — (1 — aty)b}ots-1 b

This gives
3 1 at+B—1 atf—1
(8= @ HE(Xst1,12) = log § 7 |(1 = ata)hT7 (b1 2) = (1= at)hs ™ (. t2)] o
where k = —a[l + (b— 1)(aw+ 8 — 1)] and ¢ = —a < 0. Thus (24) holds.

Conversely, assume that (24) is valid. Using (5) in (24) and simplifying, we get

t2
k:/ FP @) de = (14 cta) fAP () — (1 + cty) fTP1(ty).

t1

(26)

27)

(28)

(29)

(30)
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Differentiate (30) with respect to ¢5 keeping ¢; is fixed, we get
kfOrOT (t) = (a+ B = 1)(1+cta) f*H72 (1) [ (t2) + 07 (t2).
Dividing by f**+#~1(t,) both side and simplify, we obtain

! — 1
flta) (ke . 31)
f(tg) Ck—‘rﬂ—]. 1+Ct2
Similarly, we get a relation differentiating with respect to ¢1, as t, is fixed. Thus, finally we get

f'(t:) k—c 1 N
f(t) <a+51) 1+t for(ti,t2) € D i=1,2.

This gives

d k—c 1
L log f(t;) = Li=1,2. 2
TRLEAL) (a+5—1>1+cti ! (32)

The Eq. (32) represents the underlying distribution is exponential if ¢ = 0, Pareto distribution for ¢ > 0, and finite
range distribution for ¢ < 0. This proves the theorem.

4.1. A Lower Bound for H? (X;t,,t,)

In the following theorem we provide lower bound for the generalized interval entropy measure of order « and type
[ based on monotonic behavior of the general failure rate (GFR) of the doubly truncated random variable.

Theorem 5
Let X be an absolutely continuous random variable with density f(«) and cumulative distribution function F'(z).
() If hi% (t1,t2) is increasing in 1, then

1
Hg(X;tlatQ) > 6

— o8 W (b, ),

and (ii) If h (t1,t5) is decreasing in t, then

1
HP (X ty,t5) > 3 log K9P (1, t5).

—

Proof From (5), we have

B(x- 710 tQLMB_Ix
Ha(X,tl,tQ)ﬂ_alg[/tl <F(t2)—F(t1)> d]

1 2 i1 F(tz) — F(x) it
=5 a log l/tl R (2, 1) <F(tg)—F(tl)> dm} . (33)

Since % >0 for t; < z, and by the assumption that GFR h{((tl,t2) is increasing in ¢;, we have

h‘lx(fﬂ,tg) 2 h{((tl,tQ), thus

. 1 s F(ts) = F(x) \ "7
HP (X ty,t) > B_alog l/tl RETE=Y (1 ) (F(tz)_F(m> dx],

_ 1 a1 [ P(ta) = )\
— 5 a |}oghfk (t1,12) —|—10g/t1 <F(tg)—F(t1)) dﬂ?] )

1
g —«
The proof of the second part is similar to that of (i), using ha (t1,x) < ha (t1,t2) for t, > x. Hence omitted. This
completes the proof.

>

log h(f+'8_1 (tl, tz). (34)
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556 CHARACTERIZATION OF LIFETIME DISTRIBUTION BASED ON GENERALIZED INTERVAL ENTROPY

5. Stochastic Comparison Based on Generalized Interval Entropy

Next, we present some stochastic comparison results as follows: Let X and Y be two absolutely continuous random
variables with distribution functions F' and G. Let F' and G denote their survival functions with probability density
functions f and g, respectively. Then
(i) A random variable X is said to be less than or equal to Y in dispersion ordering (denoted by X <?Y, if and
only if

g(G 7 (w) < fF(F (), VO<v<u<l.

(ii) Let X and Y be two non-negative random variables. Then X is said to be smaller than Y in residual entropy
order (denoted as X <P Y)if H(X;t) < H(Y;t) forall t > 0.

(iii) Let X and Y be two non-negative random variables. Then X is said to be smaller than Y in past
entropy order (denoted as X <P Y)if H(X;t) < H(Y;t) forall t > 0.

For more details refer to Shaked and Shanthikumar [18], Ebrahimi and Pellerey [9] and, Nanda and Paul [15].
Ebrahimi [8] also introduced two new non-parametric classes of life distributions via monotonicity properties of
the uncertainly residual (past) lifetime function.

Definition 2
A random variable X is said to have decreasing (increasing) uncertainty of residual life (DURL (IURL)), if H(X; t)
is decreasing (increasing) in ¢ > 0.

Definition 3
A random variable X is said to have decreasing (increasing) uncertainty of past life (DUPL (IUPL)), if H(X;t) is
decreasing (increasing) in t > 0.

The following stochastic orders based on generalized interval entropy of order o and type g could be defined
similarly.

A random variable X is said to be less than or equal to Y in Verma’s entropy ordering (denoted by X <V¢ Y) if
HE(X)<HE(Y)VB-1<a<p, B>1

Theorem 6
If X and Y are two random variables such that X <? Y, then H?(X) < H?(Y).

Proof The probability integral transformation provides the following useful representation of the Verma’s entropy
measure (2) for the random variable X
1 1
HP(X) = log{/ fa+5_2(F_1(u))du} .
B—a 0

[e3

Since X <% Y we have

/ l{f“”*(F*l(u))fga”*(G*l(u»}duzo, V oa+8>2,
0

/1{f"‘+62(F1(U)) — PG (W)} du <0, ¥V atf <2,
0

since log is an increasing function, thus result follows.

Definition 4

A distribution function F'(.) has decreasing (or, increasing) generalized interval entropy (DGIE («, 8))(or, IGIE
(o, B)), if H!B(Y;ty,t5) is decreasing (increasing) in t1, for fixed t,.

Definition 5

A distribution function F'(.) has decreasing (or, increasing) generalized interval entropy (DGIE («, 8))(or, IGIE
(o, B)), if H'B(Y;ty,t5) is decreasing in ¢, for fixed ¢;.
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In many cases of practical interest are would like to know whether the DGIE (IGIE) property of X is inherited by
a transformation of X. The following Theorem provides a partial answer.

Theorem 7
(a) If X is IGIE («, 8) and if ¢ is non negative, increasing and convex, then ¢(X) is also IGIE («, ).
(b) If X is DGIE («, () and if ¢ is non negative, increasing and concave, then ¢(X) is also DGIE («, £3).

1 ¢~ (t2) f(z) >a+6—1 ( 1 )a+ﬁ—2
1 _— dx| .
—a® me <F<<z>—1<t2>> — F(6(t)) &) ’
This can be written as

(8= @) HI(Y;t1,t2) = (1 —a — B)log[F (¢ (t2)) — F(¢ ! (t1))]

Proof From (10), we have

Hg(y;tl,tz) =

“H(t2)
+log / f(x)o‘+’8_1¢’(x)2_°‘_ﬂdx] ) (35)
¢~ (t1)
On differentiating (35) with respect to ¢1, keeping ¢, is fixed, we get
(6 - a) OHY(Ysti,ta) _ (a+B8-1)f(p~"(t))
ot [F (¢~ (t2)) = F(¢~1(t2))]¢' (t1)

B i Gl V) G ) el
[ 8) r@yess=1ig@)p-e-saal

or,
_(a+B-1Dhig(¢7 (t1), ¢ (t2))
¢’ (t1)
(@7 () o )] CACRIGY))
¢’ (t1) 1(ta) f a+th-1 o
i (F((pfl(m))(—z)vw*l(tl))) [¢' (@)~ Pda
where hy (o7 (t1), 7 (t2)) = F(¢—1g:s(;;)_—15«£h)p)—l(t1)) is the general failure rate (GFR) function of the doubly

truncated random variable (X[t (t1) < X < ¢ (t2)). Let a + 3 > 2, ¢/(x) is an increasing function because
¢(x) is a convex function. So ¢'>~~8)(z) is a decreasing function, that is

(' ()PP < [g' (¢ (t)P 7, Vo> ().
Hence,

OHJ(Yit1,ta) _ (a4 B —1hig(o™ (t1), 07 (t2))

o - (5 - ) (tr)
_ [h1,¢(¢_1(t1),¢_1(t2))]a+5_1 1
(8 — )¢ (t1) L(ta . atp-1
' f¢ 1(;1 (F(wl(tz){(—;(wl(tl))) dz

_ 1 (O‘ + ﬁ — 1) -1 1
- ¢/(t1){ (5 _ a) h1,¢(¢ (tl)a ¢ (t2))
_ [h1,¢(¢_1(t1),¢_1(t2))]“+ﬁ_1e(a—mHé(X;wl(tl)7¢*1<tz)>}
(B—a) '
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_ 1
- ¢'(t)

[H? (X507 (t1), ¢ (t2))] > 0.

Similarly on differentiating (35) with respect to to, keeping ¢, is fixed, we get

OHE(Yity, o) 1 18 v 1—1 -1
8t2 - ¢/(t2) [Ha (X7¢ (tl)v(b (tQ))] > 0.

A similar result follow for o + 8 < 2.

(b) The proof is similar to that of (a), hence omitted.

6. Conclusion

When a system has survived only between two time points (¢1, t2), generalized interval entropy plays an important
role in the field of information theory and survival analysis. We discussed the generalized interval entropy
measure associated with various distributions, which play a vital role in reliability modeling. Also we characterize
some specific lifetime distribution using the relationship between proposed entropy H?(X;t,,t5), and reliability
measure. The characterizations, stochastic ordering and other properties obtained here prove the interest of these
concepts in measuring the uncertainty contained in a doubly truncated random variable. Also the results reported
generalize the existing results in context with interval entropy.
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