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Optimal surplus and minimum benefits for a defined contribution pension
plan: a mean-variance approach
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Abstract In this paper, we study a mean-variance portfolio selection problem, optimal surplus, Minimum Pension Benefits
(MPB) and consumption plan of a defined contribution pension scheme. The problem is formulated as a tri-objective
stochastic problem of mean-variance techniques. The problem is solved using dynamic programming approach. The aim
of the fund manager is to maximize Pension Plan Member’s (PPM) expected MPB and expected surplus, and at the same
time minimize the consumption and portfolio risks. We find the efficient frontier to be nonlinear and parabolic in shape. We
further show that the optimal portfolio depend linearly on consumption plan and linearly on MPB. The aggregate optimal
pension benefits accrued to a plan member at retirement and life-time consumption of the plan member are obtained. Some
numerical illustration of our models were obtained.
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1. Introduction

Pension fund management is relatively a long period of time. So, it should be strategically plan to ensure high
returns for plan members. It is imperative for plan members to know at the point of entrance into the plan, the
expected minimum benefits that will accrued to him or her at retirement. It is also vital for a PPM to know the level
of risks associated with the investment portfolio.

In this paper, we consider a mean-variance portfolio selection problem, optimal surplus, Minimum Pension
Benefits (MPB) and optimal consumption plans for a defined contribution pension scheme. The surplus arising
from the investment will be shared between the PPM and the fund manager in accordance with the agreed rate.
The aim of the fund manager is to maximize surplus and the MPB at the same time minimize the consumption and
portfolio risks.

In the related literature, [15], considered a Defined Benefit (DB) plans and modeled it as a linear-quadratic
optimal control problems. [26] studied a mean-variance optimization model. The techniques was used to compare
securities and portfolios based on a tradeoff between their expected return and its variance. [8] and [19] considered
a mean-variance portfolio problem in pension plans from a static point of view. [7] studied a dynamic case of the
model for asset and liability management under the mean-variance criteria. [23] studied the benefits of the DB plan
by assuming that the benefits are stochastic. They also assumed that benefit is a non-tradeable asset. The existence
of correlation between the sources of uncertainty in the benefits and in the asset returns are also considered in their
work.
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It has been a challenge in the literature on how to translate the mean-variance approach from the static state to
the dynamic state. Merton tried to translate the problem to dynamic setting but does not exactly fit the structure of
a mean-variance approach. The problem of determining the minimum variance on trading strategy in continuous-
time framework has been studied by [36] via the Martingale approach. [1] used the same approach in a more general
framework. The papers by [38] and [25] successfully carried out the translation from static state to dynamic setting
both in continuous time and discrete time. Li and Ng (2000) solved a mean-variance optimization problem in
a discrete-time multi-period framework. [38] considered a mean-variance in a continuous-time framework. They
shown the possibility of transforming the difficult problem of a mean-variance optimization problem into a tractable
one, by embedding the original problem into a stochastic linear-quadratic control problem, that can be solved using
standard methods. These approaches have been extended and used by many in the financial literature, see for
instance, [3], [7], [18], [23], [37]. [23] follow the formulation of [38] but with some modifications to study a
DB pension plan with the inclusion of the supplementary cost as a control variable in addition to the presence
of several risky assets. In this paper, we follow the formulation of [38] and [23] but with some modifications
toward studying a DC pension plan with the inclusion of investment strategy, the MPB and consumption rate
as control variables. Although, [23] supplementary cost and our consumption rate have the same features but in
different setting. In our own setting, consumption include management cost and withdrawal on the part of the PPM.
We adopt the Hamilton-Jacobi-Bellmam principles in the optimization process. [29] considered a mean-variance
portfolio selection problem with inflation hedging strategy for a defined contributory pension scheme. In the paper,
the optimal wealth which involves a cash account and two risky assets for the pension plan member was established.
It was found that inflation-linked bond is a suitable asset for hedging inflation risks in an investment portfolio. [?]
examines a mean-variance portfolio selection problem with fixed salary or income and inflation protection strategy
in the accumulation phase of a defined contribution pension plan. For more on a mean-variance portfolio selection
problem, see [30], [31] and [33].

This paper aims at studying optimal surplus, MPB, optimal total benefit and optimal consumption plan under
the context of a defined contribution pension plan with stochastic funding in a DC pension scheme under mean-
variance efficient approach. [18] and [37] assumed a constant flow of contributions into the pension scheme which
will not be applicable to a time-dependent salary earners in pension scheme. We assume that the contribution of
the PPM grows as the salary grows over time. In this paper, the contributions of the plan member is assumed to be
stochastic.

There are extensive literature that exist on the area of accumulation phase of DC pension plan and optimal
investment strategies. This can be found in [28], [10], [5], [24], [17], [11], [2], [6], [13], [4], [12], [37], [29], [31].
For optimal pension management of a DC pension plan, see [34] and [35].

The remainder of this paper is organized as follows. In section 2, we present financial market models, the salary
process and the surplus process. In section 3, we presents the aggregate pension benefits. In section 4, we present the
mean-variance formulation of our problem. Section 5 presents the optimization problem. In section 6, we present
the optimal feedback controls. Section 7 presents the efficient frontier of the optimal terminal expected surplus. In
section 8, we presents aggregate optimal final pension benefits and optimal final consumption plan of a PPM at
retirement. Section 9 presents the numerical examples of our models. Finally, section 10 concludes the paper.

2. The Models

In this section, we present the financial market models, the salary and wealth process, and the dynamics of the
surplus plans.

2.1. Financial market models

Let (9, F,P) a probability space and W (t) = (WE(t), WS(t), WY (t)) = (W (t), WY (t))’ defined on a given
filtered probability space (2, F,F(F),P), where W (t) = (WE(t), W3(t)), F; = o(W(s), WY (s) : s < t) and
F(F)={F :t€]0,T]}, is a 3-dimensional Brownian motion with respect to bond risk, stock market risk and
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salary risk, respectively at time, ¢. P denotes the real world probability measure, T the retirement time and the sign
’, denotes transpose.
The fund manager manage the stochastic fund contributed by the PPMs in the planning interval [0, T'], by means
of a portfolio characterized by
So(t) = price process of cash account at time ¢,
Z(t) price process of bond at time ¢, and
S(t) price process of stock at time ¢.

2.1.1. Cash account, bond and stock dynamics The dynamics for cash account, bond and stock are given
respectively by
dSO(t) = ’I“S()(t)dt, 50(0) = 1, (1)

dZ(t) = Z(t)(uzdt + ozdW(t)), Z(0) = 2z € R4, 2)
where .
{ ,LLZ:T—OéT+§(VT)2
o = —vT
where 7 is the short interest rate, « the drift of the forward interest rate, v the volatility of the forward interest rate

and Oy — (O’B,O).
dS(t) = S(t)(udt + cdW (t)), S(0) = s € Ry, 3)
where 0 = (ogp,05+/1 — p?), p > 0 rate of return of the stock, og the volatility of stock, p € (—1,1) correlation

coefficient of source of risks from bond, W2 (t) and stock, W*(¢).
Then, the volatility matrix

L opB 0
== (e s ) @

corresponding to the two risky assets, satisfies det(X) = ogopy/1 — p? # 0.
Therefore, the market is complete and there exists a unique market price of risks, 6 satisfying

G bz
9::( B): p—r—0ppos |, (5)
osy/(1—=p?)

where 05 is the bond price of risks and 65 the market price of stock risks.

2.1.2. The stochastic salary process Let Y (t) be the salary process of a PPM at time ¢, then the dynamics of Y (¢)
is driven by the following stochastic differential equation:

dY (t) = Y (t)(Bdt + aydW (1)), Y (0) = yo € Ry, (6)

where 5 > 0 is the expected growth rate of the salary, Gy which is equal to (oy,,0v;,0y,) = (0y,0v3), Oy =
(0y,,0y,), oy, volatility of the salary of a PPM arising from the uncertainty of bond, W (), oy, volatility of the
salary of a PPM arising from the uncertainty of stock market, W9 (t), oy, the volatility of the salary process arising
from the source of salary risk, WY (¢) at time ¢.

Suppose the proportion ¢ > 0 of the salary process is a contribution of the PPM into the scheme, then cY (¢) is
the amount of fund contributed into the scheme by a PPM at time ¢.

2.2. The wealth and surplus process

Let ®(t) be the investment process at time ¢, C (t) the consumption process at time ¢ (i.e., withdrawal process from
the pension scheme by the PPM) and B(t¢) the MPB at time ¢. The amount of fund invested in stock, S(t) at time, ¢
is denoted by Ag(¢) and fund invested in bond is A (t). The remainder, ®(¢) — Ap(t) — Ag(t) is invested in cash
account at time ¢.
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2.2.1. The wealth process Before expressing the dynamics of the wealth process, we first give the following
definition.

Definition 1
Let C be the set of admissible strategies and Ca, C. and Cj; pp With respect to investment, consumption and MPB,

respectively be subsets of C. We say:
(i) A €Caif

/“A 1Y dt < oo, 7

where F is the expectation operator and A(t) = (Ap(t), Ag(t)) is a control process adapted to filtration {F; }¢>0,
Fi-measurable.
(i) B € Cppp if

T
E/.mwm<m. @®)
0

For the rate of consumption C(t), we assume that is a non-negative and bounded above with upper bound being
O such that 0 < C(t) < O < oo.

A strategy u(-) = {A(t), B(t),C(t) : t > 0} which is progressively measurable with respect to {W(t), P(t) :
0 < s <t} is referred to as admissible strategy. We denote the collection of all admissible strategies by .A. It then
follows that the set of all admissible strategies .4 can be defined as follows:

A= {u(t) = (At), B(t),C(t)) ERZX R x R :
T

T
E/ A(t)A(t)dt < oo;E/ B(t)*dt < 00;0 < C(t) < © < o0} ©)
0 0

2.2.2. Investment and wealth processes The investment process ®(t) at time ¢ is given by the following dynamics
d®(t) = (r®(t) + A(t)AN)dt + A(t)2dW (t), ®(0) = g € Ry (10)

where A = (010p,u — 7).

Let U(t) be the wealth process at time ¢. Since a PPM make flow of contributions cY (¢) into the scheme at time ¢
and assume that withdrawals C/(¢) (which we referred to here as consumption) are made from the wealth generated
at time ¢, then we have the following:

U(t) = B(t) + Y () — (1), (11)

t
where C (t) = / C’(s)ds. Finding the differential of both sides of (11) and using (6), (10), we have the wealth

0
dynamics as follows:

dU(t) = (r®(t) + AN+ cBY (t) — C(&))dt + (coly Y () + S/ A)) dW (1)

ooy, Y (AW (), U(0) = W, € R, (12)

Now, with this wealth dynamics, we determined the surplus process of the stakeholders and is presented in the
following subsection.

2.2.3. The surplus process Let X (t) be the surplus process of a PPM at time ¢. Then,

X (t) = U(t) — B(t), (13)

where B(t) = /t B(s)ds.
0
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Finding the differential of both sides of (13), we have the dynamics of the surplus process to be
dX(t) =d¥(t) — dB(t). (14)
Substituting (12) into (14), we have

dX(t) = (r®(t) + AN+ cBY () — C(t) — B(t))dt + (coly Y (t) + S/A()) dW (t)

ooy, Y (O)AWY (1), X (0) = 20 € Ry, (15
(15) can be re-written by using the fact that ®(t) = X (t) + B(t) — ¢Y (t) + C(t) to obtain the following:
dX (@) =Xt + AN+ cBY () — C(t) + (r —1)B(t))dt (16)

H(eol, Y () + SIAR)) AW (E) + coy, Y (£)dWY (), X (0) = zo € Ry,

where C(t) = (1 —r)C(t) and 8 = (B —r).

Remark 1
From now on we shall be referring to C(t) as consumption plan and having it in mind that C(t) = (1 — 7)C(t).

Next, we determine the aggregate pension benefit that will accrued to a PPM at time ¢. The aggregate pension
benefit measure the sum of the MPB and fraction of surplus to be receive by PPM at time .

3. Total Pension Benefits

Let F'(t) be the total pension benefits of the PPM at time, ¢ € [0,7] and h the fixed fraction of the surplus that
will be received by the fund manager. At time 7', the fund manager will make two payment to the PPM. The first
payment of MPB, B(t). The second payment is a fixed fraction of the surplus ©(¢, X) = (1 — h) X (¢) (the fraction
of the difference between the terminal wealth ®(t) of the managed portfolio and the MPB, B(t)). Therefore, the
total benefit to a PPM at time T’ is

F(T)=B(T)+ (1-h)X(T)=B(T)+6(T, X),

where ©(T, X) = (1 — h) X (T) is the surplus at the final time, 7T'.

Remark 2

For h = 0, it implies that the fund manager does not keep any profit from the surplus, so introduction of the MPB
is more an obstacle for the fund manager, since MPB may induce a significant utility loss for quadratic risk tolerant
investors (see [20] for relative risk averse investor). On the other hand, if A~ = 1, it implies that the PPM will receive
only the MPB, no matter the final surplus, which is unreasonable. In order to avoid these trivial cases, we therefore
assume that h € (0,1).

The flow of total pension benefits, F'(t) is defined by

[ B@),if0<t<Ty<T,
Fio) = { B(t)+O(t, X (t)|¢—74), ift > T, (17)

where T} is the time of voluntary retirement.

4. The Mean-Variance Formulation
The objectives of the fund manager in this paper, is triple. First, to maximize the value of expected final surplus,
E(X(T)) and to minimize expected discounted consumption process. Secondly, to maximize the MPB at the

terminal time, 7. Thirdly, to minimize the variance of the final surplus, Var(X (T)). This involves a multi-objective
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optimization problem with three criteria, J;, Jo and J3 (for two criteria, see [23]):
min(AvBac)GQmo,Bg,Co (Jl(A, C, B), JQ(A, C, B), Jg(A, C, B)) =

. o, L. (18)
Wi B.C)egn b amxmm—/‘deuE/ M2 (t)dt + Var(X(T))
0 0

subject to (16). Here n € R, denotes the discount preference rate of consumption, G, B,.c, is the set of measurable
processes (A, B,C), where A satisfies (7), C satisfies (9) and B satisfies (8) such that (16) admit a unique
solution, F; —measurable, and adapted to the filtration {7 };>¢. Note that problems (16) and (18) are mean variance
(MV) problem similar to the one studied in [23] and [38], but with additional control variables, MPB, B(t) and
consumption plan process, C(t). Let A* be an efficient portfolio, C* an efficient consumption rate and B* an
efficient MPB. The admissible control process (A*, B*, C*) is Pareto efficient if there does not exist admissible
process (A, B, C) such that J; (A, C, B) < Ji(A*, B*,C*),

Jo(A,C, B) < Jo(A*, B*,C*), J5(A,C, B) < J3(A*, B*,C*) such that at least one of the inequalities hold
strictly. The pairs (J; (A*, B*, C*), Jo(A*, B*,C*),

J5(A*, B*,C*)) € R3 form the Pareto frontier. [9] stipulated that a situation whereby the objective functionals
defining the multi-objective optimization are convex, the Pareto efficient points can be obtained by solving a
scalar efficient control problem provided the dynamics remain unchanged and the objective functional is a convex
combination of the original cost functionals, (see [23]). In this paper, the Pareto points and controls in (16) are
linear, this implies that J;, J; and J3 are indeed convex. Hence, problems (16) and (18) are equivalent to the scalar
problems

min(A,B7C)€gzo,Bo,co J1(A,C,B) + J2(A,C,B) + £J3(A,C,B) =

T
MiN(A B0)egs, 50 — MX@»+/AMNM
0 (19)

T
+& (E / e MC3(t)dt + Var(X(T))) ,

subject to (16), where £ € R, is a weight parameter. As ¢ varies in the interval (0, 0o), the solutions of (19) admits
the Pareto frontier. We observe that £ guides the fund manager on how to transfer linear units of risk to units of
expected surplus, and vice versa, see [23]. The size of £ shows which one of the objectives is of paramount interest
to the fund manager, to reduce risk or to increase surplus and MPB.

Problem (19) is not a standard stochastic optimal control problem as a result of the presence of the quadratic form
E(X(T))? in the variance term. In this case, the dynamic programming approach cannot be applied. Following
[38], [25] and [23], we have the following stochastic-linear-quadratic problem

MiN(A B,C)EGay 5y.0o I (D Cs B) =

. o (20)
MinA B,0)e6,, 5,0, B(X2(T)) = 20X(T)) + E / (e7"C3(t) — B(t))dt,
0

subject to (16), where ¢ € R.

Theorem 1
Let £ € Ry and (A*, B*,C*) an optimal control of (16) and (20) with associated optimal surplus X*. Then

1
(A*, B*,C*) is also an optimal control of (16) and (19), if p = % + E(X*(T)).
Proof: Omitted since is similar to that provided by [23]. ]
Theorem 1 tells us that optimal solution of problem (16) and (19) can be found by solving problem (16) and
(20).
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5. Optimization Problem

In this section, we determine the Hamilton-Jacobi-Bellman equation for the surplus process. We define the
following differential operator:

L= 1 2,2 / 2 82 0 21
We define the general value function
G(t,z,y) = Eu(T, X,Y)|X(t) = 2,Y(t) = 9]

where G(t, x,y) is the path of X (¢) and Y (¢) given the portfolio strategy A(t) = (Ap(t), As(t)). Let U(t, z,y) be
a convex function in X (¢) and Y (¢) such that

U(tv x, y) = minA,B,C E[U(Tv Xa Y)lX(t) =1, Y(t) = y} = minA,B,C G(ta &€, y)7

subject to (16). (22)
Then U (¢, z,y) satisfies the HIB equation
Uy + mina g c{—B%(t) + e "C?(t) + (rz + A(H)A — C(t) — (1 — r)B(t))U,
1
+§EA(t)2’A(t)’Um + cySAt)oy Uy}t + LU =0, 23)

subject to: U (T, x,y) = 22 — 2¢u.

Since U is a convex function in X (t) and Y (¢), and U (t, z,y) € CH?(R x [0, T)), then (23) is well defined. Then,
the minimizer values of the portfolio strategies, MPB and consumption process are given, respectively by

(BX) Y =AU, — cyEot, Usy)

A*(t) = 24
(v - , 24)
1-— ;
= 00 es)
nt
CH(t) = U% 26)
Substituting (24), (25) and (26) into (23), we have
1—r)202 MAAUZ  UZem
Ut+w+rmUx+cy5Uy—( AUz Use
4 20 2
cy(MXcy, ) AU, U, 1 U, 1
_ [)];I aVzy 502y20-yag/ U:z + 50292 (0yag/ + 0%3) Uyy =0, 27)
subject to: U (T, x,y) = 2% — 2z,
where M = (XX')~1. We assume a quadratic solution of the form:
U(t,z,y) = ¢o(t) + 265 (t) + ydy (t) + 22 bus () + 2Yday (1) + y>dyy (1) (28)

Now, finding the partial derivatives of (28) with respect to ¢, x, y, xy, zz, yy and then substitute into (24), (25),
(26) we have

_ —MAg.(t)

A*(t) = A YMAGy (1) cyEoy duy (1)

2024(1) 2024(1) 2020(t)
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(1) = U200 + 226020 + 46, 8) .

Again, using the partial derivatives on (27) and extract the coefficients, we obtained the following ordinary
differential equations:

) I\ 42 — 1202 ad, oy ,

Gu(t) = aduy () + (MA)Apu(t) = 1 (t) + (2" — (1 = 1)*) 9 (t) P (1), 90 (T) = —2¢0, (32)
(MA) Aps (t)$ay(t) (1 = 1) (t) by (1) n ad, (t)

Pult) =y 2 2wal)
—cBy(t) + ¢u(t)Puy(t)e™, ¢y (T) =0,
‘Z)M(ﬁ) = (M)‘)/)‘¢a:a:(t> = 27ys(t) + (Qent -(1- r)2>¢im(t)» ¢2a(T) = 1, (33)

¢zy(t) = (MA)/A(bwy (t) - rquy (t) + (2ent - (1 - T)Q)(bmx (t)¢my(t) - cﬂ(bxy (t)7 (b:ry (T) = 07 (34)
) = PO QT 0 o)

0l A0
1 2 1
_502?/2 (O‘yO'g/ + 012’3) (2¢yy(t) - 2(,25;;(75)) + §¢zy(t)27 ¢yy(T> = 0,

where a = ¢(MXoi, )\, k= (M)A
Obviously, from (34), we have that ¢, (¢) = 0. Solving (33), we have

(k —2r)(k — 2r 4 n)er=R(T-1)

bua(t) = D)

=f(t). (35)

where H(t) = 2(k — 2r)[e"" — "] + (k — 2r +n)[(1 — r)2e@ =0T~ 4 (k — 1 — r?)]. We assume that f(t) >
0, for all time, ¢. Solving (32), we have

Ga(t) = —2pe~ kT (1), (36)

T
where g(t) = exp </t [(1—7)% - 26”S]f(s)ds>.

Proposition 1
The triple (A*, B*,C*) representing the optimal portfolio in the risky assets, optimal minimum benefits and
optimal consumption rate is given by

A*(t) = MA (‘Pe ! f)((; Yot) _ X*(t)) : (37)

BX(t) = (1 =) (X" (1) f(t) — pg(t)e”*FT0), (38)

CH(t) = (X* (1) () — py(t)e” = T=)ent, 39)

Proof. Using the value of ¢(t), ¢, (t) and ¢4, (t) into (29)-(31), the results follow. a
pg(t)e” =0

The efficient portfolio strategies (37) depend on the term

— X*(¢). Using the definition of ¢,
0 g

we have the following:

gO)e BT B (T)g()e *0 0
%) 27 (1)
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B*(t) = (1= r)(X*(t) f(t) — pg(t)e” F=nT=0)

g(t)e” I BXH(T))g(t)e T
2€ 2€

These show that the optimal investment strategy, optimal MPB and optimal consumption can be expressed in terms

of expected final surplus.

Notice that the portfolio process can be expressed as a function of optimal consumption and also optimal MPB
and vice versa as follows:

CH(t) = (X™(0)f(t) = )-

M M MAB*(t)
f() F(®) fFOA=r)

B () = (1 — r)C*(t)e™™ = (1 — r)2C* ()™ = A" () (MN) L1 — 1) f(t).

A () = -2 (e = —— 2 (1 — 1)CF (t)e " =

These show that the value of the control variables have significant influence on one another. Observe that a linear
relationship exists between investment strategies, A* and consumption plan, C*.

6. First and Second Moments of the Optimal Surplus

Under the optimal feedback control (37), (38) and (39), the stochastic differential equation for optimal surplus
process X *(t) obtained in (16) is
dX*(t) = ((r =k = f(t)(e™ — (1 = 7)?)) X*(t) + cBY (1)
+pg(t)e=F=m(T=1) (f](ﬂt) +e™+(1- r)2> )dt
g(t)e~k=r)(@=1)
f(t)

(40)

+ <ca§/Y(t) + Y MAE - X*(t))) AW (t) + coy, Y ()dWY (1),

X*(O) = Z9-
Applying the It6 formula to X *2(¢), we obtain following
dX*2(t) = {(2(r — f()(e™ — (1 —7)%) — k) X*2(t)
+(2¢B8 — 2cay X' MN)Y () X*(t) + 2p0g(t) X *(t)e= F=T=t) (ent 4 (1 — 1)?)
)Y
+2coyY M)\Mef(kfr)@*t) + (oyoy +03,)Y3(t)

f(t)
+w672(k4)@7t)}dt + 2coy, Y (1) X* (1) dWY (t)

f(t)?
/ * / % (Pg(t)e_(k_r)(T_t)
+2 | col, Y () X*(t) + ' MAX*(t)( 70

X*2(0) = 22.

(41)

- X*(t))) W (1),

Applying the Ito formula to the product of X*(¢) and Y (¢), we obtain the following

AY )X (1) ={(B—k+r—f)(" = (1 =7)?) — oy (X' MN))Y () X*(t)

+og(t)Y (t)e=k=m(T=t) (]HWJ[((?)/M’\)/ +e™ (1 - 7“)2> +c(B+oyol + 0% )Y2(t)}dt

+ (v (X7 (8) + col Y2 (2) + iy (1) (290

+oy, Y(t)(cY () X(t)dWY (t),
Y () X*(0) = zo

o~ (k=) (T~1)

ft)

(42)

- X*(t))) aw (1)
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Taking the mathematical expectation of (40), (41) and (42), we obtain the following ordinary differential equations
dE(X*(t)) = ((r —k — f(t)(e™ — (1 = 7)?)E(X*(t)) + cBE(Y (1))
+pg(t)e(F=(T=1) (Jcl(ft) +e™ (1 - 1")2) )dt, (43)
E(X*(0)) = o,

dE(X2(t)) = {(2(r — f(t)(e" — (1 —1)?) — k) E(X**(1))

+(2¢8 — 2ca) B(Y (1) X* (1)) + 20g(1) B(X*(t))e~ k=T (6” +(1=7)%)
o?
+20afm)?((:)/(t)) ~(k=r)(T—1) +c (ayay + 0y3) (Y2( )) (‘Z)(? e 2T t)}dt e
B(X*2(0)) = 3,
dE(Y () X*(t)) ={(B =k +7r— f(t)(e” — (1 = 7)*) = ) B(Y () X*(t))
+g(t)E(Y (t))e~F=m)(T=1) (kf?ﬂa +e” + (1 - r)2> +c(B+oyoy + ot )E(Y2(t))}dt, (45)
E(Y(0)X*(0)) = zoyo,
where a = gy (X’ M ). From (6), we have that
B(Y () = yoe™, E(Y2(t)) = yge®P 7 ovton)t, (46)
Solving (43), we obtain the first moment, E'(X*(t)) of X*(¢) as
E(X*(t)) = zoeT TR 4 CﬂyoLl(t)e(r—k)t—Q(t) + sQLQ(,g)e(r—k)(Tth)—Q(t)’ 47)
t
where Q(t) / f(s)(e™ — (1 —r)?)ds, Li(t) = / eB=r+k)s+Q(s) g,
0
Lo(t) = / g(s)e_z(T k)s+Q(s) <k +e”+(1- 7")2> ds.
0 f(s)
At time ¢t = T, we have
E(X*(T)) = Zoe + v, (48)
where
¢ = e(rT=RT—Q(T)

To = zo + cByoLa(T),
v = eLy(T)el"PT,
Solving (44), we obtain the following

E(Y()X*(t)) = zoyoePF+r=a)t=Q) 1 oy N (t)e~ (k=T e(B—ktr—a)t=Q(t)

49
+eyo(B+ oyoly + U%S)NZ (t)e(B—k+r—a)t—Q(t) (49)

where Nl(t) = / g(s)e—as+Q(s) (kf—(ﬁ—;x
0

¢

and Ny (t) :/ (Btk—riatoyol+oy)stQ(s) s Solving (44), we obtain the second moment E(X*2(t)) of
0

X*2(t) as

+e”+(1- r)2) ds

E(X*Q(t)) — w(Q)e@r—k)t—QQ(t) + Ml(t)e(Qr—k)t—QQ(t)+ (50)
QQDM2(t)eQ(r—k)Te(2r—k)t—QQ(t) + ()02eQ(r—k)T€(27'—k)t—2Q(t)Ms(t),

t
where M (t) = / (2¢(B — a)(zoyo + cyo(B + oy oy + U%S)Ng(s))e(ﬁfrfa)s+Q(s) +
0

2004909(3)e—(k—r)(T—s)e(ﬂ—zr+k)s+2Q(s) 422
f(s)

Yo (o‘YUY +J ) (28— 2r+k+ayoy+gys)s+2Q(S))d .
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t
Ms(t) = / (9(s)(™ + (1 = )% "7 (20 + cyoBL(5))e™ @M TE) 4 ey (B —
0
)N, (S)e—(k—:)Te(B—r—a)S+Q(S))ds’ i .
, (9r— o kog(s _ (9 —k
M;(t) :/ (29(s)(e" + (1 — 1)} La(s)e (2r=k)s+Q(s) 4 fi()g)ez(k MTe=(2 k)‘3+2Q(s))ds.

0
At time ¢t = T, we have

20—I)T 22 + My (T)e 2r=R)T
M;(T)

My(T) .

E(X*(T)) = ¢ Ms(T) D

61V

+ 2¢p

7. The Efficient Frontier

We now establish the efficient frontier of the process that measure the level of risk given the expected target of the
final surplus.

Var(X*(T)) = E(X**(T)) - (E(X*(T)))?
_ 62M3 (T)eQ(r—k:)T
|:x(2)+M1(T)e—2(r—k)T
M;(T) M;(T)
— 62M3(T)62(T7k)T

My(T) 5 (BX*(T)))%e 00T

23+ M, (T)e=2(r=FT
* [ M (T) T T &My (T)
_ 2 2(r—k 1‘2 + Ml (T)e_Q(T_k)T 1 * ~ M. (T)
= EM(T)e2r—MT |20 (T +2 (B(X (T))—xoe)Mz(T)
LB T)) — 300 — S p (T 2
+ ﬁ( (X*(T)) — Zoe) —W{( (X*(T)) — xge)
+  2%0eE(X*(T)) — #3e®}]
2
= U g, et RE(X(T)

where
1/11 _ 6262(7“—1€)T<x(2) + Ml(T)e—Q(r—k)T> + 538627

7 62M2 (T)e2(r7k)T

1/’2 + :%06;
14
2 M(T 2(r—k)T
™= € My )26 -1
14

Let ox+(T) = y/Var(X*(T)). The expected optimal final surplus and its standard deviation, o x«(T'), are related
by

e 1 \/ Vi _
E(X*(T)) = — =+ —\/o%(T)+ = — —. 52
(X"(1) = Goe = 22 4~y [oR (D) + 22 = 2 (52)
Obviously, the efficient frontier (52) is hyperbolic in shape. Since the efficient frontier may not be linear, we

concludes that short-selling is not allowed and borrowing is restricted.

Corollary 1
Suppose ¥ = 219, then

wQ(TF—Fl) 1

B (1) = a0~ 2OFD 4 Lo (),
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1/}2(71’ —+ 1)

This implies that if 1)1 = 219, the efficient frontier is a straight line with intercept zge — 5 and gradient
™

1
—
Using the fact that E(X*(T)) = Zoe + ¢v, we have the following proposition:

Proposition 2
The optimal portfolio in the risky assets, optimal minimum benefits and optimal consumption rate may be expressed
in terms of expected final surplus, E(X™*(T")), respectively as follows:

cn (B(X*(T)) = Foe)e” T =Ng(t)
A*(t) = MM ( 0 X (t)> , (53)
B*(t)=(1—7r) (X*(t) f(t) — (B(X *(1;)) ~ %o¢) g(t)e—w—r)(T—t)) , (54)
Proof. The result follows by using Proposition 1 and (48). |
Remark From Proposition 2, we obtain the following:
Lo (B(X*(T) — doe)et—"Tg(0)
/L — Tp€)e o
A(0) = M < e 0> , (56)
B*(O) _ (1 . 7“) <$0f(0) . (E(X*(j;)) - moe)g(o)e—(k—r)T> 7 (57)
0*(0) = o 5(0) - FEENZT09 o) e, (58)
2.fort =T . }
R R | 59)

3. at t = 0, the optimal minimum benefits and optimal consumption will be equal only if » = 0.
4. at any time ¢, the optimal minimum benefits and optimal consumption will be equal only if r = 1 — e,

8. Aggregate Optimal Final Pension Benefits and Optimal Final Consumption Plan

In this subsection, we consider the aggregate optimal final pension benefits and optimal final consumption plan of
a PPM. Now, at time ¢t = T": From (61, )we have that the optimal final MPB is

B(T) = (1 = (X (1) - Z e rem o

+ (z0 + cyoSLL(T))e T=RIT),

o
Ly(T)
Therefore, the aggregate optimal final pension benefits that will accrue to the PPM is

F*(T) = B*(T) + (1 — h)X*(T) = (r — h)X*(T)—

E(X*(T))e—2(7-—k)T+Q(T) + o _i_cyOBLl(T))e—(r—k)T]'

1 (62)
S i L)
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Interestingly, the aggregate pension benefits depend on the shared part of optimal surplus at time, 7', the expected
value of optimal final surplus that grows as the financial market grows, initial surplus, the contributions of the PPM
which are also influence by the market behaviour and consumption rate. Observe that if h = r, (62) becomes

E(X*(T)) oy 1 o
FH(T) = (1 — p)[ 22 V) o =2(r=R)T+Q(T) | _ — L (T (r=k)T
(1) = (=N e + oy o + wBL(T))e 7] (63)
which is independent of the optimal surplus at time, 7" but depends on the expected value of optimal final surplus.
From (62), we observe that if » > h, the aggregate optimal final pension benefits will increase and decrease if
r < h.

The optimal terminal consumption process is obtained as

C*(T) = (X*(T) — We—w—k)u@m
’ (64)
(20 4 cyoBL1(T))e F=RT)enT,

1
Ly(T)

It is also observed that if

E(X*(T )
X (T) > w6_2(r—k)T+Q(T) + %(mo + CyOBLl(T))e_O —K)T

the optimal final consumption plan will be nonnegative and negative if

X*(T) < E(X*(T))ef2(r7k)T+Q(T) +

Ly(T) Lo(T) (o + CyO/BLl(T))ef(rfk)T.

Again, if
EX(T) —a¢-myrioery | L -
_— — Ly (T (r=k)T
Lo(T) e + To(T) (zo + cyoBL1(T))e
it implies that there will be zero consumption.
The following proposition gives the total expected discounted value of optimal consumption and MPB.

X*(T) =

Proposition 3
The total expected discounted value of the optimal consumption plan, optimal MPB and optimal aggregate pension
benefits in the time interval [0, T, denoted by C', B and F’, respectively, are given by

C

T
E / e PO (t)dt
0

r T
/ E(X*(t))f(t)e"tdt — K/ g(t)elkrn=2tgy
0 0

T
B = E/ e " B*(t)dt
0

= (1-r7)

T T
/ E(X*(t))f(t)e ™dt — K / g(t)e(k’_”)tdt] ,
0 0

T
F = E/ e PR (t)dt
0

T T
/ [1—h+ (1 —7r)f)EX*t)e " dt — K/ g(t)eF=20t gy,
0 0

(B(X*(T)) — #oe)e= k=T

14

where K =
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Proof. The results follow by multiplying (64), (61) by e~"%, then integrating with respect to ¢ from 0 to 7' and
setting T' = t in (62) and multiple by e~"*, then integrating with respect to ¢ from 0 to 7. ]

Remark 3
If the PPM retires voluntarily from the scheme, then the final aggregate benefit is

To
P / [+ (1— ) f(OIECC())e " dt
0

* ~ —(k—r)T To
(B (To))—yl‘oe)e (k=) °/ (B2t gy
0

Suppose the PPM consume continuously throughout his/her life-time, then we have the total consumption to be

T T
lim ¢ = lim | / E(X*(t))f(t)e" "t — K / g(t)eF =2t gy
0 0

T—00 T—0

oo
/ E(X*(t))f(t)e"™™tdt, provided the limits exists.
0

9. Numerical Illustration

In this section, we present some numerical illustration of our results in the above sections in a specific example.
This is to enables us to observe the behaviour of the final standard deviation as against the expected final surplus
(see figure 1), the initial investment, initial optimal MPB, optimal consumption and the expected optimal final
MPB and optimal final total benefits, with respect to the terminal date, sharing rate, i and the expected final
surplus. The values of parameters that we consider in this paper, are the following.

the risk-free rate of interest is » = 0.02;

the contribution rate is ¢ = 0.075;

the initial salary is yo = 0.9;

growth rate of stochastic salary, 8 = 0.0292;

correlation coefficient, p = 0.3;

the consumption preference rate is = 0.01;

volatility vector of stochastic salary, 5y = (0.25,0.3,0.2);

0.23 0
0.105 0.333879

e  volatility matrix of the two risky investment, 3 := (

ratio 6 = (0.02,0.203367)’;
e initial surplus, ¢ = 1;
e growth rate of stock, p = 0.09;
e fortable 1 and table 2, ¢t = 0.
Figure 1 shows the parabolic relationship between the expected surplus and its variance at 7' = 20 years. The
goal of the fund manager is to maximize the expected surplus £(X*(T")) and simultaneously reduce the variance.
Considering the values of time horizon, T'=1,2,5,8,10 and 20 years, and given the expected surplus m =
0,1,2,...,12, the total amount of initial investment in the risky assets, that is bond and stock, chosen to maximize
surplus to the prescribed levels, is shown in Table 1. The investment in cash account is &g — (Ag(0) + Ag(0)),
which can be obtained from table 1. Observe from table 1 that the investment strategies increases as the surplus
increases, which is expected. Table 2 show the optimal MPB and optimal consumption at the initial time. In table 2,
we observe that MPB increases as surplus increases, which is also expected, but consumption reduces. This implies
that financial market growth play a vital role in discouraging consumption and thereby increase PPM’s benefits at
retirement. Table 3 show the expected terminal MPB and aggregate pension benefits for a PPM. We found from
our numerical example in table 3, that as the value of h increases the aggregate benefits reduces and vice versa.

), it implies that a Sharpe
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Expected Value of Terminal Surplus

. . . .
1 1.5 2 2.5 3 3.5 4 4.5 5 55 6
Variance of Terminal Surplus

Figure 1. Efficient frontier

Table 1: Initial investment in the risky assets, A*/(0), A*%(0), with m = E(X*(T))

A*I A*I A*I A*I A*I A*I A*b A* A*b A*b A* A*

T=1 T=2 T=5 T=38 T =10 T =20 T=1 T=2 T=5 T =38 T =10 T =20
-0.1927 -0.1708 -0.1520 -0.1415 -0.1357 -0.1150 -1.3912 -1.2336 -1.0979 -1.0217 -0.9797 -0.8306
-0.0811 -0.0780 -0.0693 -0.0615 -0.0570 -0.0408 -0.5856 -0.5632 -0.5001 -0.4444 -0.4114 -0.8946
0.0305 0.0148 0.0135 0.0184 0.0217 0.0334 0.2206 0.1072 0.0976 0.1329 0.1570 0.2413
0.1422 0.1077 0.0963 0.0984 0.1004 0.1076 1.0268 0.7776 0.6953 0.7103 0.7252 0.7773
0.2538 0.2005 0.1791 0.1783 0.1791 0.1819 1.8330 1.4480 1.2931 1.2876 1.2935 1.3133
0.3655 0.2934 0.2618 0.2582 0.2578 0.2561 2.6393 2.1184 1.8908 1.8645 1.8619 1.8492
0.4771 0.3862 0.3446 0.3382 0.3365 0.3303 3.4455 2.7889 2.4886 2.4422 2.4302 2.3852
0.5888 0.4790 0.4274 0.4181 0.4152 0.4045 4.2517 3.4592 3.0863 3.0195 2.9985 2.9212
0.7004 0.5719 0.5102 0.4981 0.4939 0.4787 5.0579 4.1296 3.6840 3.5968 3.5668 3.4571
9 0.8121 0.6647 0.5929 0.5780 0.5723 0.5530 5.8642 4.8000 4.2818 4.1741 4.1351 3.9931
10 | 0.9237 0.7575 0.6757 0.6580 0.6513 0.6272 6.6704 5.4705 4.8795 4.7514 4.7034 4.5290
11 | 1.0354 0.8504 0.7585 0.7380 0.7300 0.7014 7.4766 6.1409 54773 5.3287 52717 5.0650
12 | 1.1470 0.9432 0.8413 0.8179 0.8087 0.7756 8.2828 6.8113 6.0750 5.9061 5.8400 5.6010

3

0NN R WD =0

Table 2: Initial MPB, B*(0) and Initial Consumption, C*(0), with m = E(X*(T))

m B¥ B¥ B~ B¥ B~ B~ C* Ccr [eh (Al [ Ccr
T=1 T=2 T=5 T=8 T=10 T =20 T=1 T=2 T=5 T=8 T =10 T=20
0 | -1.1044  -0.6553  -0.2916  -0.1800  -0.1408 -0.0613 1.1270 0.6687 0.2975 0.1838 0.1437 0.0625
1 -0.4647  -0.2992  -0.1328  -0.0783  -0.0591 -0.0217 0.4742 0.3053 0.1355 0.0799 0.0603 0.0222
2 | 0.1750 0.0570 0.0259 0.0234 0.0225 0.0178 -0.1786  -0.0581 -0.0264  -0.0239  -0.0230 -0.0182
3 | 0.8147 0.4131 0.1847 0.1252 0.1042 0.0573 -0.8314  -0.4215  -0.1884  -0.1277  -0.1063 -0.0585
4 1.4545 0.7692 0.3434 0.2270 0.1859 0.0969 -1.4841 -0.7849  -0.3504  -0.2316  -0.1859 -0.0988
5 2.0942 1.1253 0.5021 0.3287 0.2675 0.1364 -2.1369  -1.1483  -0.5124  -0.3354  -0.2730 -0.1392
6 | 27339 1.4814 0.6609 0.4305 0.3492 0.1759 -2.7897  -1.5117  -0.6609  -0.4393  -0.3563 -0.1795
7 | 33736 1.8376 0.8196 0.5322 0.4309 0.2154 -3.4425  -1.8751 -0.8363  -0.5431 -0.4397 -0.2198
8 | 4.0133 2.1937 0.9784 0.6340 0.5125 0.2550 -4.0952  -2.2385  -0.9983  -0.6469  -0.5230 -0.2602
9 | 4.6530 2.5498 1.1371 0.7357 0.5942 0.2945 -4.7480  -2.6019  -1.1603  -0.7508  -0.6063 -0.3408
10 | 5.2928 2.9059 1.2958 0.8375 0.6759 0.3340 -5.4008  -2.9652  -1.3223  -0.8546  -0.6897 -0.3812
11 | 59325 3.2621 1.4546 0.9393 0.7575 0.3736 -6.0536  -3.3286  -1.4843  -0.9584  -0.7730 -0.4215
12 | 6.5722 3.6182 1.6133 1.0410 0.8392 0.4131 -6.7063  -3.6920  -1.6462  -1.0623  -0.8563 -0.4215
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Table 3: Expected Terminal Minimum and Aggregate Pension Benefit, with m = E(X*(T))

575

h=01 =02 =05 =07 =038 =09
M| B*T) F*(T) | B*(T) FX(T) | B*(T) FXT) | B*(T) FXT) | B*(T) FXT) | B*(T) F*(T)
0 | 0.0013 0.0013 | 0.0013 0.0013 | 0.0013 0.0013 | 0.0013 0.0013 | 0.0013 0.0013 | 0.0013 0.0013
1 09779 1.8779 | 0.9779 17779 | 0.9779 14779 | 0.9779 12779 | 0.9779 11779 | 0.9779 1.0779
2 | 1.9546 37546 | 1.9546 3.5546 | 1.9546 29546 | 1.9546 2.5546 | 1.9546 23546 | 1.9546 2.1546
3 | 29313 56313 | 29313 53313 | 29313 44313 | 29313 38313 | 29313 35313 | 29313 3.2313
4 | 3.9080 7.5080 | 3.9080 7.1080 | 3.9080 59080 | 3.9080 51080 | 3.9080 47080 | 3.9080 4.3080
5 | 4.8847 9.3847 | 4.8847 8.8847 | 4.8847 7.3847 | 4.8847 6.3847 | 4.8847 5.8847 | 4.8847 5.3847
6 | 5.8614 112614 | 5.8614 10.6614 | 5.8614 8.8614 | 5.8614 76614 | 5.8614 7.0614 | 5.8614 6.4614
7 | 68380 13.1380 | 6.8380 12.4380 | 6.8380 10.3380 | 6.8380 8.9380 | 6.8380 82380 | 6.8380 7.5380
8 | 7.8147 15.0147 | 7.8147 142147 | 7.8147 11.8147 | 7.8147 102147 | 7.8147 94147 | 7.8147 8.6147
9 | 87914 16.8914 | 8.7914 159914 | 8.7914 13.2914 | 8.7914 114914 | 8.7914 10.5914 | 8.7914 9.6914
10 | 9.7681 18.7681 | 9.7681 17.7681 | 9.7681 147681 | 9.7681 12.7681 | 9.7681 11.7681 | 9.7681 10.7681
11| 107448 20.6448 | 107448  19.5448 | 10.7448 162448 | 107448  14.0448 | 107448  12.9448 | 10.7448  11.8448
12| 117214 225214 | 117214 213214 | 117214 17.7214 | 117214 153214 | 117214 141214 | 11.7214 129214

10. Conclusion

This paper analyzed the stochastic funding of a DC pension plan that involves minimum pension benefits
and aggregate benefits. The objectives are to determine the minimum pension benefits, consumption level
and investment strategies that maximize the expected final surplus and at the same time minimizing both the
consumption and the variance of the surplus. The problem is formulated as a modified mean-variance optimization
problem and solved by means of dynamic programming approach.

The efficient frontier is not linear but has a hyperbolic shape. The optimal investment strategies is made up
of three terms. The first term is always nonnegative, increasing with time, and depends inversely on &, which is
the parameter that weighed the relative importance of the fund manager objective of variance minimization with
respect to the objective of surplus enhancement. The second and third terms are, respectively the expected value
of surplus maximization strategy and optimal surplus that is valued at time ¢. Similarly, optimal MPB and optimal
consumption plan depend on three terms. The first term is the optimal surplus which is valued at time, ¢, multiplied
by f(t), see (35 for the definition of the functional). The second term is a nonnegative part of the processes that
increases with and depend inversely on &. The third term is the expected value of surplus maximization strategy,
multiplied by g(t), see (37 for the definition of the function, ¢(¢)). Interestingly, show that with the presence
of MPB, there exists a linear relationship between the optimal MPB, optimal consumption plan and the vector
of optimal investment strategies. We also found that the portfolio process can be expressed as a function of
optimal consumption and optimal MPB and vice versa. We further found that the optimal portfolio in the risky
assets, optimal minimum benefits and optimal consumption can be express in terms of expected final surplus. The
aggregate optimal final pension benefits that will accrued to the PPM was obtained. The aggregate pension benefits
was found to depend on the shared part of optimal surplus valued at time, 7', the expected value of optimal final
surplus that grows as the financial market grows, initial surplus, the contributions of the PPM, which are influence
by the market behaviour and consumption rate.

The total expected discounted value of optimal consumption and optimal discounted MPB are obtained in
proposition 3. PPM life-time consumption process was determined. We found in this paper that short-selling is
not allow and borrowing is restricted. A numerical illustration that shows the analytical results proved in this paper
were obtained.
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