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Abstract The Markov random processes and their approximations are considered. The main object of study is the
exponential generator of random processes with independent increments, which are the solution of the problems of large
deviations. These processes satisfy the conditions that make it possible to consider the Poisson and Lévy approximation.
Generators of random processes are normalized by nonlinear parameters. Found explicit form of normalization parameter
estimation.
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1. Introduction

The problem of large deviations was originated as a method of solving statistical problems associated with the
estimation of probability of rare events. The first work in this direction was the article by Cramér [1], but ultimately
the method was developed in the article by Chernoff [2]. Publications [3, 4] are also related to this problem. The
purpose of solving the problem of large deviations is finding of action functional

1) = 1a0) + [ Lla(s).'(9)ds,
0
where z(s) is a Markov process, function L(x, ) defined by the exponential generator

L(z,u) = Slelg{pu — H(v,p)},

where p := ¢'(u), H(v, ¢’ (u)) := Hre(u). In the writing [5] in the scheme of Poisson approximation processes
with independent increments without diffusion component were considered. Between jumps there were Markov

processes with linear normalizing factor.
These processes are defined by the generator

Mp(u) = ? / (¢(u+ev) — go(u))l"g(dv).
R

in the scale of time ¢ /.
In the articles [7]-[9] the generator of Markov process and their evolutions were considered in the scale of time
t/g1(g) and /g2 () in the Poisson and Lévi approximation.
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The purpose of this work is to find functions that normalize the generator of random process with independent
increments in the scale of time /g2 () in the Large Deviations Principle.
These processes are defined by the generator

I () = (g2()) ! / (ot + 91(e)v) — () T=(d).

R
Besides this, in the Poisson approximation the next condition take places
(92()) "1 (e) file) = 1, e =0,

and in the Lévy approximation
(93(e)) 'gr(e) fale) = 1, =0,
where ¢1(¢), g2(¢), gs(€), f1(€), f2(¢) are normalization function, such that g3(g) = 0(g1(¢)), g3(e) = 0(g2(€)),

fa(e) = o(f1(€)), g1(€), g2(€), g3(e), f1(€), fa(e) = 0,6 = 0.

2. Poisson approximation

We consider Markov processes with locally independent increments 7°(-) with trajectories in D?[0, 00):

n° =g1(€)n<92i5)> ; t20.

In this normalization g; (), g2(¢) — 0 ase — 0.
These processes are defined by the generator

I o(u) = (g2(c)) " / (plu+ g1(ev) — () T=(d),

R

where ¢(u) is a twice differentiable function on R which tends to 0 at infinity and with sup-norm, ¢(u) € C3(R).
The kernel of intensity I'° belongs to the class C3(R). This kernel satisfies the condition I'*(0) = 0.

We consider the problem of large deviations in the scheme of Poisson approximation in the case where the
following conditions are satisfied:

(P1) Approximation of the mean values:

bgz/RvFE(dv) = f1(e) (b+6})
and
c. =/v2r6<dv> = fi(e) (c+09),
R

where b, c < o0, |65] — 0, |05| = 0, fi(e) = 0, — 0.
(P2) The Poisson approximation condition for the intensity kernel

5= [ a) 50 = 1) (1 + )
R

for all ¢(-) from C3(R)
The kernel I has the following representation:

= v O’U.
Fq—/Rmr(d)
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Items 0, 07, 07 satisfied the conditions [6°| — 0, fi(¢) — Oase — 0.

(P3) The limiting generator is without diffuse component

c= / v?>T%(dv) = const.
R

(P4) Square-integrability condition
lim v2T¢(dv) = 0.

c—00 [v|>c
(PS) The exponential boundedness

/ Pl T (dv) < .
R

In the scheme of Poisson approximation the solution of the problem of large deviations for these processes are
defined by nonlinear exponential generator:

_ e(u) e (u)

HIE‘SD(U) =e 1@ g (6)FE€ 91(e) |

Lemma 1
The exponential generator in the scheme of Poisson approximation has the following asymptotical representation

Hip(u) = Hrp(u) + Ope,

provided (g2(£))1g1(e) f1(e) — 1, where ¢(u) is from C3(R) and |05p| — 0, as g1 (), fi(e) — 0, as € — 0,

Heplu) = b/(a) + |

; (ew/(“) -1- v@’(u)) I(dv).

Proof
The generator of Markov processes has the next form

[p(u) = (92(6))_1/(@(U+91(5)v)—<ﬂ(u)) I (dv),

R

so, for the exponential generator

Hio(w) = (02(6) " an() [ (845~ 1) 1¥(a),

R

where Acp(u) = (g1(2)) ! (9 (u + g1 ()v) — ().
We can write the generator in the form

Hip(u) = (g2(2)) " g1(e) / (290 — 1= Acp(w) = 3 (Aeplw)*) T=(av)  +

R

(@20 arte) |

| (Bep0) + 5 (2ep(w)”) (0.

where the function e®<#(") — 1 — A_p(u) — %(Aggo(u))z is from C3(R), and since
eAsLP(u) —1- Asw(u) — %(ASQO(U))z

3 —0 asv—0.
v

In addition, this function is continuous and bounded, because ¢(u) is from CZ(R). So, from conditions P1 and
P2 we obtain:
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Hep(u) = (92(2) " 0a () (&) /

R

(02()) " 1 (6) /

[ (8cpt) - oot - (@) ) T (a0 +

(92(e) ™ g1(e) f1 ()b (u) + %(92(6))_1(91(6))2f1(8)0<p”(U)+

(62(6)) " 1 e) /

R

(5(8ert0)’ = (e )? ) )+

_ 1 2
(92(2) " gn(e) fae)5e(¢' (w)) "
Applying the Taylor’s formula for ¢(u) and making use of the condition P2:

’ ’1)2 2
Hiln) = (220" 0@ (0) [ ( )~ 1 vg () — - (¢ (w) ) I (do)+

(92(8)) "1 () 1 (&) /

R

v

n(e) (@) ) T}

3

(@20 0 @A) [ 005 @ )+

(92(6) " g1(e) fr ()b (u) + 391(92(5))_1(91(6))% (€)eg” (@) +

vl

(@) 0 (@1(6) [ () (@) T o)+

2

1
(92(2) "' gn(e) fale)e; (¢ (w))"
From condition P3 and the condition (g2 (g))1g1 () f1(¢) — 1 we obtain
Hrg(u) = Hrp(u) + Orp,

where 05| — 0, as g1(¢), f1(e) — 0.
Lemma is proved.

From this Lemma we have that the following Theorem holds true.

Theorem 1
The solution for the problem of large deviations for the process

n° = gi(e) (g;@)> , =0,

Ip(u) = (92(6))_1/1%(<P(U+91(6)v)—@(U)) I (dv)

<6Aa<p(u) —1—Ap(u) — ;(As<p(u))2> I°(dv)+

603
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under conditions (P1-P5) and
(92()) 'g1(e) f1(e) = 1,6 = 0,
is determined by the limit generator Hrp of the form

Hrp(u) = b/ (u) + /

; (ewl(“) -1- vcp’(u)) I'%(dv).

Remark 1
Condition (g2(¢))~tg1(¢) f1(g) — 1 can be satisfied not only for trivial functions gz(¢) = €2, g1(¢) = ¢, fi(¢) =&,
as in the article [6], but for more complex functions, such as go(g) = €2, g1(¢) = sine, f1(¢) = cose.

3. Lévy approximation

Now consider another normalization for the family of Markov processes with trajectories in D®[0, 00)

n° =g1(€)n<ggi€)> ; t20.

In this normalization g¢; (¢), g3(¢) — 0, as € — 0.
These processes are defined by generator

I o(u) = (gs(c))~" / (p(u+ g1(e)v) — () T (d),

R

where o(u) is a twice differentiable function on R which tends to 0 at infinity and with sup-norm, ¢(u) € CZ(R).
The kernel of intensity I'* belongs to the class C*(R). This kernel satisfies the condition I'*(0) = 0.

The conditions of Lévy approximation are the following:

(L1) Approximation of the mean values:

be = / vI¥(dv) = fi(e)br + fa(e) (b+6;)
R
and
Ce = /Rv2 I (dv) = fa(e) (c+ 65)
where b < 00, ¢ < 00, |05 = 0, [05] — 0, fi(€), f2(e) — 0. In this normalization fa(e) = o(f1(e)).

(L2) Lévy approximation condition for the intensity kernel

5 = [ o) 15(0) = o) (1 + )
R

for all ¢ € C5(R).
This kernel has the following representation:

= v OU.
rq—/unr(d)

Items 65, 62, 02 satisfied the conditions |#°| — 0, f1(¢) — O ase — 0.

(L3) Square-integrability condition
lim v2T¢(dv) = 0.

c— 00 I’U‘>C

(LL5) The exponential boundedness

/ PPl T (dv) < oo,
R
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Example 3.1
Consider the example of a family of Markov processes a, for which

P{a® = fi(e)ar} = po — fa(e)p1,
P{a® = fa(e)a} = qo,po + q0 =1,
Pl{a® =d} = fa(e)p1.

Check the conditions of Lévy approximation.
Firstly, find the first and the second moments for the family of Markov processes

be = Ea® = po fi(e)ar — fi(e) fa(e)aupr + qofa(e)a + fa(e)prd =
f1(e)(pocr) + fa(e)(ago + p1d) + o(f3(¢)).
ce = E(a®)? = fi(e)ai(po — fa(e)p1) + f3(e)aPqo + d° fa(e)pr =

F2(e)(p1d®) + o(f3(¢)).-

So, we have the next parameters for condition (L1):

b1 = poari,
b = aqo + p1d,
c:p1d2.

Now, find the intensity kernel

Iy = q(fi(e)ar)po + q(f2(e)a)qo — q(fi(e)ar)(—fap1) + q(d) f2(e)p1 = f2(e)q(d)ps.

These moments satisfied the condition of approximation of the mean values. So, T'; = p;d?.
Thus, we have all parameters for process o° in Lévi approximation.

Lemma 2
The exponential generator

Hplu) = ¢ 5 go(e)T %5

in the scheme of Lévy approximation has the next asymptotically representation

Hip(u) = (93() " g1(e) f1(e)br’ (u) + Hrp(u) + b5
with conditions (g3(¢)) 7191 () f2(¢) — 1, & — 0, where ¢(u) is from C3(R) and

Hrg(u) = (b= bo)g/(u) + 3 (e — co) (¢'())” + /R (7' = 1) (o),

bo = [rvI(dv), co = [ v* T (dv).
The neglected item |9§<p| — 0as gi1(e) = 0.
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Proof
We can represent the exponential generator in the form

Hep(u) = (93()) " 01(e) /

(eAW(“) — 1) I'¢(dv),
R

where

Acp(u) = (g1(e) 7" (o(u + g1(e)v) — o(w)).
Rewrite the generator:

Hip(u) =

(95()) "1 e) /

o(u 1 2 .
i (eAe (w) 1 Acp(u) — §(A€<p(u)) ) I (dv)+

(93(6)) " 1 e) /

R

(B + 5 (A" ) e

Function e®<#(") — 1 — A_p(u) — %(Agp(u))z belongs to C3(R), since
e — 1 — Ap(u) — L (Acp(u)”

5 —0 asv—0.

v

In addition, this function is continuous and bounded, since ¢(u) from C3(R).
So, from conditions (L1) and (L2) we obtaine

Hyp(u) =

(93(2)) "1 () fol®) /

; (eAsw(U) -1 - AE@(u) — ;(Aegp(u))Q) Fo(dv)+

(@) (o) |

[ (8cpto) - 09/ - (61 3 ) a0+

(95(2)) ™ 910 (D01 () + (92()) 01 (£) o () +
(95() g2 ) o) e (w)

(@) ) [

R

(5(acptw)’ = S (@) ) To(a+

2

(95(2)) " 01(2) o) e ().

Applying the Taylor’s formula for ¢(u) and making use the condition L2 we will have

Hip(u) =

(93(6)) " 01() ole) /

eve (W) _ —v’u—v—2 "(w))?) T°(dw
(e -1 g - 5 (00)) Tt

v? v?

@@ @) [ (0@ @ - 065 e -
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U4

n(e) (@) ) T+

3

(93(5))_191(5)f2(5)/Rgl(f)g!@m(ﬂ) Fo(dv) + (93(5))_191(E)fl(g)bwl(u)‘i‘

(93() " g1(e) fae)b' (u) + (93(5))_lgf(é)fz(s)%w”(ﬂﬁ

v

990 @) [ 00 (@) T+

(95(2)) " 01(6) Fal o)y (' ().
Using condition (L3) and (g3(¢)) ~tg1(¢) f2(¢) — 1, finally we obtain

Hip(u) = (95(€)) ™ g1(e) f1(€)b1' (w) + Hrop(u) + Ofp,

where |05.o| — 0as g1(e), fi(e) = 0.
Lemma is proved. 0

From this Lemma we have that the following Theorem holds true.

Theorem 2
The solution for the problem of large deviations for the process

n° = g1(e) (93E€)> , >0,

Dep(u) = (g3(e) ™" /R(so(u +g1(e)v) — ¢(u)) T*(dv)

under conditions (L1-L5) and

(93()) tgi(e) fale) = 1,e = 0

is determined by the limit generator Hr of the form

Hrplu) = (b= bo)g/ (1) + 5(e =) (/)" + [ (e 1) (a),

4. Conclusions.

Thus, using normalization parameters as nonlinear functions we can found asymptotic representation for the
random process in Poisson and Lévy approximation. This normalization allows to find nonlinear exponential
generator that is the solution of the Large Deviations Principle.As normalization factors, we can take not only
g, but other nonlinear functions f(£) and g(¢), that satisfied the conditions

(92(e) "' gn(e) fale) = 1, e =0,

and in the Lévy approximation
(93(2)) tan(e) fale) = 1, = 0.

This normalization allows us to consider more processes and their small and large deviations.
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