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fourth order with small non-linear periodical external perturbations of “white noise”, non-centered and centered “Poisson
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equal to zero, then the general solution of the obtained non-stochastic fourth order differential equation has an oscillating
part. We consider the given differential equation with external stochastic perturbations as the system of stochastic differential
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1. Introduction

Studying of oscillation processes has a great importance in different areas of mechanics, physics, technics, and
economics. As examples of the oscillation systems we can consider vibration of constructions and mechanisms,
electromagnetic oscillations in radio-technology and optics, auto-oscillation in control systems, sound and ultra-
sound vibrations. It worth to mention that oscillatory models in finance are studied in Ping Chen, Sardar M.N.
Islam [1] and in C. Ye, J.P. Huang [2].

The averaging method proposed by N.M.Krylov, N.N.Bogolyubov and Yu.A.Mytropolskij ([3], [4]) is one of the
main tool in studying of the deterministic oscillating systems under the action of a small non-linear perturbations.
The case of small random “white noise” type disturbances in oscillating systems of the second order is considered
in the paper of Yu.A.Mytropolskij, V.G.Kolomiets [5]. The autonomous and non-autonomous oscillating systems
of the second order under the action of ”white noise” and Poisson type noise perturbations are studied in the
papers of O.V.Borysenko ([6], [7]). The particular case of the third order oscillating systems are investigated in
the articles of O.D.Borysenko, O.V.Borysenko [8], O.D.Borysenko, O.V.Borysenko and I.G.Malyshev ([9], [10]).
The limit behavior of autonomous and non-autonomous third order oscillating system under the action of an
external small nonlinear random disturbances such as multidimensional ”white noise* and “Poisson noise* was
studied in ([11], [12]). The autonomous forth order stochastic oscillating systems is considered in the papers of
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134 NON-AUTONOMOUS RANDOM OSCILLATING SYSTEMS OF THE FOURTH ORDER

0.D.Borysenko, O.V.Borysenko ([13] — [15]). The averaging method on the infinite interval for the system of Ito
stochastic differential equations is studied in [16].

The non-autonomous oscillating systems of the fours order under the action of “white noise”, centered and non-
centered Poisson type noises perturbations are studied in ([17], [18]). It is considered the behavior, as € — 0, of the
oscillating system driven by stochastic differential equation

Iv(t) + blx’”(t) + ngﬂ(t) + bga?/( ) + b4.73( )

— e fo (ot (), ' (£), 2" (£), 27 (5)) + fu(t, 2(t), 2'(£), 2" (£), 2 (3)) )

with non-random initial conditions z(0) = x(()l), "(0) = x(()z), z"(0) = x((f), z"(0) = xé ), where & > 0 is a small
parameter, f.(t,x(t)), x(¢t) = («(¢),2'(t), 2" (), 2" (t)) is a random function such that

t m t
fe(s,x(s))ds = Zekl fi(pis, x(s)) dw;(s) + ekm+1 Sma1(ma18,%x(8), 2) v1(ds, dz)
frisrs - 52 i

t
+ 7n.+2//fm+2 Hm+28, x(s) )I/Q(Cls,dz),

0

ki >0,i=0,m+2; f;,i=0,m-+2 are non-random functions periodic on pu;t, i =0,m + 2 with period
2m; w;(t),i =1,m are independent one-dimensional Wiener processes; 7;(dt,dy) = v;(dt,dy) — II;(dy)dt,
Ev;(dt,dy) = I1;(dy)dt, i =1,2; v;(dt,dy), i =1,2 are the independent Poisson measures independent on
w;(t),i =1,m; I1;(A), i = 1,2 are a finite measures on Borel sets in R.

We will study the asymptotic behavior of the oscillating system (1), as € — 0, in the case when there exists
stable harmonic oscillations at the system under condition € = 0. Under this condition corresponding characteristic
equation has a form

A+ b1)\3 + bz)\z + bz A+ by = 0.

The following cases were considered previously:
1) ([17]) by > 0, by > 0, byby > b3, b3 > 4(by — Z—?), b?by = bz(biby — b3). In this case the characteristic equation
has a roots

A1 = —N1, A2 = =12, A3 4 = Fiw, where
— 1 b3 2 b3
= + _ % _ 23
L (bl \/b (b2 b1>> v b1

2) ([18]) by > 0, b3 > 0, by > byb3 /4, b3by = bz(biby — b3). In this case the characteristic equation has a roots

A1 =-—n+iv, A\y = —n —iv, A\34 = Fiw, where
by L [b1(4bs —bibs) o b3

= —, V= — W= —.
n by

2 2 bs

The main results of this paper are following. We investigate the asymptotic behavior of the oscillating system (1),
as ¢ — 0, in the case when the characteristic equation has multiple real root and two conjugate pure imaginary roots
(Theorem 3), and in the case of two pairs of imaginary adjoined roots of the characteristic equation (Theorem 4).
In both situations, we consider the non-resonance and resonance cases.
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0O.D. BORYSENKO AND O.V. BORYSENKO 135

We will consider the equation (1) as the system of stochastic differential equations
dyi(t) = yira (t)dt, i =1,3
dya(t) = | —(b-y(t) + ™ fo(uot,¥(t)) +¢ m“/fmw pny2t, y (1), 2)Ma(d2) | di

m 2
# DR t yO)0) + / s (i ¥ (1), 2P, ) .

+e m+2/fm+2 Nm+2taY(t)7z)V2(dt7dz)7

y(t) = (y1(t),...,ya(t)), b = (by, b3, b2, b1),4:(0) = xg), i=1,4, (b-y(t)) — is an inner product of vectors b
and y(t).

The rest of this paper is organized as follows. In Section 2, we present the previously obtained results deals with
cases 1) and 2) for equation (1). In Section 3, we will study the case of multiple real root and two conjugate pure
imaginary roots of the characteristic equation, and in Section 4, we consider the case of two pairs of imaginary
adjoined roots of the characteristic equation.

In what follows we will use the constant K > 0 for the notation of different constants, which do not depend on
€.

2. Previously obtained results
Case 1) ([17]). If e = 0, then the equation (1) has general solution in the form
z(t) = Cre™ M 4+ Coe ™' + Ay coswt + Ag sinwt

Let us denote

C(t) = (C1(t),C2(t), A1(t), Aa(t)), O(t) = (e7™ e ™! coswt,sinwt),
and let us consider the following representation of the solution y(¢) to the system (2):

yi(t) = (C(t) : i;t@(t)) i

1,4 3

We can solve the system of linear equations (3) with respect to (Ny(t), Na(t), A1(t), A2(t)), where N;(t) =
C;(t)e™™t i = 1,2 and using the Ito formula we derive the system of stochastic differential equations:

le(t) = —’I]lNl(t) dt+ dH(t),

1
(2 —m)(ni +w?)
AN (1) = 1N () dt — 1(

dH (1),
(n2 —m)(n3 + w?)
—w(m + n2) coswt + (w — m1)2) sinwt
w(ng +w?) (13 + w?)
—w(m + n2) sinwt — (w? — mne) coswt
w(ni +w?) (3 + w?)

dAL(t) =

dAs(t) =
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136 NON-AUTONOMOUS RANDOM OSCILLATING SYSTEMS OF THE FOURTH ORDER

dH(t) = €k°f0(#ot7N(t),A(t)aWt)+5km+2/fm+2(#m+2t,N(t)vA(f)vw@Z)Hz(dZ) dt
R

+ ) ek fiat, N(8), A(t), wt)dw; (t) + "+ / Frt (mart, N(£), A(t), wt, 2)i (dt, dz)
R

=1

+ Ekm+2 / fm+2 (Nm+2t7 N(t)v A(t)a wt, 2)172 (dt7 dZ),
R

where N(t) = (N1(t), N2(t)), A(t) = (AL(t), A2()); fi(uit, N(t), A(t),wt), i=0,m are obtained from

filpit,y(t), i =0,m and f;(ut, N(t), A(t),wt,z), i =m+ 1,m + 2 are obtained from f;(u;t,y(t),z), i =
m+ 1,m + 2 using (3).

Theorem 1

([17]) Let IL;(R) < 00, i =1,2, t € [0,%0], kK = min(kg, 2k1, ..., 2km+t1, kmi2). Let us suppose, that functions
f4,7 = 0,m + 2 bounded and satisfy Lipschitz condition on y;, i = 1, 4. If given below matrix 5*(A4;, A2) is non-
negative definite, then:

1. Let pu; = % w for all i = 0, m + 2, where p; and g; are some relatively prime integers. If kg = 2k; = k10,7 =
T,m + 1, then the stochastic process &.(t) = (Ny1(t/e¥), Na(t/e¥), A1(t/eF), Aa(t/e¥)) weakly converges, as
e — 0, to the stochastic process &(t) = (0,0, Ay (t), Ao(t)), where A(t) = (A1(t), A2(t)) is the solution to the
system of stochastic differential equations

dA(t) = a(A(t))dt + 5 (A(t))dw(t), A(0) = (A1(0), A2(0)), 4)

where

2m 27
1 £ —i(n
oA =5 | 3 [ [ A n e do
pO"‘HIOl:OO 0
21 27

+ ) / / / Frns2(0, Av, Az, 6, 2)W(@)e "V HD Ty (dz) dp d |

Pmy2n+qmi2l=07 o R

T(g) = < —w(m +m2) cos ¢ + (w? — mn2) sin @ >
wn? +w?)(nd +w?) \ —w(m +n2)sing — (w? —mnz)cos¢ )’

fj(w7A1aA27¢) = j‘rj(1/}70707A1aA27¢)7 j = Oam7
fi(wvA17A27¢7Z) = fi(T/J,O,O7Al,A2,¢, 2)72 =m+ 17m + 2.

U7 () is the vector transpose to the vector W(¢), w(t) = (w;(t),i = 1,2), w;(t),i = 1,2 are independent one-
dimensional Wiener processes.

2. If k < ko then in the averaging equation (4) we must put fo = 0; if k < 2k; for some i = I, m, then in the
averaging equation (4) we must put fi = 0for such i; if k < 2k, then in the averaging equation (4) we must put
fing1 = 0;if k < ko then in the averaging equation (4) we must put f,, o = 0.

3.0 p; # Z—jw for some j = 0, m + 2 and any relatively prime integers p; and g;, then in averaging coefficients in

(4) we must put [ = n = 0 in corresponding sums containing fj.
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0O.D. BORYSENKO AND O.V. BORYSENKO 137

Case 2) ([18]). If £ = 0, then the equation (1) has general solution in the form
z(t) = e "(Cy cos vt + Cosinvt) + Aj coswt + Ag sinwt.
Let us denote
C(t) = (C1(t),Ca(t), A (t), Aa(t)), ®(t) = (e~ " cosvt,e " sinvt, coswt, sinwt),
and let us consider the following representation of the solution y(¢) to the system (2):

yi(t) = (C(t) : j::l <I>(t)> Q=

We can solve the system of linear equations (5) with respect to (Ny(t), Na(t), A1(t), A2(t)), where N;(t) =
C;(t)e™t, i = 1,2 and using the Ito formula we derive the system of stochastic differential equations:

1, 4. 5

2nv cosvt + (V2 — w? —n?)sinvt
0P + 27 + 207 — Pt + o]

dN1(t) = =Ny (t) dt + dH(t),
2nusinvt — (V2 — w? —n?) cosvt

AN (t) = —nNa(t) dt + vi(n? +v2)? 4+ 2(n? — v?)w? + wi]

dH(t),

2nw cos wt + (n? + v? — w?) sin wt
7+ V2 4 30 — B + ]

dAL () = — dH(t),

—2nwsinwt + (n* + v? — w?) cos wt

l0P + 7P+ 207 —7)? +7]

dAy(t) = dH (1),

dH(t) = | fo(uot, N(t), A(t), wt) 4 ekm+2 / Font2(tmat, N(t), A(t), wt, 2)TTy(dz) | dt

37 R Fuljuat, N(8), A(t), wt)duw(t) + b / Fovsr (it N (2), A(t),wt, 2)01 (dt d2)
— R

+Ek””+2/fm+2(um+2t,N(t),A(t),wt,z)ﬂg(dt7dz)7
R

where N (t) = (Ni(t), Na(t)), A(t) = (AL(t), A2(1)); fi(uit, N(t), A(t),wt), i=0,m are obtained from
Filpit, y(8)), i =0,m and fu(yuit, N(t), A(t),ot, =), i = m+ 1,m + 2 are obtained from fi(uit, y(t),2), i =
m + 1,m + 2 using (5).

Theorem 2

([18]) Let IL;(R) < 00, i =1,2, t € [0,%0], k = min(ko, 2k1, ..., 2km+t1, kmi2). Let us suppose, that functions
fi,7 = 0,m + 2 bounded and satisfy Lipschitz condition on y;, i = 1, 4. If given below matrix 52(A4;, A2) is non-
negative definite, then:

1. Let yu; = pl w for all « = 0, m + 2, where p; and g; are some relatively prime integers. If kg = 2k; = k10,7 =
1,m+1, then the stochastic process &.(t) = (Ny(t/e¥), No(t/e*), Ay (t/e"), Aa(t/e*)) weakly converges, as
e — 0, to the stochastic process £(t) = (0,0, A1 (t), A2(t)), where A(t) = (A1(t), A2(t)) is the solution to the
system of stochastic differential equations

dA(t) = a(A(t))dt + a(A(t))dw(t), A(0) = (A1(0), A2(0)), (6)
where -
a(A, Ay) = 4—711_2 Z //f (1, Ay, Az, 9)Y(p)e —i(n+le) d¢d1/}
Pon+qol=0
27 27

+ Z ///fm+2 z/)vAlaAQ’(ba ) (¢)e—i(nw+l¢) H2(dz)d¢d¢ )

Pm42n+qm+20=07
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138 NON-AUTONOMOUS RANDOM OSCILLATING SYSTEMS OF THE FOURTH ORDER

2w 27
Z / / 7, A1, A2, )X (@)TT (9)e ™) doy dyp+
+q;1=07 7§

j=lp;n
27

_ 1| &
P4 = 7 {z

2

+ Y Frer (W, Ar, Ag, 6, 2) () YT (@)e " HOL (d2) dp dyy |
[

Pm+1M+qm411=0 0

T(¢) =

1 —2nwcos ¢ — (n? + v? — w?)sin ¢
w[(? +12)2 +2(? — 12)w? +wh] \ —2nwsing + (n* 4+ v* —w?) cos ¢

YT () is the vector transpose to the vector Y (¢), w(t) = (w;(t),i = 1,2), w;(t),i = 1,2 are independent one-
dimensional Wiener processes.

2. If k < kg then in the averaging equation (6) we must put fo = 0; if k < 2k; for some i = I, m, then in the
averaging equation (6) we must put f; = 0forsuchi;if k < 2k 11 then in the averaging equation (6) we must put
fma1 = 0;if k < k42 then in the averaging equation (6) we must put f,,,1o = 0.

3.0f py # z—jw for some j = 0,m + 2 and any relatively prime integers p; and ¢;, then in averaging coefficients in

(6) we must put [ = n = 0 in corresponding sums containing fj.

3. The case of multiple real root and two conjugate pure imaginary roots of characteristic equation

From Borysenko O. and Malyshev 1. [19], using the obvious modifications we obtain following results.

Lemma 1
Let for each z € R? there exists

T+A
lim %/ f(t,x)dt = f(x)

A

uniformly with respect to A, the function f(z) is bounded and continuous, the function f(¢, ) is bounded and
continuous in z uniformly with respect to (¢, ) in any region t € [0, c0), || < K, and stochastic process £(t) € R?

is continuous, then
t t
. S 7
i |7 (%.600)) ds= [ Fietonas
e=0 J, 9 0
almost surely for all arbitrary ¢ € [0, ¢o].

Remark 1
Let f(t, z, z) is bounded and uniformly continuous in 2 with respect to ¢ € [0,00) and z € R in every compact set
|z|] < K,z € R% Let I(-) be a finite measure on the o-algebra of Borel sets in R and let

T+A
fim 7 [ fte )t = fa,2),

uniformly with respect to A for each » € R?, 2 € R, where f(z,2) is bounded, uniformly continuous in = with
respect to z € R in every compact set |z| < K. Then for any continuous process £(t) € R? we have

E11_1}1})// dzds-//f dz)ds

almost surely for all arbitrary ¢ € [0, ¢o].

In this section we will study the following case:

b]
b2 <b2 — z)
by >0, 4by >0, by=0b (b2—1>, by=bi~— .
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0O.D. BORYSENKO AND O.V. BORYSENKO 139

Characteristic equation has a roots
Mo =—1, M34=Hiw, where n=>b/2, w?*=4b,/b3.
If ¢ = 0 then the equation (1) has general solution in the form
z(t) = Cre™ ™ + Cote™ " + Ay coswt + Ay sinwt.

Let us consider the following representation of the solution y(¢) to the system (2):

y1(t) = N1(t) + A1(t) coswt + Az (t) sinwt,

ya2(t) = —nN1(t) + Na(t) — A1 (t)wsinwt + As(t)w cos wt, 7
y3(t) = n?Ni(t) — 2nNo(t) — A1 (t)w? coswt — Az (t)w? sinwt,

ya(t) = =P N1 (t) + 30> Na(t) + A1 (t)w? sinwt — Az (t)w? coswt,

where
Ni(t) = (C1(t) +tCa(t))e™ ™, No(t) = Ca(t)e .

We can solve the system of linear equations (7) with respect to (Ny(t), Na(t), A1(t), A2(t)) and using the Ito
formula we derive the system of stochastic differential equations:

ANy (8) = [0 (£) + No(O) dt + —21 dH (1),

1 (2 + w?)2
dNQ(t) = —T}Ng(t) dt + m dH(t),
. 8)
(w? —n?) sinwt — 2nw cos wt (
dA (1) = w(n? 4+ w?)? dH(t),
(w? — n?) cos wt + 2nw sin wt
dAs(t) = — W + w?)? dH (1),

dH(t) = | ¥ fo(uot, N(t), A(t),wt) + km+2 / Font2(tmat, N(t), A(t), wt, 2)TTy(dz) | dt

+ Z e¥i fi (at, N (t), A(t), wt)dw; (t) 4 eFm+ / Frt (mrt, N(2), A(t), wt, 2)i (dt, dz)
R

+€km”/fm+2(um+2t,N(t),A(t),wt,z)ﬁg(dt,dz),
R

where N (t) = (Ni(t), Na(t)), A(t) = (Ai(t), Aa(t)); fi(uit, N(t), A(t),wt), i=0,m are obtained from
Filpst, y(t)), i = O, and fo(yut, N(2), A(t),cot, 2), i = m -+ 1,m + 2 are obtained from fi(juit,y(t), =), i =
m + 1,m + 2 using (7).

Theorem 3

Let II;(R) < 00, i =1,2, t € [0,to], k = min(ko, 2k1, ..., 2km+1, km+2). Let us suppose, that functions f;,j =
0,m + 2 bounded and satisfy Lipschitz condition on y;, i = 1, 4. If given below matrix 52(A;, Az) is non-negative
definite, then:

1. Let pu; = p L w for all + = 0, m + 2, where p; and g; are some relatively prime integers. If kg = 2k; = kp,12,7 =
I,m+1, then the stochastic process &.(t) = (Ny(t/eF), Na(t/e¥), A (t/e*), Ax(t/e¥)) weakly converges, as
e — 0, to the stochastic process £(t) = (0,0, A (t), A2(t)), where A(t) = (A;(t), A2(t)) is the solution to the
system of stochastic differential equations

dA(t) = a(A(t))dt + o (A(t))dw(t), A(0) = (A1(0), A2(0)), 9)
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140 NON-AUTONOMOUS RANDOM OSCILLATING SYSTEMS OF THE FOURTH ORDER

where -
(A1, Az) = 47T2 > // fo(¥, Ar, Az, 9)E(¢)e M) dg dip
pon+qol=0
21w 27
* Z ///fm+2(7/1,A1,A2,¢72)E(¢)67i(nw+l¢)HQ(dZ)dQSdi/) .
Pmi2n+qmi2l=07 § p
21w 27
5%(A1, A2) = B(A1, Az) = Z ) / / F (. Ar, A, 9)E(S)ET (9)e™ "+ dip dy
J=1pjn+q;l= OO
21 27
+ / / / F2.41(0, A, Aa, 6, 2)Z(G)ET (6)e= MV HI L (d2) d i |

pm+1n+qm+1l 079

=(¢) = 1 ( (w? —n?)sin ¢ — 2nw cos ¢ )

wn? +w?)?2 \ —(w? —n?)cos ¢ — 2nwsin ¢
fj(w7A1aA2a¢) = j’rj(l/]70707A1aA2;¢)7 j = Oam7
fi(wvA17A27¢7Z) = fi(T/J,O,O7Al,A2,¢, 2)72 =m-+ 17m +2.

=T (¢) is the vector transpose to the vector Z(¢), w(t) = (w;(t),i = 1,2), w;(t),i = 1,2 are independent one-
dimensional Wiener processes.

2. If k < ko then in the averaging equation (9) we must put fo=0;if k < 2k; for some i = 1, m, then in the
averaging equation (9) we must put f; = 0 for such i; if k& < 2k, then in the averaging equation (9) we must put
fing1 = 0;if k < kyyio then in the averaging equation (9) we must put fimg2 = 0.

301 g Z—jw for some j = 0, m + 2 and any relatively prime integers p; and g;, then in averaging coefficients in

(9) we must put [ = n = 0 in corresponding sums containing f;.

Proof. Let us make a change of variable ¢ — ¢/c* at the system (8) and obtain for the process &.(t) =
(N (t), N5(t), A5 (t), A5(t)) = (N1 (t/e¥), No(t/eF), A1 (t/e¥), Ax(t/e¥)) the system of stochastic differential
equations

1 2
ANF(t) = [~ S NP () + S N5 (D]t + s dHL (1),

) (72 + w?)2
£ — _@ 2

dN3 (t) = = N3 (t)dt + 0 +w2)dHE(t),
dAS(t) = B (wt/e")dH. (1),

dA5(t) = Bo(wt/e*)dH, (1),

AL (1) = ako-kfo(”it,ss<> )+ ik / Feo (“m“t,sgu wt )H2<dz> i

+Z i k/2f1( k 756() > dw ( +e m+1/f +1 (Merltaga() Wt’ >l7§(dt,d2’)
+e€ m+2/fm+2 (W?&E(t)’cf7z) DS(dt,dZ),
R € €

where Z;(¢),i = 1,2 is a components of vector Z(¢), ws(t) = e*/2w;(t/*),i = 1T, m, 05 (t, A) = v;(t/eF, A) —
I1;(A)t/e* i = 1,2, here A is a Borel set in R. For each ¢ > 0 the processes wg (t),i = 1, m are independent one-
dimensional Wiener processes, and ¢ (¢, A), ¢ = 1,2 are the independent centered Poisson measures independent
onws(t),i =1,m.
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0O.D. BORYSENKO AND O.V. BORYSENKO 141

We have N5 (t) = exp{—nt/e*}Cs(t/e¥), and the process C5(t) = Co(t/c") satisfies the stochastic differential
equation
et/e"

dC3(t) = He(t),

o 7% + w? dH
where |C5(0)| < K.
So, from boundedness of functions f;,i = 0, m + 2 and condition IT;(R) < co, i = 1,2 we have the estimate

_ 2nt _2nt m+2
E|N28(t)|2 <K {e ek (1 ek ) (t(52(ko—k) +E2(km+2—k)) + Z E2k¢—k>} ) (10)

=1

For the process C.(t) = N£(t)ent/e" = Cy(t/e*) + Ca(t/e*)t /¥, using the Ito formula, we obtain the stochastic
differential equation

1 (" u 2n b
Ce(t) =C1(0) + — esstsds—l—i/es’“dH s),
(0 =G0+ [ E NG+ ey [ a (s
then for the stochastic process N$(t) we have

t — a2 t

_mt ns 2ne” <k ns
Ni(t)=e FC1(0 F N5 (s)d — & dH_(s).
(0= e+ S [ F N+ s [ am)

From (10) we derive

teit  ck/2 nt
<k (= +—(1+\/E> (1—5?) , (11)
e 1

and also we have the estimate

t

_nt
2ne <k

t m+2
ns _nt ) _2n¢
E WA eck dHE(S) S K ((Eko +Ekm+2) (1 —e Ek) + § Ekq, \/j) . (]2)
=1

Because |C;(0)| < K, from (10), (11) and (12) we obtain lim. o E|N5(¢)|? = 0, lim. o E|N§(¢)| = 0 and it
is sufficient to study the behavior, as € — 0, of solution to the system of stochastic differential equations

dAS(t) = Z; (‘:,f) dH(t), i =1,2 (13)
with initial conditions A5(0) = A;(0), A5(0) = A2(0), where

A A t t A mot t
dH(1) = |7 fo (fiAi(t%Aé(t)é)”km”_k [ e (‘ﬁ’Ai(t),A;a)’Zl’Z) a(dz) | dt
R

m
o s it wt P m+1t wt -
#5050 5 ) i)+ [ o (P22 A0 4500, 52 ) v o
i=1 R

A m ! 5 € wit ~€ £ £ ]
+Ekm+2 /fm+2 (//22_27141(1;))142@)75]6,2) V2(dtadz)? fj(waAlaAQa¢> = fj(wvoaOaAlaA2a¢>7 J = 0,m,

R ~
fi(w7A1aA27¢7z) = fi(¢50707A1aA2a¢az)ai =m+ 1am + 2.

Let us denote A.(¢) = (A5(¢t), A5(t)). Using conditions on coefficients of equation (13) and properties of
stochastic integrals we obtain estimates

BllA:®)I* < K

m—+2
1+t (52(’“0*’“) + 52<’“m+2*’“)) +ty 52’“’“] :

i=1
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m—+2
E||A.(t) — A(s)||? < K [u — 5|2 (52““0*‘@) + a2<km+2*k>) +lt—s) Y 52’%’@] :

i=1

Similarly for the process (. (t) = ( 5(1)(15), Cg(z) (t)), where

0= [=(5) . i-12,

=S ekkg, (‘:Z,Ai<t>,A;<t> o )dw / Fors (””;*” A7 (1) 45(0). ) 5 (dt, d2)
=1

r m t 5 € wit )
+€km+2 /fm+2 (Iu 522 7A1(t)7A2(t)7 ga Z) VZ(dta dZ),

we derive estimates

m+2 m—+2
Bl < Kt 3k, BIG() — G(s)|P < Kt — s Y et
i=1 i=1

Therefore for stochastic process 7. (t) = (A:(t), (- (t)) conditions of weak compactness [20] are fulfilled:

%i%i%‘f‘jf P{[ne(t) —n(s)| >0} =0

forany § > 0, t,s € [0,T],

lim lim P N} =0.
Ngnooel—r%tes[l(l)%] {|77€ )|> } !

So for any sequence £, — 0,n =1,2,... there exists a subsequence &,, = €,(m) — 0, = 1,2,..., probability
space, stochastic processes A., (t) = (Aj™(t), A5"(t)), (., (1), A(t) = (A1(t), A2(t)), ((t) defined on this
space, such that A.(t) — A(t),(.,, (t) — ((t) in probability, as &, — 0, and finite-dimensional distributions of
A., (t),(.,, (t) are coincide with finite-dimensional distributions of A., (t), (., (t). Since we are interested in limit
behaviour of distributions, we can consider processes A., (t), and (., (¢) instead of A, (t),(,, (t).

From (13) we obtain equation

t

Ae, (1) = A(0) + /asm (s,Ae,, (s))ds+ (., (1), A(0) = (A1(0), A2(0)), (14)

0

where o (t, A) = (ol (t, Ay, As), o (t, Ay, As)),

al(t, Ay, Ay) = =, (W,f) o=k fy (”Ot Ay Ay ) ’f/ (“m“t Ay, Ay, S, >H2(d2) ,
13

R

i=1,2.
It should be noted that process (. (t) is the vector-valued square integrable martingale with matrix characteristic

(6.6 ()= 3 [ 089 (5, A5(5) A5(5) 07 (5, A5 (5) A5() ds
0

Jj=

=

b [ [ 5 45060, A5, 20207 (5. 45(5) A5(5),2) )

1
+7/ / 5D (s, A5 (s), A5(s), 2) 6 (5, A5 (s), 45(s), 2) Tha(dz)ds, L,n = 1,2,
0 R
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where w ws
( ’J)(S A1 Az) = €k k/g'— 7) f] ( 7A17A23 7) 9

w m+1S
E(l)(S7A17A27Z) = km+1H (7) fm+1 (Iu&_i_‘—l A17A27 ) )a

5§l)(S,A1,A2,z) = sk’"+251 (57) fm+2 (MZL_QS,AhAQ, g,z) , =12

For processes A.(t) and (.(t) following estimates hold true

BIIA-(£) = A()]* < K | (45079 4 4=t — sl 4 BIIC (1) — ()] as)

m+2

EHCs(t) o CE(S)H4 <K |: E €4kj72k|t o s|2 + (84}9""“73]’“/2 _|_€4km+273k/2) ‘t _ S|3/2
j=1

(16)

+ (gthmr1=hk 4 glhmya=k) | s] :

EHAE(t)_AE(S)HB <K, EHCe(t)_Ce(S)HS < K. an
Here we used the estimate for stochastic integrals with respect to Wiener process:
t 2n t
/f(T)dw(T) < [n@n— D"t —s|"'E /f2”(7') dr| ,n>1.

For estimating of stochastic integrals with respect to centered Poisson measures we used the Ito formula for the

process
(// m“fmﬂ deZ)) , 1=1,2, n=1,2

Since A., (t) — A(t),(.,, (t) — ((t) in probability, as &,, — 0, then, using (17), from (15) and (16) we obtain

estimates B B
E||A(t) — A(s)||* < K([t — s[* + [t — s[?),

E|IC() = C(s)II* < Clt = s]*.

Therefore processes A(t) and ((t) satisfy the Kolmogorov’s continuity condition [21].

Let us consider the case kg = 2k; = kyyq2, @ =1, m + 1 and p; = p;w/q; for all i = 0, m + 2, where p; and ¢;
are some relatively prime integers. Under these conditions from Fourier series expansion of integrand functions on
variables j;t/<¥, i = 0,m + 2 and wt/e” in corresponding terms, we obtain for I,n = 1,2

t m
lim 1/ Zo ) (s, A1, Ag) o™ (s, A1, Ag) + gik/'yg)(s,Al,Ag,z)’yé")(s,AhAg,z)Hl(dz) (18)
0

1 _

+;k/5§l>(s,A1,Az,z)(sg")(s,AhAz,z)Hz(dz) ds = Bin(Ay, Ay),
R

where functions a;(A;, As), l = 1,2 and B(Ay, As) = { B, (A1, A2), I,n = 1,2} are defined in the conditions of

theorem.

Stat., Optim. Inf. Comput. Vol. 7, March 2019



144 NON-AUTONOMOUS RANDOM OSCILLATING SYSTEMS OF THE FOURTH ORDER

Since A, (t) = A(t), (., (t) — ((t) in probability, as ¢,, — 0, processes A(t),{(t) are continuous, functions
fj.7 =0,m+ 2 bounded and satisfy Lipschitz condition on y;, i = 1,4, function Z(¢) is bounded, then from
Lemma 1, Remark 1 and relationships (14), (18) it follows

t

A(t) = A(0) + /@(1‘_11(8)71‘_12(8))618 +C(t),  A(0) = (41(0), A2(0)), (19)
0

almost surely, where ¢ (t) = (C™)(t),{(?)(t)) is continuous vector-valued martingale with matrix characteristic

t

<§(i)’§(j)>(t):/Bij(jé_ll(s)714_12(s))ds, i,j=1,2.

0

Hence [22] there exists Wiener process w(t) = (w;(t),7 = 1,2), such that

1/2

&) = / 6(A1(s), Aa(s) di(s), (A1, As) = {B(Ay, A)} (20)

Relationships (19), (20) mean that process A(t) satisfies equation (9). Under conditions of theorem the equation
(9) has unique solution. Therefore process A(t) does not depend on choosing of sub-sequence &, — 0, and finite-
dimensional distributions of process A, (t) converge to finite-dimensional distributions of process A(t). Since
processes A. (t) and A(t) are Markov processes then using the conditions for weak convergence of Markov
processes [21] we finish the proof of statement 1) of the theorem.

Let us consider the cases k < kj or k < k,,+2. Then the corresponding terms in the coefficients agz)(t7 Ay, As),
i = 1,2 of equation (14) tend to zero, as ¢ — 0.

In the case k < 2k; for some i = 1,m, we have in (18)

ol (s, A5, A5) o™ (5, A5, A5) = O(e2R7F) 1n=1,2
for such: =1, m.

In the case k < 2k, +1 we have in (18)

1
o /fyg)(s,Al,Ag,z)vé")(s,Al,Ag,z)Hl(dz) = O(E%m“_k), Ibn=1,2.
R

In all cases we have k < 2k,,, 12, and therefore

1
lim — /59(3,A1,A2,Z)5§n)(5aA17A27Z)H2(d7«’) =0, lLn=12
e—=0¢

R

If p; # %w for some j =0,m + 2 and any relatively prime integers p; and ¢;, then in (18) we obtain in
corresponding averaged coefficient only one term for n = | = 0, instead of sum over all n, [ such that p;n + ¢;{ = 0.

Repeating with obvious modifications the proof of statement 1) of theorem we obtain proof of the statements 2)
and 3). O

4. The case of two pairs of imaginary adjoined roots of characteristic equation

In this section we will study the following case:

b1 =0, b3 =0, by >0, by >0, b3 > 4by.
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Characteristic equation has a roots

1 / 1 /
)\172 = +iwi, )\374 = +iwy, Where wf = 5 <b2 + b — 4b4> (.dg 5 (bz — b% — 4b4) .

If £ = 0 then the equation (1) has general solution in the form
x(t) = Ajp coswit + Ajgsinwit + Aay coswat + Agg sin wat.
Let us denote
A(t) = (A11(t), A12(t), A1 (t), Aga(t)), @(t) = (coswit, sinwit, coswat, sinwsat)

and let us consider the following representation of the solution y(¢) to the system (2):

yi(t) = <A(t) : j;_ll@(t)> L i=1,4. @1)

We can solve the system of linear equations (21) with respect to (A1 (%), A12(t), A21(t), Aaa(t)) and using the
Ito formula we derive the system of stochastic differential equations:

dA(t) = O(wit,wat) dH (t), (22)
where
1 sin cos sin cos
(61, 63) — — 2(1 ¢1,7 ¢1771 ¢27 ¢2>,
wl — OJ2 w1 w1 w2 w2

dH(t) = kaO(uOt A( ) wit, OJQt) + e m+2/ m42 ,um+2t A( ) wlt,wgt,z)ﬂg(dz) dt
R

+Z€ ity A(t), wit, wat)dw; (t) + eFm+t / Fona1 (s A(t), wit, wot, 2) i (dt, dz)
i=1

+e m+2/fm+2(um+2t,A(t),w1t,w2t,z)Dg(dt,dz),
R

where fi(uit,A(t),wlt,wgt), i = 0, m are obtained from f;(u;t,y(t)), i = 0,m and ﬁ-(uit, A(t), wit,wat, 2), i =
m + 1,m + 2 are obtained from f;(u;t,y(t),2), i = m + 1,m + 2 using (21).

Theorem 4
Let II;(R) < 00, i =1,2, t € [0,to], k = min(ko, 2k1, .- ., 2km+1, km+2). Let us suppose, that functions f;,j =
0, m + 2 bounded and satisfy Lipschitz condition on y;, i = 1, 4. If given below matrix 52(A;, Az) is non-negative

definite, then:
e @
1. Let u; = p{—l) wp = p(g) wo for all j = 0, m + 2, where p ) and q ) are some relatively prime integers, i = 1, 2,
9
J=0m+2.If ko= 2k = kmy2,1 = 1,m + 1, then the stochastic process A.(t) = A(t/e") weakly converges,
as € — 0, to the stochastic process A(t) = (A11(t), A12(t), A21(t), A22(t)) which is the solution to the system of

stochastic differential equations

dA(t) = a(A(t))dt + a(A(t))dw(t), A(0) = (A11(0), A12(0), A21(0), A22(0)), (23)

where

a(A) =55 Z / / / 0(4, A, 61, 62)0(1, dp)e M H02EN) iy dsy dip
0 0 0
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2w 27 27
T =B = ZZ/ / / P20, A, 61, 62)07 (61, 62)0(¢1, o)™ MOrn202419%) 4o iy i
27 27 27 =t
™ Z ////me (V, A, p1, 02, 2)O (¢1, p2)O (b1, po)e (MO Fm2@2FnaOI Y, (d2) depy depy dip |
Im+1( 0

where EJ_ means summation over all negative, positive and equal zero integers ni,no,n3 such,

that n p(Q)QJ( )+n2p; ¢ +n pgl) @ =0, j=0m+2% A= (A, Az, Aoy, A fi(W, A, ¢1,60) =

flﬂ(wv 07 07 A, d)la ¢2)3 ] - Oa m, fl(wa Aa ¢17 ¢27 Z) = fl(w7 07 Oa A7 (rbl? d)Qa Z)vf m+ ]-a m+ 2; GT(d)la ¢2) is the
vector transpose to the vector O (¢, ¢2); w(t) = (w;(t),i = 1,4), w;(t), i = 1, 4 are independent one-dimensional
Wiener processes.

€
2. Let kg =2k; = ko, i =1,m+1.If u; = pf—l) wy for some j = 0, m + 2, where pgl), qj(-l) are some relatively
@
prime integers, and f1; # p(2) wy, for any relatively prime integers p ) and q then for such j we must put no = 0
1) _ 0, 1f iy = P won £
+ngp; =0.If p; = (@ w2 for some
J

in sum ) and take summation over all n; and nj3 such, that nlq]m
J

(1) . . .
j =0,m+ 2, where pgz), q](?) are some relatively prime integers, and p; 7# p{—l) w1 for any relatively prime integers
9;

pél) and q§1), then for such ;7 we must put n; = 0 in sum Zdj and take summation over all ny and ng such, that

ngq]@) + n3p§2) =0.

@ @

p(?
3. Let kg = 2k; = kypyo,i=1,m + 1. Ifuj;é 5 wi,t = 1,2 for some j = 0,m + 2, wherep 1q; i =1,2are
q

any relatively prime integers, and w; = %wg for some relatively prime integers p and ¢, then for such j we must
put ng = 0 in sum Z and take summation over all n, and no such, that nyq + nap = 0.

MmO
4. Let kg = 2k; :km+2,i:1 m+ 1. If u; # ()wz,z—l 2 for some j = 0,m + 2, Wherepg),q](),z—l 2 are

any relatively prime integers, and wy # 2 w2 for any relatively prime integers p and ¢, then for such j we must put
ni=ng=ng=_0insum)__.
J

5. If k < ko then in the averaging equation (23) we must put fo = 0; if k < 2k; for some i = 1, m, then in the
averaging equation (23) we must put f; = 0 for such i; if & < 2k, 1, then in the averaging equation (23) we must
put fr41 = 0; if & < Ky, 42 then in the averaging equation (23) we must put f,,, 2 = 0.

Proof. Let us make a change of variable ¢t — /¥ at the system (22) and obtain for the process A.(t) =
(A1 (t/eP), Ara(t/eF), Aai(t/eF), Aaa(t/e¥)) the system of stochastic differential equations

dA.(t) = O(wit/e* wot/e¥) dH. (1), (24)

where

t wit wot mal w1t wat
AH.(t) = | 7F fy (MO (1) gi’;)“m k/fmw (T,Aa(t),;,;,z) My (dz) | dt
m

wit wat ~ ma1t wit wat -

Z ki ’“/Qfl( , (),2,1) dwf(t)—kskm“/fmﬂ (” H ,Ag(t),27i,z> 75 (dt, dz)
€ € R € € €

+2 Nm+2t w1t (UQt ~c
+E " fm+2 Ek 7A5(t)a677677z V2(dt,d2>7

where w$ (t) = e¥/2w;(t/e*),i = T,m, 5 (t, A) = v;(t/eF, A) — T;(A)t/e¥, i = 1,2, here A is a Borel set in R.
Foreache > 0 the processes w5 (t),i = 1, m are independent one-dimensional Wiener processes, and o5 (¢, A),i =
1,2 are independent centered Poisson measures, which are independent on w5 (¢),i = 1, m.
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We can apply the same arguments as in a proof of Theorem 3 to the processes A.(t) and (.(t) = ((Ei) (1),
i =1,4), where
t

0= [0 (42457 ant(s), i =13

0

= L Iy uit wlt WQt e Py ILLm+1t wlt WQt ~c
:Z€k1 k/in <E/€7A€(t),gk’gk> dwz(t)+/fm+1 <5k’A6(t)7gk7gk7Z l/l(dt,dz)
i=1

R
] A~ /J +2t wlt UJQt -
+€km+2/fm+2 (Zlk”AE(t)’ek’&-k’Z Vg(dt’dz)7

N

)

and derive, that for stochastic processes A.(t),(.(t) conditions of weak compactness [20] holds true. So for
any sequence £, — 0,n =1,2,... there exists a subsequence €,, = &y(n) — 0,m = 1,2, ..., probability space,
stochastic processes A, () = (A} (), Ag3 (£), A5 (t), 455 (1) o,y (60 A(t) = (Aa(£), Ava(t), Asy (), Aza(0)).
((t) defined on this space, such that A (t) — A(t),(., (t) — ((t) in probability, as e,, — 0, and finite-
dimensional distributions of A, _(t),(.,, () are coincide with finite-dimensional distributions of A., (¢),(.,, (¢).
Since we are interested in limit behaviour of distributions, we can consider processes A, (¢) and (., (¢) instead of
A., (t),C.,, (t). From (24) we obtain equation

t

A, (t) = A(0) + /aem (s, 4e, (8))ds + (., (1), A(0) = (4;(0),i=1,4), (25)
0

where a.(t, A) = (« ()(t A),i=1,4),

ol (t, A) =

B w1t wot ok o w1t waot [ A Hm42T w1t wot

_@’i <€ka€]€> .f <k:’ ’ k: 7Ek7> + gt fnL+2 77‘4787’8772 H2(dz) )

R

i=T.4.

Also the process (. () is the vector-valued square integrable martingale with matrix characteristic

<<§”,<§”>><t>—i/a ) (5, A=(s)) 01 (s, Ac(s)) ds
0

+i//7§l) (s, Ac(s),2) »yén) (5, Ac(s), 2) TI1(dz)ds

ck
0 R
t
1 —
+€—k//5§” (s,A:(s),2) 6§") (s, A:(8),2) a(dz)ds, I,n = 1,4,
0 R
where
, _ _kj—k/2 wi1s WS wi1s WS
J)(SA) & /®<5‘ 7>f‘7<€k7 7€k7€T)7
’ wi1s WS Hm+1S wi1s WS
él)(S,A,Z) = gkarlel ( k 7?) fm+1 (7714; 677 Taz> )
wi1s WS ~ HUm+2S wi1s WS
(;él)(SvAaz) = 8km+2®l (877 ET) fm+2 ( E+ A7 77 k: ,Z) ) l = 174
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For the processes A.,, () and (., (t) the estimates (15) — (17) hold true, so processes A(t) and ((t) satisfy the

Kolmogorov’s continuity condition [21].
(1) @
Let us consider the case ky = 2k; = kypq2, 7 =1,m+ 1and p; = pf—l) w1 = % wo for all j = 0, m + 2, where
4 4

pgi) and qj(-i) are some relatively prime integers, i = 1,2, j = 0, m + 2. Under these conditions from Fourier series
expansion of integrand functions on variables p;t/c*, j = 0,m + 2, w1t/e* and wst/e* in corresponding terms,
we obtain for [,n = 1,4

t

lim % / aW(s, A)ds = a;(A),

e—0
0
1 m 1
im — (,4) (n.5) il 0} (n)
;1_1% ; Zlog (s,A) o™ (s, A) + ] /'ys (s, A, 2)7" (s, A, 2)I1 (d2) (26)
0 J= R

1 _
+67 /(59(5,14, z)éé”)(s,A,z)Hg(dz) ds = By, (A),
R

where functions a;(A), | = 1,4 and B(A) = {B;,,(A), I,n = 1,4} are defined in the conditions of theorem.

Since A, (t) = A(t), (., (t) — ((t) in probability, as ¢,, — 0, processes A(t),{(t) are continuous, functions
fj»7 =0, m + 2 bounded and satisfy Lipschitz condition on y;, i = 1,4, function ©(¢1, ¢2) is bounded, then from
Lemma 1, Remark 1 and relationships (25), (26) it follows

A(t) = A(0) + /d(A(s))ds +¢(t), 27)

0

almost surely, where ¢ (¢) = (\)(t),i = 1,4) is continuous vector-valued martingale with matrix characteristic
t
(€W.¢M ) = / Bij(A(s))ds, i,j =

0

1,4.

9

Hence [22] there exists Wiener process w(t) = (w;(t),7 = 1,4), such that

t

&) = / o(A(s)) din(s), o(A) = {B(4)}

0

1/2

(28)

Relationships (27), (28) mean that process A(t) satisfies equation (23). Under conditions of theorem the equation
(23) has unique solution. Therefore process A(t) does not depend on choosing of sub-sequence &, — 0, and
finite-dimensional distributions of process A., () converge to finite-dimensional distributions of process A(t).
Since processes A, (t) and A(t) are Markov processes then using the conditions for weak convergence of Markov
processes [21] we finish the proof of statement 1) of the theorem.

Statements 2) — 4) of the theorem follow from (26) by simple analysis. Statement 5) of the theorem is proved
by the same argument as in the proof of statement 2) of the Theorem 3. O
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