STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. 7, March 2019, pp 198-210.
IAPress| pyblished online in International Academic Press (www.IAPress.org)

¢

Estimates for distributions of Holder semi-norms of random processes from
IF,,(€2) spaces, defined on the interval [0, co)

Yurii V. Kozachenko 2, Dmytro V. Zatula 3-*

L Department of Probability Theory, Statistics and Actuarial Mathematics, Taras Shevchenko National University of Kyiv, Ukraine.
2Department of Probability Theory and Mathematical Statistics, Vasyl Stus Donetsk National University, Ukraine.
3 Department of Computational Mathematics, Taras Shevchenko National University of Kyiv, Ukraine.

Abstract In the present article we study properties of random processes from the Banach spaces I, (©2). Estimates are
obtained for distributions of semi-norms of sample functions of processes from IF;, (Q2) spaces, defined on the infinite interval
[0, 00), in Holder spaces.

Keywords Random Processes, Iy, (2) Spaces of Random Variables, Moduli of Continuity, Holder Semi-norms

AMS 2010 subject classifications 60G17, 60G07, 26A15, 26A16
DOI: 10.19139/s0ic.v7i1.463

1. Introduction

Let (T, p) be some metric space. Consider a random process X = {X (¢), t € T} such that the following inequality
holds
sup | X () — X(s)]
0<p(t,s)<e
lim sup Leeh <1

el0 f(g) B

with probability 1. Here the function f must be a modulus of continuity for the process X.
A space of functions with moduli of continuity f() is the Holder space and the functional

[X(t) = X(s)|
O<ps(ltl,ls))§5 f(p(t7 S))
t,s€T

is a semi-norm in the Holder space. In the following we deal with estimates of distributions of Holder semi-norms
of sample functions of random processes X = {X (¢), ¢ € [0, c0)} belonging to F,,(€2) spaces, i.e. probabilities

X(t)—X
ol XO-XO)
0<|t—s|<e f(|t—$|)
t,s€[0,00)
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Such estimates and assumptions under which semi-norms of sample functions of processes from [F,(£2) spaces,
defined on a compact space, satisfy the Holder conditions were obtained in [11]. Also estimates for distributions of
supremum of the increments of processes belonging to F,(€2) spaces were investigated by Mlavets [14]. Similar
results were provided for Gaussian processes, defined on a compact, by Dudley [3]. Kozachenko [9] generalized
Dudley’s results for random processes belonging to Orlicz spaces (see also [2, 17]). Talagrand [15] found necessary
and sufficient conditions for sample path continuity or boundedness of Gaussian stochastic processes. LP moduli of
continuity for a wide class of continuous Gaussian processes were obtained by Marcus and Rosen [12]. Kozachenko
et al. [8] studied the Lipschitz continuity of generalized sub-Gaussian processes and provided estimates for
distributions of Lipschitz norms of such processes. But all these problems were not considered yet for processes,
defined on an infinite interval. Only for L, (2) processes, defined on an infinite interval, estimates for distributions
of semi-norms of these processes and assumptions under which semi-norms of sample functions of these processes
satisfy Holder conditions were obtained by Zatula [16].

The theory of sample path properties of non-stationary Gaussian processes based on concepts of the entropy and
majorizing measures is now well studied. For an accessible introduction to these concepts and to the general theory
of continuity, boundedness and suprema distributions for real-valued Gaussian processes, we refer to Adler [1].

The Holder continuity of random processes is applicable to problems of approximating random functions and
studying the rate of approximation. In particular, Kamenshchikova and Yanevich [6] investigated an approximation
of stochastic processes belonging to spaces L,(Q2) by trigonometric sums in the space L,4[0,27]. Mathé [13]
provided the rate of convergence of multivariate Bernstein polynomials on the class of Holder continuous random
functions. Also there is a number of works devoted to the study of the approximation of Holder continuous
set-valued functions by Bernstein polynomials. Among them, Kels and Dyn [7] obtained estimates of the
approximations of functions whose values are formed by random sets.

2. Preliminary results

Below we provide definitions of random variables and processes, belonging to [V, (€2) spaces, and auxiliary results
to be used in subsequent results.
Let ¢)(u) > 0, u > 1 be some increasing function such that ¥ (u) — oo as u — co.

Definition 1 ([10])
A random variable & belongs to the space F,,(Q2) if

Elg|w)1/uw
sup & < o0.

w>1 P(u)
It is proved in the paper [4] (see also [10]) that IF,(€2) is a Banach space with respect to the norm

_ (Elg|)t/»
Hfllw—igg o)

Here are some examples of random variables belonging to I, (£2) spaces.

Example 1
A rangom variable £ such that satisfies || < C with probability one, where C' > 0 is some constant, belongs to any
F,(9) space and
(Elg™ _ " c _c
el =2 = =30 W TR W e
Example 2
A normally distributed random variable £ ~ N(0, 1) belongs to the F,(£2) space with the function ¢(u) = u

because i/E[¢|* = 3/ (221—?,' ~ 1251 > 1.

1/2
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200 ESTIMATES FOR DISTRIBUTIONS OF HOLDER SEMI-NORMS OF RANDOM PROCESSES

Properties of random variables and processes from F,, (€2) spaces were considered in detail in [10]. Henceforth
we will consider the spaces [, (£2), which have the following property.

Let &, ..,& be random variables belonging to the space F,(€2). Denote n, = 1r<n]?§<n|§k|,

e

Definition 2 ([11])

F, (9) space has property Z if there are monotone non-decreasing function z(x) > 0, monotone increasing function
U(n) and a real number z > 0 such that for any sequence of random variables (£, k = 1,n) from Fy,(Q) space,
Va > z¢ and for all n > 2 the following inequality is performed:

Pl > o an - Uln)} <~ exp{—(x)).

Below are some examples of the spaces [, (£2) which have property Z.

Theorem 1 ([11])

Let ¢(u) = u®, a > 0. Then the following inequality holds Va > x1, 1 = max {7(1;3)&, (a(zlf]l?l)lf’l)) } :

1
P{n, >z-a,- (In(n+2)*} < Hexp{—%xl/a} ,

ie. z(z) = 22/, U(n) = (In(n + 2))°.

Theorem 2 ([11])
Let P(u) = e’ >0, 8> 0. Then the following inequality holds Vo > xa,
28

n B+ _B+1
l’g:@Xp{(W) }’b:alﬁ/ﬁ(ﬁ+1) B

B+1
O L R B ) MR

28

Le. z(z) = al% : (ﬁ) 7 (1nx)ﬁ'T+ﬁl, U(n) = exp {(ln(n +2)) 7T }
Let (T, p) be some metric space.

Definition 3 ([2])
The metric massiveness Nt p)(u) := N(u) is the minimal number of closed balls (defined with respect to the
metric p) of radius u that cover T.

Definition 4 ([10])
We say that a random process X = (X (¢), t € T) belongs to the space F,(2) if random variables X (¢) belong to
Fy,(Q) forallt € T.

Definition 5 ([2])
A function g = {q(¢), t € R} is called a modulus of continuity if q(t) > 0, ¢(0) = 0 and q(t + s) < ¢(t) + q(s) for
t>0and s > 0.

Definition 6 ([5])
A function v(x) satisfies Holder condition with exponent o € (0, 1] if the following value is finite:
v(t) —v(s
o = sup PO
t,s€T |t - S|

t#s

This value is an o'"-Holder semi-norm of the function v. The Holder space C%“(T) consists of all continuous
functions which satisfy the Holder condition with exponent « in T.
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Remark 1 -
The space C%(T), where T is a bounded space, is a Banach space with respect to the norm

”UHco,a(T) = S%p |[v] + [v]a,T-
In further investigations we will deal with the generalization of the concept of Holder semi-norm [v], T in the

space C'%%(T). Consider a value
|v(t) —v(s)]
V|gpT = SUp ———
Waos = 50 oot

t#s
where p is a metric in the space T, and ¢ = {q(¢),t € T} is a modulus of continuity such that J« € (0, 1]
Vt,s € T,t # s : q(p(t,s)) < |t — s|® If the value [v], , 1 is finite for all T' C T then v € C%(T).
The following result is the theorem on the estimation of distributions of the Holder semi-norms and the moduli
of the continuity of random processes from F, (€2) spaces of random variables, defined on a compact.

Theorem 3 ([11])
Let (T, p) be some compact metric space. Consider a separable random process X = (X(¢), ¢t € T) belonging to
the Banach space I, (€2), which has the property Z with functions U(n) and z(x) for zo > 0.

Assume that there is a monotonically increasing continuous function ¢ = {o(h), h > 0} such that &(0) = 0 and

sup  [|X(t) — X(s)[ly < o(h).
p(t,s)<h

Let N(g) = N,(T, ) be the metric massiveness of the space (T, p), g = o~ ( sup p(t, s)) , where o(=1)(h)
t,seT
is an inverse function to a function o (h), and let Ve > 0 :

o(e)
gp(e) = / U(B*N?(o=Y(t)))dt < co.
0

Then for x > xg, € € (0,g9) and B > 1 the following inequality holds true

su [ X(t) — X(s)] A ozBeBy)
" {o<pb<t,€><s (6+4V2)fa(p(t.5) + (5 + 2/0)gm(plt.5) } =SB -DNE p{=2()},

o(e)
where fp(e) = [ U(BN(c=Y(t)))dt, ¢ > 0.
0
Definition 7 ([11])
F, () space has property Z; if it has the property Z with functions z(x) and U(n) for > x¢, and if there is such
a constant by > 0 that Vn > 1:
U(n2) < b() U(TL)

3. Estimates for distributions of Holder semi-norms of random processes from F.,(£2) spaces, defined on
the interval [0, co)

Now we formulate and prove the main result, which is based on Theorem 3.

Theorem 4
Consider a separable random process X = {X(t),t € [0,00)} belonging to the Banach space F,(2), which
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202 ESTIMATES FOR DISTRIBUTIONS OF HOLDER SEMI-NORMS OF RANDOM PROCESSES

has the property Z with functions U(n) and z(z) for xy > 0. Let [0,00) = |J A;, where A; = [a;, a;41],
i=0
{a;;i=0,1,...,00} is some increasing sequence, ag=0. Denote «; =a;41 —a;, D;=la;,a;41+0),
# e |0,mina; ).
i>0
Assume that there are monotonically increasing continuous functions o; = {o;(h), h > 0} such that
0:(0)=0,i=0,1,...and Vi = 0,1, ... :

sup | X(t) — X(s)|ly < oi(h), 0<h<a;+0. @)
p(t,s)<h
t,s€D;

Let N;(¢) be metric massivenesses of intervals D;, i = 0, 1,... with respect to the metric p(¢,s) = |t — s|,
t,s € [0,00). Also let

— min{ oY - '{(*1) , }
€0 l’iIlzl(I)l{O'Z <t§1€1%ip(t,s)>} min 4 o; (a; +0) ¢,

(=1)

where o, "/ (h) is an inverse function to a function o;(h), ¢ =0,1,...,and Vi = 0,1, ..., Ve > 0 :
oi(e) oi(e)
i) = [ VBN @it < oo fuse) = [ VBN 0
0 0
Denote

wp.i(t,s) = (6 +4v2) fp.i(|t — s]) + (5 +2V6)gp.i(|t — s|), t,s € D;,

and wp(t, s) is such a function that

wp(t,s) = {wp,(t,s)|t, s € A; or min{t,s} € A;, max{t,s} € A;11}.

Then for all x > x¢, 0 € <O, Hl>l(IJl ai) and € € (0, min{e, §}) under the condition that ) 1 < oo the following
i> i=0
inequality holds true:

| X(t) — X(s)| - 1
P sup ——— >z p < M(B,¢e)- -exp{—z(x)} - ,
0<|t—s|<e wB(t7S) ( ) { ( )} ; a; +¢€

t,s€[0,00)

where M (B,¢) = %.

PROOF. According to Theorem 3, for x > xg, € € (0, 05_1)(041- + 9)) and Vi = 0, 1, ... the following inequality
holds

X (1) — X (s)] 2B(2B + 1)

P Sup —_— > S — eXp —zZ\T 5

0 T wpalts) B - (e “PEE)
t,s€D;

2

where
oi(|t—s|) ai(|t—s|)
wp.i(t,s) = (6 + 4V/2) / U(BN; (7" (t)))dt + (5 + 2v/6) / U(B2N2(o "V (t)))dt.

0 0
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YU. V. KOZACHENKO AND D. V. ZATULA 203

Since Vi = 0,1, ... :
a; + 6 a; + 0
T S Ny(e) < 1,
2 (e) = 2¢e +
thenVi =0,1, ... :
1 2¢e
< . 3
Ni(E) “ o+ 0 )

Inequalities (2) and (3) imply that for 6 € <0,m>i(1)1 ozi>, e € (0,min{eg,0}) and = > z( under the condition
12

> ai < oo the following inequality holds:
i=0

X(t)—X X(t)—X
pd wp BO-XeI L) xe-—xe L
0<|t—s|<e wB(tv‘S) 0<|t—s|<e wB(ta S)
t,s€[0,00) t,se U D;
i>0
> | X (t) — X(s)] . 2B(2B +1)
< P sup ——= >z, < ——————— - exp —za:) <
iz:; 0<|t—s|<e wB,i(tas) ; (32 — 1)N1(€) { ( }
t,seD;
4eB(2B + 1) |
=~ @l
i=0 '

Since 6 > ¢, then, substituting € instead of 6 in the last inequality, we obtain the statement of the theorem. [

Remark 2
Let all the assumptions of Theorem 4 be fulfilled. Also let Vi = 0,1, ...: 0;(h) = o(h), i.e. the condition (1) takes

on the following form:

sup || X(t) — X(s)|ly < a(h), O<h<oa;+0,i=0,1,..

[t—s|<h
t,s€D;
a(e) a(e)
Then gpi(c) = [ U(B2NZ(o"V(t)))dt, fzi(e) = [ U(BNi(c"D(t)))dt, € >0, and
0 0

g0 = IznZl(I)l {0(71)(041' + 0)} =gV <rlnzi610zi + 0> ;

because o(~ 1 (h) is a non-decreasing function.
Corollary 1
Let all the assumptions of Theorem 4 be fulfilled and the space F,(2) has the property Z;. In this case
wpi(t,s) = (6 4+ 4v2) fp(|t — s]) + (5 + 2V6)gpi(|t — s]) <
< (64 4V2 +bo(542V6)) fp.i(|t — s|) == vp.i(t, s), t,s € D,

and
wgp(t,s) <vp(t,s) ={vp,(t,s)|t,s € A; or min{t,s} € A;, max{t,s} € A;41}.

Therefore for x > xy, € € | 0, min {0'(1) <m>161 a; + 0) , 0 }) and under the condition that ai < oo the
2 i=0

following inequality holds

Stat., Optim. Inf. Comput. Vol. 7, March 2019



204 ESTIMATES FOR DISTRIBUTIONS OF HOLDER SEMI-NORMS OF RANDOM PROCESSES

| X (t) — X(s)] -
P sup —— = >z < M(B,e) exp{—z(z)}-
o<lt—s|<e  vB(t,S) (B.¢) { ) ;
t,5€[0,00)

1
a;+e

Theorem 5
Let all the assumptions of Corollary 1 be fulfilled. If the function ¥ (u) = u®, o > 0 and for all i = 0, 1, ... functions

oi(h) = dh*, h,5,d > 0 then for x > z1, B> 1, p< %, ¢ € <O,min {;\}/3 %/m>i(r)1ai +40, 0}) and under the
12

condition that ) ai < oo the following inequality holds true
i=0

X(t)-X =
p sup M>m SM(B,8)'eXp{—gx1/a}-Z ,
0<|t—s|<e vp(t,s) e oite
t,s€[0,00)
where vp(t,s) = {vp,(t,s)|t,s € A; or min{t, s} € A;, max{t,s} € A;iy1},
ap
(Bi(aéw) +(B+1) -t - S|) sed
vg,i(t,s) = C1 - = s,

e x—ap
Cy = (6+4v2+ (5+2V6) - 2%).

PROOF. The inverse function to the function o'(h) is (= (h) = ’{/% . According to Theorem 1, the space [F', (£2)

has the property Z with functions U(n) = (In(n + 2))® and z(z) = 22/ for > z. Therefore, functions fp ;(c)
and g ;(¢) take the following form:

fB.i(e) = d/akU (BNi ( }{/E)) dt = :E% <ln (BNi ( ﬁ) + 2) ) : dt;

0

gp.i(e) = 7%U (BQNE (” 2)) dt = 7 <ln <32N3 (ﬁ) + 2>>adt,

0

and gp ;(¢) < 2%fp.(e).
In this case, the space IF,;,(£2) has the property Z; with by = 2*. According to Corollary | and Remark 2, for

¢ € (0, min{go, 0}),
1
= (_1) 1 - = —— 1 .
co=0 (rggl%—&—@) 7 /izlgal—i—@,

B > 1, x > x; and under the condition that > ai < oo the following inequality holds
i=0

X(t) - X -

S S GES (NN PP

0<|t—s|<e UB(t78) ¢ =0
t,s€[0,00)

where UB(t, S) = {Cl : fB,i(‘t — S|) |t, s € A;or min{t, 8} S Ai7 max{t, S} S Ai+1}-
Using the inequality for the metric massiveness

P a; +0 _/d
N (/%) < =4,
() <=5+

Stat., Optim. Inf. Comput. Vol. 7, March 2019

o; +¢’




YU. V. KOZACHENKO AND D. V. ZATULA 205

we can limit the function fp ;(¢) above:

1

fBi(e) < 7 (ln <B~ (a’ge ’\‘/§+1) +2>>adp.

The last integral can be estimated and calculated. Therefore under the condition 11 < Z we have

>

de (B(ai+0) o
. @ == +e(B+ 1))
/(m(a(o‘ﬁe’\‘/gﬂ)m)) dp< ~ 2 L E—
2 P pe 7 —ap
0

Finally, in accordance with Corollary 1 and Remark 2, we get the statement of the theorem. U

Example 3
Consider a stationary process X = {X (t), t € [0,00)} that belongs to the space F,;,(Q2), ¥(u) = u®, o > 0, with
EX(t) = 0,DX(t) = 1 and a covariance function of the following form

oo

Rit,) = [ cos((t = 1) ).
0
where f(p), p € [0,00) is some function. Let’s find a restriction on this function such that the conditions of
Theorem 5 are satisfied for the process X.
Using known inequality |sinz| < |z|*, 0 < 3¢ < 1, for any ¢, s € [0, o) the following inequality holds

E(X(f) — X(s))? = 2 / (1~ cos((t — )p) f(p)dp < 4-22%(t — 5)>* / 7 £ ()dp.
0 0

Therefore
[X(t) = X(s)llp < D(5) - (t = 5)",

where D(3) =271, | [ p>?f(p)dp. Thus, for any function f and a constant s € (0,1] such that
\/ 0

J p** f(p)dp < oo the condition (1) of Theorem 4 is satisfied with the functions o;(h) = o(h) = D(5) - h*,
0

h>0,i=0,1,...
o0
Now let {a;,i=0,1,...,00} is some increasing sequence such that ;}ai+3_ai < oo and ag =0, and
i=

S 0,m>i(§1 ai>. Consider a process Y (t) = f(%), where c¢(t), t € [0,00) is some monotonically increasing

function such that

c(ai) > (ai +0)*, i=0,1,.. @)
and Vt, s € [0, c0) there are such b > 0 and v € (0, 5« + a) that the following inequality holds
le(t) —e(s)] < bt — s (5)
Since V¢, s € [0, 00):
X)) X(s)  X(s) X(s)

IY(#) =Y (s)llo =

‘ ”
1 1

1
< T KO = X6l + 1X )l '(t) s
D()|t — s | |c(t) — (s)
|C(t)‘ * c(t c 3) 5
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206 ESTIMATES FOR DISTRIBUTIONS OF HOLDER SEMI-NORMS OF RANDOM PROCESSES

then implying inequality (5) we have that V¢, s € [0, c0):

i DO s WS 1 (b s
Y@ =Yl < = T et~ @ <D< )+ ) )
Thus, implying inequality (4), Vi = 0,1, ... and h € (0, a; + 6):
3} e
2, VO =Yl <4 (D e
bla; + )7 Do) +b
<D (@ + 0)" >< Gy

According to Theorem 5, the modulus of continuity vg(¢, s) of the process X takes the following form:

vp(t,s) = {vp(t,s)|t,s € A; or min{¢t, s} € A;, max{t,s} € Ait1},

g "
(M +(B+1)- It—5|) #D ()

e x—ap

|t — son,

’UB’Z'(t, S) = Cl .

A similar form has a modulus of continuity of the process Y with a difference in constants. Implying inequality
(4), we have that for the functions vp ;, ¢ = 0, 1, ... of a modulus of continuity of the process Y the following holds

Ch -

B(a;+6 ap
(Bt s (B 1) - |t - s)) % D()+b
)

= s <
e w—ap  c(a -

Bletd) L (B4 1) Jt—s|)
SCI( 2 +( + ) ‘ 5|> .%(D(%)+b)-|t—$|%7a#§

pt/ (o + 0) % —ap
ap
B B+1)-|t— D b
con| B B | DY
® Ml/# <In>161al —|—0> H

ap+1
Thus, according to Theorem 5, for ¢ € (O,min {m <Ig61ai + 9) , 9}) ,x>x,B>1,n< %

and under the condition > ai < oo the following inequality holds

i=0
Y(#)-Y <1
P sup ¥(t) = Y(s)| > §M(B,5)~exp{fgx1/a}~z ,
0<|t—s|<e UB(t7 S) e e a; + €
t,s€[0,00)
where o
B B+1)-|t— ! D b
UB(t,S):C1' ( + ) ‘ S| %( (%)+ ) .|t_s|ufau.
2ut/r - pt/e (mingso a; + 6) 7 —apu
Theorem 6

Let all the assumptions of Theorem 4 be fulfilled. If the function ¢ (u) = e‘“‘ﬁ, a>0,5>0andforall: =0,1, ...

functions o;(h) = o(h) = dh**, h, »,d > 0 then for € € (O,min {’\‘1/3 o/mina; +6, 9}), B>1, B€(0,1),

o0
x > x5 and under the condition > ai < oo the following inequality holds true
i=0

Stat., Optim. Inf. Comput. Vol. 7, March 2019
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B+1 0o
X () = X(s)] 6 (2 \F 1
P su — = >x ) < M(B,e)-e ———F | — lnx)2s 5 - ,
0<\t}s)\gs vp(t,s) < M(B.e) - exp al/BA\B+1 (Inz) Z a; +¢€
t,5€[0,00)

where vp(t,s) = {vp,(t,s)|t,s € A; or min{t, s} € A;, max{t,s} € A;i41},

vB,i(t,s) =mp,; (min{ i i min a; +0, 9}) t— s8],
mp(e) = d ((6+4\@)'GXP{<IH<W<B(QZ+9)+5(B+2)>>)gfl}+

+(5+2V6) - exp <1n <32 V(o + ) (%W + 1) +max{1,e ¥/d} - (B? + 2))) b

PROOF. The inverse function to the function o(h) is o(~V(h) = ’\‘/g . According to Theorem 2, the space

Fy(€2) has the property Z with functions z(z) = £ (ﬁ) " (Inz)> and U(n) = exp {(ln(n + 2))%}

for x > x,. Therefore, functions fp ;(¢) and gg ,(¢) take the following form:

fsile) = :/E%U <BNZv (ﬁ)) i ?xexp (m (BN ( ) 2))
15) ) e

de” de”
t t
gB.i(e) = / U (BQNE <’\‘/;>> dt = /exp <ln <B2N2 < 7
0 0
According to Theorem 4 and Remark 2, for x > x4, € € (0, min{eq, 8}), g9 = ’7& W B>1and
under the condition that 2) a% < oo the following inequality holds
1=
X(1) ~ X(s) B (2 \'* =
t) — S B+1
P su —————= >z, < M(B,g) exps ————= | —— Inz)=s 5 - ,
0<\t—§\§s UB(t7 S) - ( ) p{ al/f (ﬁ + 1) ( ) } ZZZ% a;+¢
t,s€[0,00)

where vg(t, s) = {vp(t,s)|t,s € A; or min{t, s} € A;, max{t,s} € Aiy1},
vg,i(t,s) = (6 +4V2) fp (|t — s]) + (5 +2V6)gp.(|t — s|).

Using the inequality for the metric massiveness

N 7= ) < =225 =+,
< d>_ 2 qu

we can limit functions fg ;(¢) and gp ;(g) above:

de” ﬁLJfl
fBile) < /exp <ln (B- (oq;—G ’\‘/g—l— 1) —|—2>> dt =: I g i;

0
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de™ 0 2 /327451
gB.i(e) < /exp In | B%- (aZ; [+ 1) +2 dt =: Iz g ;.

0

Integrals I; g ; and I» g ; can be estimated and calculated. Therefore for 8 € (0,1) we have

B
B+
s oo (40252 g 2))) }

Lopi < exp <1n <32 V(i +6) <W + 1> +B? + 2 Tﬂ
+(de" —1) exp (hl (32 V(i +0) (W + 1) +e¥/d(B?+ 2))) - <
< de” - exp (m (32 V(o +6) <W(OZ+9) + 1) +max{1,e ¥/d} - (B? + 2)))551

Using the notation mp ;(¢) from the statement of the theorem, the following inequality holds true for

€E (O,min{,\}/g 2 Tillzi(f)lai+97 9}):
(6) < mps (mind —— . fmina; -6, 0
mp.i(e) <mp, | min 7 2 rinzl(rJlaz , .

Finally, in accordance with Theorem 4 and Remark 2, we get the statement of the theorem. O

Consider an example to this theorem.

Example 4
Let X = {X(t),t € [0,00)} be some non-stationary process that belongs to F,(£2) space with the function

Y(u) = ea“ﬁ, a > 0, B> 0, and a covariance function of which has the form

s)= [ f(t,p)f(s,p)dp,
/

o s o c;
where 3 220:2), ¢ € [0,00), and |22 < 12l v € Dy, p e [0, ).

For any t7 s € Dy, s € (0,1] and p € (min{t, s}, max{t, s}) the following inequality holds
E(X (1) /Iftp F(s.p)|"dp =
/ F(p) = F D) 1f(t,p) — F(s,p) "0 dp <
£ s / P p)™ - ((t,p) — F(s,p) 0~ dp <
0
<t s / LW p by ps,p) 0 dp.
= (@ + )=
0
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We use the following inequality. For any a > 0 and b > 0 the following is true:
(a+b)" <cp(a"+0b"),

where

2r=1 forr >1;
cr =
1 forr €[0,1).

Then we get for ¢, s € D;:

u CTt—Su% ux u 2 u 2
E(X(1) ~ X(s)) s(a'w'w/u 1 - (170 4 1, )0 ) dp <
QCTlt_S‘u% u 1(1 )
<7 . 7 b3
< / )" sup |£(t.0) "y

Since in this case r = u(1 — 5) € [0,u), then ¢, € [1,2%71), from where

u 2u t—s|"” ws u(l—s)
E(X ()~ X()" < T / )" - sup £(t.p)"0
Therefore
(E(X (1) — X (s)))"
X(t)— X(s = su <
X (t) ()l sup oW <
00 1/u
e ([l s 170 -a)
< |t — S| - sup 0 teD; .
T (i +0)* u>1 P(u)
Denote
1/u
(e sup 7010~ )
Cop=2-sup tepb 5 .
u>1 eou

3

1+
Thus, according to Theorem 6, for x > x5, € € (O,min {}\{/1(70 <rin>i(r)1ai + 0) , 0}), ge(0,1), B>1

and under the condition that ai < oo the following inequality holds
i=0

1 o
X(1) = X(s)| B 2 \F |
p AW = 26 < M(B,e) - SR (. Inz)% b
0<\S:Is)\<s vp(t, s) > < M(B,e)-ep al/B\p+1 (nz) Z% a;+e’
t,sE[O,og) =
where )
Co 1 e
vp(t,s) = ———— -mp <min{ (minai—i—G) , 00 ] |t—s”,
5/ C i>0
(g +0) L
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28
B+1
B . B e(B+2)
mB(z-:) = (6+4\[2)6Xp 11’1 C() E+W +
12

+(54+2v6)-exp{ | In Bz”\/co(”co+1>+max 1,¢ (B*+2)

4 min o; + 6
i>0

4. Conclusion

In this article we analyse estimations of distributions of random processes from [, (£2) spaces. Definitions and
some properties of random variables and processes from [y, (£2) spaces are given. Estimates for distributions of
Holder semi-norms of processes from F.,;,(€2) spaces, defined on an infinite interval, are obtained.

15.
16.

17.
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