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1. Introduction

Wavelets as mathematical functions [1], when applied to time-delay systems, have advantages over orthogonal
functions. One of the most useful wavelets as Legendre wavelets are constructed from Legendre polynomials which
play an important role in engineering modeling [2, 3]. In [4], we have mentioned drawbacks of the conventional
Chebyshev wavelets (CCWs) in the analysis and optimal control of time-delay systems. Also we have shown the
advantages of Chebyshev wavelets with scaling over orthogonal functions [5] in problems arising in such systems.
By doing a similar experiment as in [6,7], we can observe similar drawbacks in the use of the conventional Legendre
wavelets (CLWs). The main issue of CLW method is that to model the delayed terms of many time-delay systems,
we have to approximate the values of delays, for example by using greatest integer values (see [8]), which this
issue causes errors in the obtained results. The conventional definition of Legendre wavelets which has been given

in [8,11-27] as
k
bam(t) = { 22 /m+iP,(2"t —2n+1), 2= <t< 3y

0, otherwise,

where P, are the well-known Legendre polynomials, n = 1,2,..., 2! and m is the order of P,,, does not always
present acceptable accuracy when applied to time-delay systems because we often find 2*~'h ¢ N, where h is the
time-delay. In order to deal with this problem, we have two ways:

1. We can apply the method described in [6], using large k, which provides an acceptable result. This application,

however, has many disadvantages.

2. We can use greatest integer value of delay as [2°~1h] + 1 which, as we shall see later, does not provide accurate
results.
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236 LEGENDRE WAVELETS WITH SCALING IN TIME-DELAY SYSTEMS

Generally, the following disadvantages of CLWs motivate us to use another definition of these wavelets:
e [t may not always be possible to solve a variety of problems related to delay models with low values of k.

e The method has a little sensitivity to small changes in time delays, that is, by making small changes in time
delays, we have to use large values of k to see its effect on the behavior of systems.

e Their definition cannot be used to get other operational matrices like the piecewise delay operational matrix.

These are some practical limitations of CLW method in time-delay systems. In this work, to eliminate the source of
error and to increase the applicability of Legendre wavelets, we use a flexible definition of Legendre wavelets and
then introduce the useful matrices which are required for the analysis and optimal control of general linear systems
with delays and piecewise constant time delays. To show the advantages and accuracy of the proposed method, we
compare the results obtained by this method with those found by CLW method and other methods.

We present the concepts of the new Legendre wavelets in Section 2 and since the previous operational matrices
have been defined for CLWs, we continue our discussion for deriving their operational matrices in general forms.
Then in Section 3, we use the findings to the optimal control and analysis of general linear systems with different
kinds of delays such as multiple delays and piecewise constant delay. Numerical examples are solved in Section 4
to demonstrate the effectiveness of the proposed method and one can see the fact that significant improvements in
accuracy and capability of Legendre wavelets are obtained.

2. Preliminaries

2.1. Legendre wavelets with arbitrary scaling parameters

Legendre polynomials of the first kind P,, () are polynomials in the independent variable x of order m defined as
the solutions of the DE
(1 —2?) P\ () — 2zP,, (x) + m (m + 1) Py(z) = 0. (1)

Some of the important relations of Legendre polynomials [3] are

/_ 11 Py () Py (2)de = { 2”52“ " L @)

(2% = )P, (¢) = maPp(2) — mPp_1 (x), 3)

(m+ 1)Py1(x) — (2m + D)aPy(x) + mPy,—1(z) = 0, “)
Pon(=z) = (=1)" P (2); (5)

the recurrence relation (4) is known as Bonnet’s recursion formula [2]. The Legendre polynomials P, (z) are
orthogonal with respect to the weight function w(z) = 1. We can expand a continuous function f(z) on [—1,1] in
a Legendre series as

© 1
f(l’) = Z aum(x),where Am = 2m2+1 /_1 f(CC)Pm(x)dI

m=0

Definition 1
The arbitrary scaled Legendre wavelets (ASLWs)

Dilations and translations of the Mother function ¢(t) define an orthogonal basis, the wavelets ¢s4(t), where
s # 0 and d are integers that scale and dilate the mother function ¢(¢) to generate the wavelets [1]

ualt) = 170 (1),
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By selecting
d=(2n—1)/2¢"1 s =1/2¢F1

and y/ 2L from (2) for orthonormality, the arbitrary scaled Legendre wavelets (ASLWSs) ¢S, = ¢(¢, k,n,m,t)

with five arguments are defined as

e, Po(26F 1t — 24 1), te [",;11, ,:“:1}

£ 3
G (1) = ) (©)
07 t¢ |:gkilagkrl—1:| Y
where
& € N>, is an arbitrarily selected scaling parameter,
k € N>, together with & specify the number of subintervals,
n=1,2,...,&" 1 refers to the number of subinterval and specifies the location of the subinterval,
m=0,1,..., M — 1is the degree of P,, and c,, is
Cm =V2m+1, @)

t € [0,1] is as an independent variable.

These Legendre wavelets are an orthonormal set with respect to the weight functions w(t) = 1. As we shall see
later, by selecting an appropriate value of the scaling parameter, ASLW method may provide the exact solutions
of delay differential equations and accurate solutions of time-delay optimization problems. Ref. [10] by defining a
sequence of spaces has constructed an orthonormal base to solve the Laplace equations which is similar with this
base, but we can see changes in i does not have noticeable effects on errors of solutions.

Definition 2
ASLWs expansion

The Legendre wavelets expansion of a function f defined on the interval [0, 1] is given by

N oo
=) i), ®)

n=1m=0
where N is large enough. If we truncate (8) with, say, the (M — 1)th term in £*~! subintervals, then

et -1

FO = feorr(t) = Y Y [ () = fee (1), )

n=1 m=0

where f; and ®,(t) are 1 x £5~10M and €¥~'M x 1 vectors and
ff = [ffm e aff]y[717f2£07 A 7f§M71a e 7f§k—10a e afgk—lM,1]7 (10)

Be(t) = [650(0), - Sar 1 (1), B50(1), - 501 (), 06 ig (D) iy O] D)

{£¢,,} are constant coefficients. Flnally, we show how to find these coefficients. From (6) we see that when ¢ €
[ge= o=l zrer| we have f(t) = fu(t) = Z fnmgbnm( ). With multiplying f,,(t) by ¢%,, ,(t) and then integrating

both sides from En’“ L to gk T, We can write

Ek’il M-—1 c kn 5 .
/n—l f(t) n m’ Z fnm / 1 (t)¢n/m’(t)dt7
ER—T m=0 gF—1
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238 LEGENDRE WAVELETS WITH SCALING IN TIME-DELAY SYSTEMS

where m’ =0,1,...,M —1land n’ = 1,2,...,£*1; substituting z = 26*~'t — 2n + 1 and also knowing the fact
that ¢pm (t)Pnrm (t) = 0 when n’ # n, yields

kn—l M-1 k:nl—l
[5, 106 wa= Y 6 [7) 6506, 0
gh-1 m=0 eh—1
M-1 1
— 53 fnenen [ Pule) (o)t
m=0 -1
3

Thus from (7) we can obtain the constant coefficients as follows

£ = / SR 66 (8) dt. (12)

n—1
€h—1

2.2. The integration operational matrix of Legendre wavelets

We express the integration of the new Legendre wavelet vector on [0, ¢] as

t
/ @5(19)6&9 = Pg@g(t% (13)
0

where Pg is the ¢¥~1M x 8= M operational matrix of integration of ASLWs. By a procedure similar to that

in [4], we can derive this matrix. So, if ?k ol <y o E’fn—l , then:

1. form =0

¢
/n_ = Vet + ) = \/fkil(\/gkilzgk r o (t) + \/g\/lgkiﬂﬁ"llqbil(t))

-1
= 25’} 1[ f 0 0 0][¢§10(t)’¢n1(t)7¢n2(t)"(bnM 1( )]T

2. for m > 1, we first express (1) in self-adjoint form

a
dx
Then setting = = 26719 — 2n + 1 and z; = 26~ — 2n 4 1 and using (14), (3) and (4), yields
t
[,y Sint0)d0 = VT, /
Ek 1 Ek l
Cm T 2\/§k7—1m m+1) ((:E - 1)P7In(x))
w} = 1) Py, ()

(1 =2*)P,(2)) + m(m+1) Py(z) = 0. (14)

Tt

(267719 — 2n+1)d19:\/§k*10m2§k%1/ Py, (x)dx

-1

Tt

-1
1 1

Cm2 eh1 m(m+1)(

sz\/%m (maxy P (x¢) — mPp—1(xt))

=Cm; ;k_l #ﬂ (2m+1P +1(21) + gy P () — Pp1(z4))

— 1 k—1 k—1
fcmW(—zmH Prn1(26" ' =204 1) + 575 P (261 — 20+ 1))

1

QW (_ 2m+1 \/Qm 1W¢nm 1 () + \/2m+1 2m+3 \/F¢nm+1< ))

_ 1 1
= 5z7(0,0,...,0, —o—=—,0, —==—u=,0,0,..., (]
m-l [650(8), D51 (£), D53 (), -, s (D]
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t
[y S500)0 = VET (g — 254) = VET gt Z“/ﬁas
§k*1 n=n-+
gkfl
:251&%1 Z [anaov70][¢§]0(t)7¢§71(t)7¢22(t)’7¢2M71(t>]—r
n=n-+1

2. form>1

1

P (268719 — 2n + 1)dv) = / €k~ 1cm2£k 1/ P, (z)dz

-1

9)do = \/gﬁc/

gk 1

1
= Cm72\/51767717m(m+1) ((JL‘2 - 1)P,’n(ac)) ‘

-1

=0
Ek—l
:2576%1 Z [Oa0707--~7070”(257&70(26)7¢§71(t)a¢§72(t)3"-a¢nM 1( )}T
n=n+1
So B
Ifl (n—1) times (¥~ —n) times
P2 ——N— e e
szzgk%l . ,pn:[O o --- 0Y J3J - J], (15)
Per-1
where Y and J are matrices of order M and given by
1 % o o0 0 - 0 0 0 i ] )
% 0 \/1175 o o - 0 0 0 2 0 0 0
_1 1 0 0 0 0
O -7 0 7m0 0 ° ’ 00 0 0
_ | o o - o L. 0 0 0 _
Y = 75 76 J=10 0 0 0
; 5 ; : L 1 : i S
o0 Y ATq VS 0 VAMZ—8M+3 000 --- 0
0 0 0 0 0 - 0 P — 0 B -
4(M—1)2—1 ]

2.3. The integration matrix of the product of Legendre wavelets on [0, 1]

The integration matrix of the product of two new Legendre wavelet function vectors on [0, 1] is obtained from

/0 Qf( )QE () / [d) () "'7¢1M 1() '"7¢§k—1M_1(t)]T[¢§O(t)a~~~7¢1M 1() "'7¢§k—1M_1(t)]dt'

Knowing

/5_1»"1 5 (65 (1)t = 2m2+1/1 Pm(w)Pm/(x)dCC:{ 0 m £

n—1

§k—1

-1

and denoting the identity matrix by I, we have

1
/ D ()P (1) dt = Ten1yy. (16)
0
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240 LEGENDRE WAVELETS WITH SCALING IN TIME-DELAY SYSTEMS

2.4. The product operational matrix of Legendre wavelets

Using the relations of Legendre polynomials, we can find
£: @ (1) P (1) = &' (1)fe, (17)

where f'g is the £¥~1 M x ¢*~1 M product operational matrix of ASLWs of f¢. Using a procedure similar to what we
did in [7] and Definition 1, we conclude that f; is in the from f; = z.blkdiag(f;, fs, ..., fex-1). To evaluate f; and
z, welet f, = [ fw,], where u,v = 1,2, ..., M. The product of two Legendre polynomials is given by (see [9, 14])

’

e~ SaSmaSm—a 2m +2m’ —4a + 1
Pm(l‘)Pm/(Ji) = Z a%:Jr:l,jz d 2m+2m, — 20[+ 1Pm+m’—2a(x)7 (18)

a=0

(2o¢ 1

where m > m/, S, = ! and !! is the double factorial. Hence from (1 8) and (6) we can write

B (D) (1) = fk_lx/(2m+ DEm + 1) Py, (2) P ()

m
k—1 SaSm— a\’ /o 2m+2m’ —4a+1
= @m+ 1w + 1) § : S ampami—2at1 Lmtm—2a(2)

a=0
m’ o x x
. — SaSm—aSm/—a 2m+2m’—4a+1 1 £
= \/é'k 1 \/(2m + ].)(2m/ + ].) Sm+7n/7a 22122172311 \/2(m+m’—204)+1 ¢n m+m/,2a($)
a=0

m/
= \/F Z pm'rn’ud)fl m+m’—2a (.13),
a=0

_ SaSm—aSn/—a 2m+2m’ —4a+1 (2m+1)(2m’+1) ’
where we set Pm/q = S amam—2a+1 \ 2mam —2a) 1" If m +m’ — 2a > M, then we must take

Pmm’o = 0. By equating coefficients of the same wavelets on both sides of (17), we find, in general,

fo = /&1 bikdiag(F, fa, . .., Fer ), (19)
where
ffxo ffu ffm an 1
ffu ffw-‘r@uofflz @211f§1+s’~7210f5,,3 M1 11an_2
f, = fﬁg @211f§1+@210f£3 f,,§0+@221f52+g3220f§4 ©OM—1 22ffuw,3+§31\4—1 21f§M,1 , (20)
5 e ¢ ' ¢ e é ¢
o1 OM—111f 0o ©OM—122f; p_stOM—121f 04 footom—1m—1mm—2f o+ +orm—1 M—1/ifn,Y
S SaSm—aSm'—a omiom’ —datr1 [ (@m+1)@m/ 1) 5 M/2, M even v M —2, M even
mm’ e S 2mr2m=2a+1 V 2mm/—2a)+1° (M —1)/2, Modd ’ M —1, M odd.
(21

2.5. The delay operational matrix of Legendre wavelets

The delay Legendre scaling function vector ®,(¢ — h,) can be expressed in the form

0, 0<t<h,
Bt —h) = { De,®c(t), h, <t<1. (22)
Since the parameter ¢ is arbitrarily selected, hence we have h,£¥~! € N. We define
ng, = h,&*1. (23)
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When 2=L <t —h, < gitr we see that na bl oy < ”g,gi”, so by introducing a M x 1 vector @5, (t) as

5 Ek*l

05(1) = [850 (1), 65, (0. 65 (0). .. 650, (0]

we can write
(p%(t - hb) = IM(pr»ndbm(t)
Ifn > &1 —n,,, then @4 (t — h,) = 0. Thus the matrix D¢, is a square matrix of order £*~1 M as follows

nd, gF 1 —ng,

0 -~ 0 Iy 0 0 0

0O --- 0 0 Iy 0 0

0 0O O 0 Iy 0 A
D&, = 0

0 0 O 0 0 Iy

0 0O O 0 0 0

+1d,
o --- 0 O 0 0 0 0

and the right-hand side of this last expression can be written compactly in a more useful form as

Ocr—1 | I
(EF=1—ng YMxng, M Ler=1_n, M
D¢, = : < : . (24)
0y, Mxek—10

2.6. The inverse time operational matrix of Legendre wavelets

A reverse time ASLW vector, ®,(1 — t) is given by
Pe(1—1t)=TPe(t), 0<t<1 (25)
where the inverse or reverse time operational matrix of ASLWs is introduced by Y'¢. According to (6) we have

Grm (1 — 1) = V- lepn P (28811 —t) =204+ 1), f=F <1t < gl

oy

By introducing
Ns :§k71 —TL-|—1,

from 5”,;1 <1-t< gy it follows that ’gk—j} <t < g=r. Hence by (5),

Grm (1= 1) = (=1)" 65, (1)

So we conclude that

0 0 Z 10 - 0 0

0 --- 7 0 0—1 - 0 0
Ye=|. ., Z= : : ,

Lo : : 00 - (=1)M=2 0

Z ... 0 0 00 - 0o (=pM!

where Y and Z are square matrices of order €¥~1 M and M, respectively.
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242 LEGENDRE WAVELETS WITH SCALING IN TIME-DELAY SYSTEMS

2.7. The piecewise delay operational matrix of Legendre wavelets

In this section, we derive a matrix introduced as the piecewise delay operational matrix of Legendre wavelets D%,
to express terms having the piecewise constant delay A (t) in terms of ASLWs. h(¢) is defined by

hi, 0<t<t;
ha, t1 <t<ty

h(t) = . (26)
hja tJ—lStSt]a

where t; = 1. If t; # 1, we must set t/t; — ¢. We rewrite (26) in the form

My=9 % @7

)\j Vj—1 < t < v

w’ w

where for: = 1,2,..., 7, we have \;, v;,w € N. We select £ = xw, where x € N. From (26) and (22),

(I)E(t—ﬁ), 0<t<t DL ®c(t), hi<t<ty
t
PR ER S B
q;g(t—%), %j_l <t <t Iigjcﬁg(t), ﬁj <t <t
Thus we can write
j
De(t—h(t)) = > DEL®(1). (28)
=1

Now we see how to find these piecewise delay matrices. Proceeding exactly as we did in [4], by taking

ng, = &1
Ne; = tifk_l (29)
and
Nming; = Ne;—y — Nd; (30)
Ng = Ne;, — Ne,y_y
we define D}, as
OnmmiMXEkflM
D, = Q , (31)
0(£k*17n1-fnmn,i)ngkflM
where
Q= [Oni]\/lxneFlM I”’L'M OniMX@k*l*nei)M] : (32)
Remark 1

If nypin, < 0, wefirstset ne, | = ng,, SO Nyin;, = 0. This is an exception, we only apply it to D,. For more details
and cases (may be needed in some problems), see Ref. [4].
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3. Optimal control and analysis of general linear delay systems via ASLWs

In this section we are going to use the finding in the previous sections to the optimal control and analysis of general
linear delay systems.
Consider a linear delay system containing delays and inverse time described by

b

x(t) = A(H)x(t) + ) + Z E,(0)x(t — hy) + Y Fy(tyu(t — hy) + G(t)x(ty — t) + Ht)x(t - h(t),
v (33)
B x(t) = 0(t), —hy <t<0
X(O) = X0, { u(t) _ C(t), _hu S t S 07 (34)

where t € [0,f], x(t) € R? and u(¢) € R" are the state and control vectors, A(t), B(t), E.(t), F.(t), G(¢), and
H(t) are matrices of appropriate dimensions, , and h, are delays, h(t) is piecewise constant delay, x is the initial
condition, h, is the supreme of h, and h;, h,, is the supreme of %,,, ©(t) € R?and ¢(t) € R" are, respectively, initial
state and initial control vector functions. The problem is to find the optimal controls and corresponding trajectories
for the described system, which minimize the quadratic performance index

J=3xT(t;)Tx(ts) + / {xT(t ) +u' (HR(t)u(t)} dt, (35)

where T and Q(t) are symmetric, positive semi-definite matrices, R(¢) is a symmetric, positive definite matrix.

Since Legendre wavelets are defined on [0, 1], we must change the range of the independent variable ¢ such
that 0 <t <1; thus we set t/t; — ¢, h,/t;y — hy, hy/ty — h,, and h;/t; — h;. We begin by defining &. In
(27), we have assumed h; = %, we take h, = Z—i, h, = Z—';, where Vu=1,...,a and Vv =1,...,b we have
€us Wy, €4, W, € N. Therefore we choose

f = k.LCM ({w#}7 {Wu}, UJ) ; (36)

where x € N. We select ¢ according to the true values of delays and this plays the key role in the construction of
an accurate model of the time-delay system. Now we parameterize the state and control vectors by (9)—(11) as

x(t) = [ (t)X¢ 37
_$T(NU (37)
u(t) = ®¢ (1)Us,
where we define " = . ® I, . = .. ® I, ® is Kronecker product [28], X and U are EF=1gM x 1 and €51 M x
1 column vectors of unknown parameters and
_ [yél £ 3! ¢ €1 ¢ T
Xe= X0 s X000 Xy Xy hpqo - - - ng 1yl Xg,‘f i1l
1 r 1 T T
=[U%,... Ulo,...7UfM71,...7UfM71,...,Uék,lel,..ngk,lel].
We express the initial condition as R
xo = @] ()XY, (38)
where X{ is a known &F=1¢M x 1 column vector and
€81 times q(M—1)

X = (X0, XX X0 = [%],0,0,...,0]. (39)

Ve

We express the matrices of the state equation in the terms of the new Legendre scaling functions as

A(t) = Ac®e(t), B(t) = Be®e (1), Epy(t) = Bue®e(t), F, (t) = Foe®e(t), G(t) = Ge®e(t), H(t) = Hs‘iﬁg?o-)
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244 LEGENDRE WAVELETS WITH SCALING IN TIME-DELAY SYSTEMS

Forp=1,2,...,aandv = 1,2,...,b, we find {ng, }, {ng, } from (23). Then we expand the initial functions by
x(t — hy) = 0(t — hy) + SL(t — hy)Xe = BL(1)0,c + B (1)D ] Xe, (41)
u(t —h,) = ¢t = h) + L (t - h)Ug = L (1)Ce + 2L (4)D] Ug, (42)
where each of D¢ and D,¢ obtained by (24), 0,,¢ and C, ¢ are constant matrices which defined by
(&t —na,)aM
———
Ope = (0951 006" Ot O O e 0Ty, 0,0,0,...,0]T, 43)
(Ekil—ndV)TM
vél v vél vér vél v —
Coe = (G160 G6 R G G g G a1, 0,0,0,..,0]T (44)
01£* and ¢¥&P in which « = 1,2,...,gand B = 1,2,...,r can be obtained by (12).
Remark 2

It should be noted that the presented expansions of the integrals of delayed terms which were introduced in [6]
and have been used in [4, 7], differ from the expansions presented in similar works for those integrals, that is,

f(f E,(t")x(t" — h,)dt' and fot F,(t)u(t’ — h,)dt, for example, some of the literature are [29-32] and those listed

in [6]. When we use our expansions, by calling 1521:3“5 0,¢ and f’gf‘yg Cue, we can see (43) and (44) provide exact
results and there is no need to define a matrix for integrating the desired wavelet vector from 0 to delay(s), that is,
the constant matrix Z have been defined in the literature.

By setting 4
%=iwi (45)
i=1
in (28) and 4
0 = Z]: 0 (46)
i=1
in O(t — h(t)) = ®L(t) J_, ;. we can write
x(t — h(t)) = 0(t — h(t)) + BL(t — h(t)Xe = ST ()0} + BT (t)DE Xe. A7)

Now we see how to compute the £¥~1¢M x 1 vector 92. In the rescaled form of (26),

I when h; < t;_1, then we have

921: =0;
II whent;,_ < h; < t;, we have
e, qM (" —na,)gM
0 = [0,0,...,o,efﬁflﬂ0,...,921‘11“0,...,9§2M717...,9§2M71, 0,0,0,...,0];
IIT otherwise, when h; > t;
e, qM ("t —ne;)aM
0f; = [o,o,...,o,efli_lﬂ0,...,952_1“0,...,afliliM_l,...,anij_l, 0,0,0,...,0]".

Stat., Optim. Inf. Comput.

Vol. 7, March 2019



IMAN MALMIR 245

By integrating the rescaled equation of (33) from O to ¢, substituting the findings given in (37), (38), (40)—(42), (47)
and using (25), we get

Now, by (17) and (13)

B (1) [Xe — X?) =t;@L (1) [PgAgxg +PIBU+ ) <P2EH§9M§ + PgElthng)

p=1
b
+> (ngugcug + PEF%DI&Ug) +PIG !X, + PIH 0! + Pgﬂgf)gxg} . (48)
v=1

where each of the product operational matrices can be obtained from (19)—(21). In this definition of Legendre
wavelets, the time interval [0, 1] is divided into £*~! subintervals. To ensure continuity of the state across these
subintervals [14], we impose the following constraints at the boundary points ¢,
ro(t]) =2a(t)),a=1,2,....q.
By setting
-
(1) =@f (1),
we must have

St )X XS X )T = ()X Xy X T =0

This yields, written in matrix form,

—1 §k71—L—1
[OquM OquM Cf(tb) ®Iq _<f+1(tb) ®Iq OquM OquM]Xf = qul~

Knowing the maximum value of ¢+ 1 is €*!, we find t = 1,2,..., &1 —1,¢, = gt and the compatibility
constraint can be expressed as

si(t) —ss(t1)  Onnr - O1xnm 0101

01 §§(t2) —€§(t2) e 015 0151

. : A . . L, [ Xe=0. (49
Oixnm Oixm Oixne -+ gék—l_l(tfk_l—l) _cgk—l(tfk_lfl)

Substituting Q(t) = Q:®¢(t) and R(t) = Re®P(t) in the performance index (35) and using (17), the properties
of Kronecker product and (16), we can write

1
J = 1XT®:(1)TS] (1)X¢ + Lt; /0 (XTe()Qebe ()BT ()X + UL Be()ReDe (1) 8] (1)U ) dt
1
— 1X] (®:(1)®{(1) © T) X¢ + ;tf/o (XT@e()®] ()QeXe + UL e (8] ()R U ) dt
= 1{X] (®:()®](1) @ T+ £;Qc) Xe + U{ (tfRe) Ue} . (50)
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Thus from (48)—(50) we see the optimal control problem is converted to a simple optimization problem which is
static in nature; the problem is

T ‘
X 2B X
ToR T (S N Wt S 200 I P S
w4 ] 58 [] o
) Al Ay Xe | | Ay
where - -
E1=2(1)®] (1) © T +t,Q¢, Eo = 0ggurp; Zs = Orgugp B4 = 17Re, (53)
~ @ ~ ~ ~ T ~ b ~
A=t (PgAE +> PIE,D], + PIGY] + PIH,D; ) X, As =t (Png + ZPnggDIE), s
p=1 v=1
Az =¥, Aq =01 _1)gxres
a b
Ay =-X?—t; ( > PlELOu+ > PIF,le+ Pgﬂgeg), Ao =0k 1 1)4x1s (55)
p=1 v=1
in which ¢ = ¢*~1M and
¢ - 0 -~ 0 O
0 <& —cf o 00 | o= [VET, VBT, /BT /M - 1)ET |
v C = . . )
¢ b e = [ VBB, VBT ()M /M - DEFT.
0 0 0 - ¢f—¢
(56)
Remark 3
For a system described by (3 3) (34) with time invariant control weighted and state weighted matrices in the cost,
where J = 1xT(t;)Tx(tf) + % f {x"(t + u'(t)Ru(t)} dt, the matrices Z1 and 4 in (53) become

Ei= <I>§(1)<I>g(1) @T+tl,®Q, Es=t;I,®R.

After selecting £ from (36), we must find (53)—(56) for the problem and then use the QP solver.

Now we introduce a further method to analyze systems with two kinds of delays. Consider a linear delay system
containing reverse time described by

x(t) = A()x(t) + B(t)u(t) + E(t)x(t — hy) + F(t)x(t — h(t)) + G(t)x(ty —t), t € [0,tf] 57

where the initial condition, the arbitrary function, and the input u(¢) are

B x(t) = 0(t), —hy<t<0
0 =0 { 502 o) £ 0. 38)

The problem is to find x(¢). Using a procedure similar to that discussed, we get
Xe — X =t [pgAgxg + PIBege + PIEO,c + PTEDT X, + PIF0. + PIFDL X, + pgcgfgxg} :
(59
where we have set 5
g(t) = ¢ (t)ge
g¢ is defined as follow
1 r 1 r 1 i
g = [gfo, .. ,gfo, . 79§M717 . ,ngil, e ’ggkflep . 79§k71M71]T- (60)
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Thus from (59), the response of the system expressed by (57) and (58) is (in terms of ASLWs)

J U —1
X, = [qu y (PE A¢ +PIEDT, + PIFD! + chgrg)}

[xg ey (ngggg +PlEO,c + Pgﬁgeg)] (6

To determine whether ASLW methods provide the accurate solutions and to see how to use ASLW methods in the
case in which some matrices are time-invariant, we must use two given algorithms in [4] with some modifications
(including Remark 3) which give ASLW methods in detailed steps suitable for implementation. Also by using the
time-partition technique, as we did in this Ref., we can apply ASLWs on time-varying time-delay systems in which

delays are time-varying.
4. Numerical examples

4.1. Example 1

We are interested in finding the optimal control and state which when applied to a TD system expressed by

i(t) = —x(t) +a(t— 5) +u(t) —05u(t—2), 0<t<1
z(t)=1, —3<t<0
(t)=0, —2<t<0

give an optimal cost J* described by

_ ;/0 [22(t) + Lu? (1)} dt.

According to the value of time delays, we select § = 3. Choosing k = 2 gives ng, = 1 and ng, = 2; then by
M = 3, from (15), (24), (39), (43)

X{ = 22[1,0,0,1,0,0,1,0,0]", 0,¢ = [,0,0,0,0,0,0,0,0]".

Constructing (51) and (52) and calling quadprog in MATLAB, we solve the QP problem and find

0.734t% — 0.947t + 0.999, 0<t<i —0.968¢% +1.09t — 0.986, 0<t <1
x*(t) = { 0.36t2 — 0.735¢ + 0.968, $<t<2 wr(t)=< —0.396t2 +1.44¢t—1.17, L<t<2
0.0798t2 + 0.0943¢ + 0.541, 2 <t <1, 0.782t% — 0.159t — 0.624, 2 <t <1

Also we use CLWs to solve this problem; we do this to compare the values of J*. So, the comparisons are listed
in Table 1 and show that by ASLWs, we can obtain more accurate results with low k. We see the obtained values
of AJ* by ASLWs are very small. The results demonstrate that the proposed Legendre wavelet method converges
rapidly and clearly show the improved accuracy. Obviously, by choosing k£ = 2 in CLW method we cannot solve the
problem. The optimal state and control are given in Figure 1 and we see the obvious boundary points are t = 1/3
and ¢t = 2/3 which are exactly equal to the delays. In CLW method, we have used k& = 6 to find acceptable results
which means we obtained the solutions as the piecewise defined functions containing 32 intervals. In Figure 1, we
can see the fact that in CLW method we have to shift the delays. Up to these points we have motivated to apply

Legendre wavelets with scaling in time-delay systems. As was mentioned in Remark 2, here, we can verify (43) by
evaluating P[0 ,¢.
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Table 1. Comparison of J* in Example 1.

Method Optimal cost J*
ASCWs, (=3, k=3, M =T7[4] 0.373112935279
CLWs, k =2 not available
CLWs, k=3, M =4 0.35949955
CLWs, k=4, M =4 0.37975995
CLWs, k=6, M =4 0.37478424
ASIWs, £ =3, k=2 M =3 0.373112918644
ASIWs, £ =3, k=2 M =4 0.373112935296
ASIWs, £ =3, k=3, M =3 0.373112935274
ASLWs, £ =3, k=2, M =7 0.373112935279
' A;LWs;zzs,k;z,M:A 70.:‘ —AS‘LW.s;E:&k;Z,M:A
0.95 ‘_:::L\g//z k=6M=4 . CLWs; k=6,M=4
s 0.85 - \// 1 g ,0:4,
é 0.8 \ b E—O.S
S orsl X / ] 5 -06 : / i
064 065 066 0.67 07 i
07 -

t - t

Figure 1. Comparison of optimal states and controls for Example 1.

4.2. Example 2

Given a linear, time-varying system

t 1 241 1 t+1 1 t+1 21 1
xt)=| 1 ¢t 0 |xt-H+[t+1 1 |u@)+|t 1 |ut—2%+|1 1 0fx(1-¢t),
t24+1 0 ¢t 1 1 1 t2+1 t 01
T 1
x(t)=1[1 1 1], =4 <t<0
T 2
u(t)=1[1 1 , =2<t<0
and the performance index
1 1 ¢t 0
J=1 / ) |t 2 0| x() + T (O)Lu) bat, 62)
0 0 0 ¢

find the optimal cost.

By selecting £ = 3,6, k = 2 and M = 5,7, the corresponding results are reported in Table 2 and the superiority
of ASLW method over CLW method is clear. As can been seen, with low order of approximation, the significant
accuracy obtained and in applying ASLWs we have three options to increase the accuracy of the solution.
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Table 2. Comparison of numerical results in Example 2.

Method J*

CCWs, k=7, M =5[6] 3.1339565957
ASCWs, =6, k=2, M =7[4] 3.1083548837
CLWs, k=2 not available

ASIWs, ¢ =3, k=2, M =5 3.1083977271
ASLWs, (=3, k=2, M =7 3.1083549039
ASLWs, E =6, k=2, M =7 3.1083548870

4.3. Example 3

We want to analyze the piecewise constant delay system described [5, p. 150]

#(t) = 2(t — h(t)) + u(?) (63)

where
0.1, 0<t<0.35
h(t)=< 0.3, 0.35<¢<0.7
0.5, 0.7<t<1
Using (27), we can write
2 7
50 0<t< 45
ht) =1 &, H<t<ig
10 14 20
200 w=t=q
Hence we select £ = 20. By choosing £ = 2, from (29) and (30) we see ng = 0 and ng = 2 and npin, = —2.

According to Remark 1, we set ne, = 2, S0 i, = 0 and n; = 5. Now from (31) and (32)

Q
D, = ! o = [Osnmrxan Tsnr Osarxasn] -
0150 x20M
In like manner, we find
O0rrx20M
D, = Q Q= [07arx7 e O7arxen ]
0120 %200
and
O4nrx20M
D3 = Q3 Q5 = [Osnrxrans Tonr] -
0100 x20M

(45) gives Dz = Z?:1 Dzi; from (60), by expressing g(¢) =1 in terms of 7th-degree partial sum of ASLWs
expansion, constructing P, and using (61), we solve the problem. Obtaining the exact response of (63) by using
CLWs is not possible, whereas we can do this by the use of ASLWs. Figure 2 shows the results of the arbitrary
scaled Legendre and Chebyshev wavelets with £ = 20, k = 2 and M = 8.
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ASLW method;§ =20, k=2,M=8
= = =ASCW method [4];£ =20, k=2,M=8

x(®

Figure 2. Response of (63).

4.4. Example 4
Obtain a solution to the state equation [5]

z(t) = —5z(t) — bx(t — h(t)) + 2u(t)
subject to the conditions

0, 0<t<08
03, 08<t<1.4

=9 06 14<t<17
09, 1.7<t<2,

z(t)=1, t<0

u(t) =1, t > 0.

We set t/2 — t, thus we have

8
2 S << 4
=4 T RIEE
»oowicy
200 20 =t=< 3

Selecting £ = 20, k = 2 and M = 8, we get

D, = [ h ] ;1 = [Tes  Ogaxos) ,

096160
040x160
D= | Q |2 = [Ousxes Lis Ousxas),
| 072x 160 |
064160
Diz=| Qs |.Q=[02x112 Ios Ozixo4]
| 0725160 |
and
064160
Diy=| Q | Q=03 Indl;
0725160

(64)

then, from (45) we have DL = Z?Zl Déi. It follows from the discussion mentioned in Section 3 that for

1=1,2,3,4 we see 921‘ = 0, Thus, from (46) we have Gé = 0. Using (61), we solve the problem and obtain
the response of the system. The exact solution of this piecewise constant delay system is presented in [5, p. 154].

A comparison of the results is given in Figure 3.

Stat., Optim. Inf. Comput.

Vol. 7, March 2019



IMAN MALMIR 251

0.9

0.8

0.7

= = =ASLW method;§ =20, k=2,M=8

0.6 Exact solution

x(®

0.5

0.4

0.3

0.2

0.1

Figure 3. Comparison of responses of (64).

4.5. Example 5

Motivated by the fact that real-world systems have some imposed constraints, for example see [33,34], we consider

this delay system in which different constraints are studied. It is desired to minimize the performance index which
is given in (62) subject to the conditions

t 1.0 1 t+1 1 t+1
xt)=10 1 0|x(t)+ |[t+1 1 |u@®)+ |t 1 [|ult-32)
0 0 ¢ 1 1 1 241
211 t 1 t2+1
+11 1 0olxA-t)+| 1 ¢t 0 |x(t—h(@1), 0<t<1
t 0 1 t24+1 0 ¢t
1 1
oIl
h(t) = 5 gSth
5 gStS17
x(t)=[2+1 2+1 241", t<0
ut)=[t+1 t+1]", ~2<t<0

and

1. assume that the control and state are unconstrained.

2. let the final state constraint be
I‘l(tf) Z 0.6 and :L‘g(tf) § —0.6.

3. let the restrictions in the control variables be
vt e [0,3],-1.9 <wuy(t) < —0.5and —1.95 < uy(t) < —0.4.
4. let the piecewise combined constraint be
vt € [0, 2], Pwi(t) — za(t) — tws(t) — ua(t) + tua(t) <0,
vt € [2,1],21(t) > 0.2 and @1 (t) — 2x2(t) + 23(t) < 0.

Obviously, solving the problem by applying CLW method is not possible. In this problem, we choose £ = 5. By
setting k = 2 and M = 7 and using the given findings, Figure 4 shows the optimal states and controls obtained by
the present method. In cases 1-4, we find, in turn, J* = 1.7554, J* = 1.8794, J* = 1.7927, and J* = 2.1766.
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£=5k=2M=7 £=5k=2M=7 £=5k=2M=7 g=sk=2.M=7

Optimal States

E=sk=2mM=7 E=sk=2mM=7

Cptmal Consos
Optimal Contols
Optimal Contols
Cptml conso

(a) case 1 (b) case 2 (c) case 3 (d) case 4

Figure 4. Optimal states and controls for Example 5.

5. Conclusion

In the study of delay differential equations describing dynamical processes, Legendre wavelet method has a much
wider range of capabilities than Legendre polynomial method. By using the conventional Legendre wavelet method,
we may not be able to find accurate solutions of delay differential equations. Furthermore, we obviously cannot
apply it on systems with piecewise constant delays. Hence, to achieve some improvement in accuracy and to
develop the applicability of Legendre wavelet method, a flexible definition has been proposed in which the scaling
parameter is selected according to the true values of delay. We saw that ASLW method can provide acceptable
solutions with minimum number of subintervals, where its solution process is simpler than CLW method and
considerable savings in computation time and memory are attained; also to improve the accuracy, we can increase
the value of £ instead of k. By using the given concepts, ASLW method have been developed for the efficient
analysis and optimal control of systems with piecewise constant delays and zero or non-zero initial functions.
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