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Abstract This paper focuses on the problem of the mean square optimal estimation of linear functionals which depend
on the unknown values of a multidimensional stationary stochastic sequence. Estimates are based on observations of the
sequence with an additive stationary noise sequence. The aim of the paper is to develop methods of finding the optimal
estimates of the functionals in the case of missing observations. The problem is investigated in the case of spectral certainty
where the spectral densities of the sequences are exactly known. Formulas for calculating the mean-square errors and the
spectral characteristics of the optimal linear estimates of functionals are derived under the condition of spectral certainty.
The minimax (robust) method of estimation is applied in the case of spectral uncertainty, where spectral densities of the
sequences are not known exactly while sets of admissible spectral densities are given. Formulas that determine the least
favorable spectral densities and the minimax spectral characteristics of the optimal estimates of functionals are proposed for
some special sets of admissible densities.
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1. Introduction

The problem of estimation of the unknown values of stochastic processes is of constant interest in the theory and
applications of stochastic processes. The formulation of the estimation problems (interpolation, extrapolation and
filtering) for stationary stochastic sequences with known spectral densities and reducing these problems to the
corresponding problems of the theory of functions belongs to Kolmogorov [17]. Effective methods of solution
of the estimation problems for stationary stochastic sequences and processes were developed by Wiener [39] and
Yaglom [40, 41]. Further results are described in the books by Rozanov [36], Hannan [12], Box et. al [3], Brockwell
and Davis [4]. The crucial assumption of most of the methods developed for estimating of the unobserved values
of stochastic processes is that the spectral densities of the involved stochastic processes are exactly known. In
practice, however, complete information on the spectral densities is impossible in most cases. In this situation
one finds parametric or nonparametric estimates of the unknown spectral densities and then apply one of the
traditional estimation methods provided that the selected spectral densities are true. This procedure can result in
significant increasing of the value of the error of estimate as Vastola and Poor [38] have demonstrated with the
help of some examples. To avoid this effect one can search estimates which are optimal for all densities from a
certain given class of admissible spectral densities. These estimates are called minimax since they minimize the
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maximum value of the error of estimates. The paper by Grenander [11] was the first one where this approach to
extrapolation problem for stationary processes was proposed. Several models of spectral uncertainty and minimax-
robust methods of data processing can be found in the survey paper by Kassam and Poor [16]. Franke [7, 8],
Franke and Poor [9] investigated the minimax extrapolation and filtering problems for stationary sequences with
the help of convex optimization methods. This approach makes it possible to find equations that determine the
least favorable spectral densities for some classes of admissible densities. In the papers by Moklyachuk [22, 23]
results of investigation of the extrapolation, interpolation and filtering problems for functionals which depend on
the unknown values of stationary processes and sequences are described. The problem of estimation of functionals
which depend on the unknown values of multivariate stationary stochastic processes is the aim of the papers by
Moklyachuk and Masyutka [25] - [27]. In the book by Moklyachuk and Golichenko [24] results of investigation of
the interpolation, extrapolation and filtering problems for periodically correlated stochastic sequences are proposed.
In their papers Luz and Moklyachuk [18] - [20] deal with the problems of estimation of functionals which depend
on the unknown values of stochastic sequences with stationary increments. Prediction problem for stationary
sequences with missing observations is investigated in papers by Bondon [1, 2], Cheng, Miamee and Pourahmadi
[5], Cheng and Pourahmadi [6], Kasahara, Pourahmadi and Inoue [15], Pourahmadi, Inoue and Kasahara [33],
Pelagatti [32]. In papers by Moklyachuk and Sidei [28] - [31] an approach is developed to investigation of the
interpolation, extrapolation and filtering problems for stationary stochastic sequences with missing observations.

In this paper we present results of investigation of the problem of the mean-square optimal estimation of the
linear functional

AE=Y ") "EG)
j=0

—

which depends on the unknown values of a multivariate stationary stochastic sequence {£(j), j € Z}. Estimates are

—

based on observations of the sequence with an additive stationary stochastic noise sequence {£(j) + 77(j)} at points

JEZNS={...,—2,—1}\S,where S = |J{-M; — N;,—M; — N, +1,...,—M,}. The problem is investigated
=1

—

in the case of spectral certainty, where the spectral densities of the signal and the noise sequences {£(j),j € Z}
and {77(j),j € Z} are exactly known, and in the case of spectral uncertainty, where the spectral densities of the
sequences are not exactly known while a set of admissible spectral densities is given. We first propose results of
investigation of the mean-square optimal linear estimate of the linear functional in the case of spectral certainty.
To find the optimal solution of the estimation problem in this case we apply an approach based on the Hilbert
space projection method proposed by Kolmogorov [17] and developed in the papers by Moklyachuk [22, 23],
and Moklyachuk and Masytka [25] - [27]. We derive formulas for calculation the spectral characteristic and the
mean-square error of the optimal estimate of the functional. Next, in the case of spectral uncertainty, where the full
information on spectral densities is impossible, while it is known that spectral densities of the sequences belong to
some specified classes of admissible densities, the minimax-robust method of estimation is applied. This method
gives us a procedure of finding estimates which minimize the maximum values of the mean-square errors of the
estimates for all spectral densities from a given class of admissible spectral densities. Formulas that determine the
least favorable spectral densities and the minimax-robust spectral characteristics of the optimal estimates of the
functional are proposed for some specific classes of admissible spectral densities.

2. Hilbert space projection method of extrapolation of stationary sequences with missing observations

Let £(j) = {fk(j)}le ,JE€Z and 7(j) = {nk(j)};f:l , J €Z, be multidimensional stationary stochastic
sequences with zero mean values: E¢(j) =0, Eij(j) = 0 and correlation functions which admit the spectral
decomposition (see Gikhman and Skorokhod [10])

[ EQIB Reyn) = BEG +m) 0" = 5= [ R0

—T —T

Re(n) = BEG +m)(EG))" = o-
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™ ™

o [ BN Ry() = Bl + () = o [ e G0an

2T 2

—T —T

whete F() = (W} P = {FF 00}, Fe) = {FO}, 0 600 = (o0} oy are

spectral densities of the stationary sequences such that the minimality condition holds true

—

Rye(n) = Eij(j +n)(£(5))" =

/Tr (F(A) + Fep(N) + Fre(N) + G(/\))f1 d\ < 0. (1)
Under this condition the mean-square error of the optimal estimate of the functional is nonzero (see Rozanov [36]).

The stationary sequences &( j) and 7j(j) admit the spectral decompositions (see Gikhman and Skorokhod [10],
Karhunen [14])

= [erzan, )= [erza, @
where Z¢(d)) and Z, (d)) are orthogonal stochastic measures such that the following relations hold true
1 1
BZ¢(A)(Ze(A2))" = o FN)dA, EZe(A1)(Zy(A2))" = */ Fen(A)dA,
T JAINA, 21 Jaina,
1 1

BZ,(A1)(Ze(82)" = o FyeWdA,  BZy(A1)(Zy(82))" = 5- / G(\)dA.

27T A1NAs 27T A1NA2

Consider the problem of the mean-square optimal linear estimation of the functional

AE =) ")
j=0

which depends on the unknown values of the sequence {£(5), j € Z} from observations of the sequence £(j) + 7(;)

atpoints j € Z_\S, where S = J{—-M; - N;,...,—M;}.
=1

—

Making use of the spectral decomposition (2) of the sequence £(j) we can represent the functional Ag in the

form
oo

Af / z/\ TZ&(d)\ Zc—i . zg)\

Jj=0

We will suppose that the coefficients {@(j),j =0, 1, ...} which determine the functional Ag are such that the

following condition
oco T
S5 el < o @
j=0 k=1

is satisfied. This condition ensures that the functional Af has a finite second moment.

Denote by flg the optimal linear estimate of the functional Ag from the known observations of the sequence
€(j) + 77(j) at points j € Z_\S. Since the spectral densities of the stationary sequences £(j) and 77(j) are suppose
to be known, we can use the Hilbert space projection method proposed by Kolmogorov (see selected works of
Kolmogorov [17]) to find the estimate A{

Consider values &(j),k=1,...,T,j € Z, and n(j),k = 1,...,T,j € Z, of the sequences as elements of the
Hilbert space H = Lo(Q), F, P) generated by random variables ¢ with zero mathematical expectations, E¢ = 0,
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100 EXTRAPOLATION PROBLEM FOR SEQUENCES WITH MISSING OBSERVATIONS

finite variations, E|¢|? < oo, and the inner product (£, 1) = E(&7). Denote by H*(€ + n) the closed linear subspace
generated by elements {£x(j) + nx(j) : 7 € Z_\S,k = 1,T} in the Hilbert space H = Lo(2, F, P). Denote by
Ly(F + G) the Hilbert space of vector-valued functions @(\) = {ak()\)}l{:1 such that

/ AT (FO) + FepN) + Fye(N) + G(V) G0 AA < oc.

—T

Denote by L5(F + G) the subspace of Ly(F + ) generated by functions of the form

emkék, 6k = {(5kl}lT:1 N k= 1, - 7T, n e Z_\S.

—

The mean-square optimal linear estimate AE of the functional AE from observations of the sequence £(j) + 77(5)
is of the form

A= [ (M) (Ze(an) + Zy(an)), @

—T

where h(e) = {hk(e“)}::1 € L{(F + G) is the spectral characteristic of the estimate.

The mean-square error of the estimate /15 is given by the formula

A(h; F,G) = )Ag Aﬂ

U

= % (A(e™) — h(eM))T F)(A(e?) = h(eP))dA + / e™)) " G\ (h(ei))dr—
1T i iAy) T 1T i T ~ <
— 5 | (A =h(e™) Fey(Mh(eM)dh = o— [ (h(e ) Fac(\)(A(e™) — h(e™))dX )

According to the Hilbert space orthogonal projection method the optimal linear estimate of the functional Ag
is a projection of the element A¢ of the space H on the subspace H*(£ + 7). The projection is determined by the
following conditions:

1) Afe H*(E+n),
2) A — ALLHA (& +).

It follows from the second condition that the spectral characteristic h (e {h } , of the optimal linear

estimate Af for any j € Z_\S satisfies equations

% (A(ez)\) _ h(ei)\))T F()\)eiij)\d/\ _ % /(h(eiA))TFn§<>\)€7ijAd)\+
+ % (A(e™) — h(e”))T Fepy(Ne A d\ — % / (h(e™)TG(A)e " d\ = 0.

The last relation can be written in the form

™

% [(A(E™) T(F) + Fey(V) = (M(e™) T(F) + Fey(A) + Foe(A) + GA)] e 7MdA =0, j € Z-\S.

—T
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Hence the function [(A(e™)) T (F(A) + Fey(A)) — (h(e™) T (F(X) + Fey(A) 4+ Fpe(A) + G(N))] is of the form
(AE™)) T(FA) + Fen(V) = (h(e™) T (FN) + Fey(A) + Fre(N) + G(N) = (C(e™)) T,
C(e?) = Z ai)e,
JjeEU

where U = SU{0,1,...},and &(j),j € U are the unknown coefficients to be determined.
From the last relation we deduce that the spectral characteristic of the optimal linear estimate A€ is of the form

(h(e™) T = (A(™)T(F ) + Fey (V) FN) ™ = (C(e™) T (F (W) 7, (©)

where Fg()\) = F()\) + an()\) + an(A) + G(/\)

From the first condition, Af € H?*(& 4 n), which determines the optimal estimate of the functional AE, it follows
that

T

% h(e™)e ™ N =0, j € U,
namely
% ((AE) T(EQ) + Fey W) (EA) ™ = (C(e?) T (Fe(A) 7! e dr =10, je U.

—T
Disclose brackets and write the last equation in the form

e T

SN 5 [(FO)+ By OE)) e an = S (@) T o [ (o) e aa =0, )
k=0 leU

—T —T

Let us introduce the Fourier coefficients of the functions

K

Bk - j) = 5o [ (o) e

T

RO=3) = 5 [ (FO)+ FeyO)(F )P ax "

s

QU — ) = o= [ FOY(FN) ™ G) — Fey V) (Fe(X) ™ Fye(We~ ¢,
2

—T

Denote by &' = (0,0,...,0,a") a vector that has first 7' - |S| = T'- > (Ny + 1) zero components, and the last
k=1
component @' = (@(0)7,a@(1)T ...) is constructed of coefficients which define the functional A.
Now we can represent relation (7) in the form

R4 = B, 9)
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where € is the vector constructed of the unknown coefficients ¢(k), k € U. The linear operator B in the space /s is
defined by the matrix

Bs,s Bs,sfl cee Bs,l Bs,n
Bs—l,s Bs—l,s—l v Bs—l,l Bs—l,n
B = : : . : : ,
By s Bis-1 ... Bia By,
Bn,s Bn,s—l s Bn,l Bn,n

where elements in the last column and the last row are compound matrices constructed with the help of the block-
matrices
Bl’n(lﬁj) ZB(k—]), l= 1,2,...,8; k= —Ml—Nl,...,—Ml; j:071,2,...,
Bym(k,j)=Bk—3j), m=1,2,...,8 k=0,1,2,...; j=—M,, — Np,...,—M,,
Bnﬂl(khj) :B(k_])’ k?.] 20,1,2,...,

and other elements of matrix B are compound matrices constructed with the help of the block-matrices
Bl,m(jvk) = B(k_j)v lvm: 1727"'78; k= _Ml _Nla“'v_Ml; .7: _Mm _Nma~"7_Mm~

The linear operator R in the space /5 is defined by the corresponding matrix in the same manner.
The unknown coefficients ¢(k), k € U, which are determined by equation (9) can be calculated by the formula

c(k) = (B™'Ra)(k),

where (B~1Ra)(k) is the k-th component of the vector B~'Ra. We will suppose that the operator B is invertible
(see paper by Salehi [37] for more details). =
Hence the spectral characteristic h(e*}) of the estimate A¢ can be calculated by the formula

T
<h<e”>f=<A<ei*>>T<F<A>+an<A>><F<<A>>1—<Z<B1Ra><k>ei“> (FO) 0)

keT

The mean-square error of the estimate A¢ can be calculated by the formula (5) which can be represented in the
form

5 .2
A(hi F,G, Fey, Fye) = E ’Ag - Aﬂ -

s s

= o [ @ONT R+ o [ ()T GO

—T

5 [ @O FeyNBA ~ 5 [ (GO0 Fre(Nathi =

2

—T

= % (A(E™) T(FNGA) = Fey(N) Fpe (W) (Fe (M) M A(eX)dA + % /(C(e“))T(Fc(A))’l(J(e“)<iA =
= <R§,B’1Ré’) +(Qa4, a), (1)
where _ _
(@) " = (A(E™) T (Fpe(N) + G FN) T+ (Ce™) T (Fe (),
()T = (A(E™)T(F(N) + Fey (V) (Fc (V)™ = (C(e™) T (Fe (M),

Stat., Optim. Inf. Comput. Vol. 7, March 2019



0. MASYUTKA, M. MOKLYACHUK AND M. SIDEI 103

and {(a,c) = > ay¢ is the inner product in the space (o.

k
The linear operator Q in the space {5 is defined by the corresponding matrix in the same manner as operator B
is defined.
Thus we obtain the following theorem.

Theorem 2.1

Let {¢(4),j € Z} and {7(j),j € Z} be multidimensional stationary stochastic sequences with the spectral density
matrices F'(X), Fep (M), Frpe (M), G(A) and let the minimality condition (1) be satisfied. Suppose that condition
(3) is satisfied and the operator B is invertible. The spectral characteristic h(e’*) and the mean-square error
A(h; F,G, Fey, Fy¢) of the optimal linear estimate of the functional A€ which depends on the unknown values

of the sequence £(j) based on observations of the sequence () + 77(j) at points j € Z_\S can be calculated by
formulas (10), (11).

The corresponding results can be obtained for the uncorrelated sequences {£(j),j € Z} and {77(j),j € Z}. In
this case the spectral densities F¢, (A\) = 0, F,¢(\) = 0 and we get the following corollary.

Corollary 2.1
Let{¢(4),j € Z} and {77(j), j € Z} be uncorrelated multidimensional stationary stochastic sequences with spectral
densities F'(\) and G(\) which satisfy the minimality condition

™

/Tr(F(/\) +G(\) A < 0. (12)

—T

Suppose that condition (3) is satisfied and the operator B is invertible. The spectral characteristic h(e**) and
the mean-square error A(F G) of the optimal linear estimate of the functional A§ which depends on the unknown
values of the sequence £(;) based on observations of the sequence £(j) + 77(j) at points j € Z_\S can be calculated
by the formulas

-
(™) = (A(e™)TFN(FX) +GN) ™" — (Z(B”Rﬁ)(k)ei“) (F)+GO)™, (3

keU

™

A(h; F,G) ‘Ag Aﬂ /(rG(A))TF(/\)rG(A)dA+—/ re(A TG( Yre(A)dA =

—T

= (Ra,B7'Ra) + (Qa, a), (14)

where

=
T
—
>
Nl
=
—
Il

-
(A(e™)TF(N) — (Z(BlRi)(k)ei“> (FO)+GN) ™

keU

(re(W)" = | (A(™) TG\ + (Z(B”Rﬁ)(@ei“) (FO)+GO)™!

keU

and B, R, Q are linear operators in the space /5 that are determined by compound matrices constructed of the block-
matrices B(k — j), R(k — j), Q(k — j) respectively which are defined by the Fourier coefficients of the functions

Stat., Optim. Inf. Comput. Vol. 7, March 2019
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s

Bk~ ) = o~ /(F(A) + G(N)Le i =D gy,

2T
R(k=) = 5= [ FONEW) + GO0 e )
Qk—j)= % /F()\)(F(/\) + GG e i EDA g,

—T

—

Consider the estimation problem in the case where the stationary sequence {£(j),j € Z} is observed without
noise. Since in this case G(A) = 0, the spectral characteristic of the estimate A¢ is of the form

(h(e™)T = (AT = (CeM)T(FEN) T, Ce?) =) dj)e, (16)
JeU
and the system of equations (9) can be represented in the form
a = B¢, a7

where B is the linear operator in the space ¢ which is constructed with the help of the Fourier coefficients of the
function (F(\))~! and is of the similar form as operators defined before.
Hence, the unknown coefficients ¢(j), j € U, can be calculated by the formula

a(j) = (B7'a) (j),

where (Bflé’) (4) is the j-th component of the vector B~'&, and the spectral characteristic of the estimate A§ is
determined by the formula

0 T T
(h(e™)" = (Za(j)em) - (Z (B~'a) (j)e”’*) (FO)™ (18)

§=0 jeu
The mean-square error of the estimate AE is determined by the formula
A(h; F) = (B7'4,4). (19)

Let us summarize the obtained result in the form of a corollary.

Corollary 2.2

Let {¢(j),j € Z} be a multidimensional stationary stochastic sequence with the spectral density F'(\) which satisfy

the minimality condition
™

/Tr (F(A) ™) < . (20)

Suppose that condition (3) is satisfied and the operator B is invertible. The spectral characteristic h(e**) and the
mean-square error A(h, F') of the optimal linear estimate A¢ of the functional A¢ from observations of the sequence

—

&(j) at points j € Z_\S, where S = |J{—M; — N, ...,—M;}, can be calculated by formulas (18), (19).
=1
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Let 5’ (j) and 7j(j) be uncorrelated stationary sequences. Consider the problem of the mean-square optimal linear
extrapolation of the functional
N
=Y _al) ")
§=0

which depends on unknown values of the sequence £(j) from observations of the sequence £(j) + 7(j) at points

JjEZ\S, where S = J{-M, — N,,—M; —N;+1,..., —M;}. In order to find the spectral characteristic
=1
hy (e™) of the estimate

Ané = / (v ()T (Ze () + Zy(dN))

and the mean-square error A(hy; F,G) of the estimate of the functional A NE, we define the vector é’X, =
-
N

(0,0,...,0,a5) which has first T-|S| =T+ > (N +1) zero components and the last component is @
k=1
(@o)",amr’,...,anN)",0,0,...).
Consider the linear operator Ry in the space /5 which is defined as follows: Ry (k,j) = R(k,j), j < N,
RN(kaj):Os.7>N .
Thus the spectral characteristic of the optimal estimation A ¢ can be calculated by the formula

(hn(e™)T = (An (™) TFONFEN) +GA) ™ = (Z(B_lRwﬁw)(k)em> (F)+GA)™ 2D

keU

The mean-square error of the estimate Ay ¢ is defined by the formula

AhyiF.6) = B[ €~ Ané] = o [ TFOIRE+ 5 [GF )T 600N =
= (RyayB 'Ryay) + (Qnay,an), (22)

where

.
(rE ()" = [ (An (™) FQ) - (Z(BIRNaYv)(k)e’“) (FO) + GO,

keU

-
rg)" = | (An(e™) TGN + (Z(B‘lRNaYV)(k)ei“> (F() +GW)™

keU

and Qy is the linear operator in the space 42, Qn(k,j) = Q(k,j), k,7 < N, Qn(k,j) =0if k> N or j > N.
Note, that linear operators B, R, Q are defined in Corollary 2.1.

Corollary 2.3

Let {£(j),j € Z} and {77(j), j € Z} be uncorrelated multidimensional stationary stochastic sequences with spectral
densities F'(\) and G(\) which satisfy the minimality condition (1). Suppose that the operator B is invertible.
The spectral characteristic hx (e**) and the mean-square error A(h N F, G) of the optimal linear estimate of the
functional Ax¢ which depends on unknown values of the sequence & ( /) based on observations of the sequence
£(j) +77(4), j € Z_\S can be calculated by formulas (21), (22).

In the case where the sequence {5 (4),7 € Z} is observed without noise we have the following corollary.
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Corollary 2.4

—

Let {¢(4),j € Z} be a multidimensional stationary stochastic sequence with the spectral density F'(\) which satisfy
the minimality condition (20). Suppose that the operator B is invertible. The spectral characteristic iy (e**) and

the mean-square error A(hy, F) of the optimal linear estimate A N{ of the functional A NE can be calculated by
the formulas (23), (24)

N T T

(hn(e?)T = (Z a(j)e““) - (Z (B~'ay) (j)e““) (FO)™ (23)

jeu
A(hy; F) = (B™'dy, an). (24)

The linear operator B is defined in Corollary 2.1.

In order to demonstrate the developed techniques we propose the following example.

Example 2.1
Consider the problem of the optimal linear estimation of the functional

—

A€ =a(0)€(0) +a(1) (1)
which depends on the unknown values of a stationary sequence £(j) = {&x (4)}3_, from observations of the
sequence £(j) at points j € Z_\S, where S = {-3, -2}, @(0) = (1,1)T, @(1) = (1,1)T. Let &(n) = £(n) be
a stationary stochastic sequence with the spectral density f(\), and let &2(n) = &(n) + n(n), where n(n) is an

uncorrelated with {(n) stationary stochastic sequence with the spectral density g(\). In this case the matrix of
spectral densities is of the form

and the inverse matrix is as follows

Let i 1

fA) = —5,  g(A —, bi,ba € R

*) 11— breir|? ?) 11— bper
In this case the inverse matrix is of the form

1= b1 4 [1 = boe*|®  — |1 = bpet|? . ,
(F() ™' = | 1]+ i\ 22 | | 2‘6)\21 = B(=1)e™" + B(0) + B(1)e",
—’1—[)261 ’ ‘1—b2€1 ‘

where

. 2+b%+b% —1—b% . . —bl—bg b2
B(0) = ( 12 |+ B2 ,B(1)=B(-1) = b, )

are the Fourier coefficients of the function (£'(\))~*.
According to the Corollary 2.4 the spectral characteristic of the optimal estimate A€ of the functional A1§ is

calculated by the formula
T
(hi(e™)T = (@(0) + 5(1)4“)T - (Z (B~ 'a) (j)e”") (B(—=1)e"™ + B(0) + B(1)e™),
JEU
where vector & = (0,0,0,0,a(0)",a(1)7,0,0,...).
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To find the unknown coefficients &(j) = (B~'a) (j),j € U = SU{0,1,2,...}, we use equation (17), where
¢l =(@-3)",d-2)",c0)",e1)",e2)",&3)7,...). The operator B is deﬁned by the matrix

B(0) B(-1) 0 0 0 0 0
B(1) BO) 0 0 0 0 0
0 0 B(O0) B(-1) 0 0 0
s_| o 0  B(1) BO) B(-1) 0 0
=1 o 0 0 B(1) BO) B(-1) 0

0 0 0 0 BQ1) BO) B(-1)

0 0 0 0 0o B(1) B

We have to find the inverse matrix B~! which defines the inverse operator B~!. We first represent the matrix B

in the form B 0
b= ( 0 By >
where L BO) B(-1)
0 ( B(1) B(0) >
B(0) B(-1) 0 0 0
B(1) B(0) B(-1) 0 0
B 0 B(1) B() B(-1) 0
e 0 0 B(1) B(0) B(-1)
0 0 0 B(1) B(0)

Making use of the indicated representation we may conclude that the matrix B~! can be represented in the form

Bl 0
-1 _ 00
b _< 0 BJ)’

where Bo})l, Bﬁl are inverse matrices to the matrices Byg, B1; respectively. The matrix B&)l can be found in the
form

1+b3 1+b2 %1 %1
A
14+b2 1+b2 1+b2 by by bo
Bl_| 4 + A, ATE
00 by by 14b7 1+b7 ’
A A A A
b1 b1 by 1+b3 1+b 1+b2
A atE g +

where A =1+ b2 + b}, B =1+ b3 + b3. In order to find the matrix (B;;)~! we use the following method. The
matrix By is constructed with the help of the Fourier coefficients of the function (F/(\))~!

Bll(kaJ):B(kfj)a k,j=0,1,2,....
The density (F(A))~! admits the factorization

(FO) ™ = > Blp)e™ = (Zw W)-(ij)e-i”) -
§=0

p=—00

:<Ze(j)e—m> (Ze —W>
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where
o= o 4 )= (g 2 )t =oasnem= (% "% )
Hence B(p) = g:oi/)(k)(w(k +p))*,p >0, and B(—p) = (B(p))*, p > 0. Then
Bli—j)= Y wl-iwl-j)"
l=max(t,7)

Denote by ¥ and @ linear operators in the space {5 determined by matrices with elements ¥ (i, j) = ¢ (j — 4),

O,j)=0(j —i), for 0 <i<j, ®(i,j) =0, O(i,j) =0, for 0 < j < i. Then elements of the matrix B;; can

be represented in the form By (i,j) = (¥¥*)(i, 7). Since ¥O© = ©@W¥ = I, elements of the matrix B;;' can be
min(%,5)

calculated by the formula B;;*(7,5) = (©*@)(i,5) = > (0(i —1))*0(j —1).
1=0
From equation (17) we can find the unknown coefficients ¢(5),j € U,

(i) = By;'(4,0)d(0) + Byt (4, D)a(1), i > 2.
Hence the spectral characteristic of the optimal estimate is calculated by the formula
(hi(e™)T = (@(0) + a(l)eM)T — (E(=3)e™ B £ &(—2)e ™ 4 &(0) + &(1)e™ + E(2)e M+

+ Z c(j)e" ) (B(—=1)e™™ + B(0) + B(1)e") = —&(0) ' B(—1)e”"* — &(1) ' B(1)e"**—

5>2
—a2) " B(0)e™ — &(2) T B(1)e™ =Y "a(j) e (B(-1)e~™ + B(0) + B(1)e™).
i>2
Since coefficients &(j — 1) T B(1) + &(j) " B(0) + &(j + 1) T B(—1) for j > 2 are zero, the spectral characteristic of
the estimate /115 is of the form

(h1(e™)" = —&0)"B(—1)e™™ = (by + b3 — 2(by + b]), —bs — b3) e ™.
The mean-square error of the estimate of the functional A1£' is calculated by the formula

A(hy; F) = (B71a;,d;) = 10 + 8by + 4b7 + 2by + 3.

3. Minimax approach to extrapolation problem for stationary sequences with missing observations

Theorem 2.1 and its Corollaries 2.1 — 2.4 can be applied for finding solutions of the extrapolation problem for
multidimensional stationary sequences with missing observations only in the case of spectral certainty, where
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spectral densities F'(X), Fe,(N), Fre(A), G(A) are exactly known. If the complete information about spectral
densities is impossible while a class of admissible spectral density matrices D is given, the minimax(robust) method
of extrapolation is reasonable. It consists in finding an estimate which minimizes the value of the mean-square
error for all spectral density matrices from the given class of densities. For description of the minimax method we
introduce the following definitions (see Moklyachuk [22, 23], and Moklyachuk and Masytka [25] - [27]).

Definition 3.1

For a given class of spectral density matrices D the spectral densities (F°(\), ) (), F:(N), G°())) € D are
called the least favorable in the class D for the optimal linear extrapolation of the functional Ag if the following
relation holds true

0 0 0 0\ . 70 0 0 0\ __ .
A (h (F°, F,, FS%, G°) ; FO, F9,, FS,G°) = (RF&r)r}w?ig)e[)A(h(F,an,an,G),F, Fen, Fye,G).

Definition 3.2
For a given class of spectral density matrices D the spectral characteristic h°(e**) of the optimal linear estimate of
the functional A¢ is called minimax-robust if there are satisfied conditions

h(e) € Hp = N Ly(F + @),
(F,Fen,Fye,G)ED

i a A(h;F, Fep, Fre, G) = a A (K% F, Fe,, Foe, G) .
hrg}-lnD (F,anr%in)GD ( &ne g ) (F,F&,I,IIIT‘TI?,G)GD ( s e )

From the introduced definitions and formulas derived above we can obtain the following statement.

Lemma 3.1

Spectral densities (FO()), F9), (N), (M), G°()) € D, satisfying the minimality condition (1), are the least
favorable in the class D for the optimal linear extrapolation of the functional Af if the Fourier coefficients (8)
of the functions

(FEO)TY (FO ) + Fg, ONEL) T FONEEN) TGN = Fgy VN (FE(N) T Fpe (V)
define operators B®, R?, Q° which determine a solution of the constrained optimization problem

Ra,B7'Ra) + (Qa,a)) = (R%a, (B")"'R%a g7, a). 25
o, (REBTIRA) +(Q4.8) = (R'E (B')'RE) +(Q"4.4) 25)

The minimax spectral characteristic h%(e®) = h(F°, FQ FO. G°) is calculated by the formula (10) if

0 o0 0 0 &n g
h(F°, Fg,, Fe,G”) € Hp.
In the case of uncorrelated stationary sequences the corresponding definitions and lemmas are as follows.
Definition 3.3

For a given class of spectral densities D = Dy x D¢ the spectral densities F°(\) € D, G°(\) € Dg are called
the least favorable in the class D for the optimal linear extrapolation of the functional A{ based on observations of
the uncorrelated sequences if the following relation holds true

A(F°,G%) =A(h(F°,G°);F°,G°) = max  A(h(F,G);F,G).

(F.G)eDpxDg
Definition 3.4
For a given class of spectral densities D = D x D¢ the spectral characteristic h”(e**) of the optimal linear
estimate of the functional A€ based on observations of the uncorrelated sequences is called minimax-robust if there
are satisfied conditions
ho(e™) € Hp = N LFE+6),
(F,.G)eDpxDg

min max A (hF,G)= max A (hO;F, G) .
heHp (F,G)ED (F,G)eD
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Lemma 3.2

Spectral densities F°()\) € Dp, G°(\) € D¢ satisfying the minimality condition (12) are the least favorable in
the class D = D x D¢ for the optimal linear extrapolation of the functional A¢ based on observations of the
uncorrelated sequences if the Fourier coefficients (15) of functions

(FO)+ G~ FOONFP ) + GO ()~ FPOFP (V) + G () TG
define operators B®, R?, Q° which determine a solution of the constrained optimization problem

= p-lp= = 2 — (R0% (ROV-1RO0% 07 =
(RG)rélg)F(XDG((RmB Ra) + (Q4a, a)) = (R4, (B”)""R°a) + (Q"4, d). (26)

The minimax spectral characteristic h® = h(F°, G?) is calculated by the formula (13) if h(F°,G°) € Hp.
In the case of observations of the sequence without noise we obtain the following corollary.

Corollary 3.1

Let the spectral density F°(\) € D be such that the function (FY(\))~?! satisfies the minimality condition. The
spectal density F°()\) € D is the least favorable in the class D for the optimal linear extrapolation of the
functional A¢ if the Fourier coefficients of the function (FO(X))~! define the operator B which determines a
solution of the optimization problem

max (B~'a, a) = ((BY)7'4, a). (27)

FEDF

The minimax spectral characteristic h® = h(F?) is calculated by the formula (18) if h(F°) € Hp,..

The least favorable spectral densities F°()), G°()\) and the minimax spectral characteristic h° = h(F°, G°) form
a saddle point of the function A (h; F, G) on the set Hp x D. The saddle point inequalities

A (R F°,G%) > A (% F°,G°) > A (R°; F,G)
Vh € Hp,VF € Dp,VG € D¢

hold true if h® = h(F° G°) and h(FY,G°) € Hp, where (F°,GY) is a solution of the constrained optimization
problem

sup A (R(F°,G°); F,G) = A (R(F°,G°); F°,GY), (28)
(F,G)EDpxDg
A (MF°,G°);F,G) = % /(T%(A))TF(A)T%(AW + % (re(A) TGN)rE(V)dA,

.
(re())" = (A(e“))TFO(A)(Z((BO)IROé’)(k)ei“> (FOO) +G"() 7

keU

+
(re(A) " = [ (A(e™) TG\ + (Z((BO)_IROQ)(/ﬂ)ei“> (FO() +G°(\) ™"
keU
The constrained optimization problem (28) is equivalent to the unconstrained optimization problem (see
Pshenichnyj [34]):
Ap(F,G) = —A(h(F°,G°); F,G) + 6((F,G) |Dr x Dg) — inf, (29)

where §((F, G) |Dr x D¢ ) is the indicator function of the set D = Dp X Dg.
A solution of the problem (29) is determined by the condition 0 € Ap(F°,G°), where OAp(FO, GO) is
the subdifferential of the convex functional Ap(F,G) at point (F°, G°). This condition is the necessary and
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sufficient condition under which the pair (F°, GY) belongs to the set of minimums of the convex functional
A(h(F°,G°); F,G). This condition makes it possible to find the least favourable spectral densities in some special
classes of spectral densities D (see books by loffe and Tihomirov [13], Pshenichnyj [34], Rockafellar [35]).

Note, that the form of the functional A (ho; F.G ) is convenient for application the Lagrange method of indefinite
multipliers for finding solution to the problem (29). Making use the method of Lagrange multipliers and the form of
subdifferentials of the indicator functions we describe relations that determine the least favourable spectral densities
in some special classes of spectral densities (see books by Moklyachuk [21, 22], Moklyachuk and Masyutka [27]
for additional details).

4. Least favorable spectral densities in the class D = Do x DY

Consider the problem of minimax extrapolation of the functional A based on observations of the uncorrelated
sequences in the case where the spectral density matrices of the observed sequences are not exactly known while
the admissible spectral density matrices are from the class D = Dy x DY, where

D} = {F(A) ‘;ﬂ/ﬁ Tr F(\)d\ = p }

—T

us

DY = {G()\)

TrV(A) <TrG(A\) <TrU(N), %/

—T

Tr G(\)dA = q},

D2 = {F(A) ’;ﬂ/ frk(Nd\ = py, k =1,T }7

1 s
Uik (A) < gre(A) < ugr(N), %/ Grk(N)dA = qi, k = 17T}»

—T

pi={ro g [ mroa=p

DY’ - {Gm‘ (B, V) < (B2, GOV) < (B UV 5 [ (B2, GOV i = q}7

Dj = {F()\) %

—

F(\)d\ =P }

—T

DY = {G(A)\V(A) < v [ coa-a}.

—Tr

Here spectral densities V' (), U(\) are known and fixed, p, ¢, px, qx, k = 1,7 are fixed numbers, P, Q, B, B are
fixed positive definite Hermitian matrices.

From the condition 0 € 9Ap(F°, G°) we find the following equations which determine the least favourable
spectral densities for these sets of admissible spectral densities.

For the first pair D} x D"fl we have equations
(r&M) (&M T = e®(F° () + G°(V)?, (30)

(B rEO) T = (82 +711(A) + 920 EC(N) + GO (V)% €3]

where o2, 32 are Lagrange multipliers, v (\) < 0 and 1 () = 0if Tr G°(A) > Tr V(A), 72(A) > 0 and y2(\) =0
if TrGO(\) < TrU(N).
For the second pair D3 x DgQ we have equations

(&) O = (F'O) + G°) {adon}, ,_, (F°() + G°(V), (32)
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. T
(e (rE ()T = (FO) + GO () { (B +71k(A) +921(N))dka f ) (FOON) +GO(N), (33)
where o2, 37 are Lagrange multipliers, d;; are Kronecker symbols, v15(A) < 0 and y15(\) = 0if g2, (A) > vk (N),
ng()\) > (0 and ’ygk(/\) =0if ggk()\) < ukk(/\).
For the third pair D3 x DY/ ? we have equations

(re(W)* (rg(N) T = a®(FO(N) + GO (V) By (FY(A) + G°(V)), (34)

(rp)*(rF )T = (82 + 710 + 72 (W) (E(A) + G(N) By (FO(N) + G°()), (35)
where o2, 3? are Lagrange multipliers, 1 (A) <0 and 7| (\) = 0 if (B2, G°(\) > (B2, V(N)), v4(X) > 0 and
Y3(A) = 0if (B2, G°(\) < (B2, U(N)).

For the fourth pair D3 x D54 we have equations

(re () (r&(\) T = (FON) + GO (N)a - a* (FO(A) + G°(N), (36)

(e R = (FOA) + GO W)+ B +T1(N) + T2 (M) (FO(N) + G°(N)) (37
where @, are Lagrange multipliers, I'; (A) < 0 and I'y(\) = 0 if G°(\) > V()), I'2(A) > 0 and T'y(\) = 0 if
G°(\) < UN).

The following theorem and corollaries hold true.
Theorem 4.1
Let the minimality condition (12) hold true. The least favorable spectral densities FY()\), G°()\) in the classes
Dy x Dg for the optimal linear extrapolation of the functional A¢ are determined by relations (30), (31) for the
first pair D} x Dgl of sets of admissible spectral densities; (32), (33) for the second pair D3 x DgQ of sets of
admissible spectral densities; (34), (35) for the third pair D x Dgg of sets of admissible spectral densities; (36),

. 4 o . . Y
(37) for the fourth pair D§ x DY" of sets of admissible spectral densities; constrained optimization problem (26)
and restrictions on densities from the corresponding classes Dy x DY.. The minimax-robust spectral characteristic

of the optimal estimate of the functional Ag is determined by the formula (13).

Corollary 4.1

Let the minimality condition (20) hold true. The least favorable spectral densities F°()\) in the classes D§,
k =1,2,3,4, for the optimal linear extrapolation of the functional A¢ from observations of the sequence £(j) at

points j € Z_\S, where S = LSJ {=M; — Ny,...,—M,}, are determined by the following equations, respectively,
=1

(C°ON T (CON) T = a(F (), (38)

(N (C°ONT = F'O) {addu by, F'OV), (39)

(CON T (C°) T = ®FO(N)B] FO(N), (40)

(C°ON T (C°\)T = FPNa-aFo, D

constrained optimization problem (27) and restrictions on densities from the corresponding classes Df, k =

1,2,3,4. The minimax spectral characteristic of the optimal estimate of the functional AE is determined by the
formula (18).

Corollary 4.2
Let the minimality condition (20) hold true. The least favorable spectral densities F°()\) in the classes ng,
k=1,2,3,4, for the optimal linear extrapolation of the functional AE from observations of the sequence g" (j) at

points j € Z_\S, where S = |J{—M; — N,,...,—M,}, are determined by the following equations, respectively,
=1

(O T (2T = (B2 + 1(N) +72(\)(FO(N)?, 42)
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(COON T - ()T = FON) {87 + k() + ’721@(/\))51@1}:’121 FO(N), (43)
(COON T (CO)T = (B2 + 91 (\) +7%(A)FO(\) By FO(N), (44)
(CON) )" (o) T = FO\)(B- B* +T1(A) + T2(A) FO(N), 45)

constrained optimization problem (27) and restrictions on densities from the corresponding classes DY, k =

1,2,3,4. The minimax spectral characteristic of the optimal estimate of the functional ASE is determined by the
formula (18).

5. Least favorable spectral densities in the class D = D, X D14

Consider the problem of minimax extrapolation of the functional Ag based on observations of the uncorrelated
sequences in the case where the spectral density matrices of the observed sequences are not exactly known while
the admissible spectral density matrices are from the class D = D, x D;s, where

s

D! = {F()\)

TrF(A) = (1 —e)Tr Fi(A) + eTr W (), %/

—T

Tr F(A)dA = p};

Dl = {G(A)\jﬂ [ e - auoni < a} ;

S = (1= &) fle (V) + ewng (),

D? = {F()\) o

1 i _
D= {605 [l - ahu 0] 3 < 61k =TT}

—T

D? = {F(A)‘ (B1, F(\)) = (1 —¢) (Bi, Fi(N) + ¢ (B, W(N)) | % /” (By. F(\)) dA _p};

1 ™
5 | 1260 - cal ar <o

TJ—x

D35 = {G()\)

™

Dt = { P[Py = (= R+ WO 5 [

—T

F(M\)d\ = P} ,

Dis = {G()\)

Here F()\), G1(\) are known and fixed spectral densities, W () is an unknown spectral density, p, d, 6k, pr, k =
1,T,467,4,j =1,T, are fixed numbers, P is a fixed positive-definite Hermitian matrices.

From the condition 0 € A p(F°, G°) we find the following equations which determine the least favourable
spectral densities for these sets of admissible spectral densities.

For the first pair D! x Di; we have equations

1 (7 S
o [l - g ar< 86 =TT}

(r&O))* (re) " = (@ + 71 (W) (F' () + G°(V)?, (46)
FEO) O T = B2 F (V) + G°(V)?, (47
% [ [ Tr (G°(N) = G1(N))| dA =6, (48)

where o2, 32 are Lagrange multipliers, 1 (A) < 0 and 71 (A) = 0if Tr FO(A) > (1 — &)Tr F1()), |72(\)] < 1 and
15(3) = sign (Tr (GO(\) — Gy () if Tr (G°(\) — Ga(A)) £0.
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For the second pair D? x D?; we have equations

(&) EONT = (F'O) + GO0)) {0} + )k}, oy (FOO) + GO, (49)
() RO T = (FON) + GOO) { B9 (Nt by y (FON) +GO()), (50)
o [ 1) = sk )] ar = (5D

where o}, 37 are Lagrange multipliers, v/(\) < 0 and 73 () = 0if f2.(A) > (1 — &) fE. (),

Y2(A)| < 1l and

7 (N) = sign (9 (V) = gex (V) i gRk(N) — gin (V) #£0, k=1,T.

For the third pair D? x D?; we have equations

(r&) (&) " = (@® + 1 () (F' () + G () B (F°(N) + G°(N)), (52)
(FE ) (re (W) T = BN (FO(N) + GO () By (F°(A) + G°(V)), (53)
% _: [(B2, G°(A) = G1(N))| dA = 6, (54)

where o2, 32 are Lagrange multipliers, 7} (\) < 0 and v{(\) = 0if (By, FO()\)) > (1 — )(By1, Fi(\)), |[7%(\)] < 1
and
/ o 0 : 0
V2(A) = sign <B2,G (A) - Gl()‘)> if <B2,G (A) - Gl()‘)> # 0.

For the fourth pair D! x D}s we have equations

(GO GLONT = (FO) + U@ @ + TO)(FN) + GON), 65)
(RO (20T = (FON) + GO) (B O (OO + GO0V, 56)
o [ 1600 — g ix =i, 57

where @, j3;; are Lagrange multipliers, I'(\) < 0 and I'(\) = 0 if F°(\) > (1 — ) Fy(\), |7:;(A)| < 1 and

_ Q?j(/\) - gilj(/\)
‘Q?j()‘) - gilj()\)‘

The following theorem and corollaries hold true.

Theorem 5.1

Let the minimality condition (12) hold true. The least favorable spectral densities F°()), GY(\) in the classes
D, x Dy for the optimal linear extrapolation of the functional Ag are determined by relations (46) — (48) for the
first pair D! x Di; of sets of admissible spectral densities; (49) — (51) for the second pair D? x D?; of sets of
admissible spectral densities; (52) — (54) for the third pair D2 x D3, of sets of admissible spectral densities; (55)
— (57) for the fourth pair D} x D{; of sets of admissible spectral densities; constrained optimization problem (26)
and restrictions on densities from the corresponding classes D, x Dys. The minimax-robust spectral characteristic
of the optimal estimate of the functional A¢ is determined by the formula (13).

Corollary 5.1
Let the minimality condition (20) hold true. The least favorable spectral densities F°()\) in the classes D,
k =1,2,3,4, for the optimal linear extrapolation of the functional A¢ from observations of the sequence £(j) at

i (N) if g;(N) = g;;(\) #0, 4,5 =1,T.
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points j € Z_\S, where S = O {—=M; — Ny,...,—M,}, are determined by the following equations, respectively,
I=1

(C°ON) 1) (C°) T = (@ + () (FO(N))?, (58)

(C°) ) ()T = FON) { (o + %(/\))%z};‘:’l:l FO), (59)

(C°ON T (C°)T = (@@ + 7 () FP (VB F°(N), (60)

(C°ON) 1) (C°) T = FP()(@- & +T(A)FO(N), (61)

constrained optimization problem (27) and restrictions on densities from the corresponding classes DF, k =

1,2, 3,4. The minimax spectral characteristic of the optimal estimate of the functional Ag is determined by the
formula (18).

Corollary 5.2
Let the minimality condition (20) hold true. The least favorable spectral densities F°()) in the classes Dfs,
k=1,2,3,4, for the optimal linear extrapolation of the functional Ag from observations of the sequence 5 (j) at

points j € Z_\S, where S = O {=M; — Ny,...,—M,}, are determined by the following equations, respectively,
I=1

(COONT) - (CO)T = BN (EF° (V)2 (62)

(NN - (C°() T = FO(N) {55%3@)51@1};1:1 FO(\N), (63)

(COON T (COA)T = BN F (N By F(N), (64)

(2N - (C°ONT = FUN) {8 (Mg (M oy FOOV), (65)

constrained optimization problem (27) and the following restrictions on densities from the corresponding classes
Dk k= 1,2,3,4, respectively,

% _T; ITe (FO(A) — Gy (N))] dA = 6, (66)
o [ 18 - gh]x =i, (67
% _7; |(B2, FO(A) = G1(\)| dX = 6, (68)
% 7; | £2(0) = g (V)] dx = 67, (69)

The minimax spectral characteristic of the optimal estimate of the functional AE is determined by the formula (18).

6. Conclusions

In this article we describe methods of the mean-square optimal linear extrapolation of functionals which depend on
the unknown values of a multidimensional stationary sequence. Estimates are based on observations of the sequence
with an additive stationary noise sequence. We develop methods of finding the optimal estimates of the functionals
in the case of missing observations. The problem is investigated in the case of spectral certainty, where the spectral
densities of the sequences are exactly known. In this case we propose an approach based on the Hilbert space
projection method. We derive formulas for calculating the spectral characteristics and the mean-square errors of
the estimates of the functionals. In the case of spectral uncertainty, where the spectral densities of the sequences are
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not exactly known while sets of admissible spectral densities are given, the minimax (robust) method of estimation
is applied. This method allows us to find estimates that minimize the maximum values of the mean-square errors
of estimates for all spectral density matrices from a given class of admissible spectral density matrices and derive
relations which determine the least favourable spectral density matrices. These least favourable spectral density
matrices are solutions of the optimization problem Ap (F,G) = —A(h(F°,G°); F,G) + 6((F,G) |Dr x Dg) —
inf, which is characterized by the condition 0 € A (F°,GY), where A (FY, GO) is the subdifferential of the
convex functional Ap(F,G) at point (FY, G°). The form of the functional A(h(F°,G°); F, Q) is convenient for
application of the Lagrange method of indefinite multipliers for finding solution to the optimization problem. The
complexity of the problem is determined by the complexity of calculation of the subdifferential of the convex
functional Ap(F,G). Making use of the method of Lagrange multipliers and the form of subdifferentials of the
indicator functions we describe relations that determine the least favourable spectral densities in some special
classes of spectral densities. These are: classes D of densities with the moment restrictions, classes D15 which
describe the “d-neighborhood” models in the space L of a given bounded spectral density, classes DY which
describe the “strip” models of a given bounded spectral density, classes D, which describe the “c-contamination”
models of spectral densities.
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