‘ STATISTICS, OPTIMIZATION AND INFORMATION COMPUTING
Stat., Optim. Inf. Comput., Vol. 12, November 2024, pp 1912-1920.
IAPress| pyblished online in International Academic Press (www.IAPress.org)

Some Properties of Dominant Local Metric Dimension

Reni Umilasari 1+*, Liliek SusilowatiZ, Slamin ®, AFadekemi Janet Osaye %, Ilham Saifudin °

L Department of Informatics Engineering, Universitas Muhammadiyah Jember, Indonesia
2Department of Mathematics, Universitas Airlangga, Indonesia
3Study Program of Informatics, Universitas Jember, Indonesia
4Department of Mathematics and Computer Science, Alabama State University, USA
5 Department of Informatics Engineering, Universitas Muhammadiyah Jember, Indonesia

Abstract Let G be a connected graph with vertex set V. Let W, be an ordered subset defined by W, = {w1,wa,...,wn} C
V(G). Then W/ is said to be a dominant local resolving set of G if W is a local resolving set as well as a dominating set of G.
A dominant local resolving set of G’ with minimum cardinality is called the dominant local basis of G. The cardinality of the
dominant local basis of G is called the dominant local metric dimension of G and is denoted by Ddim;(G). We characterize
the dominant local metric dimension for any graph G and for some commonly known graphs in terms of their domination
number to get some properties of dominant local metric dimension.
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1. Introduction

The dominating set and dominating number of graphs were first studied in the 1950s. These notions examined
the existence of a vertex set of a graph that causes every other vertex on the graph to be neighbors with at least
one element of the vertex set [1]. Generally, subsets of vertices with this property are not unique and are called
dominating sets. The dominating number of a graph is the cardinality of the smallest possible dominating sets.
Another notion is the metric dimension of a graph that was first introduced by Harary and Melter and mentioned
by [2]. Harary and Melter defined a resolving set of a graph as a set of vertices that makes each vertex on the
graph have a different representation with respect to the vertex set. The representation of a vertex for the resolving
set is presented as a k-ordered pair whose elements are the distance between the vertex and the vertices on the
resolving set. The resolving set that has a minimum cardinality is called a basis. If the concept of metric dimension
is obtained by looking at each vertex that has a different representation of the resolving set, then the concept of
the local metric dimension views that every two neighboring vertices have different representations of the local
resolving set [3].

From the definition of metric dimension, several concepts have emerged such as the local metric dimension
([3],[4].[51,[6]), dominant local metric dimension ([10], [17]), multiset dimension of graphs ([18],[19]), local
multiset dimension [14], and on the central-local metric dimension [16], to mention a few. For example, research
conducted successfully showed similarities between the metric dimension and the local metric dimension of graph
products in [6]. In addition, the commutative characterization of comb and corona product graphs based on their
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metric dimensions was established by Susilowati et al. [7]. By combining the notions of metric dimension and
dominating set, a new term called the resolving dominating set was introduced by Brigham et al. [8]. For an
ordered set W = {w1, wq, -+ ,wy} of vertices and a vertex v in a connected graph G, the (metric) representation
of v with respect to W is the k-vector r(v|W) = (d(v,w;),d(v,ws), -+ ,d(v,wy)), where d(z,y) represents the
distance between the vertices « and y. The set W is a resolving set for G if distinct vertices of G have distinct
representations with respect to W. A resolving set of minimum cardinality is called a minimum resolving set or a
basis and the cardinality of a basis for G is its dimension dim G. A set S of vertices in G is a dominating set for G
if every vertex of G that is not in S is adjacent to some vertex of S. The minimum cardinality of a dominating set
is the domination number ~(G). A set of vertices of a graph G that is both resolving and dominating is a resolving
dominating set. The minimum cardinality of a resolving dominating set is called the resolving domination number

7-(G) [8].

The concept of determining the resolving dominating number has been studied in the literature and was first
introduced by Slater first in 1975 [20]. Furthermore, Behrooz, et al [9] determine the relations between the metric
dimension and dominating number of graphs while Henning and Oellermann combined the concept of locating
dominating set and metric dimensions in metric locating dominating set [10]. However, it is important to note that
the concepts introduced by Brigham et al. and Henning and Oellermann are equivalent. New research on this topic
was introduced by Susilowati, et al. which determined the dominant metric dimension of some well-known graphs
[11]. By referring to several concepts that have been developed regarding the concept of the metric dimension,
local metric dimension, dominating set, and dominant metric dimension, it is interesting to combine the concept
of the local metric dimension with the concept of dominating set which we call dominant local metric dimension.
A dominant local metric dimension is a vertex set that is both a minimum local resolving set and a dominating
set. Since the existence of this set is not unique, it is interesting to study the minimum cardinality of the dominant
local resolving set, called the dominant local metric dimension. Thus in this paper, besides formulating the new
definition, we characterize the dominant local metric dimension of graph G and also determine the dominant local
metric dimension of some classes of graphs.

The following theorems on special graphs such as path, cycle, star, complete, and complete bipartite graphs; will
be used in the proof of our main results for characterizing the dominant local metric dimensions of graphs. The first
theorem shows the dominating number ~(G) of these graphs while Theorem 2 describes a local metric dimension
for the complete and bipartite graphs introduced by [13]. We will denote the local metric dimension of graph G by
dim,(G). All graphs considered in this study are simple and connected.

Theorem 1. Let G be a connected graph. The domination number of some of the graphs is given below[12]:

a1 G = Py or G = C,y with m > 2and n > 3, then 7(G) = [ IA421).
b.If G = K, orG=Kj,_1withm >1andn > 2, then y(G) = 1.
c.If G = K, ,, withm,n > 3, then v(G) = 2.
Theorem 2. Let G be a nontrivial connected graph of order n. Then dim;(G) = n — 1 if and only if G = K, and
dim;(G) = 1 if and only if G is bipartite.[12]

2. Results and Discussion

We start this section by presenting the definition and some of the characteristics of the dominant local metric
dimension for some graphs. The results of the dominant local metric dimension of some graphs, such as path,
cycle, complete, star, and complete bipartite are also presented in this section.

Definition 3. Given a connected graph G. An ordered set W, = {w1, w2, ..., w,} C V(G) is called a dominant
local resolving set if W is a local resolving set and a dominating set of G. The dominant local resolving set with
minimum cardinality is called a dominant local basis. The number of vertices in a dominant local basis of G is
called the dominant local metric dimension and is denoted by Ddim,;(G).
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1914 SOME PROPERTIES OF DOMINANT LOCAL METRIC DIMENSION

The examples in Figure 1 illustrate useful observations of the dominant local resolving set of graphs. For the
graph in Figure 1(a.), {v1,v3} is considered to be a dominant local resolving set since it satisfies the definition
of the dominant local metric dimension, where the dominant local basis equals two. However, for Figure 1(b.),
{u1,us} is not a dominant local resolving set since there is a vertex that can not be dominated by either u; or us.
Finally, for Figure 1(c.), {1} is not a dominant local resolving set since its two adjacent vertices have the same
representation.

02) .1 0
(12) (1,0) D
1) 1.2) o :
V N, e @
(2,0 22 @
(@) (b) (©)

Figure 1. (a.) The dominant local resolving set of a graph (b.) The local resolving set of a graph (c.) The dominating set of a
graph

The following lemma provides the properties of the local resolving set of graph G.

Lemma 4. Let G be a connected graph and S C V(@) be an ordered set. Every set S containing a local resolving
set is a local resolving set

Proof. Let G be a connected graph and W; = {v;|i = 1,2,...,k} C V(G) be a local resolving set of G, such
that W, C S C V(G). Then for every two adjacent vertices u,v € V(G), r(u|W;) # r(v|W;). Since W; C S,
consequently r(u|S) # r(v]S). Hence S is also a local resolving set of G.

The existence of element 0 in the representation of a vertex with respect to a local resolving set is described in
Lemma 5.

Lemma 5. Let G be a connected graph and W; C V(G) be an ordered set. For every v;,v; € Wi,
P W) # r(u;|W), for i # j.

Proof. Let W, = {v;li = 1,2,...,k} CV(G) be an ordered set. Since for every v;,v; € W, where i # j,
d(vi,v;) = 0 and d(v;,v;) # 0. Hence there exist 0 on ‘" element in r(v;|W;) for every v; € W;. As a result,
r(vi‘Wl) #* T(Uj|Wl) for 7 75 j.

Based on Lemma 4 and Lemma 5, we can determine the lower and upper bound of a dominant local metric
dimension of graph G as shown in Lemma 6.
Lemma 6. For every connected graph G of order n,

max{v(G),dim;(G)} < D dim;(G) < min{y(G) + dim;(G),n — 1}.

Proof. Let G be a connected graph of order n. By Definition 3, Ddim;(G) > ~(G) and Ddim;(G) > dim;(G),
implying that Ddim,;(G) > max{vy(G), dim;(G)}. Since the local resolving set and dominating set of a graph may
have not intersected, and a set which consists n — 1 vertices in G is always the local resolving set and dominating
set of G, then Ddim;(G) < min{v(G) + dim;(G),n — 1}.

Graph H in Figure 2 is an example of a graph that satisfies the lower bound of the local dominant metric
dimension as presented in Lemma 5.
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Figure 2. Graph H.

The vertex vy € V(H) in Figure 2(a) forms a dominating set, thus v(H) = 1. Note also that v4,ve € V(H) in
Figure 2(b) form a local basis of graph H, therefore dim;(H) = 2. Since a local basis of H is also a local dominant
basis, then Ddim;(H) = 2. Hence, H in Figure 2 satisfies the lower bound of the dominant local metric dimension.

Next, we discuss the dominant local metric dimension of the path (P, ). Note that the local resolving set of P,
presented in Lemma 7 does not necessarily imply the smallest cardinality of the local resolving set. The lemma
simply shows part of the elements of the local resolving set. The complete proof for the dominant local metric
dimension for a path will be presented in Theorem 8.

Lemma 7. Let P, be a path of order n > 5 with the vertex set V(P,) = {v;]i = 1,2,3,...,n} and edge set
E(P,) = {vviy1li = 1,2,3,...,n — 1}. Then W) = {vz, vs} is a local resolving set of P,.

Proof. Choose W; = {vs, s}, then for every v, € V(P,) with i =1,2,3,...,n, d(v;,v;) = |i — j|, for 1 <
1,7 < n. As a consequence,

d(vi,v2) = |i —2[;1 <i < n.
d(vi,v5) =i = 5];1 <i<mn.

Hence for every two adjacent vertices v;v;41 € E(P,,), d(v;,va) # d(vi11,v2) and d(v;,vs) # d(vis1,vs) for
i=1,2,...,n — 1. Therefore, r(v;|W;) # r(v;+1|W;). Thus, it can be concluded that W is a local resolving set of
P,.

yoowoomow s %
(1,4) (0,3) (1,2) (2,1) (3,0) (4,1)

Figure 3. The local resolving set of Py

Figure 3 shows that {v9, v5} is a local resolving set of path Ps. The dominant local metric dimension of the path
is presented below.

Theorem 8. Let P,, be a path of order n > 2. The dominant local metric dimension of P, is Ddim;(P,,) = v(Fy,).

Proof. Let V(P,) = {v;|i = 1,2,3,...,n}and E(P,) = {vv;11]i = 1,2,3,...,n — 1}. We consider two cases
based on n.

a. Case 1: Forn =2,3,4

1. If n = 2 or 3, choose W; = {wy}. It is easy to see that W, is a dominant local resolving set of P,,. The
cardinality of Wy is [W;| =1 =[2] =[%] forn =2,and [W;| =1 = [3] = [%] forn = 3.

2. If n =4, choose W; = {vg, v4}. Taking any two adjacent vertices in P, it is easy to see that one of
them is an element of W;. So, W; = {va,v4} is a local resolving set of Py. It is also obvious that W is
also a dominating set. Hence, |[W;| =2 = [3] = [%].
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1916 SOME PROPERTIES OF DOMINANT LOCAL METRIC DIMENSION

By Theorem 1, we know that W(Pn) = [ %], so W} is a dominant local resolving set with minimum cardinality

and Ddim(P,) = [§] = v(P,), forn =2,3,4.
b. Case 2: Forn > 5
Choose W; = {vs, v5,v8,v11, - - ., U3i—1} for n = 0(mod 3) and W, = {vs, v5, vs, V11, - - -, U3i—1,Up } forn =
0(mod 3), then |W;| = [%]. Since {vo,v5} C W), then by on Lemma 7 and Lemma 4, we get that W} is a
local resolving set of P,,. Next, since E(P,) = {vivi41]i = 1,2,3,...,n — 1}, vsg;_1 is adjacent to vs;_o

and v3; is adjacent to v3(;11)_2. Hence, W is a dominating set of Pn Based on Theorem 1, we know that
v(Pn) = [%], so W, is a minimum dominant local resolving set of P, and Ddim;(P,) = [71 = ~(P,), for
n > 5.

From the two cases above, it can be concluded that Ddim;(P,,) = v(P,).

The next result is the dominant local metric dimension of a cycle. By similar procedures with the dominant
local metric dimension of the path, we start the proof by finding the local resolving set of a cycle as presented in
Lemma 9 which does not imply a proof of the smallest cardinality of the local resolving set. The lemma shows
part of the elements of the local resolving set that will be used in the proof of Theorem 10.

Lemma 9. Let C,, be a cycle with order n > 4, E(C),) = {vvi+1|i = 1,2,3,...,n — 1} J{v,v1}. Then W, =
{v1,v4} is a local resolving set of C,,.

Proof. Let C), be a cycle with order n > 4, V(C,,) = {v;]i = 1,2,3,...,n} and edge set E(C,,) = {v;v;11]i =
1,2,3,...,n— 1} J{vnv1}, and Wi = {v1,04}.

i. if n is odd, then for every v; € V(C,)

i—1,i=1,23,..,[2]
r(vilvr) = [5Li=[5]+1
n+l—ii=[5]4+2[5]+3,[5]+4,...,n

li —4[,i=1,2,3,...,[5]+3
r(vilvs) = ¢ L5)i=T51+
n4+4—ii=[5]+5[5]+6[5]+7,...,n

ii. if n is even, then for every v; € V(C),)

i—1,i=1,2,3,...
r(vi|vr) :{ T

rogfon) = { fm4bi=12.8 5 44
PVZ U nad—ii=[2] 45,21 +6,[2] +T,....n

Based on the description above, for every v,v; € E(C,,) where i # j, r(v;|W;) # r(v;|W;). Hence, W is a local
resolving set of C,, forn > 4.

Theorema 10. Let C, be a cycle of order n > 4. The dominant local metric dimension of C, is
Ddim(Cy) = ~v(Cy).

Proof. Let V(C,)={wli=1,2,3,...,n—1} with n>4 and E(C,)={vivit1|i=1,2,3,...,n—
1} U{vnv1}. Choose W, = {v1, v4, U7, V10, - - ., U3i—2 }, for n = 0(mod 3) and W; = {vy, vy, v7, 110, .. vm,g,vn}
for n = 0(mod 3). Then |[W;| = [%]. Since {vl, va} € W, then by Lemma 9 and Lemma 4, W is a local resolving
set of C),. Next, since E(Cy,) = {vviy1]i =1,2,3,...,n— 1} J{vav1}, we can see that vs;_; is adjacent to
v3;—2 and v3; is adjacent to v3(;y1)—2, for e =1,2,3,...,n — 1. Thus W, is a dominating set of C,,. By Theorem
1, we know that v(C,) = [ 5] = [W|, then 1} is a minimum dominant local resolving set of C,, . Therefore, it
can be concluded that Ddim,(C,,) = v(C,,), forn > 4.

In what follows, Theorems 11 and 12 show the characterization of a graph of order n that has the dominant local
metric dimension equal to 1 or n — 1.
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(2,1) (1,2)

(1,2) (0,3)

Figure 4. Cs graph with the dominant local basis are V; and V4

Theorem 11. Let G be a connected graph of order n > 1. Then Ddim;(G) = 1 if and only if G = S,,.

Proof. Let G be a connected graph of order n > 1.

1.

If Ddim;(G) = 1, then G = S,,.

Let G be a connected graph of order n > 1 and Ddim;(G) = 1, then there exists W; C V(G) as a dominant
local basis of G with |I¥;| = 1. We consider three cases below based on the value of n:

Case 1. Forn =1and 2, G = K,. Since K,, = 5,,, forn = 1,2, G = S,, by Theorem 1.b.

Case 2. For n = 3, suppose G is not a star graph, then G is a cycle graph Cs. Every singleton is not a local
resolving set of C3 which is contrary to Ddim;(G) = 1, and so G = S,, by Theorem 1.b.

Case 3. For n > 3, suppose G is not a star graph, then there are four possibilities for GG as below:

a. G is acycle graph. Every singleton is not a dominating set of G. This is contrary to Ddim,;(G) = 1.
b. G is a path graph, based on Theorem 8, we know that Ddim;(P,) =~(P,) = [5] > 1 which is
contrary to Ddim;(G) = 1.
c. There exist two vertices u, v € V(G) such that uv € E(G) with deg(u), deg(v) > 2.
— There is a vertex x such that z € N(u) and € N(v). Since n > 3, it is easy to see that G is not
a bipartite graph. By Theorem 1 and Lemma 6, Ddim;(G) > 1. It is contrary to Ddim;(G) = 1.
Hence, there is no vertex = such that z € N(u) and € N(v), and so every singleton can’t be the
dominating set of G. Thus, it is untrue that Ddim;(G) = 1.
d. There exist two vertices u,v € V(G) such that uv ¢ E(G) with deg(u), deg(v) > 2. . It is easy to see
that any singleton can’t be the dominating set of G when there are two vertices u, v with d(u,v) > 2.
Thus, Ddim;(G) # 1.

All of the cases above show that if Ddim;(G) =1, G = S,,.

. IfG = S,, then Ddimy(G) = 1.

Let V(S,) = {u,v1,v2,03,...,0,—1}and E(S,) = {uv;|i = 1,2,3,...,n — 1}. Choose W; = {u}, for any
two adjacent vertices u, v; € E(S,), with uwv; € E(S,), 1 =1,2,3,...,n — 1, it can be seen that r(u|WV;) #
r(v;|W;) and v; adjacent to u, for every i = 1,2, 3,...,n — 1. Hence, Ddim;(G) = 1.

Based on the proof in points highlighted in (1.) and (2.) above, we have that Ddim;(G) = 1 if and only if

G=25,.

Theorem 12. Let G be a connected graph of order n > 2. Then Ddim;(G) = n — 1 if and only if G = K,.

Proof.

a. If G be a connected graph of order n > 2 and Ddim;(G) =n — 1, then G = K,,.

Let Ddim;(G) = n — 1. Then there exists W; C V(G) as a dominant local basis of G with |IW;| =n — 1. We
divide the order of G in three cases below.

Case 1. If n = 2, then G = K, by Theorem 1.b.

Case 2. For n = 3, suppose that G is not a complete graph. Then G is a path (Ps), or otherwise a disconnected
graph. From Theorem 8 we know that Ddim(P,) = v(P,) = [5],n > 1. Then Ddim;(Ps) = 1 which is

Stat., Optim. Inf. Comput. Vol. 12, November 2024
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(1)
(1) (1)
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(1)
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Figure 5. Ddim;(Ss) = 1

contrary to the fact that Ddim;(G) = n — 1 = 2. Hence, G = K.

Case 3. For n > 3, suppose that G is not a complete graph. Then there exist two vertices v;, v; € V(G) such
that v;v; ¢ E(G). Without loss of generality, let E(G) = E(K,,){v1v2}. Choose S = {va,v3,v4,...,0n_1},
so that |S| = n — 2. There are three possibilities for any uv € G.

— By Lemma 5, r(u|S) # r(v|S) for every u,v € S.

— For v € V(G)\S, we can see that r(u|S) =(2,1,1,1,...,1) and r(v|S) = (1,1,1,1,...,1). Thus,
r(ulS) # r(v|S).

- Foru € V(G)\S withany v € S: Since v € 5, there exist zero elements in 7(v|S), with d(u,v) < 2 and
u # S. Then there are no zero elements in r(u|S). Thus, r(u|S) # r(v|S).

Therefore, S is a local resolving set of G. On the other hand, v,—; € S is adjacent to every vertex of V(G).
Thus, S is also a dominating set of G. Therefore S is the dominant local resolving set. This is contrary to
the fact that Ddiml(G) = n — 1. Therefore, G = K,,. Based on all conditions above, we conclude that if
Ddim;(G) =n — 1, then G = K.
b. If G = K, then Ddim;(G) =n — 1.

By using Theorem 1, we know that dim;(K,) =n — 1. Suppose W; = {vy,v9,v3,...,v,_1} is a local
resolving set of K, and v,, is adjacent to all vertices of W;. Then, W, is also a dominating set of K.
Next, v(K,,) = 1 by Theorem 1.b, and Theorem 1 implies dim;(K,) = n — 1. Therefore, by the lower and
upper bound of the dominant local metric dimension in Lemma 6, we can conclude that Ddim;(K,) =n — 1
forn > 2.

Therefore, based on the proof described with points (a.) and (b.), we conclude that Ddim;(G) = n — 1 if and
only if G = K, n > 2.

(LLLL)

(1,1,1,0) (CANNY

(1,1,0,1) (1,0,1,1)
Figure 6. Ddim;(K5) = 4
The last theorem in this paper shows the dominant local metric dimension of the complete bipartite graph as
follows.

Theorem 13. Let K, ,, be a complete bipartite graph of order m,n > 2. The dominant local metric dimension
of Ky p 18 Ddimy (Ko pn) = (K n)-

Stat., Optim. Inf. Comput. Vol. 12, November 2024
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Proof. Let V(K,,)={ali=1,2.3,....m}U{b;lj=1.23,....,n} and E(K,, )= {a;b;li =
1,2,3,...,m;j=1,2,3,...,n}. Choose W; = {ay,b1} such that |W;| = 2. Observe that r(ai|W;) # r(b1|W)),
and every two adjacent vertices have different representations to W7, since r(a;|W;) = (2,1) and r(b;|W;) = (1, 2)
for every V (K, )i Therefore, W, is a local resolving set of K, ,,. On the other side, since a; is adjacent to b,
for j =1,2,...,n and by is adjacent to a; for i = 1,2,...,m, we have that W; = {a;,b1} is dominating set of
K, . Thus, W is the dominant local resolving set of K, ,,. This condition satisfies Lemma 6 about the lower
bound of the dominant local metric dimension with minimum cardinality since by Theorem 1, v(K,, ) = 2 and
Theorem 1 shows that dim;(K,, ) = 1. Thus, Ddim;(K, ) = 2 = v(K,,») for m,n > 2. The illustration of
the dominant local resolving set of a complete bipartite graph is given in Figure 7 with m = 4 and n = 3, {a;, b1}
form the dominant local basis of K, 5.

01 2D 2D @D
a h 45 Yy

5, Np
w0 (15F (12

Figure 7. Ddim;(K4,3) = 2

3. Conclusion

We conclude this paper with some open problems as below:

Open Problem 1. Determine the dominant local metric dimension of some particular classes of graphs, such as a
tree, generalized petersen graphs, and uncyclic graphs.

Open Problem 2. Generate the computer algorithm to determine the dominant local metric dimension for any
graphs.

Open Problem 3. Explore some potential applications of the dominant local metric dimension in other fields, such
as network analysis and data mining
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