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Abstract This study pursues two main objectives. First, we aim to generalize the Criterion of Derivability for convex
functions, which posits that for a specific type of mathematical function defined on an interval, the function is convex if and
only if its rate of change (first derivative) is monotonically increasing across that interval. We aim to expand this concept
to encompass the realm of "h-convexity’ which generalizes convexity for nonnegative functions by allowing a function h to
act on the right hand side of the convexity inequality. Additionally, we delve into the second criterion of convexity, which
asserts that for a similar type of function on an interval, the function is convex if and only if its second derivative remains
non-negative across the entire interval, adhering to the conventional definition of convexity. Our goal is to reinterpret this
criterion within the framework of "h-convexity’. Furthermore, we prove that if a certain non-zero function defined on the
interval [0, 1] is non-negative, concave, and bounded above by the identity function, then this function is fixing the end point
of the interval if and only if it is the identity function. Finally, we also provide a negative response to the conjecture given by
Mohammad W. Alomari (See [4]) by providing two counterexamples.
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1. Introduction

The study of convexity and generalized convexity stands as a cornerstone in the realm of mathematical
programming. These subjects represent an ongoing trend in addressing a wide range of optimization problems,
expanding the scope from classical convex programs to more diverse optimization challenges. In this paper, we
delve into properties and relationships related to the derivability of h-Convex functions. We aim to broaden the
scope of applicability and explore new avenues for optimization in scientific and engineering domains. For a
comprehensive understanding of the basic elements of convex analysis and its applications in specific scientific
fields, the derivability of convex functions is crucial in optimization and mathematical analysis. It allows for
establishing optimality conditions, characterizing global minima, enabling efficient optimization algorithms, and
advancing the field of convex analysis. We recommend referring to the works of Mordukhovich and Nam [5],
Niculescu and Persson [6], Roberts and Varberg [7], Sezer et al. [9], and other relevant references provided
therein. We consider the definition of h-convexity proposed by Sanja Varosanec (See [11]), which encompasses
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h-convex functions, generalizations of convexity (See [1, 11, 10]), s-convexity, s-Godunova-Levin functions, and
P-functions.

Definition 1.1 (h-Convexity (See [11]))
Let C C R”™ be a convex set. A non-negative function f : C' — Ris called h-convex in C if it satisfies the inequality:

flaz + (1 = a)y) < h(a)f(z) +h(1 = a)f(y), Yo,y cC, (1.1)

forall z,y € C and all & € [0, 1], where h : [0, 1] — R is a non-negative function with / # 0.

If the function f is not necessarily non-negative and h(t) = t, then we say that f is convex [8, 7].
Special cases of the function h yield various types of convexity:

When h(t) = t, function f becomes a non-negative convex function.

For h(t) = t*, where s € (0,1), f becomes a non-negative s-convex function [9].
« When h(t) = -, where s € (0,1), f takes the form of a non-negative s-Godunova-Levin function [10].

With A(t) = 1, f becomes a non-negative P-convex function [3].
 For h(t) = tP(1 — )9, where p,q > —1, f embodies a non-negative 3-convex function [10].

Convexity is a fundamental concept in mathematical analysis and optimization. In this work, we aim to generalize
the derivability convexity theorem using the framework of so-called h-convexity (See [11]). This extension opens
up new avenues for understanding and addressing optimization problems across various domains.

Below are the preliminary results from literature that will be essential to present our main results.

Lemma 1.2 (Necessary condition of convex function [2])
Let I C R be an interval in R and let the function f : I — R be convex. Then for any a, b € I such that a < b, and
any = € R such that ¢ < z < b we have the following inequality:

f@) = f(a) _ 1) = f(@

r—a b—a -

(1.2)

Theorem 1.3 (First criterion of convexity [8])
Let I be an open interval and let f : I — R be a derivable function. Then f(¢) is convex if and only if the first
derivative f(1)(¢) is increasing on 1.

Theorem 1.4 (Second criterion of convexity [8])
Let I be an open interval and let f : I — R be a function. Suppose f(¢) is twice derivable on I. Then f(t) is convex
if and only if the second derivative f(?)(¢) > 0 forall t € I.

2. Main Results

This section presents the first and second derivability criteria in the scope of h-convexity.

Lemma 2.1 (Necessary Condition of h-Convex Function)
Let I C R be an interval in R, and let the function f : I — R be h-convex with h(t) < ¢. Then, for any a,b € T
with @ < b and any « € R such that a < z < b, the following inequality holds:

fz) = fla) _ fO0) — fla) _ f(b) = fl=)

2.1
T —a b—a b—=x 2D

Proof: Let I C Rbe an interval in R, and let the function f : I — R be h-convex. This implies that f is a positive
function on I, and we have h(t) < ¢. Consider a and b in I such that a < b, and let = € R be such that a < = < b.
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This implies that 0 < x — a < b — a. If we define t = $= (0,1). By the convexity of f, we have:

f@) = fla+(z—a)
= fla+3—(b-a)
fla+t(b—a))

= [+ (1~ 1))
B F0) + h(1 = 1) (a)
L) + (1 - 1)f(0)

This leads to f(x) < tf(b) + (1 —¢)f(a). By subtracting f(a) from both sides, we obtain:

INIA

f(@) = fla) S HFB) — f(@) = 7= (f() = f(a)).
Dividing both sides by  — a, we arrive at the first inequality:
f(z) = fla) _ f(b) = f(a)
T—a - b—a

Now, let’s prove the second inequality. From the previous derivation, we have f(x) <tf(b)+ (1 —1t)f(a).
Subtracting f(b) from both sides yields:

Since = — b < 0, dividing both sides by  — b gives us:

f(b) — f(a)
b—a x—b

which completes the proof. O

Theorem 2.2 (First Criterion of h-Convexity)
Let I be an open interval, and let f : I — R be a differentiable function.

1. If A : [0,1] — R is a non-negative function with h # 0 and h(¢) < t, then: If f(¢) is h-convex, then the first
derivative f(1)(¢) is increasing on 1.

2. If h : [0,1] — Ris a non-negative, differentiable, concave function with 2 # 0 and ~(0) = 0, h(1) = 1, then:
If the first derivative f(1)(¢) is increasing on I, then f(t) is h-convex.

Proof:

1. Let I C R be an interval in R. Suppose the function f : I — R is h-convex on I with h(t) < ¢. We aim to
prove that f(1)(¢) is increasing on I. Take a, b € I such that a < b. By Lemma 2.1, we have:

fz) = fla) _ f(0) — f(a)

T—a b—a

for all a < = < b. Then, as f is differentiable, we can take the limit as = approaches a™:

i 1@ = 1(0) _ )~ f(a)

r—at Tr—a b—a

By the differentiability of f, this is equivalent to:
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Similarly, we have:

f) = f(x) _ flx) = f(b)

< =
b—a - b—x z—b
for all a < x < b. Taking the limit as « approaches b~:
SO~ f@) 0~ f@)
b—a z—=b- b—ux

And again, by the differentiability of f, we get:

f®) = fla) _ .
e b).
=D < o
Thus, f(a) < M (b), indicating that (1) (¢) is non-decreasing.
2. To prove the converse, assume that f(1)(¢) is increasing on I, and h:[0,1] — R is a non-negative,
differentiable, concave function with & # 0 and ~(0) = 0, k(1) = 1. We need to show that f(¢) is h-convex
onI. Fix z,y € I and t € [0, 1]. Define:

g(t) =h(t)f(y) +h(l —1t)f(x) = f(ty + (1 — 1))
=h(t)f(y) + (L =) f(x) = flz+ty — z)).
Since h(0) = 0 and h(1) = 1, we have ¢g(0) = g(1) = 0. We can calculate the derivative of g(¢):
gV (@) = V@) f(y) = WD (1 =) f(@) = (y —2) fD (@ + t(y — ).

As h((t) is decreasing on [0, 1], for any ¢,y € [0,1] with t; < t, and = # y, we have:

gD (ty) — gV (t2)
(hO(t) — b (£2))£(y) — (BO (1~ 1) — KO (1~ 1)) f(z)
g (F0 @ty - )~ f Ot iy )
= ol “>( CEIED >

<
0

Thus, g(M) () is decreasing on [0, 1]. By Rolle’s theorem, as g(t) is continuous on a proper closed interval
[0, 1], differentiable on the open interval (0, 1), and g(0) = g(1), there exists at least one c¢ in the open interval
(0, 1) such that g™ (c) = 0. This implies g(¢) > 0 on [0, 1], which is equivalent to f(¢) being h-convex. This
completes the proof.

O

Example 2.3
We provide two examples below to support the theoretical results:

1. Forall t € [0,1], let h(t) = t#, 3 > 1. We see that h(t) is a non-negative function with h # 0 and h(t) < t,
for all z €]0, +oo[. The function f(z) = —2*,0 < o < 1 is h—convex ( see example 7 in [11]), and the first
derivative f(")(x) = —az*~!,0 < a < 1 is increasing on |0, +-00].

2. For all z €]0,1[, f(z) = 2%« > 1 is h—convex with h(t) = v/t is a non-negative, differentiable, concave
function, h # 0 and h(0) = 0, h(1) = 1. Further, we have f()(x) = ax®~! is increasing on ]0, 1].
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Theorem 2.4 (Second Criterion of h-Convexity)
Let I be an open interval, and let f : I — R be a function that is twice differentiable on /.

1. If b : [0,1] — Ris a non-negative function with h # 0 and h(t) < ¢, then: If f(¢) is h-convex, then the second
derivative f(?)(t) > 0 forall t € I.

2. If h : [0,1] — R is a non-negative, differentiable, concave function with 2 # 0 and ~(0) = 0, h(1) = 1, then:
If the second derivative f(2)(¢) > 0 for all ¢ € I, then f(t) is h-convex.

Proof: Apply Theorem 2.2 with f(t) being twice differentiable on I. O

Corollary 2.5
Let h : [0,1] — R be a non-negative concave function with h # 0 and h(t) <t for all ¢ € [0,1]. h(1) =1 if and
only ifitis a h(t) =t forall ¢t € [0, 1].

Proof
Suppose that h(t) is a non-negative concave function with i # 0 and h(t) < ¢ for all ¢t € [0, 1]. Then h(0) = 0, and

th(1) + (1 — t)h(0) < h(t(1) + (1 —t)(0)) < t forall ¢ € [0, 1]

According to h(1) = 1, we have
h(t) =tforall t € [0,1]

If h(t) =t for all t € [0, 1], then h(¢) is a non-negative concave function with h % 0 and h(t) < ¢ for all ¢ € [0, 1]
and h(1) = 1. O
We will respond in the following to the conjecture given by Mohammad W. Alomari (See [4]) that it is incorrect
with two counterexamples

Conjecture 2.6
(two counter examples disproving the two implications) The conjecture states that: For h: [0,1] — R a non-
negative function with h # 0 and h(¢t) >t for all ¢t €]0, 1], a function f : I — R, which is twice differentiable,
is h—convex if and only if f”(z) > 1 — 2h(3).

Proof
(=)
For all x € [0, 00|, the function f(z) = /x is h—convex with h(¢) = /1 +t > ¢. Further, we have f(z) =

~m 1= 2h(5) =1~ 2\/5, and

lim f"(x) = —co < 1— 2h(%) =1- 2\/§

z—0t
(<)

Forall o €] — 1, +1[ let f(z) = =203) g2 1220G) o 4ng

i 1
h(t)Z{ bl 0st<y

o if l<t<i

h(t) > t for all t €]0, 1], we have

On the other hand, for all z,y €] — 1,+1[ and a €]0, ;[, we have

flaz+ (1= a)y) > af(z)+ (1 - a)f(y) = h(a)f(x) + h(1 — ) f(y),

and hence f(x) is not h-convex. O
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3. Conclusion

In conclusion, our work has uncovered valuable insights in the realm of h-convexity. We have established:

* A necessary condition for h-convex functions, shedding light on their properties.

* Two criteria for h-convexity, showing the relationship between function behavior and h-convexity.

* The criterion for h(t) = t as a special case of h-convexity.

* We have disproved the conjecture given by Mohammad W. Alomari (See [4]) by giving two counterexamples.

These findings expanded our understanding of optimization problems within the framework of h-convexity,
demonstrated its versatility and relevance in various mathematical contexts.
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