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Abstract This article employs an adaptive type-II progressive hybrid censoring scheme for estimating the overlap of
two Rayleigh distributions with different scale parameters. The estimators for these overlap measures are obtained using
this censoring method, and their asymptotic bias and variance are also presented. Furthermore, confidence intervals for these
measures are constructed using both the bootstrap method and Taylor approximation. To emphasize the practical significance
of our proposed estimators, we analyze real-life data focusing on the impact of mercaptopurine on maintaining remission in
patients with acute leukemia.
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1. Introduction

Life-testing experiments pose challenges in controlling test duration and conserving experimental units while
ensuring efficient estimation. Censoring techniques offer a solution by removing active units and stopping the
experiment before all units fail. Progressive censoring is crucial, as it involves removing units at predetermined or
random time points during the experiment, accounting for potential losses or removals.

Over the years, progressive censoring has been extensively studied, with models falling into two categories:
progressive Type-I censoring, concluding the experiment at predefined times, and progressive Type-II censoring,
ending after a predetermined number of failures. Both approaches provide flexibility by allowing unit removal at
non-terminal times.

Progressive Type-I censoring involves fixed durations at a specific time, potentially resulting in few or no
observed failures for units with long lifetimes. In contrast, progressive Type-II censoring, although flexible, may
lead to extended test durations when units have extended lifetimes, which is considered a drawback.

Kundu and Joarder (2006) introduced two progressive hybrid censoring schemes, offering alternatives to
traditional progressive Type-II censoring by ending experiments at a certain time T . These schemes adapt to
the data, allowing fewer than m observations in Type-I hybrid censoring or extended testing in Type-II hybrid
censoring.

During real-life experiments, it is imperative to acknowledge that a fixed censoring scheme may not always be a
practical approach. Any intentional or unintentional alternation during the experiment can significantly impact the
results. However, Ng et al. (2009) have introduced a new model (depicted in Figure (1) that allows the censoring
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Figure 1. Adaptive type-II progressive hybrid censoring model as proposed by Ng et al. (2009). (a) Experiment ends before
time T. (b) Experiment ends after time T.

scheme to be changed as required during the experiment. This model is called adaptive type-II progressive hybrid
censoring (Adaptive-IIPH), in which a threshold time T switches between the original and modified schemes.

Assume there are n units in a life-testing experiment, and the effective sample size m(< n) is predetermined,
along with the censoring scheme (K1,K2, . . . ,Km); however, the values of some of the Ki may change as the
experiment progresses. Assuming the experimenter has provided an ideal total test time T . If the m-th failure
occurs before time T (see Figure 1(a)), the experiment proceeds similarly to type-II progressive censoring. It halts
at time Xm with the pre-fixed censoring scheme (K1,K2, . . . ,Km). Otherwise, if the experimental time has passed
T , but the number of observed failures has not yet reached m, we do not remove any items from the experiment

by setting Kj+1 = Kj+2 = · · · = Km−1 = 0 and Km = n−m−
j∑

i=1

Ki. This setting can be seen as a design that

guarantees m observed failure times while keeping the total test time not too far away from the ideal test time T
(depicted in Figure 1(b)). Note that if we set T = 0, we will have a traditional type-II censoring method. However,
if T → ∞, the Adaptive-IIPH process becomes a progressive type-II censoring technique.

Adaptive-IIPH significantly impacts real-life applications, as evidenced by its widespread use in literature.
Most recently, Alslman and Helu (2023) developed new methods for estimating the stress strength of the inverse
Weibull distribution using the Adaptive-IIPH censoring scheme. Asadi et al. (2022) employed Adaptive-IIPH
censoring to conduct accelerated life tests on virus-containing microdroplets, monitoring Virus-MD persistence
during coughs at different time points. Alotaibi et al. (2022) utilized Adaptive-IIPH censoring for testing sodium
sulfur battery lifetimes in a chemical application employing the XLindley distribution. Furthermore, Helu and
Samawi (2021) applied Adaptive-IIPH censoring to radar-evaluated rainfall data from 52 cumulus clouds in South
Florida, highlighting its versatile utility in various fields.

Estimating the proportion of machines or electronic devices with similar failure time ranges is crucial in
reliability analysis, especially when dealing with different sources or stress levels. Various overlap coefficients
(OVL), such as Matusia’s measure ρ, Morisita’s measure λ, and Weitzman’s measure ∆, are utilized to achieve
this. These coefficients represent the common area between two probability density functions. The depiction of
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Figure 2. Overlap of two Rayleigh distributions.

OVL for two distributions in Figure 2 displays the natural interpretations of OVL as a fraction of probability mass
under either density, represented by the shaded area in 2.

OVL has found widespread use in various practical applications as well. It has been utilized in quantitative
ecology, as demonstrated by Gastwirth (1975). Furthermore, OVL has been applied to electromyographic
assessment of muscular asymmetry by Ferrario et al. (2000) and in treatment assessment during clinical trials,
as discussed by Mizuno et al. (2005).

For a deeper exploration of the various applications of overlap coefficients, interested readers can refer to the
works of Wang and Tian (2017), Martinez-Camblor (2022), Helu (2024).

The mathematical form of the OVL measures are as follows: Suppose two samples of observations are drawn
from two continuous distributions f1(x) and f2(x). Then the overlap measures are defined as follows:

Matusita’s Measure (1955): ρ =

∫ √
f1(x)f2(x) dx,

Morisita’s Measure (1959): λ =
2
∫
f1(x)f2(x) dx∫

[f1(x)]2 dx+
∫
[f2(x)]2 dx

,

Weitzman’s Measure (1970): ∆ =

∫
min(f1(x), f2(x)) dx.

It is possible to adapt these measures for discrete distributions by using summations. They can also be extended
to multivariate distributions. They are quantified on a scale from 0 to 1, with values near 0 indicating significant
inequality (or disagreement) and 1 suggesting exact equality (perfect agreement) between density functions.

The mathematical structure of these measures is intricate, and there are no results available on the exact sampling
distributions of their estimators. Prior work includes Smith (1982) on discrete Weitzman’s measure, Mishra et
al. (1986) on sampling properties under homogeneity assumptions, Mulekar and Mishra’s (1994) simulations
on normal densities, and Lu et al.’s (1989) study of sampling variability. Additionally, Dixon (1993) applied
bootstrapping and jackknife techniques, while Mulekar and Mishra (2000) addressed inference problems.

The sampling behavior of a nonparametric estimator of OVL was analyzed by Helu and Samawi (2011). Samawi
et al. (2017) conducted a study investigating the similarities and distinctions between the maximum of the Youden
index (J) and overlap coefficient (OVL), highlighting the advantages of OVL over J.
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In this article, our primary focus lies in making inferences regarding the measure of overlap (OVL) while utilizing
Adaptive-IIPH censoring data from two independent Rayeligh distributions with different scale parameters.

Section 2 introduce the Rayleigh distribution and the derivation of the measures. Section 3 introduces the
estimators, explores their approximate biases, and establishes confidence intervals via the delta method and
bootstrap techniques. Transitioning to Section 4, we present the results of our simulations and engage in a
comprehensive discussion. Section 5, on the other hand, spotlights a practical example using real data, culminating
in our concluding remarks.

2. The model

The Rayleigh distribution is crucial in life testing experiments because its failure rate is a linear function of
time, making it suitable for modeling the aging process of products. Dyer and Whisenand (1973) highlighted
its importance in communication engineering, while Polovko (1968) noted its relevance in electrovacuum devices.
Introduced by Rayleigh in 1880 and appearing as a special case of the Weibull distribution, the Rayleigh distribution
is one of the most commonly used distributions for analyzing lifetime data. It plays a key role in various
fields, including project effort loading modeling, survival and reliability analysis, communication theory, physical
sciences, technology, diagnostic imaging, applied statistics, and clinical research. This distribution’s origin and
other aspects are detailed in Siddiqui (1962) and Miller and Sackrowitz (1967), further emphasizing its broad
applicability and significance.

A random variable U is said to have a Rayleigh distribution with scale parameter θ (Ray(θ)), if its probability
density function (pdf) is given by

f (u) =
2u

θ
e−u2/θ, θ > 0, u > 0. (1)

The cumulative distribution function (cdf) corresponding to (1) for u > 0, is

F (u) = 1− e−u2/θ.

Let X = U2, thus, X has a one-parameter exponential distribution (Exp (θ)), with pdf and cdf as follows:

g(x) =
1

θ
e−

x
θ , for x ≥ 0, θ > 0, (2)

and
G(x) = 1− e−

x
θ , for x ≥ 0, θ > 0. (3)

Let R = θ1
θ2

, as in Helu and Samawi (2011), the continuous version of the three proposed overlap measures can
be expressed as a function of R as follows:

ρ =
2
√
R

1 +R
, (4)

λ =
4R

(1 +R)
2 , (5)

and

∆ = 1−R
1

1−R

∣∣∣∣1− 1

R

∣∣∣∣ , R ̸= 1. (6)

According to Mulekar and Mishra (2000), ρ, λ, and ∆ are not monotone for all R > 0. However, they exhibit
certain properties, such as symmetry in R, meaning that OV L(R) = OV L( 1

R ). They also remain invariance under
linear transformations, Y = aX + b, a ̸= 0 and attain the maximum value of 1 at R = 1.
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2.1. Maximum likelihood estimates

The OV L measures ρ, λ and ∆ are functions of θ1 and θ2. In order to draw any inference about the OV L
measures, we need to estimate the unknown parameters, θ1 and θ2. In this section we obtain the maximum
likelihood estimates (MLEs) of the parameters θ1 and θ2 based on the Adaptive-IIPH censored samples. Let U =
U1:m1:n1

< U2:m1:n1
< ... < Um1:m1:n1

be an Adaptive-IIPH censoring sample from Ray(θ1) under the censoring
scheme {n1,m1,K1, ...,KJ1

, 0, ..., 0,K∗ = n1 −m1 −
∑J1

i=1 Ki} such that UJ1:m1:n1
< T1 < UJ1+1:m1:n1

. And,
V = {V1:m2:n2

< V2:m2:n2
< ... < Vm2:m2:n2

} be an Adaptive-IIPH censoring sample from Ray(θ2) under the
scheme
{n2,m2, L1, ..., LJ2

, 0, ..., 0, L∗ = n2 −m2 −
∑J2

i=1 Li} such that VJ2:m2:n2
< T2 < VJ2+1:m2:n2

. For simplicity,
let Ui = Ui:m1:n1

and Vi = Vi:m2:n2
. Then the joint likelihood function of the Adaptive-IIPH censored sample (see

Balakrishnan and Cramer, 2014) can be written as

L(θ1, θ2|X,Y) = C1C2[1− F1(um1
)]K

∗
m1∏
i=1

f1(ui)

J1∏
i=1

[1− F1(ui)]
Ki

[1− F2(vm2
)]L

∗
m2∏
i=1

f2(vi)

J2∏
i=1

[1− F2(vi)]
Li ,

(7)

where,

C1 = n1(n1 −K1 − 1)(n1 −K1 −K2 − 2)...(n1 −K1 −K2 − ...−Km1−1 −m1 + 1),

C2 = n2(n2 −1 −1)(n2 −1 −L2 − 2)...(n2 − L1 − L2 − ...− Lm2−1 −m2 + 1),

f1(u) =
2u

θ1
e−u2/θ1 , F1(u) = 1− e−u2/θ1 , for u > 0, (8)

f2(v) =
2v

θ2
e−v2/θ2 , F2(v) = 1− e−v2/θ2 , for v > 0. (9)

After substituting equations 8 and 9 into equation 7, and then taking the log-likelihood function, we obtain the
following:

l ∝ −m1 log (θ1)−

(
K∗u2

m1
+
∑m1

i=1 u
2
i +

∑J1

i=1 Kiu
2
i

)
θ1

−m2 log (θ2)−

(
L∗v2m2

+
∑m2

i=1 v
2
i +

∑J2

i=1 Liv
2
i

)
θ2

. (10)

Using the transformation X = U2 and Y = V 2, Eq. 10 becomes

l ∝ −m1 log (θ1)−

(
K∗xm1

+
∑m1

i=1 xi +
∑J1

i=1 Kixi

)
θ1

−m2 log (θ2)−

(
L∗ym2 +

∑m2

i=1 yi +
∑J2

i=1 Liyi

)
θ2

. (11)
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The MLEs of the parameters θ1 and θ2 can be obtained by taking the first derivative of Eq.11 with respect to θ1 and
θ2 and equating the normal equations to 0 to get

θ̂1 =
K∗xm1 +

∑m1

i=1 xi +
∑J1

i=1 Kixi

m1
, (12)

θ̂2 =
L∗ym2 +

∑m2

i=1 yi +
∑J2

i=1 Liyi
m2

. (13)

Viveros and Balakrishnan (1994; page 88) showed that when the underlying distribution is an exponential
with unknown mean θ, and when data W1:m:n < W2:m:n < · · · < Wm:m:n are based on progressively type-II
censored sample with censoring scheme K = (K1,K2, . . . ,Km), θ̂ =

∑m
i=1(Ki+1)wi

m is the MLE of θ, and θ̂ ∼
Gamma(m, θ

m ) in which Gamma (., .) denote the Gamma distribution. Cramer and Iliopolous (2010; Theorems
5 and 7) showed that the MLE when data are based on Adaptive-IIPH coincide with the MLE in deterministic
progressive type-II censoring schemes. Thus, the distribution of this particular random variable is invariant with
respect to random (fixed) progressive type-II censoring procedure. Thus, we obtain θ̂i ∼ G(mi,

θi
mi

); i = 1, 2.
Consequently, the means and variances of the MLEs in (12) and (13) are

E(θ̂1) = θ1, E(θ̂2) = θ2, (14)

V ar(θ̂1) =
θ21
m1

, V ar(θ̂2) =
θ22
m2

, (15)

therefore, the MLE of R is R̂ = θ̂1
θ̂2
. Hence, θ2

θ1
R̂ has F -distribution with 2m1 and 2m2 degrees of freedom

(F2m1,2m2
). Thus, the variance of R̂ can be approximated by:

V ar(R̂) =
m2

2(m1 +m2 − 1)

m1(m2 − 1)2(m2 − 2)
R2. (16)

Clearly, an unbiased estimator of R is given by R̂∗ = (m2−1)
m2

R̂ with variance V ar(R̂∗) = (m1+m2−1)
m1(m2−2) R2 and hence

V ar(R̂∗) < V ar(R̂). Since the OV L measures are functions of R, therefore, based on the MLE estimate of R,
the OV L measures can be estimated by

ρ̂ =
2
√

R̂∗

1 + R̂∗
, (17)

λ̂ =
4R̂∗(

1 + R̂∗
)2 , (18)

and,

∆̂ = 1− R̂
∗ 1

1−R̂∗

∣∣∣∣1− 1

R̂∗

∣∣∣∣ , R̂∗ ̸= 1. (19)
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3. Asymptotic properties of OVL

Using the delta method, the asymptotic variance and bias for OV L measures are as follows: Let OV L = g(R̂∗),
then the asymptotic variance are given by

V ar(ρ̂) = σ2
ρ̂
∼=

(m1 +m2 − 1)

m1(m2 − 2)

R(1−R)2

(1 +R)4
, (20)

V ar(λ̂) = σ2
λ̂
∼=

16(m1 +m2 − 1)

m1(m2 − 2)

R2(1−R)2

(1 +R)6
, (21)

V ar(∆̂) = σ2
∆̂
∼=

(m1 +m2 − 1)

m1(m2 − 2)

R
2

1−R (lnR)2

(1−R)2
. (22)

with the asymptotic bias

Bias(ρ̂) ∼=
(m1 +m2 − 1)

m1(m2 − 2)
×

√
R(3R2 − 6R− 1)

2(1 +R)3
, (23)

Bias(λ̂) ∼=
(m1 +m2 − 1)

m1(m2 − 2)
× 4R2(R− 2)

(1 +R)4
, (24)

and,

Bias(∆̂) ∼=

{
H(R) (m1+m2−1)

m1(m2−2) , R > 1

−H(R) (m1+m2−1)
m1(m2−2) , R < 1

}
, (25)

where, H(R) = R2

[
R

2R−1
1−R R{2R−lnR−2} lnR−(R−1)2

(R−1)3

]
.

Consistent estimators for the above variances and biases can be obtained by substituting R by R̂∗ in the above
formulas.

3.1. Interval estimation

Two types of interval estimation for the OV L measure are considered, namely the asymptotic confidence
interval and the bootstrap confidence interval that were introduced by Efron (1992). For a large sample, normal
approximation to the sampling distribution using the delta-method, works fairly well. Therefore, the asymptotic
100(1− α)% confidence interval for the OV L measures is given by:{
ÔV L∓ σ̂

ÔV L
Zα/2

}
, where Zα/2 is the α

2 upper quantile of the standard normal distribution.

There is an obvious bias involved in all OV L measure estimates, however, for large samples, they work fairly
well. Thus, the bias corrected interval can be computed as follows:(

ÔV L−Bias(ÔV L)
)
± σ̂

ÔV L
Zα/2. (26)

However, uniform bootstrap resampling approach for estimating bootstrap confidence intervals as described by
Efron (1992), is designed for one sample case. For a two-sample case, the uniform resampling rules will apply to
each sample separately and independently (see Helu and Samawi, 2011).
Let X =(X1, X2, · · · , Xm1

) and Y =(Y1,Y2, · · · ,Ym2
) be two independent

Adaptive-IIPH samples drawn from f1(x) and f2(y) respectively. Assume that the parameter of interest is the
OV L coefficient. Let S be an estimate of OV L based on the mentioned two random samples. For B uniform
re-samples, say (X∗

i1, X
∗
i2, ..., X

∗
im1

) and (Y ∗
i1, Y

∗
i2, ..., Y

∗
im2

), i = 1, 2, ..., B, let S∗
1 , S

∗
2 , ..., S

∗
B be the re-sampling

realization of S. Then, the uniform re-sampling approximation to the 100(1− α)% bootstrap confidence limits
can be obtained as follows: Let S∗

(1), S
∗
(2), ..., S

∗
(B) be the order statistics of S∗

1 , S
∗
2 , ..., S

∗
B . Define ω1 = int(B(α))

and ω2 = int(B(1− α)). Then the uniform re-sampling approximation of the 100(1− α)% confidence interval is(
S∗
(ω1)+S∗

(ω1+1)

2 ,
S∗
(ω2)+S∗

(ω2+1)

2

)
.
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4. Simulation Study

This simulation study aims to rigorously compare the performance of maximum likelihood estimators for the
measures of overlap. These estimators are derived from diverse sets of Adaptive-IIHP censoring samples, as
described by Ng et al. (2009), generated from two independent Rayleigh distributions. The algorithm proceeds
as follows:

1. Generate two independent progressive type-II censored samples, denoted as U1, U2, ..., Um1 and
V1, V2, ..., Vm2

from Ray(θ1) and Ray(θ2), respectively. Use censoring schemes K = (K1,K2, . . . ,Km1
)

and L = (L1, L2, . . . , Lm2
) as proposed by Balakrishnan and Cramer(2014).

2. Determine the values of J1 and J2, such that UJ1 < T1 < UJ1+1 and VJ2 < T2 < VJ2+1. Then, remove
UJ1+2, . . . , Um1

and VJ2+2, . . . , Vm2
.

3. Generate the first m1 − j1 − 1 order statistics from the truncated distribution f1(u)
1−F1(uJ1+1)

as UJ1+2, . . . , Um1
,

and adjust the censoring scheme to K = (K1, . . . ,KJ1
, 0, . . . , 0,K∗ = n1 −m1 −

∑J1

i=1 Ki). Similarly,
generate the first m2 − j2 − 1 order statistics from the truncated distribution f2(v)

1−F2(vJ2+1)
as VJ2+2, . . . , Vm2

,

and update the censoring scheme to L = (L1, . . . , LJ2
, 0, . . . , 0, L∗ = n2 −m2 −

∑J2

i=1 Li). Use the
transformation X = U2 and Y = V 2.

4. Calculate θ̂1 and θ̂2, and subsequently obtain the estimates of the measures of overlap ρ̂, λ̂, and ∆̂.

In this study, we executed a total of 10,000 simulations, each corresponding to one of four distinct values of R.
Specifically:

1. When R = 0.003, the resulting parameter values are as follows: ρ = 0.1, λ = 0.01, and ∆ = 0.02.
2. For R = 0.03, we observed ρ = 0.34, λ = 0.11,, and ∆ = 0.13.
3. When R = 0.2, the associated parameter values are ρ = 0.70, λ = 0.50, and ∆ = 0.42.
4. Lastly, R = 0.8 yielded parameter values of ρ = 0.98, λ = 0.96, and ∆ = 0.85.
These simulations are conducted based on four distinct sets of population parameters: (θ1, θ2) =

(3, 1000), (3, 100), (0.1, 0.5), and (4, 5). This comprehensive range of parameter combinations allowed us to
explore varying degrees of similarity between the two Rayleigh distributions. Additionally, three primary stopping
times are considered: T1 = X⌊m

4 ⌋, T2 = X⌊ 4m
5 ⌋, and T3 = Xm + 2.

We then computed the associated approximate 95% confidence intervals, bias (|Bias|), mean squared error
(MSE), length of the confidence intervals (L) and coverage probability (Cov) using Taylor and bootstrap
approximation techniques. The bootstrap approximation is based on B = 1000 resamples. For illustrative purposes
we generated the censoring samples using n = n1 = n2 = 20, 30,m = m1 = m2 = 5, 10, 20, and set K = L,
employing three censoring schemes:

• Scheme-I: (n−m, 0∗(m−1)), known as scheme-I, where n−m units are removed just after the first failure.
• Scheme-II:

(
0∗(m−1), n−m

)
, known as scheme-II, where n−m units are removed after the last failure.

• Scheme-III:
(
n−m

2 , 0∗(m−2),n−m
2

)
, known as scheme-III, where n−m

2 units are removed after the first
and last failures. For brevity, we use the notation 0∗p to denote p successive zeros. Thus, the scheme
(9, 0, 0, 0, 0, 0) is denoted by (9, 0∗5).

4.1. Data analysis and comparison study

In this study, we investigate the behavior of overlap estimators when applied to samples drawn from two Rayleigh
distributions of varying degrees of similarity based on Adaptive-IIPH censored data. Our research has shed light
on the crucial relationship between the similarity between two distributions and the accuracy of the estimators.

Most favorable estimators tend to have minimal |Bias|, smallest MSE, and shortest L. These desirable
properties manifest prominently when a substantial disagreement exists between the two Rayleigh density
distributions, when ρ = 0.1, λ = 0.01 and ∆ = 0.02 as depicted in Tables 6 and 10. Conversely, as the similarity
between the source distributions increases, we consistently observe an escalation in |Bias|, MSE, and L across all
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OVL estimators. Based on this pattern, these estimators appear less accurate and precise as the source distributions
become more congruent (see Tables 6 to 9).

Interestingly, a notable inverse relationship surfaces concerning coverage probability. As the source distributions
become more alike, the coverage probability, Cov, decreases for the estimators ρ̂ and λ̂. However, this trend
diverges for ∆̂, where the Cov improves with increasing similarity between the two densities.

Furthermore, as the values of ρ̂ and λ̂ approach 1, signifying strong agreement between the source distributions,
we observe a similar behavior pattern: |Bias| increases while MSE, L, and Cov decrease. Intriguingly, the ∆̂
estimator deviates from this pattern. As ∆̂ approaches 1, indicating maximum similarity, only the |Bias| of the
∆̂ estimator declines, while MSE and L increase. This suggests that the ∆̂ possesses unique characteristics,
performing optimally when the source distributions completely agree or disagree.

Moreover, it is crucial to underscore the consistent behavior of the ∆̂ regarding coverage. Specifically, as ∆̂
approaches the extremes of 0 or 1, there is a consistent increase in Cov values. This highlights the remarkable
stability of the ∆̂ estimator in scenarios where the source distributions either fully align or diverge.

It is noteworthy that when there exists a substantial disagreement between the two Rayleigh densities, there are
minimal differences between the three stopping times. Additionally, when the ratio of m/n is large (≥ 2/3), |Bias|,
MSE, L, and coverage probability show noticeable improvement.

Shifting our focus to the bootstrap method, results presented in Tables 10 to 13 align with the observations made
in Tables 6 to 9, except for instances when the two densities have perfect agreement. In such cases, all three OVL
estimates exhibit similar behavior: |Bias| and Cov increase while MSE and L values decrease. Furthermore, the
bootstrap results indicate no significant impact from varying censoring schemes or OVL values, except for the
consistent coverage values, which remain stable regardless of the source distributions aligning or diverging.

5. Real life data

In this section, we utilize real-life data to demonstrate and validate our proposed method in practical scenarios.
The dataset we employ was initially reported by Freireich (1963) and has since been utilized by Gehan (1965) and,
more recently, Zhou (2020).

This study aimed to compare the efficacy of 6-mercaptopurine (6-MP), a medication, to placebo regarding
sustaining remission in patients with acute leukemia. Table 1 presents the remission durations for two separate
cohorts, each comprising 21 patients. One cohort received the placebo, while the other received the drug 6-MP.

Table 1. The duration of the remission time (in weeks) for two groups of leukemia patients

6-MP 6 6 6 6 7 9 10 10 11 13 16
17 19 20 22 23 25 32 32 34 35

placebo 1 1 2 2 3 4 4 5 5 8 8
8 8 11 11 12 12 15 17 22 23

The legitimacy of the Rayleigh model is checked for 6-MP group and placebo group based on θ1 = 13.64 and
θ2 = 6.92, respectively, using the Kolmogorov-Smirnov (K-S), Anderson-Darling (A-D), and chi-square tests. The
results, presented in Table 2, demonstrate that the Rayleigh model effectively fits both sets of data.

Table 2. Test statistic and p-value associated with each test for 6-MP and placebo

Data K-S(p-value) A-D(p-value) chi-squared(p-value)
6-MP 0.1509 (0.6701) 0.693 (0.2502) 1.911 (0.3846)
placebo 0.1985 (0.3341) 1.652 (0.3312) 2.245 (0.3255)

Additionally, the fitted pdfs and Q-Q plots for the 6-MP and placebo datasets are depicted in Figures 3 to 6,
confirming that the Rayleigh model is a good fit for both data sets.
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Figure 3. Estimated pdf of the 6-MP data Figure 4. Estimated pdf of the placebo data

Figure 5. Q-Q plot for the 6-MP data Figure 6. Q-Q plot for the placebo data

Three different artificial Adaptive-IIHP censored data are created for both sets using the same censoring schemes
as those in Section 4. The associated stopping time for each scheme and the generated censored samples are given
in Table 3 to 6.

The estimates of the OVLs are calculated based on m1 = 11, m2 = 11. The corresponding MLEs, |Bias|,
asymptotic variance and 95% confidence intervals for OVLs, using Taylor approximation and bootstrap methods,
are reported in Table 5, which reveal that the estimates based on Scheme-III, are the closest to those of the complete
data set.
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Table 3. Artificial Adaptive-IIHP censored samples for 6-MP group

scheme T censored data for 6-MP
I T1 9 17 19 20 22 23 25 32 32 34 35
II T2 6 6 6 7 10 11 13 17 19 22 23
III T3 9 10 10 11 13 16 17 19 20 22 23

Table 4. Artificial Adaptive-IIHP censored samples for the placebo group

scheme T censored data for placebo
I T1 1 1 2 5 3 8 11 12 15 17 22
II T2 1 1 2 2 3 4 4 5 8 8 11
III T3 4 4 5 5 8 8 8 8 11 11 12

Table 5. Results based on the real data of Efron (1988)

Asymptotic Inference
95% confidence

Bootstrap Inference
95% confidence

Scheme Coeff MLEs (—Bias—) Asymptotic
variance Lower Upper Lower Upper

Complete ρ 0.9622(0.0038) 0.0018 0.8837 1 0.8750 0.9939
λ 0.9258(0.0207) 0.0133 0.5540 1 0.6628 0.9244
∆ 0.7971(0.0055) 0.0066 0.7730 1 0.8041 0.9895

1 ρ 0.9537(0.0055) 0.0044 0.8298 1 0.8758 0.9971
λ 0.9096(0.0429) 0.0261 0.4159 1 0.6297 0.9441
∆ 0.7753(0.0061) 0.0159 0.6689 1 0.7671 0.9942

2 ρ 0.9421(0.0026) 0.0053 0.8020 1 0.7379 0.9963
λ 0.8875(0.0431) 0.0254 0.3927 1 0.4571 0.9365
∆ 0.7484(0.0040) 0.0188 0.6184 1 0.5446 0.9926

3 ρ 0.9636(0.0082) 0.0035 0.8556 1 0.7981 0.9911
λ 0.9285(0.0428) 0.0266 0.4383 1 0.5251 0.9016
∆ 0.8009(0.0124) 0.0131 0.7168 1 0.6368 0.9822
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Ta
bl

e
11

.B
oo

ts
tr

ap
:a

bs
ol

ut
e

va
lu

e
of

bi
as

(|B
ia
s|

),
le

ng
th

L
,m

ea
n

sq
ua

re
d

er
ro

r
(M

S
E

)
&

co
ve

ra
ge

pr
ob

ab
ili

ty
(C

ov
),

w
he

n
R

=
0
.0
3
,ρ

=
0
.1
,λ

=
0
.0
1

an
d

∆
=

0
.0
2

(n
,m

)
Sc

he
m

e
T
1
=

X
[m
4
]

T
2
=

X
[ 4×

m
5

]
T
3
=

X
[m

]+
2

E
st

im
at

e
B

ia
s

M
SE

L
C

ov
B

ia
s

M
SE

L
C

ov
B

ia
s

M
SE

L
C

ov
(2

0,
6)

I
ρ

0.
00

97
40

9
0.

00
96

54
7

0.
36

43
61

2
0.

93
7

0.
01

00
96

0
0.

01
01

93
1

0.
37

29
07

3
0.

93
8

0.
01

07
01

4
0.

01
01

71
2

0.
37

86
75

7
0.

95
0

λ
0.

01
57

74
4

0.
00

71
66

9
0.

29
56

56
4

0.
93

7
0.

01
65

16
4

0.
00

77
68

1
0.

30
49

55
7

0.
93

8
0.

01
71

82
1

0.
00

82
55

5
0.

30
75

35
1

0.
95

0
∆

0.
01

07
14

6
0.

00
47

67
1

0.
24

81
81

0
0.

93
7

0.
01

12
36

3
0.

00
51

35
0

0.
25

56
03

9
0.

93
8

0.
01

18
11

1
0.

00
54

92
2

0.
25

88
45

4
0.

95
0

II
ρ

0.
01

30
63

9
0.

01
31

68
3

0.
43

03
41

4
0.

94
5

0.
01

94
63

4
0.

02
07

30
6

0.
52

33
82

9
0.

94
7

0.
01

07
16

0
0.

01
01

94
8

0.
37

90
73

8
0.

94
9

λ
0.

02
18

57
0

0.
01

08
95

0
0.

36
52

00
7

0.
94

5
0.

03
25

28
5

0.
02

09
56

1
0.

47
51

11
6

0.
94

7
0.

01
72

18
2

0.
00

83
00

5
0.

30
80

08
1

0.
94

9
∆

0.
01

50
72

8
0.

00
70

88
0

0.
30

40
82

6
0.

94
5

0.
02

30
89

9
0.

01
35

37
0.

39
77

71
2

0.
94

7
0.

01
18

32
7

0.
00

55
15

4
0.

25
92

15
9

0.
94

9
II

I
ρ

0.
01

26
66

3
0.

01
27

26
5

0.
42

31
90

8
0.

94
4

0.
01

69
30

7
0.

01
77

78
3

0.
48

82
75

3
0.

93
9

0.
01

07
74

7
0.

01
02

62
4

0.
38

07
42

1
0.

94
8

λ
0.

02
11

55
3

0.
01

03
70

8
0.

35
76

30
6

0.
94

4
0.

02
80

56
9

0.
01

70
96

5
0.

43
27

78
3

0.
93

9
0.

01
73

39
5

0.
00

83
79

1
0.

30
99

26
1

0.
94

8
∆

0.
01

45
53

7
0.

00
67

55
6

0.
29

79
06

2
0.

94
4

0.
01

98
41

4
0.

01
09

86
9

0.
36

11
97

4
0.

93
9

0.
01

19
05

5
0.

00
55

57
9

0.
26

07
00

6
0.

94
8

(2
0,

12
)

I
ρ

0.
00

50
75

1
0.

00
46

39
9

0.
25

45
17

1
0.

95
2

0.
00

53
37

0
0.

00
47

25
9

0.
25

68
72

4
0.

94
5

0.
00

55
02

1
0.

00
47

71
8

0.
26

38
98

5
0.

94
2

λ
0.

00
77

44
1

0.
00

28
46

8
0.

19
02

73
7

0.
95

2
0.

00
80

66
6

0.
00

30
17

9
0.

19
19

66
0

0.
94

5
0.

00
83

63
8

0.
00

30
52

3
0.

19
84

35
3

0.
94

2
∆

0.
00

52
27

0
0.

00
20

36
9

0.
16

47
23

7
0.

95
2

0.
00

54
76

9
0.

00
21

26
2

0.
16

62
71

8
0.

94
5

0.
00

56
56

9
0.

00
21

46
7

0.
17

13
86

6
0.

94
2

II
ρ

0.
00

71
49

7
0.

00
71

45
6

0.
30

75
10

1
0.

93
4

0.
00

93
34

6
0.

00
89

16
7

0.
35

21
89

7
0.

94
8

0.
00

55
42

4
0.

00
47

94
7

0.
26

48
17

5
0.

94
1

λ
0.

01
12

82
2

0.
00

49
40

9
0.

23
81

87
0

0.
93

4
0.

01
49

12
9

0.
00

67
32

6
0.

28
09

41
5

0.
94

8
0.

00
84

29
4

0.
00

30
59

5
0.

19
92

13
3

0.
94

1
∆

0.
00

76
36

2
0.

00
33

67
5

0.
20

32
79

5
0.

93
4

0.
01

01
64

3
0.

00
44

71
3

0.
23

74
33

6
0.

94
8

0.
00

57
02

4
0.

00
21

53
9

0.
17

20
20

9
0.

94
1

II
I

ρ
0.

00
62

45
9

0.
00

61
01

9
0.

28
54

48
5

0.
93

3
0.

00
72

45
0

0.
00

68
70

5
0.

30
63

51
4

0.
94

0
0.

00
55

66
0

0.
00

48
13

9
0.

26
54

11
8

0.
94

3
λ

0.
00

97
43

4
0.

00
40

17
0

0.
21

77
58

4
0.

93
3

0.
01

13
27

6
0.

00
48

03
4

0.
23

67
40

5
0.

94
0

0.
00

84
69

0
0.

00
30

74
4

0.
19

97
45

3
0.

94
3

∆
0.

00
65

84
2

0.
00

27
88

9
0.

18
69

08
7

0.
93

3
0.

00
76

87
9

0.
00

32
63

5
0.

20
22

49
1

0.
94

0
0.

00
57

29
4

0.
00

21
63

7
0.

17
24

48
1

0.
94

3

(3
0,

10
)

I
ρ

0.
00

62
92

3
0.

00
54

99
6

0.
28

16
65

8
0.

94
6

0.
00

63
82

6
0.

00
52

38
1

0.
28

50
57

8
0.

96
0

0.
00

65
56

0
0.

00
56

06
0

0.
29

01
49

1
0.

95
5

λ
0.

00
96

74
1

0.
00

34
69

9
0.

21
36

27
1

0.
94

6
0.

00
97

85
5

0.
00

34
60

3
0.

21
60

20
6

0.
96

0
0.

01
01

10
1

0.
00

36
18

5
0.

22
13

45
1

0.
95

5
∆

0.
00

65
48

0
0.

00
24

49
6

0.
18

37
22

3
0.

94
6

0.
00

66
29

9
0.

00
24

02
4

0.
18

59
24

4
0.

96
0

0.
00

68
40

3
0.

00
25

31
4

0.
18

99
11

1
0.

95
5

II
ρ

0.
01

05
23

7
0.

00
94

61
2

0.
37

62
04

2
0.

95
4

0.
01

45
12

4
0.

01
39

78
3

0.
45

18
40

6
0.

95
6

0.
00

65
63

8
0.

00
55

99
1

0.
29

03
25

4
0.

95
5

λ
0.

01
69

64
6

0.
00

72
10

6
0.

30
66

00
2

0.
95

4
0.

02
40

15
2

0.
01

24
37

5
0.

38
62

15
8

0.
95

6
0.

01
01

25
0

0.
00

36
11

9
0.

22
13

97
6

0.
95

5
∆

0.
01

15
52

1
0.

00
47

63
9

0.
25

71
01

9
0.

95
4

0.
01

67
40

5
0.

00
80

10
1

0.
32

26
12

4
0.

95
6

0.
00

68
51

1
0.

00
25

27
2

0.
18

99
85

4
0.

95
5

II
I

ρ
0.

00
97

04
1

0.
00

87
01

8
0.

35
92

10
5

0.
95

0
0.

01
24

66
6

0.
01

17
85

8
0.

41
59

66
7

0.
95

4
0.

00
65

89
4

0.
00

56
00

6
0.

29
09

44
5

0.
95

5
λ

0.
01

55
32

8
0.

00
63

88
7

0.
28

89
07

3
0.

95
0

0.
02

04
87

6
0.

00
98

83
8

0.
34

65
03

8
0.

95
4

0.
01

01
73

8
0.

00
36

12
4

0.
22

18
58

1
0.

95
5

∆
0.

01
05

51
9

0.
00

42
66

1
0.

24
31

54
3

0.
95

0
0.

01
41

18
3

0.
00

64
06

1
0.

29
00

97
7

0.
95

4
0.

00
68

84
6

0.
00

25
27

6
0.

19
03

84
8

0.
95

5

(3
0,

20
)

I
ρ

0.
00

33
98

5
0.

00
24

41
6

0.
19

64
88

9
0.

95
4

0.
00

33
02

2
0.

00
23

92
2

0.
19

82
94

1
0.

95
5

0.
00

33
62

7
0.

00
25

71
1

0.
20

07
22

1
0.

94
9

λ
0.

00
47

60
9

0.
00

13
00

2
0.

14
04

61
4

0.
95

4
0.

00
47

54
8

0.
00

12
99

1
0.

14
26

16
6

0.
95

5
0.

00
48

59
5

0.
00

13
82

6
0.

14
42

94
7

0.
94

9
∆

0.
00

32
63

4
0.

00
09

92
9

0.
12

42
02

2
0.

95
4

0.
00

32
29

6
0.

00
09

84
5

0.
12

57
73

8
0.

95
5

0.
00

33
01

5
0.

00
10

51
4

0.
12

72
54

8
0.

94
9

II
ρ

0.
00

52
82

0
0.

00
41

20
7

0.
25

13
35

8
0.

94
6

0.
00

63
67

3
0.

00
57

61
4

0.
28

76
43

2
0.

94
5

0.
00

34
03

2
0.

00
25

88
2

0.
20

18
94

5
0.

95
2

λ
0.

00
78

08
3

0.
00

24
33

7
0.

18
55

10
0

0.
94

6
0.

01
00

00
1

0.
00

38
24

1
0.

22
04

38
5

0.
94

5
0.

00
49

24
1

0.
00

13
97

2
0.

14
52

18
3

0.
95

2
∆

0.
00

53
20

9
0.

00
17

67
8

0.
16

14
79

6
0.

94
6

0.
00

67
42

8
0.

00
26

48
1

0.
18

88
53

2
0.

94
5

0.
00

33
46

6
0.

00
10

60
6

0.
12

80
34

8
0.

95
2

II
I

ρ
0.

00
44

11
8

0.
00

33
12

0.
22

70
66

3
0.

94
4

0.
00

47
61

1
0.

00
40

06
7

0.
24

50
83

2
0.

95
1

0.
00

34
17

1
0.

00
25

99
6

0.
20

23
34

4
0.

95
1

λ
0.

00
63

84
8

0.
00

18
68

9
0.

16
49

27
7

0.
94

4
0.

00
72

47
7

0.
00

24
09

5
0.

18
20

47
3

0.
95

1
0.

00
49

46
0

0.
00

14
04

9
0.

14
55

68
9

0.
95

1
∆

0.
00

43
62

2
0.

00
13

86
9

0.
14

46
63

9
0.

94
4

0.
00

48
88

5
0.

00
17

39
3

0.
15

80
77

8
0.

95
1

0.
00

33
61

5
0.

00
10

65
9

0.
12

83
28

8
0.

95
1

Stat., Optim. Inf. Comput. Vol. 14, July 2025



A. HELU, E. ALDABBAS, O. YASIN 37

Ta
bl

e
12

.B
oo

ts
tr

ap
re

su
lts

:a
bs

ol
ut

e
va

lu
e

of
bi

as
(|B

ia
s|

),
le

ng
th

L
,m

ea
n

sq
ua

re
d

er
ro

r(
M

S
E

)&
co

ve
ra

ge
pr

ob
ab

ili
ty

(C
ov

),
w

he
n
R

=
0
.2
,ρ

=
0
.7
,λ

=
0
.5

an
d
∆

=
0
.4
2

(n
,m

)
Sc

he
m

e
T
1
=

X
[m
4
]

T
2
=

X
[ 4×

m
5

]
T
3
=

X
[m

]+
2

B
ia

s
M

SE
L

C
ov

B
ia

s
M

SE
L

C
ov

B
ia

s
M

SE
L

C
ov

(2
0,

6)
I

ρ
0.

01
41

39
4

0.
01

73
21

3
0.

48
51

84
1

0.
93

6
0.

01
45

95
8

0.
01

68
46

6
0.

49
07

22
8

0.
94

5
0.

01
54

35
1

0.
01

68
59

2
0.

50
30

40
0

0.
96

0
λ

0.
02

48
15

0
0.

03
27

08
4

0.
67

37
59

3
0.

93
6

0.
02

52
38

6
0.

03
16

91
4

0.
68

22
36

0
0.

94
5

0.
02

58
20

6
0.

03
12

92
0

0.
69

68
44

0
0.

96
0

∆
0.

02
06

77
2

0.
02

39
12

0
0.

59
57

98
0

0.
93

6
0.

02
08

73
6

0.
02

32
40

6
0.

60
52

19
7

0.
94

5
0.

02
05

66
3

0.
02

27
01

3
0.

62
04

23
1

0.
96

0
II

ρ
0.

02
12

54
2

0.
02

05
05

2
0.

53
97

49
4

0.
97

5
0.

03
17

40
4

0.
02

40
69

8
0.

59
26

57
1

0.
97

6
0.

01
54

32
6

0.
01

68
69

4
0.

50
32

96
3

0.
96

1
λ

0.
03

75
53

4
0.

03
63

19
3

0.
73

06
06

3
0.

97
5

0.
05

45
28

8
0.

03
88

45
2

0.
78

11
76

6
0.

97
6

0.
02

58
69

6
0.

03
13

10
6

0.
69

69
53

7
0.

96
1

∆
0.

03
02

42
3

0.
02

66
49

7
0.

65
80

47
2

0.
97

5
0.

04
61

81
3

0.
02

84
70

3
0.

71
65

49
4

0.
97

6
0.

02
06

15
4

0.
02

27
08

4
0.

62
02

40
9

0.
96

1
II

I
ρ

0.
01

67
80

5
0.

01
86

19
8

0.
49

96
59

0.
95

1
0.

02
85

40
7

0.
02

29
35

0.
57

70
88

8
0.

97
5

0.
01

55
26

3
0.

01
69

78
1

0.
50

40
29

1
0.

96
4

λ
0.

02
94

62
0

0.
03

47
65

2
0.

68
98

95
6

0.
95

1
0.

04
91

61
3

0.
03

80
75

7
0.

76
77

23
6

0.
97

5
0.

02
61

82
9

0.
03

14
87

7
0.

69
74

45
2

0.
96

4
∆

0.
02

29
30

6
0.

02
54

76
1

0.
61

68
70

4
0.

95
1

0.
04

10
26

5
0.

02
79

93
2

0.
70

15
73

6
0.

97
5

0.
02

08
37

1
0.

02
28

43
6

0.
62

05
80

4
0.

96
4

(2
0,

12
)

I
ρ

0.
00

62
52

2
0.

01
00

78
6

0.
37

84
57

0
0.

94
7

0.
00

64
30

8
0.

00
91

11
3

0.
38

39
17

9
0.

95
7

0.
00

67
70

0
0.

01
02

06
0

0.
38

96
72

1
0.

95
5

λ
0.

01
11

69
2

0.
02

11
43

6
0.

54
69

97
3

0.
94

7
0.

01
15

20
8

0.
01

95
30

8
0.

55
50

16
9

0.
95

7
0.

01
21

01
8

0.
02

14
70

3
0.

56
25

00
2

0.
95

5
∆

0.
00

93
95

2
0.

01
42

18
0

0.
45

50
50

4
0.

94
7

0.
00

98
41

5
0.

01
33

13
5

0.
46

08
64

2
0.

95
7

0.
01

01
26

7
0.

01
46

79
6

0.
47

07
83

2
0.

95
5

II
ρ

0.
01

02
89

4
0.

01
32

53
3

0.
44

31
20

1
0.

95
2

0.
01

41
28

5
0.

01
53

53
1

0.
48

67
80

2
0.

95
8

0.
00

67
96

8
0.

01
02

19
9

0.
39

05
71

4
0.

95
5

λ
0.

01
82

02
9

0.
02

69
43

2
0.

62
97

21
5

0.
95

2
0.

02
47

68
0

0.
02

96
29

5
0.

67
81

84
4

0.
95

8
0.

01
21

63
2

0.
02

14
81

4
0.

56
34

46
3

0.
95

5
∆

0.
01

47
74

0
0.

01
93

59
3

0.
54

68
50

4
0.

95
2

0.
02

01
61

9
0.

02
16

59
8

0.
59

76
45

0
0.

95
8

0.
01

01
70

7
0.

01
46

86
7

0.
47

15
56

0
0.

95
5

II
I

ρ
0.

00
70

01
6

0.
01

09
27

7
0.

38
37

84
9

0.
93

3
0.

01
06

11
3

0.
01

28
47

3
0.

44
98

00
6

0.
95

6
0.

00
68

35
6

0.
01

02
46

2
0.

39
13

00
9

0.
95

5
λ

0.
01

20
18

8
0.

02
28

44
3

0.
55

28
49

4
0.

93
3

0.
01

85
28

2
0.

02
58

79
4

0.
63

61
69

5
0.

95
6

0.
01

22
38

2
0.

02
15

18
9

0.
56

42
71

1
0.

95
5

∆
0.

00
99

23
6

0.
01

57
05

8
0.

46
21

61
7

0.
93

3
0.

01
53

22
7

0.
01

85
76

5
0.

54
94

65
0.

95
6

0.
01

02
17

3
0.

01
47

18
4

0.
47

23
75

5
0.

95
5

(3
0,

10
)

I
ρ

0.
00

63
85

9
0.

01
02

97
0

0.
38

11
19

1
0.

94
6

0.
00

65
25

8
0.

00
92

57
6

0.
38

64
41

5
0.

96
0

0.
00

67
70

0
0.

01
02

06
0

0.
38

96
72

1
0.

95
5

λ
0.

01
14

11
8

0.
02

15
41

5
0.

55
03

78
3

0.
94

6
0.

01
17

22
9

0.
01

98
06

0
0.

55
82

56
0

0.
96

0
0.

01
21

01
8

0.
02

14
70

3
0.

56
25

00
2

0.
95

5
∆

0.
00

95
75

5
0.

01
45

33
3

0.
45

87
80

1
0.

94
6

0.
00

99
74

6
0.

01
35

33
9

0.
46

43
31

7
0.

96
0

0.
01

01
26

7
0.

01
46

79
6

0.
47

07
83

2
0.

95
5

II
ρ

0.
01

21
40

9
0.

01
45

56
2

0.
46

40
18

2
0.

95
4

0.
01

93
50

4
0.

01
83

46
4

0.
52

89
44

0
0.

97
5

0.
00

67
78

7
0.

01
02

02
4

0.
39

01
20

1
0.

95
5

λ
0.

02
14

77
2

0.
02

90
52

5
0.

65
41

41
1

0.
95

4
0.

03
37

04
1

0.
03

33
71

5
0.

72
23

98
6

0.
97

5
0.

01
21

25
2

0.
02

14
54

2
0.

56
29

44
0

0.
95

5
∆

0.
01

74
49

3
0.

02
12

05
2

0.
57

49
93

3
0.

95
4

0.
02

71
12

8
0.

02
45

69
8

0.
64

82
63

5
0.

97
5

0.
01

01
42

9
0.

01
46

64
7

0.
47

10
83

2
0.

95
5

II
I

ρ
0.

01
09

69
6

0.
01

39
87

7
0.

45
05

30
1

0.
95

0
0.

01
59

46
4

0.
01

65
25

2
0.

50
18

45
1

0.
96

2
0.

00
68

18
4

0.
01

02
11

7
0.

39
09

94
3

0.
95

5
λ

0.
01

94
37

7
0.

02
81

15
6

0.
63

78
46

1
0.

95
0

0.
02

78
60

9
0.

03
12

85
7

0.
69

40
64

7
0.

96
2

0.
01

21
96

4
0.

02
14

54
6

0.
56

39
52

4
0.

95
5

∆
0.

01
56

11
3

0.
02

03
02

1
0.

55
63

98
4

0.
95

0
0.

02
25

50
8

0.
02

29
35

4
0.

61
62

35
2

0.
96

2
0.

01
01

83
1

0.
01

46
65

4
0.

47
19

76
9

0.
95

5

(3
0,

20
)

I
ρ

0.
00

32
89

9
0.

00
53

28
2

0.
28

67
37

5
0.

95
3

0.
00

33
91

2
0.

00
50

74
6

0.
28

72
89

2
0.

95
5

0.
00

35
23

3
0.

00
55

37
2

0.
29

09
23

5
0.

94
9

λ
0.

00
58

10
4

0.
01

14
35

1
0.

42
19

05
2

0.
95

3
0.

00
55

83
9

0.
01

11
27

8
0.

42
46

59
0

0.
95

5
0.

00
59

57
3

0.
01

19
69

4
0.

42
88

25
0

0.
94

9
∆

0.
00

53
43

2
0.

00
68

49
2

0.
32

88
78

4
0.

95
3

0.
00

51
60

6
0.

00
67

04
9

0.
33

18
07

3
0.

95
5

0.
00

52
66

5
0.

00
72

06
7

0.
33

57
45

9
0.

94
9

II
ρ

0.
00

50
79

7
0.

00
82

81
1

0.
35

23
05

3
0.

94
6

0.
00

67
23

8
0.

01
01

39
8

0.
38

42
90

8
0.

94
5

0.
00

35
24

2
0.

00
55

50
8

0.
29

24
22

1
0.

95
2

λ
0.

00
91

04
6

0.
01

73
27

7
0.

51
17

59
9

0.
94

6
0.

01
17

17
3

0.
02

15
01

4
0.

55
68

92
9

0.
94

5
0.

00
59

85
1

0.
01

20
18

3
0.

43
10

22
7

0.
95

2
∆

0.
00

81
74

5
0.

01
11

85
6

0.
41

55
08

3
0.

94
6

0.
01

00
71

7
0.

01
48

20
7

0.
46

68
93

3
0.

94
5

0.
00

53
28

3
0.

00
72

51
2

0.
33

76
69

6
0.

95
2

II
I

ρ
0.

00
41

93
2

0.
00

69
04

3
0.

32
48

07
2

0.
94

4
0.

00
49

23
4

0.
00

77
69

4
0.

34
08

67
0

0.
95

1
0.

00
35

33
5

0.
00

55
70

2
0.

29
29

72
8

0.
95

1
λ

0.
00

75
74

1
0.

01
46

28
5

0.
47

43
57

6
0.

94
4

0.
00

81
98

7
0.

01
67

40
7

0.
49

91
94

4
0.

95
1

0.
00

60
02

0
0.

01
20

60
1

0.
43

18
05

0
0.

95
1

∆
0.

00
68

49
1

0.
00

91
50

7
0.

37
78

48
3

0.
94

4
0.

00
72

99
5

0.
01

08
88

5
0.

40
52

77
2

0.
95

1
0.

00
53

48
9

0.
00

72
82

0
0.

33
83

82
3

0.
95

1

Stat., Optim. Inf. Comput. Vol. 14, July 2025



38 ADAPTIVE TYPE-II PROGRESSIVE HYBRID CENSORING AND ITS IMPACT ON RAYLEIGH DATA

Ta
bl

e
13

.B
oo

ts
tr

ap
re

su
lts

:a
bs

ol
ut

e
va

lu
e

of
bi

as
(|B

ia
s|

),
le

ng
th

L
,m

ea
n

sq
ua

re
d

er
ro

r(
M

S
E

)&
co

ve
ra

ge
pr

ob
ab

ili
ty

(C
ov

),
w

he
n
R

=
0
.8
,ρ

=
0
.9
8
,λ

=
0
.9
6

an
d
∆

=
0
.8
5

(n
,m

)
Sc

he
m

e
T
1
=

X
[m
4
]

T
2
=

X
[ 4×

m
5

]
T
3
=

X
[m

]+
2

B
ia

s
M

SE
L

C
ov

B
ia

s
M

SE
L

C
ov

B
ia

s
M

SE
L

C
ov

(2
0,

6)
I

ρ
0.

02
56

33
1

0.
00

92
33

5
0.

31
90

77
8

0.
97

2
0.

02
68

43
9

0.
01

01
87

9
0.

32
46

50
1

0.
96

3
0.

02
75

66
2

0.
01

01
13

8
0.

33
62

77
3

0.
97

5
λ

0.
04

18
70

9
0.

02
34

67
4

0.
51

98
99

9
0.

97
2

0.
04

41
15

5
0.

02
50

76
4

0.
52

67
93

2
0.

96
3

0.
04

46
51

8
0.

02
52

83
3

0.
54

28
01

7
0.

97
5

∆
0.

04
01

99
2

0.
01

70
45

2
0.

55
51

70
2

0.
97

2
0.

04
18

67
2

0.
01

78
35

9
0.

56
12

40
5

0.
96

3
0.

04
38

23
6

0.
01

78
23

0
0.

57
25

07
4

0.
97

5
II

ρ
0.

03
45

14
8

0.
01

37
59

4
0.

38
14

83
4

0.
96

8
0.

04
84

40
4

0.
02

08
06

3
0.

46
99

42
8

0.
97

8
0.

02
76

25
7

0.
01

00
53

0
0.

33
63

94
1

0.
97

4
λ

0.
05

60
00

1
0.

03
26

84
8

0.
59

82
56

3
0.

96
8

0.
07

76
27

3
0.

04
57

03
5

0.
69

94
10

6
0.

97
8

0.
04

47
45

5
0.

02
51

46
1

0.
54

30
84

6
0.

97
4

∆
0.

05
38

55
5

0.
02

15
86

9
0.

61
41

47
7

0.
96

8
0.

07
45

70
6

0.
02

81
68

8
0.

69
29

04
4

0.
97

8
0.

04
39

52
2

0.
01

77
29

6
0.

57
28

79
2

0.
97

4
II

I
ρ

0.
03

35
02

6
0.

01
32

02
4

0.
37

43
33

4
0.

96
6

0.
04

28
45

1
0.

01
70

80
0

0.
43

47
68

9
0.

97
4

0.
02

78
33

4
0.

01
00

58
1

0.
33

70
04

5
0.

97
3

λ
0.

05
45

44
3

0.
03

15
72

7
0.

58
95

93
8

0.
96

6
0.

06
89

11
0

0.
03

86
66

9
0.

66
18

13
4

0.
97

4
0.

04
50

84
4

0.
02

51
30

2
0.

54
38

82
4

0.
97

3
∆

0.
05

28
12

6
0.

02
10

20
8

0.
60

77
11

3
0.

96
6

0.
06

63
98

7
0.

02
41

87
4

0.
66

48
53

1
0.

97
4

0.
04

42
91

1
0.

01
76

94
7

0.
57

36
90

3
0.

97
3

(2
0,

12
)

I
ρ

0.
01

37
87

2
0.

00
42

22
6

0.
22

23
20

6
0.

98
0

0.
01

66
58

9
0.

00
44

80
8

0.
24

88
95

1
0.

98
3

0.
01

72
53

1
0.

00
52

69
3

0.
25

38
86

2
0.

97
9

λ
0.

02
25

55
1

0.
01

21
70

2
0.

38
42

98
9

0.
98

0
0.

02
69

68
5

0.
01

27
34

2
0.

42
48

58
5

0.
98

3
0.

02
79

87
3

0.
01

46
24

4
0.

43
11

32
5

0.
97

9
∆

0.
01

98
90

3
0.

01
18

25
2

0.
44

45
88

1
0.

98
0

0.
02

34
98

1
0.

01
14

65
0

0.
48

02
91

6
0.

98
3

0.
02

47
60

7
0.

01
26

79
5

0.
48

49
41

1
0.

97
9

II
ρ

0.
01

92
86

4
0.

00
67

74
0

0.
27

35
53

4
0.

96
7

0.
03

03
64

5
0.

01
02

38
1

0.
35

31
97

7
0.

98
1

0.
01

73
15

8
0.

00
52

88
7

0.
25

49
67

6
0.

98
1

λ
0.

03
14

26
9

0.
01

82
38

2
0.

45
81

34
6

0.
96

7
0.

04
88

90
3

0.
02

53
84

0
0.

56
56

75
4

0.
98

1
0.

02
80

64
8

0.
01

46
78

0
0.

43
27

29
4

0.
98

1
∆

0.
02

83
43

5
0.

01
46

43
0

0.
50

49
03

6
0.

96
7

0.
04

59
22

8
0.

01
72

49
4

0.
59

19
78

4
0.

98
1

0.
02

48
22

1
0.

01
26

90
8

0.
48

61
42

7
0.

98
1

II
I

ρ
0.

01
69

40
6

0.
00

57
14

5
0.

25
25

19
4

0.
96

8
0.

02
45

73
6

0.
00

76
39

3
0.

31
20

75
7

0.
98

5
0.

01
73

91
4

0.
00

53
15

3
0.

25
57

38
5

0.
98

0
λ

0.
02

76
08

2
0.

01
57

98
3

0.
42

82
59

7
0.

96
8

0.
03

97
13

2
0.

01
99

33
3

0.
51

25
89

1
0.

98
5

0.
02

81
73

1
0.

01
47

41
1

0.
43

38
44

7
0.

98
0

∆
0.

02
45

23
2

0.
01

35
34

9
0.

48
06

44
2

0.
96

8
0.

03
61

87
9

0.
01

46
67

6
0.

55
04

55
9

0.
98

5
0.

02
48

84
1

0.
01

27
10

7
0.

48
70

47
1

0.
98

0

(3
0,

10
)

I
ρ

0.
01

65
87

0
0.

00
53

59
7

0.
24

77
55

8
0.

97
2

0.
01

69
27

1
0.

00
45

83
0

0.
25

11
58

6
0.

98
5

0.
01

72
53

1
0.

00
52

69
3

0.
25

38
86

2
0.

97
9

λ
0.

02
68

76
4

0.
01

49
46

6
0.

42
14

59
4

0.
97

2
0.

02
73

92
2

0.
01

29
81

5
0.

42
81

18
2

0.
98

5
0.

02
79

87
3

0.
01

46
24

4
0.

43
11

32
5

0.
97

9
∆

0.
02

37
06

0
0.

01
31

30
0

0.
47

55
20

1
0.

97
2

0.
02

38
89

2
0.

01
15

88
3

0.
48

30
44

5
0.

98
5

0.
02

47
60

7
0.

01
26

79
5

0.
48

49
41

1
0.

97
9

II
ρ

0.
02

73
47

4
0.

00
88

98
9

0.
32

70
97

2
0.

98
2

0.
03

79
35

2
0.

01
41

29
9

0.
40

61
63

9
0.

98
0

0.
01

72
76

9
0.

00
52

73
0

0.
25

44
56

1
0.

98
1

λ
0.

04
45

70
8

0.
02

25
45

3
0.

53
16

13
3

0.
98

2
0.

06
07

60
4

0.
03

32
31

0
0.

62
97

80
2

0.
98

0
0.

02
80

07
9

0.
01

46
38

5
0.

43
19

80
3

0.
98

1
∆

0.
04

21
06

5
0.

01
61

02
7

0.
56

59
16

8
0.

98
2

0.
05

71
18

5
0.

02
12

48
8

0.
64

03
43

7
0.

98
0

0.
02

47
84

8
0.

01
26

76
2

0.
48

54
93

8
0.

98
1

II
I

ρ
0.

02
52

62
7

0.
00

83
25

5
0.

31
26

20
6

0.
97

8
0.

03
30

04
4

0.
01

15
78

8
0.

37
21

30
5

0.
98

5
0.

01
73

59
0

0.
00

52
91

5
0.

25
53

45
4

0.
98

1
λ

0.
04

12
14

6
0.

02
13

85
1

0.
51

20
88

2
0.

97
8

0.
05

30
26

8
0.

02
82

40
7

0.
58

91
23

0.
98

5
0.

02
81

16
2

0.
01

46
82

6
0.

43
32

89
3

0.
98

1
∆

0.
03

89
27

6
0.

01
57

21
7

0.
55

01
77

4
0.

97
8

0.
04

96
80

6
0.

01
87

25
4

0.
60

94
33

0.
98

5
0.

02
48

73
3

0.
01

26
81

6
0.

48
67

08
5

0.
98

1

(3
0,

20
)

I
ρ

0.
00

84
86

5
0.

00
25

04
5

0.
17

70
10

1
0.

96
6

0.
00

88
86

0
0.

00
22

43
6

0.
17

45
36

4
0.

97
3

0.
00

89
53

9
0.

00
25

56
0.

17
81

49
7

0.
97

3
λ

0.
01

38
24

9
0.

00
76

83
6

0.
31

49
32

9
0.

96
6

0.
01

45
94

4
0.

00
69

66
4

0.
31

13
45

1
0.

97
3

0.
01

46
63

5
0.

00
78

20
1

0.
31

66
54

8
0.

97
3

∆
0.

00
86

14
1

0.
00

87
57

0
0.

37
95

27
6

0.
96

6
0.

00
91

19
7

0.
00

83
64

7
0.

37
92

33
7

0.
97

3
0.

00
98

79
9

0.
00

90
58

0.
38

27
89

1
0.

97
3

II
ρ

0.
01

34
68

5
0.

00
42

62
6

0.
22

43
81

7
0.

97
1

0.
01

73
35

3
0.

00
51

38
1

0.
24

77
53

7
0.

97
5

0.
00

90
52

4
0.

00
25

51
4

0.
17

90
54

8
0.

97
4

λ
0.

02
16

88
5

0.
01

22
63

5
0.

38
76

43
9

0.
97

1
0.

02
82

56
4

0.
01

42
23

5
0.

42
18

72
8

0.
97

5
0.

01
48

13
8

0.
00

78
10

3
0.

31
81

79
0.

97
4

∆
0.

01
74

22
8

0.
01

15
49

9
0.

44
64

43
9

0.
97

1
0.

02
51

95
4

0.
01

24
80

4
0.

47
88

38
3

0.
97

5
0.

00
98

89
3

0.
00

90
47

1
0.

38
43

94
9

0.
97

4
II

I
ρ

0.
01

11
65

0
0.

00
34

05
7

0.
20

39
76

5
0.

97
0

0.
01

30
33

9
0.

00
36

92
9

0.
21

22
45

6
0.

97
5

0.
00

90
89

4
0.

00
25

60
9

0.
17

94
04

3
0.

97
4

λ
0.

01
80

01
3

0.
01

00
85

3
0.

35
69

52
4

0.
97

0
0.

02
13

33
6

0.
01

07
52

5
0.

36
94

06
4

0.
97

5
0.

01
48

69
9

0.
00

78
36

7
0.

31
87

35
2

0.
97

4
∆

0.
01

32
30

6
0.

01
02

86
0

0.
41

90
81

1
0.

97
0

0.
01

66
72

8
0.

01
08

39
4

0.
43

40
18

7
0.

97
5

0.
00

99
09

8
0.

00
90

62
8

0.
38

49
25

7
0.

97
4

Stat., Optim. Inf. Comput. Vol. 14, July 2025



A. HELU, E. ALDABBAS, O. YASIN 39

REFERENCES

Abuelamayem, O. (2024). Reliability estimation of a multicomponent stress-strength model based on copula
function under progressive first failure censoring. Statistics, Optimization & Information Computing.

Alhamidah, A., Qmi, M. N., & Kiapour, A. (2023). Comparison of E-Bayesian estimators in Burr XII model using
E-PMSE based on record values. Statistics, Optimization & Information Computing, 11(3), 709-718.

Alslman, M., & Helu, A. (2023). Reliability Estimation for the Inverse Weibull Distribution Under Adaptive Type-
II Progressive Hybrid Censoring: Comparative Study. Statistics, Optimization & Information Computing,
11(2), 216-242.

Alotaibi, R., Nassar, M., & Elshahhat, A. (2022). Computational Analysis of XLindley Parameters Using Adaptive
Type-II Progressive Hybrid Censoring with Applications in Chemical Engineering. Mathematics, 10(18),
3355.

Asadi, S., Panahi, H., Swarup, C., & Lone, S. A. (2022). Inference on adaptive progressive hybrid censored
accelerated life test for Gompertz distribution and its evaluation for virus-containing micro droplets data.
Alexandria Engineering Journal, 61(12), 10071-10084.

Balakrishnan, N., & Cramer, E. (2014). The art of progressive censoring. Statistics for industry and technology.

Cramer, E., & Iliopoulos, G. (2010). Adaptive progressive Type-II censoring. Test, 19, 342-358.

Dyer, D. D., & Whisenand, C. W. (1973). Best linear unbiased estimator of the parameter of the Rayleigh
distribution-Part I: Small sample theory for censored order statistics. IEEE Transactions on Reliability, 22(1),
27-34.

Dixon, P. M. (1993). The bootstrap and the jackknife: Describing the precision of ecological indices. In Scheiner,
S. M., & Gurevitch, J. (Eds.), Design and analysis of ecological experiments. London: Chapman & Hall.

Efron, B. (1992). Bootstrap methods: another look at the jackknife. In Breakthroughs in statistics: Methodology
and distribution (pp. 569-593). New York, NY: Springer New York.

Gastwirth, J. L. (1975). Statistical measures of earnings differentials. The American Statistician, 29(1), 32-35.

Gehan, E. A. (1965). A generalized Wilcoxon test for comparing arbitrarily singly-censored samples. Biometrika,
52(1-2), 203-224.

Ferrario, V. F., Sforza, C., Colombo, A., & Ciusa, V. (2000). An electromyographic investigation of masticatory
muscles symmetry in normo-occlusion subjects. Journal of oral rehabilitation, 27(1), 33-40.

Freireich, E. (1963). The effect of 6-mercaptopurine on the duration of steroid induced remission in acute
leukemia. Blood, 21, 699-716.

Hassan, A., Elshaarawy, R., & Nagy, H. (2023). Reliability Analysis of Exponentiated Exponential Distribution
for Neoteric and Ranked Sampling Designs with Applications. Statistics, Optimization & Information
Computing, 11(3), 580-594.

Helu, A. (2024). Overlap Analysis in Progressive Hybrid Censoring: A Focus on Adaptive Type-II and Lomax
Distribution. Statistics, Optimization & Information Computing.

Helu, A., & Samawi, H. (2011). On inference of overlapping coefficients in two lomax populations using different
sampling methods. Journal of Statistical Theory and Practice, 5(4), 683-696.

Helu, A., & Samawi, H. (2021). Statistical analysis based on adaptive progressive hybrid censored data from
Lomax distribution. Statistics, Optimization & Information Computing, 9(4), 789.

Stat., Optim. Inf. Comput. Vol. 14, July 2025



40 ADAPTIVE TYPE-II PROGRESSIVE HYBRID CENSORING AND ITS IMPACT ON RAYLEIGH DATA

Kazempoor, J., Habibirad, A., Nadi, A. A., & Borzadaran, G. R. M. (2023). Statistical inferences for the Weibull
distribution under adaptive progressive type-II censoring plan and their application in wind speed data
analysis. Statistics, Optimization & Information Computing, 11(4), 829-852.

Khan, M. I. (2024). Moments of Generalized Order Statistics from Doubly Truncated Power Linear Hazard Rate
Distribution. Statistics, Optimization & Information Computing, 12(4), 841-850.

Khalil, M. G., Aidi, K., Ali, M. M., Butt, N. S., Ibrahim, M., & Yousof, H. M. (2024). Modified Bagdonavicius-
Nikulin Goodness-of-fit Test Statistic for the Compound Topp Leone Burr XII Model with Various Censored
Applications. Statistics, Optimization & Information Computing, 12(4), 851-868.

Kundu, D., & Joarder, A. (2006). Analysis of Type-II progressively hybrid censored data. Computational Statistics
& Data Analysis, 50(10), 2509-2528.

Lu, R. P., Smith, E. P., & Good, I. J. (1989). Multivariate measures of similarity and niche overlap. Theoretical
Population Biology, 35(1), 1-21.

Martinez-Camblor, P. (2022). About the use of the overlap coefficient in the binary classification context.
Communications in Statistics-Theory and Methods, 1-11.

Matusita, K. (1955). Decision rules, based on the distance, for problems of fit, two samples, and estimation. The
Annals of Mathematical Statistics, 631-640.

Miller, K. S., & Sackrowitz, H. (1967). Relationships between biased and unbiased Rayleigh distributions. SIAM
journal on applied Mathematics, 15(6), 1490-1495.

Mishra, S. N., Shah, A. K., & Lefante, J. J. (1986). Overlapping coefficient: the generalized t approach.
Communications in Statistics-Theory and Methods, 15(1), 123-128.

Mizuno, S., Yamaguchi, T., Fukushima, A., Matsuyama, Y., & Ohashi, Y.(2005). Overlap coefficient for assessing
the similarity of pharmacokinetic data between ethnically different populations. Clinical Trials, 2(2), 174-
181.

Morisita, M. (1959). Measuring of interspecific association and similarity between communities. Memoirs of the
Faculty of Science of Kyushu University Series E Bilogy, 3:65-80.

Muhammed, H. (2023). Analysis of Dependent Variables Following Marshal-Olkin Bivariate Distributions in
the Presence of Progressive Type II Censoring. Statistics, Optimization & Information Computing, 11(3),
694-708.

Muhammed, H. Z., & Muhammed, E. (2024). Bayesian and Non-Bayesian Estimation for The Parameter
of Inverted Topp-Leone Distribution Based on Progressive Type I Censoring. Statistics, Optimization &
Information Computing, 12(4), 1184-1209.

Mulekar, M. S., & Mishra, S. N. (1994). Overlap coefficients of two normal densities: equal means case. Journal
of the Japan Statistical Society, Japanese Issue, 24(2), 169-180.

Mulekar, M. S., & Mishra, S. N. (2000). Confidence interval estimation of overlap: equal means case.
Computational statistics & data analysis, 34(2), 121-137.

Ng, H. K. T., Kundu, D., & Chan, P. S. (2009). Statistical analysis of exponential lifetimes under an adaptive
type-II progressive censoring scheme. Naval Research Logistics (NRL), 56(8), 687-698.

Polovko, A. M. (1968). Fundamentals of Reliability Theory. Academic Press.

Piriaei, H., & Babanezhad, M. (2022). E-Bayesian estimations and its E-MSE for compound Rayleigh progressive
Type-II censored data. Statistics, Optimization & Information Computing, 10(4), 1056-1071.

Stat., Optim. Inf. Comput. Vol. 14, July 2025



A. HELU, E. ALDABBAS, O. YASIN 41

Pushkarna, N., Saran, J., & Verma, K. (2020). Progressively Type-II right censored order statistics from Hjorth
distribution and related inference. Statistics, Optimization & Information Computing, 8(2), 481-498.

Samawi, H. M., Yin, J., Rochani, H., & Panchal, V. (2017). Notes on the overlap measure as an alternative to the
Youden index: how are they related?. Statistics in medicine, 36(26), 4230-4240.

Siddiqui, M. M. (1962). Some problems connected with Rayleigh distributions. Journal of Research of the
National Bureau of Standards D, 66, 167-174.

Smith, E. P. (1982). Niche breadth, resource availability, and inference. Ecology, 63(6), 1675-1681.

Viveros, R., & Balakrishnan, N. (1994). Interval estimation of parameters of life from progressively censored
data. Technometrics, 36(1), 84-91.

Wang, D., & Tian, L. (2017). Parametric methods for confidence interval estimation of overlap coefficients.
Computational Statistics & Data Analysis, 106, 12-26.

Weitzman, M. S. (1970). Measures of overlap of income distributions of white and Negro families in the United
States (Vol. 22). US Bureau of the Census.

Stat., Optim. Inf. Comput. Vol. 14, July 2025


	1 Introduction
	2 The model
	2.1 Maximum likelihood estimates

	3 Asymptotic properties of OVL
	3.1 Interval estimation

	4 Simulation Study
	4.1 Data analysis and comparison study

	5 Real life data

