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Abstract Lifetime performance assessment is widely used in quality control of the manufacturing industry. This paper
focuses on the progressively first-failure-censored data coming from the generalized inverted exponential distribution. We
present the maximum likelihood (ML) estimate and the Bayesian estimate for the lifetime performance index (C'r,) for a given
lower specification level L. The results are used to develop non-Bayesian and Bayesian inferences to determine whether the
product performance meets the required level. A Monte Carlo simulation and two real data examples are discussed for
illustration purposes.
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1. Introduction

Process capability analysis is a set of tools utilized to assess how well a given process meets the specified limits. In
manufacturing, process capability is evaluated using product survival lifetime, as a longer lifetime signifies higher
product quality. [1] proposed using the lifetime performance index C', for assessing the lifetime performance of
electronic components, where L is the lower specification limit. It is known that failure time data follows a non-
normal distribution, such as Exponential, Gamma, or Weibull distributions. Several references provide an overview
of lifetime data models, including [2], [3], [4], [6], [7] and [8] . Recently, [9] proposed a generalization of the
censored normal regression based on the extended normal distribution with two additional shape parameters as
a and b. It provides flexible estimation in cases symmetric-asymmetric data and especially in case non-normal
asymmetric data. [10] adopted two parameters generalized half-logistic lifetime model in the generalized Type I
hybrid censoring scheme.

This article specifically considers the Generalized Inverted Exponential Distribution (GIED) that is a
generalization of the Inverted Exponential Distribution (IED), developed to address limitations in modeling more
complex failure behaviors in reliability and survival analysis. While the exponential distribution is commonly used
due to its mathematical simplicity and assumption of a constant failure rate, this assumption often does not hold in
real-world scenarios, especially for systems like electronic devices or mechanical components, where the failure
rate tends to decrease over time. The Inverted Exponential Distribution (IED) is better suited for such cases, as it
naturally captures a decreasing failure rate. [11] provided the estimation of the parameters and reliability function
for IED under maximum likelihood method under complete data. The parameters as well as the risk function of IED
were further estimated with Bayes method in [12]. However, the IED is limited when data exhibits more complex
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2 INFERENTIAL STUDY ON LIFETIME PERFORMANCE INDEX WITH GIED MODEL

failure patterns , such as an inverted bathtub-shaped hazard rate, where the failure rate initially increases and then
decreases. To address this, [13] introduced GIED by adding a shape parameter (3, which allows for more flexibility
in modeling different types of failure rates. Depending on the value of 3, the GIED can accommodate increasing,
decreasing, or even non-monotonic failure rates, making it more versatile in capturing various real-world lifetime
behaviors. This generalization makes the GIED a powerful tool for modeling complex lifetime data across different
industries and applications. [14] derived statistical and reliability properties of GIED by fitting GIED to some sets
of reliability data and showed that GIED can be used effectively, in place of other existing models to fit lifetime
data. For more details on applications of the GIED, (see [15, 16, 17, 18]).

In life-testing experiments, it can be difficult for experimenters to observe the lifetimes of all products placed
on the test due to time or other resource restrictions. Hence, the procedure of censoring is usually used in survival
analysis. There are many types of censorship schemes, but the most common schemes are Type-I and Type-II
censoring. In Type I censoring, all items n are put on a test and the test is terminated after a pre-specified test time.
In Type II censoring, the test is terminated exactly when a pre-specified m(< n) units fail. A drawback of Type-I
and Type-II censoring schemes is that they do not allow the removal of products before the experiment is complete.
[19] proposed progressive censoring that allows removals of units from the life test at various stages during the
experiment. Although progressive censoring can improve the experimental efficiency, the duration of the test is
still too long when products have a long life expectancy. It was Johnson [20] who introduced the concept of the
first failure censoring scheme. [21] combined the concepts of first-failure censoring and progressive censoring to
develop a new life-test plan called the progressive first-failure censoring scheme. This scheme can be described as
follows: suppose that n independent batches with £ units within each batch are put on a test and the progressive
censoring scheme R = (R, Ry, --- , R,,,) is pre-fixed; when the fist failure ! occurs, R, random selected
batches, as well as the batch including the first failure, are removed; when the second failure ngfm & oceurs, Ro
random selected batches, as well as the batch including the second failure, are removed, and so on; finally, when

the m!" failure xﬁ’j;nm: ., occurs, the remaining batches are removed, and the test is terminated. Then, the observed

failure times xfinnk <zl o <...o<glm o are called a progressive first failure censoring order statistics
with pre-specified constants m and R = (Ry, Ra, -+ , Ry).

The statistical analysis of the lifetime performance index has been extensively explored in the literature,
considering various censoring schemes and distributions. For instance, [22] derived the ML estimate of C}, by
employing data transformation techniques under the Pareto distribution with a Type-II censored sample and then
they further utilized the ML estimate to develop a hypothesis testing procedure. Additionally, [23] discussed
statistical inference for C', on the basis of the progressive first-failure censored data from the Weibull distribution
with known shape parameters. [24] obtained different estimators of C, under the Compound Rayleigh distribution
with progressively first-failure censored samples. Recently, [25] investigated both Bayesian and non-Bayesian
analysis of C under the Pareto distribution with progressively first-failure censored samples. In this paper,
we focus on the progressively first-failure censoring scheme. We apply data transformation techniques to the
generalized inverted exponential distribution to obtain the ML estimate of C';, and additionally, the Bayesian
estimate of C'r,. These estimates are then used to investigate non-Bayesian and Bayesian inference for C'r,, enabling
us to determine whether the product performance meets the required level.

The paper is structured as follows. Section 2 introduces the lifetime performance index C7, and the conforming
rate. Section 3 focuses on the development of ML estimates. In Section 4, we present the Bayes estimates for C7..
Section 5 discusses interval estimation, including the lower confidence interval and lower credible bound. Section
6 is dedicated to hypothesis testing. To illustrate the proposed methods, Section 7 provides two practical examples.
In Section 8, we conduct Monte Carlo simulations to examine the performance of the ML estimate and Bayes
estimate. Finally, the paper concludes in Section 9.

2. Lifetime Performance Index
Let X be the lifetime of products. The lifetime performance index Cr, of X, denoted by C7, . is defined as [1]
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where px and oy are, respectively, the mean and standard deviation of lifetime products, and Lx is a lower
specification limit. The lifetime is generally required to exceed L x unit times to be both financially profitable and
satisfying customers. Note that Ly is determined according to the customer’s requirements and it specifies the
minimum acceptable lifetime of a product.

Suppose that the lifetime of products, X may be modeled by a GIED with shape and scale parameters 5 and A
respectively and denoted by GIED (3, A). Then probability density function (pdf) of X is given by
BA _a

2

fx(@:p.0) = —5e F1—e =) 20, >0, A> 0. )

The corresponding cumulative distribution function (cdf) is given by

Fx(z;8,A) =1—(1—¢ )%, 2>0, >0, A>0. 3)
Since we cannot obtain the mean and variance of GIED in closed form, we use the data transformation technique
defining a new variable Y as Y = —In(1 — e’%) for a given scale parameter A. The distribution of Y becomes an
exponential distribution with one parameter /3. The pdf and cdf of Y respectively are,
Fr(y:B) =B, y >0, 5>0, )
and
Fy(y;8)=1-e"", y>0, >0 5
The mean and the variance of y are % and é respectively. Then the corresponding lifetime performance index
Cr, forYis
1
— L = — LY
Coy =B =2 =1 fLy, (©)
gy =
B
where Ly = —In(1 — e ﬁ) and L x be the lower specification limit of X . The failure rate function r(¢) is defined
by:
fr ()
t) = = > 0. 7
= =B ™

From equations (6) and (7), we can see that C'r,,. is decreasing in 3 while the failure rate is increasing in 3. This
property motivates that C'r,,, reasonably and accurately represents the lifetime performance of products.

If the lifetime of a product X, transformed as Y = —In(1 — e~ % ), exceeds the lower specification limit Ly, then
the product is considered as a conforming product. Therefore, the conforming rate, which is the ratio of conforming
products, can be defined based on the random variable Y as follows:

o)
P.=P(Y > Ly) = Be BV dy = e Py = e(CLYfl), —o00o < (Cr, <1. )
Ly
The conforming rate and C,. are in a strictly increasing relationship. The values of C'1,, and the corresponding
conforming rates P, are listed in Table (1).

3. Maximum likelihood estimation
The maximum likelihood (ML) estimation method is based on empirical information provided by the data. In
this section, we obtain the ML estimate of the Cr, of the GIED(/3, A) model based on progressively first-failure

censored samples.
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4 INFERENTIAL STUDY ON LIFETIME PERFORMANCE INDEX WITH GIED MODEL

Table 1. The lifetime performance index CT,,. versus the conforming rate P

CL, P, C, P C,, P C, P

—oo  0.00000 -3.00 0.01832 0.15 042741 0.60 0.67032
-9.00 0.00005 -2.50 0.03020 0.20 0.44933 0.65 0.70469
-8.00 0.00012 -2.00 0.04979 0.25 047237 0.70 0.74082
-7.00 0.00034 -1.50 0.08208 0.30 0.49659 0.75 0.77880
-6.00 0.00091 -1.00 0.13534 0.35 0.52205 0.80 0.81873
-5.00 0.00248 -0.50 0.22313 040 0.54881 0.85 0.86071
-450 0.00409 0.00 036788 0.45 0.57695 0.90 0.90484
-4.00 0.00674 0.05 0.38674 0.50 0.60653 0.95 0.95123
-3.50 0.01111 0.10 0.40657 0.55 0.63763 1.00 1.00000

We consider the case that parameter A is given (known) and J3 is unknown. Let 2% . i=1,2,--- ,m be
the progressive first-failure censored sample from a GIED(3, A) with pdf and cdf given by equations (2) and (3),
respectively.

The joint PDF of progressively first-failure censored order statistics is

m
R R Ry _ R; R; i —
f172»"' vm(‘rlzin:n:k7 IQ:?m:n:k:’ T 7xm:m:n:k) = CE™ H f(Izmnk:)(l - F(Ii:m:n:k))k(l? ) 17 (9)
i=1
where 0 <zl <l <. <gfim < ooand C=n(n— Ry —1)(n— Ry —Ry—2)---(n— Ry —
RQ—"'—Rm_l —m+1).
Using the transformation Y = — In(1 — e~ % ), the order statistics v <Y <<y e will be

the corresponding progressive first-failure censored data from the one-parameter exponential distribution with
pdf and cdf given by equations (4) and (5), respectively. Substituting equations (4), (5), and censoring scheme
R = (Ry, Ry, - - , Ry,) into equation (9), the likelihood function is then given by

L(ﬁ|y17 Yo, aym) = CkMﬁme—ﬂk ZZLI(RF’_D%' (10)

Taking the logarithm of equation (10)

log(L(B|Y1,Ya, -+, Ym) = logC + mlogk + mlogB — Bk Y (R: +1)y;. (1)
=1
Then
8l0g(L(ﬂ|Y1,Y2, 7Ym) m =
=— kY (R +1)y =0. 12
33 3 ;( Ju (12)
So the MLE of 3 is
o m
b= (13)

where T =k > " (R; + 1)Y;® .. By the invariant property of the ML estimates [26], the ML estimate for C',,,
denoted by C'ML is obtained from equation (6),

CML—1 - %Ly. (14)

It can be noticed that 257" follows the chi-square distribution with 2m degrees of freedom ([21]) , denoted by
X3m- Hence, the expectation of C}! - can be derived as
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mﬁLy
m—1"

B(CMEy =1 (15)

But E(CML) # Cy,, where Cp, =1— BLy. Hence, the MLE C}L is not an unbiased estimator of Cp, .
However, when m — co, E(CML) — Cy,, so CML is asymptotically unbiased estimator. Furthermore, we can
also show that C}* is consistent.

4. Bayesian Estimation

In Bayesian analysis, the prior distribution plays a defining role in Bayesian inference and represents the
information about an uncertain parameter. A common approach to constructing a prior density is to use the
conjugate priors ([27]). A conjugate prior is a prior distribution that, when combined with the likelihood function,
results in a posterior distribution that belongs to the same family as the prior. The Gamma distribution is the
conjugate prior for the parameter 5 of the Exponential family, which is widely used in lifetime data modeling
because it leads to a posterior that is also Gamma distributed, avoiding the need for complex numerical integration
and Bayesian inference process. In our study, under the assumption that shape parameter /3 is unknown, we consider
a conjugate gamma prior density for g as

a

"(8) = £

where a and b are the hyper parameters that reflect prior beliefs.
We will get the posterior PDF of the parameter 3, using equations (10) and (16) as,

* _ L(ﬂ‘yhyQa"' 7ym)77(5) 17
T (5|91»y27 7ym) ffooo L(ﬁ|y1,y2,~-- ,ym>ﬂ'<ﬁ)dﬂ ( )

gete™ B >0, 16)

mam ,— b pa—1,—%
_Ckﬂeﬁtmﬁ 163

m _b*_ I'(atm)
k™ £ay e

Ba+m71676(b+t) (b 4 t)aer
N I'(a+m)
— Aﬂa+m_18_ﬁ(b+t),

where t = kY " (R; +1)y; and A = % is normalizing constant. Thus, (8|y1,y2, - , ym) has Gamma
distribution with parameters (a +m) and (b+1).
Under the squared error loss function, (3, 3) = (3 — )2, the Bayes estimate of the parameter 3 is the posterior

mean “bi’t". Therefore, we obtain the Bayes estimator of lifetime performance index C'r,,. denoted by C’LB f B as

a+m

CESE = B (Cuyly) = 1= 5

Y

Ly. (18)

5. Interval Estimation
In the non-Bayesian approach, given the specified significance level «, the 100(1 — «)% one-sided confidence
interval for Cr,,, can be obtained by using the ML estimate given by (14). Using the pivotal quantity 287", where

28T ~ x3,, and X3, representing the lower (1 — «) percentile of chi-squared distribution, we have
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6 INFERENTIAL STUDY ON LIFETIME PERFORMANCE INDEX WITH GIED MODEL
P2BT < x3,(1—a))=1—a

Lyx3,,(1 — a)
Pl1—-BLy>1— —&=2~ 7| =1-—
( BLy > 5T «

s 2 _
P<CLY 2 1— (]‘ CLY)XQ'HL(l a)) =1— a, (19)

2m
from (19), then

(1= Cry )Xgm(l — )
2m

is the level 100(1 — «)% one-sided confidence interval from C,, . Thus, the 100(1 — /)% lower confidence bound

for Cp,, can be written as

Cp, >1-

(20)

(1= Cuu )1 =)

LBy =1-
ML om

2n

where C L, and a denote the ML estimate of C',,. and the specified significance level respectively.
In the Bayesian approach, we obtain the lower credible bound of Cy,,, . Using the fact 8 ~ I'(a + m, b + t) stated
in the equation (17), let T* = (b + t), then we can show that 257" ~ X%(Hm)(l — «) as follows.

Let Z = 28T*, then 3 = 5%, we have
Z 1
fZ(Z) = fﬁ[ylyyz--,ym] <2T*> B (2T*>

1
— —Za+m—1e

~ T'(a+ m)2@tm)

=z
pl

2 .

1 20atm) | _z
2 e

B g 2atm) 1—\(2(a—2i-m))

Analogously, 28T ~ x5, ) (1 — a).
We can now obtain a confidence interval of C'r,,. by considering the distribution of 257 as follows.

P<2ﬂT* < X3 (am) (1 — a)) —1-a

LYXza m l -«
P<1—BLyzl— 2 ;Ti( )>—1—a
ABS
P I—BLY>1—wX2 (l-a)]=1-«
= 2(a+m) 2(a+m)

(- cper)
P >1— =Y "2 1— =1—a.
<CLY = 2(a+m) X2(a+m)( ()é) @

Then we can obtain that 100(1 — «)% on sided credible interval of Cp,, as

_ ABSE
1-CL) (1—a). (22)

LB ayes — l———
Bay 2(a+m) X2(a+m)
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6. Hypothesis Testing

In this section, we construct statistical tests for evaluating whether the lifetime performance index of products meets
the required level via the Bayesian and the non-Bayesian approaches. Assuming that the required index value of
lifetime performance is greater than the target value c¢*, thus, the null and alternative hypothesis can be stated as

Hy:Cp, <c" wvs H,:CpL, >c"

In the non-Bayesian approach, let L, be the test statistic, the rejection region can be expressed as {C’ Ly > Co}
where cg is the critical value. Given the specified significance level «, the critical value ¢ can be derived as follows
by using the fact 28T ~ x3,,,.

P(Cr, > ¢|CL, =) =«

mL N
P(1TY>CO CrL, =c >a
2pmL 1—-c*
P<26T> mly |, 1-c > —a
1-— Co Ly
2m(1 —c¢*
P<2ﬁT < m(c)) —1-a (23)
1-— Co
Hence, x3,,(1 — «) function represents the lower (1 — «) percentile of x3 ., that is
2m(l —c¢*
1<7> = Xom (1= @) 24
— ¢
Thus, the following critical value can be derived as
2m(l —¢*
co=1— M (25)
X2m(1 - Oé)

The power of a statistical test is the probability of correctly rejecting a false null hypothesis. Thus, the power of
the statistical test Hy : Cr, < c¢* wvs H,:CL, > c* can be derived as follows:

Under progressively first-failure censoring, we get a size « test with the rejection region {é’LY |é’LY >1-
M} for sample size n (m < n). The power P(c;) of the test at this point Cr, = ¢, (> ¢*) is computed as

(1
2m(1 — c*) Cp. = C1>

P(Cl)P<C\YLY>1X2(]_—Oé)
2m

B 2m(l—c*)|, 1—c

P(1-2p > 1- 500k -122)

_ BLYX m( —Oé) _1_61

_P<2 12_C B = I >

:P<2BT> 1_611){272(1_0‘)> (26)
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8 INFERENTIAL STUDY ON LIFETIME PERFORMANCE INDEX WITH GIED MODEL

Following [25], in Bayesian approach for testing Hy : 6 € ©¢ versus Hj : 6 € ©; where Oy | ©; = O (the
space of the parameter 6), and ©¢ N ©1 = (), the empty set, the actions of interest are ag and a1, where a; denotes
acceptance of H;, « = 0,1. When the loss function is ’0 — K’ defined by

L6, ;) = 27
(6,a:) {Ki if0 €0, (i ). @7)

Hence, on the basis of the posterior distribution of Cr, in (17), the Bayesian rejection region for testing
Hy:Cp, <cversus Hy : C, >cis

1
. . . K,
cr = {(yla aym) . /C ™ (CLy|yla 7ym)dCLy > KO +K1}

= cee N u Eex u —+ au
Y1, y Ym P Ko K,

Ky

Ly
= Sy Ym) du > ————— ;,
{(yl ym) 0 g(u)du Ko—i—Kl}

where D is the normalizing constant and g(u) is the PDF of the gamma distribution with parameters a + m and
b + t. Thus, the Bayesian rejection region C* is reduced to

1—c¢

K
Ccr = {(yh e aym) : LY > Fa+m,b+t (IM)} (28)

where I';) ¢(y) stands for the yth quantile of the gamma distribution with parameters n and £. Note that for any
positive integer a, the Bayesian rejection region C* in (28) can be rewritten as

1- K
C* — {(y17 e 7ym) : 2(b+t) (I/YC> > X%(m—l—a) (m) } (29)

7. Illustrative examples

Example 7.1: We use a lifetime data set on the survival times (in days) of guinea pigs injected with different doses
of tubercle bacillia shown in Table 2, which was originally discussed by [28] and also given in [18].

Table 2. Survival times (in days) of guinea pigs injected with different doses of tubercle bacilli

12 15 22 24 24 32 32 33 34 38 38 43
44 48 52 53 54 54 55 56 57 58 58 59
60 60 60 60 61 62 63 65 65 67 68 70
70 72 73 75 76 76 8 83 &4 8 & 91
95 9% 98 99 109 110 121 127 129 131 143 146
146 175 175 211 233 258 258 263 297 341 341 376

In order to estimate the scale parameter A in the GIED(/, \), Gini statistic due to [5] is suggested. The Gini
statistic is defined as,
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m—1 .
G — Zi:l iD; 1 (30)
(m—1) Zizl D;

where Dy = NYR . and D;=k(n—Y ") (R +1)(YR, , —VR ) for i=2-- m while
S
YR o =—In(l—e mmx), i=1,---,m. For m>20, (12(m —1))2(G,, — 0.5) tends to the standard

normal distribution N (0, 1). Hence for large m, the p-value can be given as follows.

p-value = P{|Z| > |(12(m — 1))% (g — 0.5)[},

where g, is the observed value of G,,, and Z has an approximation of N (0, 1). When m is small, we can use the
exact distribution of G,,, which has been studied by [5] and is symmetric about 0.5. For m = 3, - - - , 20, percentiles
of the Gini statistics are given on page 352 in [5].

15—1 ;1.
For the data set in Table 2, the Gini statistics G5 = &%ﬁ,i =1,2,...,15. Hence, the p-value=P{| Z| >
i=1 2

(12(15 — 1)) 2 (g15 — 0.5)|}, where gy5 is the observed value of G5 and Z has an approximation of N (0,1).
The values of p-value and the various values of A are shown in Table 3. Based on Table 3, it appears
that A = 55.48 is very close to the optimum value, while p-value = 0.9999 is the maximum value. So, we
can assume that the parameter A is known. Using A = 55.48, the observed exponential first-failure censored

Table 3. Values of p-value for various values of A in Example 7.1

A p-value A p-value A p-value A p-value A p-value

55.15 09888 5530 09938 5545 0.9988 55.60 0.9961 5575 0.9911
55.16 09891 5531 09942 5546 0.9992 55.61 0.9958 55.76 0.9908
55.17 09895 5532 09945 5547 09995 55.62 0.9955 5577 0.9905
55.18 09898 55.33 0.9948 5548 0.9999 55.63 0.9951 55.78 0.9901
55.19 09901 5534 09952 5549 0.9998 55.64 0.9948 55.79 0.9898
5520 0.9905 5535 0.9955 55.50 0.9995 55.65 0.9945 55.80 0.9895
55.21 09908 5536 09958 5551 0.9991 55.66 0.9941 55.81 0.9891
55.22 09911 5537 09962 5552 0.9988 55.67 0.9938 55.82 0.9888
5523 09915 5538 0.9965 55.53 0.9985 55.68 0.9935 55.83 0.9885
55.24 09918 5539 09968 5554 0.9981 55.69 09931 55.84 0.9881
55.25 09921 5540 09972 5555 0.9978 55770 0.9928 55.85 0.9878
55.26 09925 5541 09975 5556 0.9975 5571 0.9925 55.86 0.9875
55.27 09928 5542 09978 5557 09971 5572 09921 55.87 0.9871
55.28 09932 5543 09982 5558 0.9968 5573 0.9918 55.88 0.9868
55.29 09935 5544 09985 5559 0.9965 5574 0.9915 55.89 0.9865

55.48

sample obtained with transformation Y& = = —In(1—e X&mnx), where n =36, m =15, k=2 and R =
(3,0,1,1,0,0,0,0,1,2,3,3,3,2,2), are reported in Table 4.
Following [18], the lower lifetime limit, Ly is assumed to be 20 then transformed limit Ly = —In(1 —

_ 55.48

e~ 20 ) = 0.06444. We also assume (a, b) = (2, 3). The lower confidence bound is calculated as LB, = 0.96957
and the lower credible bound is calculated as LBpqyes = 0.96827 for Cr, from equations (21) and (22)
respectively at the level of significance o = 0.05.

For Lx = 20, the conforming rate P, of products is assumed to exceed 70%. From Table (1), the Cr,,, will exceed
0.65. Therefore, We take the performance index value ¢* = 0.65. Then, testing the null hypothesis Hy : C, < 0.65

against the alternative H, : Cp > 0.65 is interested. Since CLY =0.97914 > 1 — % = 0.8629291 and
2m

%ﬁl_c*) = 306.3202 > X%(m+a) (0.5) = 33.33571 under both the non-Bayesian and Bayesian approaches, the
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10 INFERENTIAL STUDY ON LIFETIME PERFORMANCE INDEX WITH GIED MODEL

Table 4. The generated progressively first-failure-censored sample for Example 7.1

i 1 2 3 4 5 6 7 8
xroo. 12 15 24 32 38 48 53 58
R; 3 0 1 1 0 0 0 0
Yy . 0.00987 0.02507 0.10436 0.19434 026427 037804 0.43242 0.48486
i 9 10 11 12 13 14 15

Xnoo 60 61 87 98 110 143 258

R; 1 2 3 3 3 2 2

Yr oo 050528 051537 075185 0.83869 0.92606 1.13454 1.64253

null hypothesis is rejected. Thus, based on both methods, the lifetime performance index of products meets the
required level.

Example 7.2: The data for this application was originally discussed by [29] and also given in [30]. This data
represents the strength measured in GPa (giga-Pascals) for single-carbon fibers and impregnated 1000-carbon fiber
tows.

Table 5. The strength measured in GPa (giga-Pascals) for single carbon fibers and impregnated 1000-carbon fiber tows

1.312 1314 1479 1552 1.700 1.803 1.861 1.865 1.944 1958 1.966 1.997
2.006 2.021 2.027 2.055 2063 2.098 2140 2.179 2224 2240 2253 2.270
2272 2274 2301 2301 2359 2382 2382 2426 2434 2435 2478 2.490
2511 2514 2535 2554 2566 2570 2586 2.629 2.633 2.642 2.648 2.684
2697 2726 2770 2.773 2800 2.809 2818 2.821 2.848 2.880 2954 3.012
3.067 3.084 3.090 3.096 3.128 3.233 3.433 3585 3.585

We estimate the scale parameter by the maximum p-value method. For the data set in Table 5, the estimated value
of A is calculated by using the concept of Gini statistic with maximum p—value method as we explained in Example
7.1. The optimum values that maximize p—value as given in Table 6 is A = 10.94 with p — value = 0.9983. Hence,

the parameter )\ is known.
Since A = 10.94, for given n = 23, k = 3, m =20 and R = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,1), the

10.94

observed exponential first-failure censored sample obtained with transformation Y& = = —In(1 —e X&),
are reported in Table 7.
Following [30], the lower lifetime limit, Lx is assumed to be 2.8, then transformed limit Ly = —In(1 —

_ 10.94

e~ 2% ) = 0.02030. We also assume (a,b) = (50,2). The lower confidence bound is calculated as LBy =
0.27254 and the lower credible bound is calculated as LBpgyes = 0.38524 for (', from equations (21) and
(22) respectively at the level of significance oo = 0.05. When Lx = 2.80 and the conforming rate P, of products
is assumed to exceed 90%. From Table 1, the Cr, will exceed 0.90. Therefore, the performance index value
is supposed to be ¢* = 0.90. Then, we test the null hypothesis Hy : Cr, < 0.90 against the alternative H, :
Cp > 0.90. Since O, = 048648 < 1 — 200 — 092041 and 2P0 — 26.71241 < \3,,,,)(0.5) =
135.3339 under both the non-Bayesian and Bnglyesian approaches, the null hypothesis is not rejected. Thus, based
on both methods, the lifetime performance index of products does not meet the required level.
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Table 6. Values of p-value for various values of A in Example 7.2

A p-value A p-value A p-value A p-value A p-value

10.55 0.8444 10.70 09036 10.85 0.9629 11.00 0.9781 11.15 0.9198
10.56 0.8483 10.71 09076 10.86 0.9669 11.01 09742 11.16 0.9160
10.57 0.8522 10.72 09115 10.87 0.9708 11.02 09703 11.17 009121
10.58 0.8562 10.73 09155 10.88 0.9747 11.03 0.9664 11.18 0.9083
10.59 0.8601 10.74 09194 10.89 0.9787 11.04 0.9625 11.19 0.9044
10.60 0.8641 10.75 09234 1090 0.9826 11.05 0.9586 11.20 0.9006
10.61 0.8680 10.76 09274 1091 0.9866 11.06 0.9547 11.21 0.8967
10.62 0.8720 10.77 09313 1092 0.9905 11.07 0.9508 11.22 0.8929
10.63 0.8759 10.78 0.9353 1093 0.9944 11.08 0.9469 11.23 0.8891
10.64 0.8799 10.79 09392 1094 0.9983 11.09 09430 11.24 0.8853
10.65 0.8838 10.80 0.9432 1095 0.9977 11.10 0.9392 11.25 0.8815
10.66 0.8878 10.81 09471 1096 0.9938 11.11 09353 11.26 0.8776
10.67 0.8918 10.82 09511 1097 0.9899 11.12 09314 11.27 0.8738
10.68 0.8957 10.83 0.9550 1098 0.9860 11.13 0.9275 11.28 0.8700
10.69 0.8997 10.84 0.9590 10.99 09820 11.14 0.9237 11.29 0.8662

Table 7. The generated progressively first-failure-censored sample for Example 2

i 1 2 3 4 5 6 7 8 9 10
Xro . 1.8030 19440 19970 20060 20270  2.0550 21790 22240 22700 22720
R; 0 0 0 0 0 0 0 0 0 0
Y7o 000232 0.00360 0.00419 0.00429 0.00454 0.00489 0.00662 0.00733 0.00811 0.00814
i 11 12 13 14 15 16 17 18 19 20
Xr . 24260 25110 25868 26970 28210 2.8480 29540 3.0120 3.0900  3.5850
R; 0 0 0 0 0 0 0 1 1 1

Yy 0.01107 0.01290 0.01467 0.01746 0.02091 0.02170 0.02495 0.02682 0.02943 0.04844

imn:k

8. Simulation study

In this section, we perform a Monte Carlo simulation study to examine and compare the performance of Bayes
estimates with ML estimates for different combinations of sample sizes and first-failure censoring schemes. Several
different combinations of progressive censoring scheme R, sample size n, and the number of observed failures
before termination m are labeled in Table 8. The performances of the lower confidence interval and the lower
credible intervals are compared by using the average empirical confidence level (1 — «) and the corresponding
sample mean square error (SMSE). Also, we take the Bayesian approach to test the null hypothesis Hy : Cf, < ¢*
versus the alternative hypothesis H, : C, > ¢* by calculating the estimated risk of Bayesian rejection region based
on equation (27) with ”0-1" loss function; In contrast, we calculate the power function for non-Bayesian approach.
All simulation results are reported in Tables 9-20.

Algorithm 1 shows the steps of generating the progressively first failure censored sample, then we follow
Algorithm 2 to calculate the average empirical confidence level (1 — a) based on a 100(1 — a)% one-sided
credible interval and a 100(1 — «)% one-sided confidence interval of the lifetime performance index Cp, , and
the corresponding sample mean square error (SMSE) denoted by B.SMSE for Bayes estimate and M.SMSE
for ML estimate respectively. The results of Monte Carlo simulation are reported in Tables 9-12 for different
censoring schemes and different values of prior parameters where A = 4.9, 2, (a,b) = (3.3,2.88),(0.5,0.7),CL, =
0.8,0.9, Lx = 2.5,1.4 and k = 3,5 for the significance level oz = 0.05.
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Table 8. Different choices of the progressive first-failure-censoring schemes

nom R CS n m R CS n m R CS
10 5 (3,0%3,2) [1] 20 10 (0*9,10) [15] (1,0%22,2*2) [29]
(1*5) [2] (1*10) [16] (0*10,1*5,0%10)  [30]
(2,1*3,0) [3] (1*4,0%4,3*2) [17] 30 (0*30) [31]
10 (0*10) [4] 15 (0*10,(1*5) [18] 50 15 (35,0%14) [32]
15 5 (7,3,0%3) [5] ((1*3,0*10,(1*2) [19] (0*14, 35) [33]
(4,0%2,2,4) [6] (3,0%13,2) [20] (0%7,35,0%7) [34]
(0,1,2,3,4) [7] 20 (0*20) [21] 30 ((2,0,0)*10) [35]
10 (3,0%8,2) [8] 30 10 (20,0*9) [22] (1*20,0*10) [36]
((1,0)5)  [9] ((5*3,0%6,5) 23] (20,029)  [37]
(5,0%9) [10] (0*4,10*2,0%4) [24] 40 (10,0*39) [38]
15 (0*15) [11] 20 (5*2,0*18) [25] (0*39,10) [39]
20 5 (3,0%3,12) [12] (10, 0*19) [26] (0*15,1*10,0%15)  [40]
(0*2,15,0*2) [13] ((0,1)*10) [27] 50 (0*50) [41]

(3*5) [14] 25 (2+2,0722,1) [28]

Algorithm 1 Generate the progressively first failure censored sample

Step 1:
Step 2:
Step 3:

Step 4:

Step 5:

Generate a random sample of size m from a standard uniform distribution, denoted by W7y, --- , W,,,.
1
SetV; =W, fori=1,---,m where a; —Z+Zj S Z+1R
Set U, =1-1[/-,, ;1 Vj for i=1,--- m. Thus Uft, ., --- Ux., is a progressively Type-II

censored sample from the standard unlform d1stribution

set ZR L =1—(1 U, )& fori=1,--- m. The dataset ZF . --- ZE . isa progressively

first failure censored sample from the standard umform distribution.

Finally, set X% . = _7)‘L with ¢ = 1,--- ,m and hence, the required progressively first failure
In[1-(1-Z*%)5]

censored sample is X[* ... X

From the confidence interval simulation results, the following points can be drawn:

All of the average empirical confidence level (1 — ) both the Bayesian and Maximum Likelihood (ML)
estimates convergent to the target confidence level (1 — o) = 0.95. However, for small sample sizes (n = 10),
the results tend to be slightly higher than 0.95.

The simulation results demonstrate very small SMSEs, with both the Bayesian and ML estimates performing
equivalently well. The Bayesian SMSE (B.SMSE) and ML SMSE (M.SMSE) values are minimal, ranging
from 0.000040 to 0.00057, in relation to the average empirical confidence level (1 — «).

As the sample size n increases, the SMSE values decreases slightly overall . For moderate sample sizes
(n = 15,20, 30), as the effective sample proportion * increases, the Bayesian estimate demonstrates slightly
superior performance compared to the ML estimate, showing relatively smaller B.SMSE values.

When n and m are fixed, no significant difference in B.SMSE and M.SMSE are observed under different
censoring schemes.

The estimated vales of the average empirical confidence level and the computed SMSE display good stability
for k = 3 and k = 5, across various prior parameter settings (A, a,b, Lx).

Also, we follow Algorithm 3 to compute the estimated risks of the Bayesian rejection region C*, given
by the equation (28) under 0 — 1 loss function. The results of Monte Carlo simulation are reported in Tables
13-16 for different censoring schemes and different values of prior parameters where A =1,0.5, (a,b) =
(0.8,0.5),(2,2),Lx = 1.7,0.8 and k = 3, 5.

Based on the estimated risk simulation results, the following points can be drawn:
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Algorithm 2 The Monte Carlo simulation algorithm for the confidence level

Step 1:
Step 2:
Step 3:

Step 4:

Step 5:

Given Cr,,R, Lx, «, andk, where Cr, < 1.

The value of 3 is calculated by the equation Cr, =1 — gL,Cp, < 1.

(a) The generation of data Xt XZE . . . XE from Algorithm 1 is a random sample from the
GIED with parameters « and 3 with PDF as equation (3).

(b) The random sample obtained by the transformation Y;%, . = In[1 — e~/ Xima] i = 1,...,m, follows an
exponential distribution ith the PDF given in equation (4).

(c) The value of LB, is calculated by Equation (21).

(d) The value of LB pgyes is calculated by Equation (22).

(a) The step 3 is repeated 100 times.

(b) The confidence level (1 — «) for one-sided credible interval is estimated by,

total Count B
l—a)=——"2
(1-4) 100

(c) The confidence level (1 — «) for one-sided confidence interval is estimated by,

_ total Count M

(1-4) 100

(a) Repeat step (3) and step (4) 1000 times, then we can get the 1000 estimations of confidence level as
follows.

(1-4a)1,(1—3a)g, ..., (1 —&)1000

(b) The average empirical confidence level is

| Lo0o
- 1—a&); fori=1,...,1000
1000 i:1( &); for i 00

11—«

(c) The sample mean square error (SMSE) of (1 — &)1, (1 — &)2, ..., (1 — &)1000

1000
1

SMSE = 1500 > [(1-a);—(1-a)?

Algorithm 3 The estimated risks of the Bayesian rejection region

Step 1:

Step 2:

The generation of data X{  XIt ——  XE from Algorithm 1 is a random sample from the GIED
with parameters « and S with PDF as equation (3).

we test the null hypothesis Hy : Cr, <c¢* wvs H,:CL, > c¢* using the Bayesian approach and from
Equation (28) with ’0-1" loss function. Based on the simulated progressively first-failure-censored sample
in Step 1, we recorded the estimated risks of the Bayesian rejection region resulting from such hypothesis

testing when ¢=0.2 and 0.5.

As the effective sample proportion “* increases, the estimated risks of the Bayesian rejection region C*

decrease. This reduction in risk becomes particularly noticeable with larger sample sizes n.
As n and m are fixed, there is no significant difference between the estimated risks of the Bayesian rejection
region under the different censoring schemes.
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* Although the estimated risks of the Bayesian rejection region vary with different choices of prior parameters
(A, B,a,b, Lx), the overall patterns remain consistent, indicating the robustness of Bayesian testing.

Finally, we follow Algorithm 4 to the power of the tests by the equation (26) when ¢; = 0(0.1)0.9 and o = 0.05.
The results of Monte Carlo simulation are reported in Tables 17-20 for different censoring schemes and different
values of prior parameters where A = 6,2.75,¢* = 0.3, Lx = 1.5,1.25 and k = 3, 5.

Algorithm 4 The Monte Carlo simulation algorithm for Power

Step 1: Given Cr,,R, Lx, o, andk, where C', < 1.

Step 2: The value of j is calculated by the equation Cr,, =1 — SL,Cr, < 1.

Step 3: (a) The generation of data X¥#  XE ... XIE from Algorithm 1 is a random sample from the
GIED with parameters « and 3 with PDF as equation (3).
(b) The random sample obtained by the transformation Y,
exponential distribution ith the PDF given in equation (4).
(d) The value of LB,y is calculated by Equation (21).
if Cr, > LBy, then count M = 1, else count M = 0.

Step 4: (a) The step 3 is repeated 10000 times.

(b) The power is estimated by,

=In[l- e*’\/Xﬁm:n],i =1, ..., m, follows an

total Count B
10000

Based on Monte Carlo power simulation results, the following points can be drawn:

* As we expect, the power of the test approaches o when ¢; = c¢*.

» There is no significant difference in powers for different censoring schemes when m and n are fixed.

* The power of the test becomes larger as c¢; increases for fixed m and n.

* When the effective sample proportion “* increases, the power of the test decreases if ¢; < c¢* and increases
if ¢; > ¢* for fixed ¢;.

9. Concluding remarks

The lifetime performance index C7, is utilized to evaluate the quality of products. In this paper, given a progressively
first-failure censored sample from a generalized inverted exponential distribution, the ML estimate and the Bayes
estimate of C'f, are obtained. Then we turn attention to the inferential analysis based on the estimates of C, from
both the Bayesian and the non-Bayesian approaches. In the Bayesian approach, we construct 100(1 — «)% lower
credible interval and use ~’0-1" loss function for hypothesis testing Hy : C, < ¢* versus the alternative hypothesis
H, : Cp > c¢*. The results of Monte Carlo simulation and real data examples confirm that these statistical inferences
on (', can be used for assessing whether the product performance meets customer expectations or requirements.

The data transformation techniques based on a given scale parameter simplify the computational process but
limit the generalization to some rea-world data that emphasizes the variation of scale parameter. Additionally, it
seems that the estimated risks associated with the Bayesian rejection appear to be sensitive to the choice of prior
parameters, making it essential for researchers to carefully select parameters to ensure accurate and reliable results.

In future research, we plan to extend our study by applying the proposed method to progressive censoring
schemes, including the hybrid censoring scheme (HCS), which combines features of both Type I and Type II
censoring. We are also interested in exploring other lifetime models in our future work.
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Table 9. Simulation results of 1 — o and SMSE under k = 3, A = 4.9, (a,b) = (3.3,2.88),Cr, = 0.80, Lx = 2.5 and a = 0.05

n m R Bayes MLE B.SMSE M.SMSE n m R Bayes MLE B.SMSE  M.SMSE
10 5 [1] 0.9652  0.9496  0.00055 0.00048 30 10 [22] 09560  0.9490  0.00047 0.00047
[2] 0.9653  0.9495 0.00056 0.00046 [23]  0.9566  0.9495 0.00045 0.00047
[3] 0.9653  0.9496  0.00056 0.00047 [24]  0.9563  0.9490  0.00045 0.00048
10 [4] 0.9563  0.9490  0.00045 0.00048 20 [25] 09510 09492  0.00043 0.00046
15 5 [5] 0.9652  0.9494  0.00056 0.00049 [26]  0.9505  0.9487 0.00041 0.00044
[6] 0.9652  0.9496  0.00056 0.00048 [27] 09510  0.9492  0.00045 0.00047
71 0.9653  0.9495 0.00056 0.00046 25  [28] 0.9502 0.9496  0.00044 0.00045
10 [8] 0.9568  0.9496  0.00046 0.00048 [29]  0.9501  0.9495 0.00045 0.00045
[9] 0.9562  0.9491 0.00046 0.00048 [30]  0.9500  0.9495 0.00046 0.00047
[10]  0.9565 09494  0.00046 0.00047 30 [31] 0.9500 0.9502  0.00045 0.00045
15 [11] 09539 09506  0.00045 0.00047 50 15 [32] 09526  0.9491 0.00043 0.00045
20 5 [12]  0.9652  0.9494  0.00056 0.00049 [33] 0.9532  0.9498 0.00044 0.00047
[13]  0.9653  0.9496  0.00057 0.00047 [34]  0.9539  0.9506  0.00045 0.00047
[14]  0.9653  0.9497 0.00056 0.00048 30 [351 09500 0.9502  0.00045 0.00045
10 [15] 0.9567  0.9495 0.00046 0.00048 [36] 0.9498  0.9501 0.00045 0.00045
[16] 09563 09492  0.00046 0.00048 [37]  0.9493  0.9494  0.00044 0.00044
[17] 09564  0.9493 0.00045 0.00047 40 [38] 09484  0.9495 0.00045 0.00044
15 [18] 09538 0.9504  0.00045 0.00047 [39] 0.9488  0.9499  0.00045 0.00044
[19] 09538  0.9505 0.00045 0.00047 [40]  0.9492  0.9503 0.00044 0.00043
[20]  0.9540  0.9507 0.00046 0.00048 50 [41] 0.9486  0.9502  0.00048 0.00046
20 [21] 009511 0.9493 0.00045 0.00047

Table 10. Simulation results of 1 — « and SMSE under &k = 5, A\ = 4.9,

(a,b) = (3.3,2.88),CL, = 0.80, Lx

=2.5and a = 0.05

n m R Bayes MLE B.SMSE  M.SMSE n m R Bayes MLE B.SMSE  M.SMSE
10 5 [1] 0.9652  0.9494  0.00056 0.00049 30 10 [22] 09569  0.9496  0.00045 0.00045
[2] 0.9652  0.9496  0.00055 0.00048 [23]  0.9562  0.9491 0.00044 0.00045
[3] 0.9651  0.9495 0.00056 0.00048 [24] 09563 09492  0.00046 0.00048
10 [4] 0.9563  0.9492  0.00046 0.00048 20 [25] 09506  0.9488 0.00040 0.00043
15 5 [5] 0.9654  0.9495 0.00057 0.00049 [26]  0.9506  0.9487 0.00043 0.00046
[6] 0.9652  0.9492  0.00057 0.00051 [27]  0.9509  0.9491 0.00044 0.00045
[7] 0.9652  0.9496  0.00056 0.00047 25 [28]  0.9502  0.9497 0.00043 0.00044
10 [8] 0.9565  0.9494  0.00046 0.00047 [29]  0.9503  0.9498 0.00044 0.00044
[9] 0.9566  0.9495 0.00046 0.00048 [30]  0.9500 0.9494  0.00046 0.00046
[10] 09563  0.9491 0.00047 0.00048 30 [311 09499  0.9501 0.00046 0.00046
15 [11] 09538  0.9505 0.00045 0.00047 50 15 [32] 09541 0.9504  0.00046 0.00047
20 5 [12]  0.9652  0.9493 0.00057 0.00049 [33]  0.9533  0.9498 0.00044 0.00047
[13]  0.9653  0.9495 0.00056 0.00046 [34]  0.9538  0.9505 0.00045 0.00047
[14]  0.9652  0.9493 0.00056 0.00049 30 [35] 09502 09504  0.00044 0.00044
10 [15] 09564  0.9493 0.00046 0.00048 [36]  0.9501 0.9503 0.00045 0.00044
[16]  0.9567  0.9495 0.00046 0.00048 [37]  0.9496  0.9497 0.00050 0.00050
[17] 09566  0.9494  0.00046 0.00048 40 [38] 09483  0.9494  0.00045 0.00045
15 [18] 09539 09506  0.00044 0.00046 [39] 0.9488  0.9499  0.00046 0.00045
[19]  0.9540  0.9506  0.00046 0.00048 [40]  0.9489  0.9500  0.00045 0.00044
[20] 09534  0.9500  0.00047 0.00049 50  [41] 0.9484  0.9499  0.00047 0.00046
20 [211 09509  0.9491 0.00044 0.00046
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Table 11. Simulation results of 1 — o and SMSE under k = 3, A = 2, (a,b) = (0.5,0.7),Cr,, =0.9,Lx =

1.4 and o = 0.05

n m R Bayes MLE B.SMSE M.SMSE n m R Bayes MLE B.SMSE  M.SMSE
10 5 [1] 0.9614  0.9496  0.00048 0.00048 30 10 [22] 09574  0.9490  0.00048 0.00047
2] 0.9614  0.9495 0.00049 0.00046 [23] 0.9580  0.9495 0.00046 0.00047
[3] 0.9614  0.9496 0.00048 0.00047 [24] 0.9577 0.9490 0.00045 0.00048
10 [4] 0.9577  0.9490  0.00045 0.00048 20 [25] 09550  0.9492  0.00043 0.00046
15 5 [5] 0.9614  0.949%4 0.00049 0.00049 [26] 0.9544  0.9487 0.00041 0.00044
[6] 0.9614  0.9496  0.00049 0.00048 [27]  0.9551  0.9492  0.00044 0.00047
[71 0.9614  0.9495 0.00049 0.00046 25 [28] 0.9550  0.9496 0.00043 0.00045
10 [8] 0.9581 0.9496 0.00046 0.00048 [29] 0.9549  0.9495 0.00043 0.00045
91 0.9577  0.9491 0.00046 0.00048 [30]  0.9549  0.9495  0.00044 0.00047
[10] 0.9579 0.9494 0.00046 0.00047 30 [31] 0.9548 0.9502 0.00044 0.00045
15 [11] 09571  0.9506  0.00046 0.00047 50 15 [32] 09557  0.9491 0.00044 0.00045
20 5 [12] 0.9614  0.949%4 0.00049 0.00049 [33] 0.9564  0.9498 0.00045 0.00047
[13] 0.9614  0.9496 0.00050 0.00047 [34] 0.9571 0.9506 0.00046 0.00047
[14] 09615 09497  0.00049 0.00048 30 [35] 0.9548  0.9502  0.00043 0.00045
10 [15] 0.9580  0.9495 0.00046 0.00048 [36] 0.9546  0.9501 0.00043 0.00045
[16]  0.9577  0.9492  0.00046 0.00048 [37]  0.9541  0.9494  0.00043 0.00044
[17] 0.9578 0.9493 0.00046 0.00047 40 [38] 0.9535 0.9495 0.00042 0.00044
15 [18] 0.9570  0.9504 0.00045 0.00047 [39] 0.9539  0.9499 0.00042 0.00044
[191 09570 0.9505  0.00046 0.00047 [40]  0.9544 09503  0.00043 0.00043
[20] 0.9572  0.9507 0.00047 0.00048 50 [41] 0.9538 0.9502 0.00045 0.00046
20 [21] 09551  0.9493  0.00044 0.00047
Table 12. Simulation results of 1 — o and SMSE under k = 5, A = 2, (a,b) = (0.5,0.7),Cr,, =0.9,Lx = 1.4and o = 0.05
n m R Bayes MLE B.SMSE  M.SMSE n m R Bayes MLE B.SMSE  M.SMSE
10 5 [1] 0.9614  0.949%4 0.00049 0.00049 30 10 [22] 0.9584  0.9496 0.00047 0.00045
[2] 0.9614  0.9496  0.00048 0.00048 [23]  0.9576  0.9491 0.00045 0.00045
[3] 0.9613 0.9495 0.00049 0.00048 [24] 0.9577 0.9492 0.00046 0.00048
10 [4] 0.9577 0.9492 0.00046 0.00048 20 [25] 0.9545 0.9488 0.00040 0.00043
15 5 [51 0.9615  0.9495  0.00050 0.00049 [26]  0.9547  0.9487  0.00041 0.00046
[6] 0.9613 0.9492 0.00050 0.00051 [27] 0.9549  0.9491 0.00043 0.00045
[7] 0.9614  0.9496  0.00048 0.00047 25  [28] 09548  0.9497  0.00041 0.00044
10 [8] 0.9579 0.9494 0.00047 0.00047 [29] 0.9550  0.9498 0.00042 0.00044
9] 0.9580  0.9495 0.00047 0.00048 [30] 0.9548 0.9494 0.00044 0.00046
[10]  0.9577  0.9491 0.00047 0.00048 30 [31]1 0.9546  0.9501 0.00043 0.00046
15 [11] 0.9570  0.9505 0.00046 0.00047 50 15 [32] 0.9568 0.9504 0.00046 0.00047
20 5 [12] 09614  0.9493  0.00049 0.00049 [33] 0.9565 0.9498  0.00045 0.00047
[13] 0.9614  0.9495 0.00049 0.00046 [34] 0.9570  0.9505 0.00046 0.00047
[14] 0.9614  0.9493 0.00049 0.00049 30 [35] 0.9550  0.9504 0.00042 0.00044
10 [15] 09578  0.9493  0.00047 0.00048 [36]  0.9549  0.9503  0.00042 0.00044
[16] 0.9580  0.9495 0.00046 0.00048 [37] 0.9546  0.9497 0.00046 0.00050
[17]  0.9579  0.9494  0.00046 0.00048 40 [38] 0.9536  0.9494  0.00042 0.00045
15 [18] 0.9572 0.9506 0.00046 0.00046 [39] 0.9539  0.9499 0.00043 0.00045
[19] 0.9572  0.9506 0.00047 0.00048 [40] 0.9541 0.9500 0.00043 0.00044
[20]  0.9566  0.9500  0.00047 0.00049 50  [41] 09536 0.9499  0.00044 0.00046
20 [21] 0.9549 0.9491 0.00044 0.00046

Stat., Optim. Inf. Comput.

Vol. 13, January 2025



H. YI AND D. WIJEKULARATHNA

17

Table 13. The estimated risks of the Bayesian rejection region under k =3, A=1, 8 =1(0.1)1.8, Lx = 1.7, (a,b) = (0.8,0.5),c =

0.5andK1 =Ko =1

N om 1.0 1.1 12 13 14 15 1.6 1.7 1.8
10 5 [1] 018517 0.14937 0.12126  0.09909  0.08151  0.06750  0.05626  0.04718  0.03980
[21  0.18575 014984  0.12163 009939 008175 006769 0.05641  0.04730  0.03990

3] 018491 014915 0.2107 009894 008139 006740 0.05617 0.04711  0.03975

10 [4]  0.2155 008489  0.05948 004190 0.02970 0.02122 001527 0.01108  0.00811
15 5 [5] 018641  0.5041 0.12214  0.09983  0.08214 0.06803 0.05671  0.04757  0.04014
[6] 0.18614 0.15015 0.121890  0.09961  0.08194  0.06786  0.05656  0.04743  0.04002

[71 018634 015032  0.12203 009972  0.08203 0.06793  0.05662 0.04748  0.04006

10 [8] 0.02252 0.08573 0.06018 0.04247 0.03016 0.02158 0.01556 0.01131  0.00829
[9] 012309 0.08618 0.06052 0.04273 0.03036 002173 001567 001139  0.00835

[10]  0.12252 008572 0.06017 0.04246 003016 0.02158 001556 0.01131  0.00829

15 [11] 0.08406 005156 003159 001941 001200 0.00747  0.00469  0.00298  0.00191
20 5 [12] 08552  0.14959  0.12139  0.09916 0.08155 0.06751 005625  0.04716  0.03977
[13]  0.18555 0.14967 0.12150  0.09929  0.08168 0.06764  0.05638  0.04728  0.03989

[14] 018488  0.14914  0.12108  0.09897 008144 006747 0.05625 0.04719  0.03983

10 [I15] 0.12157 008513  0.05984 0.04230 0.03011 0.02159 0.01561 0.01137  0.00835
[16]  0.12243 008581  0.06036  0.04269  0.03039 0.02179 001575 001147  0.00843

[17] 012219 0.08565 0.06026 0.04262 0.03035 002177 001573 001146  0.00842

15 [18] 0.08432 005173 003169 001945 001200 0.00746  0.00467  0.00295  0.00188
[19] 008352 005112 003124 001913 001178 0.00730  0.00456  0.00287  0.00183

[20] 0.08312 0.05078 0.03096 0.01893 0.01163 0.00719 000449 000282  0.00179

20 [21] 005667 0.03037 001618 000862 0.00461  0.00248  0.00135  0.00074  0.00041
30 10 [22] 0.12098  0.08440  0.05909  0.04160  0.02948  0.02105  0.01515  0.01099  0.00804
[23]  0.12020 008388  0.05875  0.04138 002934 002096 001510 0.01096  0.00802

[24] 012001 0.08363 0.05849 0.04113  0.02911 002076 001493  0.01082  0.00790

20 [25] 0.05612  0.02998  0.01592  0.00845  0.00451  0.00242  0.00131  0.00072  0.00040
[26] 005626  0.02999 001588  0.00840  0.00447  0.00239  0.00129  0.00070  0.00039

[27] 005593  0.02981  0.01578  0.00835 0.00444  0.00237 0.00128  0.00070  0.00039

25 [28] 0.03905 001818 0.00834 0.00381 0.00174 0.00080  0.00037  0.00017  0.00008
[29] 0.03891 0.01810 0.00830  0.00379  0.00173  0.00080  0.00037  0.00017  0.00008

[30] 003893 001816 000836  0.00383 000176  0.00081  0.00038  0.00018  0.00009

30 [31] 002731 001121 000451 000180  0.00072  0.00029  0.00012  0.00005  0.00002
50 15 [32] 0.08028  0.04874 002957 001800 001102 000681  0.00424  0.00267  0.00170
[33] 008110 0.04940 0.03007 0.01837 0.01120  0.00699  0.00437  0.00275  0.00176

[34] 008075 004922 002999 001833 001128 0.00699 0.00437  0.00276  0.00176

30 [35] 002716 001114 000448 000179  0.00071  0.00029  0.00012  0.00005  0.00002
[36] 0.02696 001104 0.00444 0.00177 0.00071  0.00028  0.00012  0.00005  0.00002

371  0.02728 001119 000451  0.00181  0.00073  0.00029  0.00012  0.00005  0.00002

40 [38] 0.01416 0.00453  0.00141  0.00043  0.0013  0.0004 0.00001  0.00000  0.00000
[39] 001409 000453 000141  0.00044 000014  0.00004  0.00001  0.00000  0.00000

[40] 001411 0.00451  0.00141  0.00043  0.00013  0.00004  0.00001  0.00000  0.00000

50 [41] 0.00724 0.00178  0.00042  0.00009  0.00002  0.0001  0.00000  0.00000  0.00000
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Table 14. The estimated risks of the Bayesian rejection region under k =5, A=1, 8 =1(0.1)1.8, Lx = 1.7, (a,b) = (0.8,0.5),c =

0.5andK1 =Ko =1

N om 1.0 1.1 12 13 14 15 1.6 1.7 1.8
10 5 [1] 018512 0.14933  0.12123  0.09907  0.08150  0.06749  0.05624  0.04717  0.03979
[2]  0.18566 0.14976  0.12156  0.09933  0.08170  0.06765  0.05637  0.04727  0.03987

[3]  0.18486 0.14912  0.12105 0.09892  0.08138  0.06739  0.05617 0.04710  0.03974

10 [4]  0.12157 008491 005950 0.04191 002972 0.02122 0.01528 0.01109  0.00811
15 5 [5] 018635 015035 0.2207 009977 0.08209 0.06798  0.05667 0.04753  0.04010
[6] 0.18614 0.15016 0.12190  0.09962  0.08195  0.06787  0.05657  0.04744  0.04003

[71  0.18635 0.15032  0.12203  0.09972  0.08204  0.06794  0.05662  0.04749  0.04006

10 [8] 012253 0.08574 0.06019 004247 003017 0.02158 0.01556 0.01131  0.00829
[9]  0.12310 0.08618 0.06053 0.04273 0.03036 002173 001567 001139  0.00835

[10] 0.12247 0.08569 0.06015 0.04244  0.03015 002157 001555 0.01131  0.00828

15 [11] 0.08411 005159 003161 001943 001201 0.00748  0.00470  0.00298  0.00191
20 5 [12] 0.18544  0.14952  0.12134  0.09912  0.08151 0.06748  0.05622 0.04714  0.03976
[13] 018556  0.14967  0.12150  0.09929  0.08169 0.06765 0.05638  0.04728  0.03989

[14] 0.18476  0.14903  0.12099  0.09880  0.08138  0.06741  0.05620  0.04715  0.03979

10 [15] 0.12165 008518 005988  0.04233  0.03013  0.02161  0.01562 0.01138  0.00836
[16] 0.12245 0.08583 0.06037 0.04270  0.03040 002180 001576 0.01148  0.00843

[17]  0.12218  0.08565 0.06026 0.04262 0.03035 002177 001573 001146  0.00842

15 [18] 008431 005173 0.03168 001945 001200 0.00746  0.00467  0.00295  0.00188
[19] 0.08353 0.05112 0.03124 0.01913 001178  0.00730  0.00456  0.00287  0.00183

[20] 0.08310 0.05076 0.03095 0.01892 0.01162 0.00719 000448  0.00282  0.00179

20 [21] 0.05667 0.03038 001619 000863 000461  0.00249 0.00135 0.00074  0.00041
30 10 [22] 0.12100 0.08443  0.05911 004161 002949 002106 0.01516 0.01100  0.00805
[23] 0.12013  0.08383  0.05871  0.04135 0.02932  0.02095 001509  0.01095  0.00802

[24] 011996 0.08359  0.05845 0.04109 0.02909  0.02074 001491  0.01080  0.00789

20 [25] 0.05620  0.03002 0.01594  0.00847  0.00451  0.00243  0.00131  0.00072  0.00040
[26] 0.05633 0.03003 0.01590 0.00841  0.00447  0.00239 000129  0.0070  0.00039

[27] 0.05592  0.02981 0.01578 0.00835 0.00444  0.00237 000128  0.00070  0.00039

25 [28] 0.03909 0.01821  0.00836 000382  0.00175  0.0080 0.00037  0.00018  0.00008
[29] 0.03890 0.01810 0.00830 0.00379 0.00173  0.00080  0.00037  0.00017  0.00008

[30] 0.03896 0.01817 0.00837 0.00383 0.00176  0.00081  0.00038  0.00018  0.00009

30 [31] 002731 001121 000451 000180 0.00072 0.00029 0.00012  0.00005  0.00002
50 15 [32] 0.08029 0.04874  0.02956  0.01799  0.01102  0.00680 0.00424  0.00267  0.00169
[33] 008110 0.04940 0.03007 0.01837 0.01120  0.00699  0.00437  0.00275  0.00176

[34] 008070 004919  0.02997 001832 001127 0.00698 0.00437  0.00276  0.00176

30 [35]  0.02718 001115 000449 000179 0.00071  0.00029 0.00012  0.00005  0.00002
[36] 0.02695 001104 0.00443 0.00177 0.00071  0.00028  0.00012  0.00005  0.00002

[37] 002734 001122 0.00453 0.00182 0.00073  0.0030 0.0012  0.00005  0.00002

40 [38] 0.01418 0.00454 000141  0.00043  0.00013  0.0004 0.00001  0.00000  0.00000
[39] 0.01409 0.00453 0.00141  0.00044  0.00014  0.00004  0.00001  0.00000  0.00000

[40] 001411 0.00451 0.00140 0.00043  0.00013  0.00004  0.00001  0.00000  0.00000

50 [41] 0.00726 0.00179  0.00042  0.00010  0.00002  0.00001  0.00000  0.00000  0.00000
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Table 15. The estimated risks of the Bayesian rejection region under &k =3, A =0.5, 8 =2(0.1)2.8, Lx = 0.8, (a,b) = (2,2),c =

0.2andK1 =Ko =1

N om 2.0 2.1 22 23 24 25 26 27 2.8
10 5 [1] 021330 019707 0.18256  0.16955 0.15786  0.14733  0.13782  0.12923  0.12143
[21 021381 019753  0.8298 0.16993  0.15821  0.14766  0.13813  0.12950  0.12168

3] 021313 019691 0.18241  0.16941  0.15773  0.14721  0.13772  0.12912  0.12133

10 [4]  0.10076 008542 0.07263 006194 005298 0.04547 0.03915 0.03381  0.02930
15 5 [5] 021442  0.19811 0.8352 0.17044  0.15869  0.14811  0.13856  0.12991  0.12207
(6] 021429  0.19798  0.18340  0.17033  0.15858  0.14801  0.13846  0.12982  0.12198

[71 021442  0.19810 018351  0.17043  0.15868  0.14809  0.13854  0.12989  0.12205

10 [8] 0.10154 008614 007328 0.06253 0.05351 0.04595 0.03957 0.03420  0.02964
9]  0.10197 008652 007361 006282 0.05377 004617 0.03977 0.03437  0.02979

[10]  0.10152 008611 007326 006250 005350  0.04593  0.03956  0.03418  0.02963

15 [11] 005295 004140 0.03245 0.02550 002011 001591 0.01263  0.01006  0.00805
20 5 [121 021361 019734 018279  0.16975  0.15803  0.14749  0.13796  0.12935  0.12154
[13] 021374 0.19748  0.18293  0.16989  0.15818  0.14763  0.13811  0.12949  0.12167

[14] 021322  0.19700 0.18250  0.16950  0.15782  0.14730  0.13781  0.12921  0.12142

10 [15] 0.10098 008570 0.07293 006226 005331 004580 0.03946  0.03412  0.02959
[16]  0.10157 008622 007339 006266 0.05366 0.04610 0.03973  0.03435  0.02979

[17]  0.10138 008606 0.07326  0.06255 0.05357 0.04602 0.03966 0.03429  0.02974

15 [I18] 005306 0.04148 0.03250 0.02554 0.02012 0.01591 0.01262 0.01005 0.00803
[19] 005252 004102 003211 002520 001984 001568 0.01243  0.00989  0.00790

[20] 005220 004074 0.03186  0.02499 001966 0.01552 0.01230 0.00978  0.00781

20 [21] 002754 001982 001429 001032 000748  0.00544  0.00397 0.00291  0.00214
30 10 [22]  0.10041  0.08510 0.07234 006168 005275 004526 003896 003365  0.02916
[23]  0.09977 0.08457 007189 006130 005243  0.04499  0.03874  0.03346  0.02899

[24]  0.09961 008439 007170 006110 005224  0.04481  0.03856  0.03329  0.02883

20 [25] 002724 001957 001409 001017 0.00736  0.00535  0.00390  0.00286  0.00210
[26] 002724 001955 001406 001013 000732  0.00531  0.00387  0.00283  0.00208

271 002705 0.01941 001396 001006 0.00727 0.00527 0.00384  0.00281  0.00206

25 [28] 001463  0.00965  0.00637 000421 000279  0.00186  0.00124  0.00083  0.00056
[29] 001454 000959 000632  0.00418 000277 0.00184  0.00123  0.00082  0.00056

[30] 001460  0.00964 000637 000422  0.00280 0.00186  0.00125  0.00084  0.00056

30 [31]  0.00801  0.00488  0.00297 000181  0.00111  0.00068 0.00042  0.00026  0.00016
50 15 [32] 005038 0.03923 003063 002398 001884 001486 001176  0.00934  0.00745
[33]  0.05097 003974 003107 002436 001916 001513 001199 0.00953  0.00761

[34] 005074 003958  0.03095 002427 001910 001508 0.01195 0.00951  0.00759

30 [35]  0.00797  0.00485 000295 0.00180 0.00110  0.00067 0.00042  0.00026  0.00016
[36]  0.00789  0.00480  0.00292  0.00178  0.00109  0.00067 0.00041  0.00025  0.00016

[371 000803 000489  0.00299 000182 000112  0.00069 0.00043  0.00026  0.00017

40 [38] 0.00259  0.00135  0.00070  0.00037  0.00019  0.00010  0.00005  0.00003  0.00002
[39]  0.00258 000135 0.00070  0.00037 0.00019  0.00010  0.00005  0.00003  0.00002

[40]  0.00257  0.00134  0.00070  0.00036  0.00019  0.00010  0.00005  0.00003  0.00002

50 [41]  0.00081 0.00036 0.00016 000007  0.0003  0.00001  0.00001  0.00000  0.00000
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Table 16. The estimated risks of the Bayesian rejection region under k =5, A =0.5, 8 =2(0.1)2.8, Lx = 0.8, (a,b) = (2,2),c =
0.2 and Ki=Ko=1

n m 2.0 2.1 22 2.3 2.4 2.5 2.6 2.7 2.8

10 5 [1] 0213302 0.197071  0.182556  0.169545  0.157856  0.147328  0.137824  0.129225  0.121425
[2] 0.213807  0.197533  0.182978  0.169933  0.158212  0.147656  0.138127  0.129504  0.121684
[3] 0213131  0.196912  0.182409  0.169409  0.157729  0.147211  0.137716  0.129124  0.121331

10 [4] 0.100756  0.085423  0.072629  0.061936  0.052983  0.045468  0.039145 0.03381 0.029296

15 5 [5] 0.214419  0.198107  0.183519  0.170442  0.158693 0.14811 0.138556  0.129911  0.122069
[6] 0.214291  0.197983 0.1834 0.170328  0.158583  0.148005  0.138456  0.129815  0.121978
[71 0.214419  0.198102  0.183509  0.170428  0.158676  0.148091  0.138536  0.129889  0.122046

10 [8] 0.101543 0.08614 0.07328 0.062525  0.053514  0.045946  0.039574  0.034195  0.029642
[9] 0.101969  0.086517  0.073612  0.062817 0.05377 0.04617 0.039771  0.034368  0.029794
[10]  0.101515  0.086114  0.073256  0.062504  0.053495 0.04593 0.03956 0.034183  0.029632

15 [11] 0.05295 0.0414 0.032447  0.025501  0.020105  0.015905  0.012627  0.010062  0.008049

20 5 [12]  0.213606 ~ 0.197335  0.182787  0.169748  0.158034  0.147485  0.137964  0.129348  0.121535
[13]  0.213743  0.197477  0.182931  0.169893  0.158179 0.14763 0.138106  0.129488  0.121671
[14]  0.213223  0.197002  0.182498  0.169498  0.157819  0.147301 0.137806  0.129213  0.121419

10 [15]  0.100984  0.085698  0.072934  0.062258  0.053311  0.045795  0.039464  0.034118 0.02959
[16]  0.101572  0.086217 0.07339 0.062658 0.05366 0.046099  0.039729  0.034348 0.02979
[17]  0.101383  0.086059  0.073258  0.062547  0.053566 ~ 0.046019  0.039661 0.03429 0.02974

15 [18]  0.053063  0.041483  0.032504  0.025537  0.020124  0.015911  0.012624  0.010052  0.008034
[19]  0.052521 0.04102 0.03211 0.025204  0.019844  0.015676  0.012427  0.009888  0.007897
[20]  0.052201  0.040737  0.031864  0.024992  0.019662  0.015522  0.012297  0.009778  0.007805

20 [21] 0.027543  0.019821  0.014288  0.010324  0.007483  0.005442  0.003973  0.002912  0.002144

30 10 [22] 0.10041 0.085103  0.072338  0.061675 0.05275 0.045261  0.038962  0.033649  0.029155
[23]  0.099772  0.084568  0.071889  0.061297  0.052432  0.044993  0.038736  0.033457  0.028992
[24]  0.099609  0.084386  0.071698  0.061104  0.052241  0.044808  0.038558  0.033289  0.028834

20 [25] 0.027237  0.019572  0.014088  0.010166 ~ 0.007359  0.005346  0.003898  0.002855 0.0021
[26]  0.027241  0.019552  0.014056 0.01013 0.007322  0.005312  0.003868  0.002828  0.002077
[27]  0.027047  0.019411 0.013955  0.010057 0.00727 0.005273 0.00384 0.002808  0.002063

25 [28]  0.014625  0.009648  0.006368 0.00421 0.002791  0.001856  0.001239  0.000831 0.00056
[29]  0.014539  0.009585  0.006323  0.004179  0.002769  0.001841  0.001229  0.000824  0.000555
[30]  0.014603  0.009642  0.006371  0.004217  0.002799  0.001864  0.001246  0.000837  0.000564

30 [31]  0.008007  0.004877  0.002969 0.00181 0.001106  0.000678  0.000417  0.000258 0.00016

50 15 [32] 0.050381  0.039232  0.030629  0.023984  0.018844  0.014858  0.011759  0.009343  0.007452
[33] 0.050965  0.039742  0.031069 0.02436 0.019162  0.015126  0.011985  0.009532  0.007611
[34]  0.050742  0.039579  0.030949  0.024273  0.019099 0.01508 0.011951  0.009508  0.007593

30 [35] 0.007967  0.004852  0.002954 0.0018 0.0011 0.000674  0.000415  0.000257  0.000159
[36]  0.007885  0.004799 0.00292 0.001779  0.001087  0.000666 0.00041 0.000253  0.000157
[371  0.008025  0.004893  0.002985  0.001824  0.001118  0.000687  0.000425  0.000264  0.000165

40  [38] 0.002588  0.001348  0.000702  0.000365  0.000191 0.0001 0.000052  0.000028  0.000015
[39]  0.002583  0.001349  0.000704  0.000368  0.000192  0.000101  0.000053  0.000028  0.000015
[40] 0.00257 0.00134 0.00070 0.00036 0.00019 0.00010 0.00005 0.00003 0.00002

50 [41] 0.00081 0.00036 0.00016 0.00007 0.00003 0.00001 0.00001 0.00000 0.00000
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Table 17. The power for ¢; = 0(0.1)0.9 withk =3, A =6,Lx = 1.5,¢* = 0.3 and o = 0.05

n m R 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10 5 [1] 00033 0008 0022 00507 0.1063 02177 03977 06414 08728  0.9887
[21  0.0033 00089 00222 00507 0.1064 02179 03978 06413 08726  0.9887
3] 00033 00089 00222 00507 0.1063 02178 03978 06414 08727  0.9887
10 [4 00012 00047 00162 00521 0.1398 03225 05899 0.8578 09828  0.9998
15 5 [5] 00033 0008 0022 00508 0.1065 02180 03983 06417 08730  0.9887
[6] 00033 00089 00222 00508 0.1065 02178 03980 06415 0.8730 0.9887
[71 00033 00089 00222 00507 0.1064 02179 03978 06413 08726  0.9887
10 [8] 00012 00047 00162 00521 0.1399 03227 05902 0.8583 09828  0.9998
[9] 00012 00047 00162 00521 0.1399 03226 05900 0.8580 09828  0.9998
[10] 00012 00047 00162 00521 0.401 03227 05903 0.8584 09828  0.9998
15 [11] 00003 00025 00119 00501 0.1650 04017 07176 09446 09975  1.0000
20 5 [12] 00033 00089 00222 00508 0.1066 02181 03983 06418 08730  0.9887
[13] 00033 0.0089 0.0222 00508 0.1064 02179 03977 0.6412 0.8725  0.9887
[14] 00033 00089 00222 00508 0.1064 02177 03979 0.6415 0.8730  0.9887
10 [I15] 00012 00047 00162 00521 0.399 03227 05902 0.8582 09828  0.9998
[16] 00012 00047 00162 00521 01399 03226 05901 0.8581 09828  0.9998
[17] 00012 00047 00162 00521 0.1399 03227 05902 08582 09828  0.9998
15 [18] 0.0003 00025 00119 00501 0.1650 04016 07176 09446 09975  1.0000
[19] 00003 00025 00119 00501 0.1651 04017 07177 09447 0.9975  1.0000
[20]  0.0003 00025 00119 00502 01651 04017 07178 09449  0.9975  1.0000
20 [21] 00001 0.0015 00109 00506 01862 04742 08143 09784 09998  1.0000
30 10 [22] 00013 00048 00162 00523 0.1403 03232  0.5909 08588 09829  0.9998
[23]  0.0012 00047 00162 00522 01402 03229 05905 0.8584 09828  0.9998
[24] 00012 00047 00162 00521 01399 03227 05902 0.8582 09828  0.9998
20 [25]  0.0001 0.0015 00109 00507 01863 04745 08144 09784 09998  1.0000
[26]  0.0001 00015 00109 00507 0.1865 04747 08148 09785 0.9998  1.0000
271 0.0001 00015 00109 00506 0.1862 04743 08143 09784 0.9998  1.0000
25 [28] 0.0000 0.0007 00092 00527 02081 05472 0.8792 09917  1.0000  1.0000
[29]  0.0000 00007 0.0092 00527 02081 05473 08792 09917  1.0000  1.0000
[30] 0.0000 0.0007 00092 00527 02080 05472 0.8791 09917  1.0000  1.0000
30 [31]  0.0000 0.008 00078 0.0528 02306 0.6042 09203 09975 1.0000  1.0000
50 15 [32] 0.0003 0.0025 00118 00498 0.1656 04034 07177 09450 09975  1.0000
[33] 00003 00025 00119 00501 0.1654 04020 07180 09450 0.9975  1.0000
[(34] 00003 00025 00119 00501 01650 04017 07176 09446  0.9975  1.0000
30 [35]  0.0000 0.0008 00078 0.0528 02306 0.6044 09203 09975 1.0000  1.0000
[36]  0.0000 00008 0.0078 00528 02306 0.6044 09203 09975 1.0000  1.0000
[371 0.0000 00007 0.0079 00529 02310 0.6049 09205 09975  1.0000  1.0000
40 [38] 0.0001 0.0004 0.0057 00523 02730 07060 09656 0.9997  1.0000  1.0000
[39]  0.0001 0.0004 0.0057 00523 02730 07059 09656 09997  1.0000  1.0000
[40]  0.0001  0.0004 0.0057 00523 02730 07060 09656 09997  1.0000  1.0000
50 [41] 0.0000 0.0001 00045 00514 03126 07824 09841  1.0000 1.0000  1.0000
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Table 18. The power for ¢; = 0(0.1)0.9 withk =5,A=6,Lx = 1.5,¢* = 0.3 and o = 0.05

n m R 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10 5 [1] 00033 0008 0022 00507 0.1063 02177 03977 06414 08728  0.9887
[21  0.0033 00089 00222 00507 0.1064 02179 03978 06413 08726  0.9887
3] 00033 00089 00222 00507 0.1063 02178 03978 06414 08727  0.9887
10 [4 00012 00047 00162 00521 0.1398 03225 05899 0.8578 09828  0.9998
15 5 [5] 00033 0008 0022 00508 0.1065 02180 03983 06417 08730  0.9887
[6] 00033 00089 00222 00508 0.1065 02178 03980 06415 0.8730 0.9887
[71 00033 00089 00222 00507 0.1064 02179 03978 06413 08726  0.9887
10 [8] 00012 00047 00162 00521 0.1399 03227 05902 0.8583 09828  0.9998
[9] 00012 00047 00162 00521 0.1399 03226 05900 0.8580 09828  0.9998
[10] 00012 00047 00162 00521 0.401 03227 05903 0.8584 09828  0.9998
15 [11] 00003 00025 00119 00501 0.1650 04017 07176 09446 09975  1.0000
20 5 [12] 00033 00089 00222 00508 0.1066 02181 03983 06418 08730  0.9887
[13] 00033 0.0089 0.0222 00508 0.1064 02179 03977 0.6412 0.8725  0.9887
[14] 00033 00089 00222 00508 0.1064 02177 03979 0.6415 0.8730  0.9887
10 [I15] 00012 00047 00162 00521 0.399 03227 05902 0.8582 09828  0.9998
[16] 00012 00047 00162 00521 01399 03226 05901 0.8581 09828  0.9998
[17] 00012 00047 00162 00521 0.1399 03227 05902 08582 09828  0.9998
15 [18] 0.0003 00025 00119 00501 0.1650 04016 07176 09446 09975  1.0000
[19] 00003 00025 00119 00501 0.1651 04017 07177 09447 0.9975  1.0000
[20]  0.0003 00025 00119 00502 01651 04017 07178 09449  0.9975  1.0000
20 [21] 00001 0.0015 00109 00506 01862 04742 08143 09784 09998  1.0000
30 10 [22] 00013 00048 00162 00523 0.1403 03232  0.5909 08588 09829  0.9998
[23]  0.0012 00047 00162 00522 01402 03229 05905 0.8584 09828  0.9998
[24] 00012 00047 00162 00521 01399 03227 05902 0.8582 09828  0.9998
20 [25]  0.0001 0.0015 00109 00507 01863 04745 08144 09784 09998  1.0000
[26]  0.0001 00015 00109 00507 0.1865 04747 08148 09785 0.9998  1.0000
271 0.0001 00015 00109 00506 0.1862 04743 08143 09784 0.9998  1.0000
25 [28] 0.0000 0.0007 00092 00527 02081 05472 0.8792 09917  1.0000  1.0000
[29]  0.0000 00007 0.0092 00527 02081 05473 08792 09917  1.0000  1.0000
[30] 0.0000 0.0007 00092 00527 02080 05472 0.8791 09917  1.0000  1.0000
30 [31]  0.0000 0.008 00078 0.0528 02306 0.6042 09203 09975 1.0000  1.0000
50 15 [32] 0.0003 0.0025 00118 00498 0.1656 04034 07177 09450 09975  1.0000
[33] 00003 00025 00119 00501 0.1654 04020 07180 09450 0.9975  1.0000
[(34] 00003 00025 00119 00501 01650 04017 07176 09446  0.9975  1.0000
30 [35]  0.0000 0.0008 00078 0.0528 02306 0.6044 09203 09975 1.0000  1.0000
[36]  0.0000 00008 0.0078 00528 02306 0.6044 09203 09975 1.0000  1.0000
[371 0.0000 00007 0.0079 00529 02310 0.6049 09205 09975  1.0000  1.0000
40 [38] 0.0001 0.0004 0.0057 00523 02730 07060 09656 0.9997  1.0000  1.0000
[39]  0.0001 0.0004 0.0057 00523 02730 07059 09656 09997  1.0000  1.0000
[40]  0.0001  0.0004 0.0057 00523 02730 07060 09656 09997  1.0000  1.0000
50 [41] 0.0000 0.0001 00045 00514 03126 07824 09841  1.0000  1.0000  1.0000
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Table 19. The power for ¢; = 0(0.1)0.9 with k = 3, A = 2.75, Lx = 1.25,¢* = 0.3 and a = 0.05

n m R 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10 5 [1] 00033 0008 0022 00507 0.1063 02177 03977 06414 08728  0.9887
[21  0.0033 00089 00222 00507 0.1064 02179 03978 06413 08726  0.9887
3] 00033 00089 00222 00507 0.1063 02178 03978 06414 08727  0.9887
10 [4 00012 00047 00162 00521 0.1398 03225 05899 0.8578 09828  0.9998
15 5 [5] 00033 0008 0022 00508 0.1065 02180 03983 06417 08730  0.9887
[6] 00033 00089 00222 00508 0.1065 02178 03980 06415 0.8730 0.9887
[71 00033 00089 00222 00507 0.1064 02179 03978 06413 08726  0.9887
10 [8] 00012 00047 00162 00521 0.1399 03227 05902 0.8583 09828  0.9998
[9] 00012 00047 00162 00521 0.1399 03226 05900 0.8580 09828  0.9998
[10] 00012 00047 00162 00521 0.401 03227 05903 0.8584 09828  0.9998
15 [11] 00003 00025 00119 00501 0.1650 04017 07176 09446 09975  1.0000
20 5 [12] 00033 00089 00222 00508 0.1066 02181 03983 06418 08730  0.9887
[13] 00033 0.0089 0.0222 00508 0.1064 02179 03977 0.6412 0.8725  0.9887
[14] 00033 00089 00222 00508 0.1064 02177 03979 0.6415 0.8730  0.9887
10 [I15] 00012 00047 00162 00521 0.399 03227 05902 0.8582 09828  0.9998
[16] 00012 00047 00162 00521 01399 03226 05901 0.8581 09828  0.9998
[17] 00012 00047 00162 00521 0.1399 03227 05902 08582 09828  0.9998
15 [18] 0.0003 00025 00119 00501 0.1650 04016 07176 09446 09975  1.0000
[19] 00003 00025 00119 00501 0.1651 04017 07177 09447 0.9975  1.0000
[20]  0.0003 00025 00119 00502 01651 04017 07178 09449  0.9975  1.0000
20 [21] 00001 0.0015 00109 00506 01862 04742 08143 09784 09998  1.0000
30 10 [22] 00013 00048 00162 00523 0.1403 03232  0.5909 08588 09829  0.9998
[23]  0.0012 00047 00162 00522 01402 03229 05905 0.8584 09828  0.9998
[24] 00012 00047 00162 00521 01399 03227 05902 0.8582 09828  0.9998
20 [25]  0.0001 0.0015 00109 00507 01863 04745 08144 09784 09998  1.0000
[26]  0.0001 00015 00109 00507 0.1865 04747 08148 09785 0.9998  1.0000
271 0.0001 00015 00109 00506 0.1862 04743 08143 09784 0.9998  1.0000
25 [28] 0.0000 0.0007 00092 00527 02081 05472 0.8792 09917  1.0000  1.0000
[29]  0.0000 00007 0.0092 00527 02081 05473 08792 09917  1.0000  1.0000
[30] 0.0000 0.0007 00092 00527 02080 05472 0.8791 09917  1.0000  1.0000
30 [31]  0.0000 0.008 00078 0.0528 02306 0.6042 09203 09975 1.0000  1.0000
50 15 [32] 0.0003 0.0025 00118 00498 0.1656 04034 07177 09450 09975  1.0000
[33] 00003 00025 00119 00501 0.1654 04020 07180 09450 0.9975  1.0000
[(34] 00003 00025 00119 00501 01650 04017 07176 09446  0.9975  1.0000
30 [35]  0.0000 0.0008 00078 0.0528 02306 0.6044 09203 09975 1.0000  1.0000
[36]  0.0000 00008 0.0078 00528 02306 0.6044 09203 09975 1.0000  1.0000
[371 0.0000 00007 0.0079 00529 02310 0.6049 09205 09975  1.0000  1.0000
40 [38] 0.0001 0.0004 0.0057 00523 02730 07060 09656 0.9997  1.0000  1.0000
[39]  0.0001 0.0004 0.0057 00523 02730 07059 09656 09997  1.0000  1.0000
[40]  0.0001  0.0004 0.0057 00523 02730 07060 09656 09997  1.0000  1.0000
50 [41] 0.0000 0.0001 00045 00514 03126 07824 09841  1.0000 1.0000  1.0000
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Table 20. The power for ¢; = 0(0.1)0.9 with k = 5, A\ = 2.75, Lx = 1.25,¢* = 0.3 and a = 0.05

n m R 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10 5 [1] 00034 00093 0025 00512 0.1073 02192 03999 0.6443 0.8743  0.9890
[2]  0.0034 00093 00226 0.0513 0.1075 02194 04002 0.6446 08743  0.9890
(3]  0.0034 00093 00226 0.0513 0.1074 02194 04002 0.6445 08742  0.9890
10 [4] 00014 00049 00163 00524 01408 03243 05925 0.8596 0.9833  0.9998
15 5 [5] 00033 00092 00224 00509 0.1072 02191 03999  0.6443 0.8744  0.9890
[6] 0.0034 00093 00225 00511 0.1072 02194 04000 0.6445 08744  0.9890
[7]  0.0034 00093 00226 0.0513 0.1075 02194 04002 0.6447 08743  0.9890
10 [8] 00014 0.0049 00163 00524 0.1409 03243 05925 0.8596 0.9833  0.9998
[9] 00014 00049 00163 0.0524 0.1408 03245 05926 0.8597  0.9833  0.9998
[10] 0.0014 00049 00163 0.0524 0.1408 03243 05925 0.8597 0.9833  0.9998
15 [11] 00003 0.0026 00120 00499 0.1653 0.4029 07188 09456 0.9976  1.0000
20 5 [12]  0.0034 0.0093 00225 00510 0.1071 02192 03997 0.6443 08743  0.9890
[13] 00034 00093 00227 00514 0.1074 02193 04001 0.6445 08743  0.9890
[14]  0.0034 00093 00225 00511 0.1072 02192 03998 0.6443  0.8743  0.9890
10 [I5] 00014 0.0049 00163 00524 0.1408 03244 05926 0.8596 0.9833  0.9998
[16] 0.0014 0.0049 00163 0.0524 0.1408 03245 05926 0.8597 0.9833  0.9998
[17] 00014 00049 00163 00524 0.1408 03244 05925 08596 09833  0.9998
15 [18] 00003 0.0026 0.0120 0.0499 0.1653 04028 07188 09456  0.9976  1.0000
[19] 0.0003 00026 00120 0.0498 0.1652 04028 07190 09457  0.9976  1.0000
[20] 0.0003 0.0026 0.0120 0.0498 0.1653 04030 07190 0.9458  0.9976  1.0000
20 [21] 00002 0.0016 00112 00506 0.1862 04757 0.8156 09789  0.9998  1.0000
30 10 [22] 00014 00048 00163 00519 0.1405 03245 05921 0.8596 09834  0.9998
[23] 0.0014 00049 00163 00524 0.1407 03242 0.5925 0.8597 0.9833  0.9998
[24] 0.0014 0.0049 00163 0.0524 0.1408 03244 05926 0.8596  0.9833  0.9998
20 [25] 0.0002 0.0016 00112 00507 0.1864 04759 0.8157 09790 0.9998  1.0000
[26] 00002 00016 00112 00506 0.1863 04762 08155 09789  0.9998  1.0000
[27]  0.0002 0.0016 00112 0.0506 0.1862 04756 0.8156 09789  0.9998  1.0000
25 [28] 0.0000 0.0009 0.0096 0.0528 02074 05486 0.8800  0.9919  1.0000  1.0000
[29] 0.0000 0.0009 0.096 0.0529 02074 05487 0.8800 0.9919  1.0000  1.0000
[30] 0.0000 0.0009 00096 00530 02076 05485 0.8798 09919  1.0000  1.0000
30 [31]  0.0000 0.0007 0.0081 0.0527 02299 0.6050 09208 0.9976  1.0000  1.0000
50 15 [32]  0.0002 0.0026 00120 0.0500 0.1654 04028 0.7186  0.9459  0.9976  1.0000
[33] 0.0003 0.0026 00120 0.0497 0.1654 04033 07187 09458  0.9976  1.0000
[34] 0.0003 00026 00120 00499 0.1653 04029 07188 09456  0.9976  1.0000
30 [35] 0.0000 0.0007 00081 0.0526 02298 0.6053 09209 0.9976  1.0000  1.0000
[36] 0.0000 0.0007 00081 0.0527 02298 06053 09209 09976  1.0000  1.0000
[37]  0.0000 0.0007 0.0082 0.0526 02298 0.6048 09207 09976 1.0000  1.0000
40 [38] 0.0000 0.0003 0.0056 0.0525 02728 07058 09658  0.9997  1.0000  1.0000
[39] 0.0000 0.0003 00056 00525 02724 07061 09658 09997  1.0000  1.0000
[40] 0.0000 0.0003 0.0056 0.0525 02725 07060 09657 09997  1.0000  1.0000
50 [41] 0.0000 0.0000 0.0045 0.0510 03117 07835 09842  1.0000  1.0000  1.0000
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