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Abstract This article explores the application of the adaptive type-II progressive hybrid censoring scheme to calculate
three widely recognized statistical measures of overlap for two Pareto distributions with distinct parameters. By utilizing
this innovative censoring technique, we derive estimators for these measures and provide their asymptotic bias and variance.
When small sample sizes pose challenges in assessing estimator precision or bias due to the lack of closed-form expressions
for variances and exact sampling distributions, Monte Carlo simulations are employed to enhance reliability. Additionally, we
construct confidence intervals for these measures using both the bootstrap method and Taylor approximation. Our approach
offers improved accuracy and efficiency in estimating overlap measures, addressing key challenges in censored data analysis.
To demonstrate the practical relevance of our proposed estimators, we include an illustrative application involving real data
from an Iranian insurance company.

Keywords Key Words: Bootstrap method; Overlap measures; adaptive type-II progressive hybrid censoring

AMS 2010 subject classifications 62E10, 62NO01, 62N02, 62G30
DOI: 10.19139/s0ic-2310-5070-2222

1. Introduction

Life-testing experiments pose challenges in controlling test duration and conserving experimental units while
ensuring efficient estimation. Censoring techniques offer a solution by removing active units and stopping the
experiment before all units fail. Progressive censoring is crucial, as it involves removing units at predetermined or
random time points during the experiment, accounting for potential losses or removals.

Over the years, progressive censoring has been extensively studied, with models falling into two categories:
progressive Type-I censoring, concluding the experiment at predefined times, and progressive Type-II censoring,
ending after a predetermined number of failures. Both approaches provide flexibility by allowing unit removal at
non-terminal times.

Progressive Type-I censoring involves fixed durations at specific time points, potentially resulting in few or no
observed failures for units with long lifetimes. In contrast, progressive Type II censoring, although flexible, can
lead to longer test durations when units have extended lifetimes, which is considered a drawback.

Kundu and Joarder (2006) introduced two progressive hybrid censoring schemes, offering alternatives to
traditional progressive Type-II censoring by ending experiments at a certain time 7'. These schemes adapt to the
data, allowing for fewer than m observations in Type I hybrid censoring or extended testing in Type II hybrid
censoring.

During real-life experiments, it is imperative to acknowledge that a fixed censoring scheme may not always be
a practical approach. Any intentional or unintentional alteration during the experiment can significantly impact the
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Figure 1. Adaptive type-II progressive hybrid censoring model as proposed by Ng et al. (2009). (a) Experiment ends before
time T. (b) Experiment ends after time T.

results. However, Ng et al. (2009) have introduced a new model depicted in Figure (1) that allows the censoring
scheme to be changed as required during the experiment. This model is called adaptive type-II progressive hybrid
censoring (Adaptive-IIPH), in which a threshold time T switches between the original and modified schemes.

Assume there are n units in a life-testing experiment, and the effective sample size m(< n) is predetermined,
along with the censoring scheme (K7, K, ..., K,,); however, the values of some of the K; may change as the
experiment progresses. Assume that the experimenter has provided an ideal total test time 7. If the m-th failure
occurs before time T (see Figure 1(a)), the experiment proceeds similarly to type II progressive censoring. It halts
at time X, with a prefixed censoring scheme (K3, K», ..., K,,). Otherwise, if the experimental time has passed
T, but the number of observed failures has not yet reached m, we do not remove any items from the experiment

J
by setting K11 = Kj40 =+ = K,,—1 =0and K* =n —m — ) K,. This setting can be seen as a design that
i=1
guarantees m observed failure times while keeping the total test time not too far away from the ideal test time T’
(depicted in Figure 1(b)). Note that if we set 7' = 0, we will have a traditional type-II censoring method. However,

if T'— oo, the Adaptive-IIPH process becomes a progressive type-II censoring technique.

Adaptive-IIPH significantly impacts real-life applications, as evidenced by its widespread use in literature.
Most recently, Alslman and Helu (2023) developed new methods for estimating the stress strength of the inverse
Weibull distribution using the Adaptive-IIPH censoring scheme. Asadi et al. (2022) employed Adaptive-IIPH
censoring to conduct accelerated life tests on virus-containing microdroplets, monitoring Virus-MD persistence
during coughs at different time points. Alotaibi et al. (2022) utilized Adaptive-IIPH censoring for testing sodium
sulfur battery lifetimes in a chemical application employing the XLindley distribution. Furthermore, Helu and
Samawi (2021) applied Adaptive-IIPH censoring to radar-evaluated rainfall data from 52 cumulus clouds in South
Florida, highlighting its versatile utility in various fields.

Estimating the proportion of machines or electronic devices with similar failure time ranges is crucial in
reliability analysis, especially when dealing with different sources or stress levels. Various overlap coefficients
(OVL), such as Matusia’s measure p, Morisita’s measure A\, and Weitzman’s measure A, are utilized to assess
the degree of similarity between these distributions. These coefficients represent the common area between
two probability density functions. The depiction of OVL for two distributions in Figure 2 displays the natural
interpretations of OVL as a fraction of probability mass under either density, represented by the shaded area in
Figure 2.
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Figure 2. Overlap of two densities.

OVL has also found widespread use in various practical applications. It has been utilized in quantitative ecology,
as demonstrated by Gastwirth (1975). Furthermore, OVL has been applied to the electromyographic assessment of
muscular asymmetry by Ferrario et al. (2000) and in treatment assessment during clinical trials, as discussed by

Mizuno et al. (2005).
For a deeper exploration of the various applications of overlap coefficients, interested readers can refer to the
works of Wang and Tian (2017) and Martinez-Camblor (2022).

The mathematical form of the OVL measures are as follows: Suppose two samples of observations are drawn
from two continuous distributions f;(z) and f2(x). Then the overlap measures are defined as follows:

Matusita’s Measure [12]:  p = / f1(x) fo(x)dx,

2 [ fi(zx)folx)d
Jfi(@)2dx + [[fa(x)]?dz’

Weitzman’s Measure [14]: A = /min(fl(m),fg(x))dx.

Morisita’s Measure [13]: )\ =

It is possible to adapt these measures for discrete distributions by using summations. They can also be extended
to multivariate distributions. They are quantified on a scale from 0O to 1, with values near O indicating significant
inequality (or disagreement) and 1 suggesting exact equality (perfect agreement) between density functions.

The mathematical structure of these measures is intricate, and there are no results available on the exact sampling
distributions of their estimators. Prior work includes Smith (1982) on discrete Weitzman’s measure, Mishra et
al. (1986) on sampling properties under homogeneity assumptions, Mulekar and Mishra’s (1994) simulations
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on normal densities, and Lu et al.’s (1989) study of sampling variability. Additionally, Dixon (1993) applied
bootstrapping and jackknife techniques, while Mulekar and Mishra (2000) addressed inference problems.

The sampling behavior of a nonparametric estimator of OVL was analyzed by Helu and Samawi (2011). Samawi
et al. (2017) conducted a study investigating the similarities and distinctions between the maximum of the Youden
index (J) and overlap coefficient (OVL), highlighting the advantages of OVL over J.

In this article, our primary focus lies in making inferences regarding the measure of overlap (OVL) while utilizing
Adaptive-IIPH censoring data from two independent Pareto distributions with different parameters.

In Section 2, we introduce the Pareto distribution and derive the measures, as well as introduce the estimators.
Moving on to Section 3, we discuss the approximate biases to establish confidence intervals via the delta method
and bootstrap techniques for the OVL measures. In Section 4, we present the outcomes of our simulations and
engage in a comprehensive discussion. Finally, in Section 5, we showcase a practical example using real-life data.

2. The model

Suppose that the lifetime U of products have a Pareto distribution with shape parameter 6. The probability density
function (pdf) is given by

flu) = %f(%*llu >1,0> 0. (1)

The cumulative distribution function (cdf) corresponding to (1) for u > 0, is

=

Fluy=1-u"7.

Making use of the transformation X = log (U), we have a new lifetime variable X following an exponential
distribution with scale parameter 6 (Exp (0)), with pdf and cdf as follows:

gx)=-e o, forz>0,0>0 2)

SR

and
Gx)=1—e"5, forz>06>0 3)

Similar to Helu and Samawi (2011), let f1(z) and f(x) be two Pareto densities with scale parameters 6, and 65
respectively. Define R = z—;, the continuous version of the three proposed overlap measures can be expressed as a
function of R as follows:

2VR
= —_— 4
PR @

4
r= 2B )

(1+R)

and

A=1-RT=r 1—%,}27&1. (6)

According to Mulekar and Mishra (2000), p, A, and A are not monotone for all R > 0. However, they exhibit
certain properties, such as symmetry in R, meaning that OV L(R) = OV L(+). They also remain invariance under
linear transformations, Y = aX + b, a # 0 and attain the maximum value of 1 at R = 1.
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2.1. Maximum likelihood estimates

The OV L measures p,A and A are functions of #; and 3. In order to draw any inference about the
OV L measures, we need to estimate the unknown parameters, 67 and 6. In this section we obtain the
maximum likelihood estimates (M LFEs) of the parameters #; and 6, based on Adaptive-IIPH censored
samples. Let U = Uty iny < Uzimying < oo < Upnyimg:n, be an Adaptive-1IPH censoring sample from Pareto(6; )
under the censoring scheme {ny,my, K1, ..., K5,,0,...,0, K* =ny —my — Zf;l K;}suchthat Uy, .;mym, <71 <
U, +1:mymy- And, V= {MVumoms < Vaumoms < oo < Vingimam,  be an Adaptive-IIPH censoring sample from
Pareto(62) under the scheme

{TLQ, ma, Ll, ceny LJ2,07 vy 0, L* = Nng — Mo — Z;]il Li} such that V]2:m2m2 < T2 < VJ2+1:m2:n2. For simplicity,
let U; = Uj.pny:n, and V; = Vi, o, . Then the joint likelihood function of the Adaptive-IIPH censored sample (see
Balakrishnan and Cramer, 2014) can be written as

L(61,62|X,Y) = C1Co[1 — Fi(um, )] Hfl U; H [1— Fy(ug)])™
=1

(N
(1 — F2(vm,)] Hf2 v; Hl—Fz(Ui)]Li,
=1
where,
Cl = nl(nl - K1 - 1)(n1 - K1 - K2 - 2)(711 - K1 - K2 — .= Km1,1 —mqi + ].)
Cy = TLQ(TLQ —1 —1)(n2 —1 —Ly — 2)(712 — Ly —Ly—...— Lm2,1 — Mo + 1)
1 (L 1
fl(u)ze—u (91+1), Filu)y=1-u 911, for u > 0, (8)
1
1 (L L
fg(v)—e—v <912+1), Fy(v)y=1—v"%, forv>D0. ©)]
2
After substituting Eq.8 and Eq. 9 into Eq.7, then taking the log-likelihood function, we get the following:
(K* log (tm, ) + Y1 log (u;) 27 1 Kilog (uz)>
I x —mylog(6)—
61
(L* log (Um,) + D1 log (v;) ZZ 1 Lilog (vz))
—ma log (92) — 0 . (10)
2
Using the transformation X = log (U) and Y = log (V') , Eq. 10 becomes
(K*xml + Zznll x; + Z;];I szz)
I o< —mylog(6) —
01
(L*ymg + 217;21 Yi + ZJ2 Lzyi)
—mg log (02) — o . (11)
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The MLEs of the parameters ¢, and 6> can be obtained by taking the first derivative of Eq.11 with respect to 6; and
0, and equating the normal equations to 0 to get

J1
K zp,, + Zy LT+ D it Kiwg
)

b1 = (12)
mq
. L* m2 g J2 Lo
02 — Yma + 22:1 Yi + 21:1 iYi ) (13)
ma

Viveros and Balakrishnan (1994; page 88) showed that when the underlying distribution is an exponential
with unknown mean 6, and when data W10 < Wopnn < -+ < Wiumen are based on progressively type-11
censored sample with censoring scheme K = (K1, K, ..., K,,), 6= W is the MLE of ¢, and 6 ~
Gamma(m, £) in which Gamma (.,.) denote the Gamma distribution. Cramer and Iliopolous (2010; Theorems
5 and 7) showed that the MLE when data are based on Adaptive-IIPH coincide with the MLE in deterministic
progressive type-II censoring schemes. Thus, the distribution of this particular random variable is invariant with
respect to random (fixed) progressive type-II censoring procedure. Thus, we obtain 0; ~ G(my, 7‘1—) 1=1,2.
Consequently, the means and variances of the M LFEs in (12) and (13) are

E(0y) = 64, E(0y) = 05, (14)
A 62 - 03
Var(0,) = —, Var(0y) = —=, (15)
mi ma

therefore, the M LE of R is R= . Hence, 92R has F-distribution with 2m, and 2my degrees of freedom
2

(F2m,,2ms)- Thus, by using the delta method of approximation, the variance of R can be approximated by:

m3(my +mg — 1) 5
ml(mg — 1)2(7’77,2 — 2)

Var(R) = (16)

_ (mitma— 1)R2

and hence
m1(ma—2)

Clearly, an unbiased estimator of R is given by R* = (mzilR with variance Var(R*)

Var(R*) < Var(R). Since the OV L measures are functions of R, therefore, based on the M LE estimate of R,
the OV L measures can be estimated by

p=——= a7

A= ——— (18)

and,

A=1-RT"F |1- —| R #1. (19)
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3. Asymptotic properties of OVL

Using the delta method, the asymptotic variance and bias for OV L measures are as follows: Let OV L = g(R*),
then the asymptotic variance are given by

) (m1+m2—1)R(lfR)2
Var(p) =% ml(mg — 2) (1 + R)4 ’
16(mq + mo — 1) R2(1 - R)2

ml(mg — 2) (1 -+ R)G ’
(m1 +ms — 1) RT7 (log R)?

Ao
Var(A) = o3 = oy a-RZ (22)

1%

(20)

1%

Var(\)

gz

@n

>

with the asymptotic bias

(m14+mo—1) VR(BR?>—6R—1)

Bias(p) = 2
las(P) = = T R (23)
. N (m1 + mo — 1) 4R2(R — 2)
B = 24
ias(A) 1 (ma —2) X T+ R (24)
and,
. H(R){matma—1) R>1
Bias(A) = (®) gf;ff,fli)l) ) (25)
~H(R)lmtmas D), R<1

2R—1
where, H(R) = 7 | 1 B g e |

Consistent estimators for the above variances and biases can be obtained by substituting R by R* in the above
formulas.

3.1. Interval estimation

Two types of interval estimation for the OV L measure are considered, namely the asymptotic confidence
interval and the bootstrap confidence interval that were introduced by Efron (1992). For a large sample, normal
approximation to the sampling distribution using the delta-method, works fairly well. Therefore, the asymptotic
100(1 — «)% confidence interval for the OV L measures is given by:

{O/V\L F 0577 Za /2} , where Z,, 5 is the 5 upper quantile of the standard normal distribution.

There is an obvious bias involved in all OV L measure estimates, however, for large samples, they work fairly
well. Thus, the bias corrected interval can be computed as follows:

(O/V\L - Bz’as(O/\VL)> + 65 Do (26)

However, uniform bootstrap resampling approach for estimating bootstrap confidence intervals as described by
Efron (1992), is designed for one sample case. For a two-sample case, the uniform resampling rules will apply to
each sample separately and independently (see Helu and Samawi, 2011).

Let X =(X1, X5, -+, X, ) and Y =(Y1,Y5, - - - Y}, ) be two independent

Adaptive-IIPH samples drawn from f; (x) and f>(y) respectively. Assume that the parameter of interest is the OV L
coefficient. Let S be an estimate of OV L based on the mentioned two random samples. For B uniform re-samples,
say (X, X5, ..., X5, ) and (Y1, Y5, .., Y,),i=1,2,..., B, let ST7,55,..., S} be the re-sampling realization
of S. Then, the uniform re-sampling approximation to the 100(1 — «)% bootstrap confidence limits can be
obtained as follows: Let S’Ekl), 5{2)7 s SE*B) be the order statistics of S}, S5, ..., S%. Define wy = integer(B(«)) and
we = integer(B(1 — )). Then the uniform re-sampling approximation of the 100(1 — «)% confidence interval is
(wa1>+25<*w1+1) , S(*wz>+2s(*wz+1> )
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4. Simulation Study

This simulation study aims to rigorously compare the performance of maximum likelihood estimators for the
measures of overlap. These estimators are derived from diverse sets of Adaptive-IIHP censoring samples, as
described by Ng et al. (2009), generated from two independent Pareto distributions. The algorithm proceeds as
follows:

1. Generate two independent progressive type-II censored samples, denoted as Uj,Us,...,Un,
and Vi,Vs,..,V,,, from Pareto(¢;) and Pareto(fz), respectively. Use censoring schemes K =
(K1, Ka,y ..., K, )and L = (Ly, Lo, . .., L,y,,) as proposed by Balakrishnan and Cramer(2014).

2. Determine the values of J; and Jo, such that Uy, < T < Uy 41 and Vj, <Th < Vj,41. Then, remove
UJ1+27 ey [jm1 and VJ2+27 ey sz.

3. Generate the first m; — j; — 1 order statistics from the truncated distribution % asUyjg, 42,y Uny,
1

and adjust the censoring scheme to K = (K1,...,K;,0,...,0,K* =ny —my — Z;];I K;). Similarly,

generate the first my — jo — 1 order statistics from the truncated distribution as Vi, 49, Ving,

17F2(’U,]2+1)
and update the censoring scheme to L = (Lq,...,L;,,0,...,0,L* =ng —mg — Z;]il L;). Use the
transformation X = log (U) and Y = log (V). R R

4. Calculate 6; and 65, and subsequently obtain the estimates of the measures of overlap p, A, and A.

In this study, we executed a total of 10000 simulations, each corresponding to one of four distinct values of R.
Specifically:

1. When R = 0.005, the resulting parameter values are as follows: p = 0.14, A = 0.02, and A = 0.03.
2. For R = 0.05, we observed p = 0.42, A = 0.18,, and A = 0.19.

3. When R = 0.2, the associated parameter values are p = 0.70, A\ = 0.50, and A = 0.42.

4. Lastly, R = 0.8 yielded parameter values of p = 0.98, A = 0.96, and A = 0.85.

These simulations are conducted based on four distinct sets of population parameters: (6q,6;) =
(0.005,1),(0.1,2),(0.1,0.5), and (4,5). This comprehensive range of parameter combinations allowed us to
explore varying degrees of similarity between the two Pareto distributions in our analysis. Additionally, three
primary stopping times are considered: 77 = X = | A5 =X | 4m | and T5 = X, + 2.

We then computed the associated approximate 95% confidence intervals, bias (|Bias|), mean squared error
(MSE), length of the confidence intervals (L) and coverage probability (Cov) using Taylor and bootstrap
approximation techniques. The bootstrap approximation is based on B = 1000 resamples. For illustrative purposes
we generated the censoring samples using n = n; = ny = 20,30, m = m; = mg = 5,10,20, and set K =1L,
employing three censoring schemes:

* Scheme-I: (n — m, 0*(™~Y)), known as scheme-I, where . — m units are removed just after the first failure.

¢ Scheme-II: (0*(™~Y n — m), known as scheme-II, where n — m units are removed after the last failure.

¢ Scheme-III: (%,0*(’”_2),%), known as scheme-III, where "‘2’" units are removed after the first
and last failures. For brevity, we use the notation 0*P to denote p successive zeros. Thus, the scheme

(9,0,0,0,0,0) is denoted by (9, 0*3).

4.1. Data analysis and comparison study

In this study, we investigate the behavior of overlap estimators when applied to samples drawn from two Pareto
distributions with varying degrees of similarity. Our research sheds light on the crucial relationship between the
similarity of the two distributions and the accuracy of the estimators, utilizing Adaptive-IIPH censored data.

Most favorable estimators aim for minimal bias (|Bias|), smallest mean square error (MSE), and shortest
confidence intervals (L). These desirable properties are most evident when there is a substantial disparity between
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the two Pareto density distributions, when p = 0.14, A = 0.019 and A = 0.03 as shown in Tables 6 and 10.
Conversely, when the source distributions become more congruent, we consistently observe an increase in | Bias|,
MSE, and L across all OVL estimators (see Tables 6-9). Notably, this trend inversely affects the coverage
probability (Cov) for p and A, decreasing as source distributions become more alike (see Table 8 and 9). However,
for A, coverage improves with the increasing similarity between the two densities.

Furthermore, as j, A, and A approach 1, indicating strong agreement between source distributions, we notice a
consistent pattern: an increase in | Bias|, M.SE, and L, coupled with a decrease in coverage for p and A.

It’s important to highlight the consistent behavior of A regarding coverage. As AAapproaches 0 or 1, its coverage
is the closest to the nominal level. This highlights the remarkable stability of the A estimator in scenarios where
the source distributions either fully align or diverge.

It is noteworthy that when there exists a substantial disagreement between the two Pareto densities, there are
minimal differences between the three stopping times. Additionally, when the ratio of m/n is large (> 2/3), | Bias|,
MSE, L, and coverage probability show noticeable improvement.

Shifting our focus to the bootstrap method, results presented in Tables 10-13 align with the observations made
in Tables 6-9), except for instances when the two densities have perfect agreement. In such cases, all three OVL
estimates exhibit similar behavior: | Bias| and C'ov increase while M SE and L values decrease. Furthermore, the
bootstrap results indicate no significant impact from varying censoring schemes or OVL values, except for the
consistent coverage values, which remain stable regardless of the source distributions aligning or diverging.

5. Real life data

The dataset utilized in this section originates from the research conducted by [27]. Their study aimed to conduct
a comparative analysis of claim and indemnity amounts within the Iran insurance company. We have introduced
modifications to the dataset by applying the natural logarithm to each value. Table 1 provides an overview of the
claim and indemnity amounts.

To assess the validity of the Pareto model for both claim and indemnity amounts, we have employed the
Kolmogorov-Smirnov (K-S), Anderson-Darling (A-D), and chi-square tests with respective parameters 6, =
0.6343 and 62 = 0.6059. Table 2 provides a detailed results of these tests with a significance level of 0.05.

Table 1. Claim and indemnity amount groups

Claim amount 1.18 1.21 1.00 2.02 183 256 350 290 135 1.4l
205 195 366 3.02 264 159 174 171 1.19

Indemnity amount 1.01 1.15 125 125 133 139 155 1.62 1.65 1.70
1.84 186 1.88 197 243 254 276 294 345 354

Table 2. Test statistic and p-value associated with each test for claim and indemnity amounts

K-S(p-value) A-D(p-value) chi-squared(p-value)
Claim amount 0.2028 (0.3654) | 1.2301 (0.3102) 3.0753 (0.2149)
Indemnity amount | 0.2173 (0.2611) | 1.350 (0.2133) 4.8387 (0.0890)

Table 2 indicates that the Pareto model fits both data sets well. In addition, the fitted pdfs and Q-Q plots are
plotted for both data sets and reported in Figures 3 - 6, confirming that the Pareto distribution is a good fit for the
claim and indemnity data of Iran insurance company.
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Three different artificial Adaptive-IIHP censored data are created for both sets using the same censoring schemes
as those in Section 4. The associated stopping time for each scheme and the generated censored samples are given
in Table 3 and 4.

The estimates of the OVLs are calculated based on m; = 14, mg = 15. The corresponding M LEs, |Bias|,
asymptotic variance (Var) and 95% confidence intervals for OVLs, using Taylor approximation and bootstrap
methods, are reported in Table 5. This table reveals a remarkable proximity of the OVL estimates to 1, signifying
a substantial agreement between the density distributions of the two sample sets.
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Figure 4. Estimated pdf of the indemnity amount
Figure 3. Estimated pdf of the claim amount data  data
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Figure 5. Q-Q plot for the claim amount data Figure 6. Q-Q plot for the indemnity amount data

Stat., Optim. Inf. Comput. Vol. 13, May 2025



AMAL HELU

1857

In terms of | Bias|, Var, and L, the performance of Ais notably inferior compared to p and A p exhibits superior
performance across these metrics. This observation aligns with the findings of the simulation study in the previous
section, indicating that p and )\ excel when there is a high degree of similarity between the two density distributions.
Furthermore, the estimates based on scheme-I closely approximate those obtained from the complete data set.

Table 3. Artificial Adaptive-IIHP censored samples for claim amount group

scheme | T Adaptive-ITHP censored data I
7 T 1.00 1.18 121 1.35 141 159 1.71
Yl 202 205 256 264 290 3.02 3.66
17 T 1.00 1.18 1.19 1.21 1.346 1.41 1.59
2 1.71 1.83 202 256 2.64 2.90 3.02
111 T 1.00 1.18 1.19 1.21 135 141 1.59
3 1.71 195 202 205 256 264 290
Table 4. Artificial Adaptive-ITHP censored samples for the indemnity amount
scheme | T Adaptive-IIHP censored data II
7 T 1.01 1.15 125 155 1.62 197 165 1.70
! 1.84 186 188 243 254 276 3.54
17 T 1.01 1.15 125 133 139 155 162 1.65
21 170 1.84 1.87 197 294 345 3.54
17T T 1.15 125 133 155 162 164 170 1.84
3 1.86 1.88 197 243 254 276 3.54
Table 5. Results based on the real data of Efron (1988)
Asymptotic Inference Bootstrap Inference
95% confidence 95% confidence
Scheme | Coeff | MLEs (| Bias|) Asyrﬁpmtic L L
Complete p 0.9999(0.0140) 0.00019 0.0015 0.0275
A 0.9999(0.0279) 0.00008 0.0030 0.0542
A 0.9983(0.0204) 0.01545 0.4807 0.1711
1 p 0.999(4.22E-6) 0.0004 0.0081 0.0668
A 0.999(0.00002) 0.0016 0.0161 0.1292
A 0.992(0.0208) 0.0216 0.5656 0.2672
2 p 0.998(0.0214) 0.0001 0.0460 0.0709
A 0.996(0.0425) 0.0005 0.0917 0.1368
A 0.956(0.0274) 0.0207 0.5646 0.2726
3 p 0.9952(0.0225) 0.0004 0.0750 0.0811
A 0.9904(0.0445) 0.0015 0.1494 0.1557
A 0.9277(0.0268) 0.0206 0.5629 0.2937
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6. Concluding Remarks

In this study, we thoroughly examined the behavior of overlap estimators in the context of Adaptive Type-II
Progressive Hybrid Censoring, focusing on samples drawn from two Pareto distributions with varying degrees of
similarity. Our findings demonstrate that the overlap estimators exhibit desirable properties, such as minimal bias,
low mean squared error (MSE), and narrow confidence intervals, particularly when there is significant disparity
between the two Pareto distributions. As the similarity between the distributions increases, the performance of
these estimators becomes less robust. Notably, the estimator A showed remarkable stability in scenarios where
the source distributions were either perfectly aligned or highly divergent, maintaining coverage levels close to the
nominal value. This highlights the robustness of A in extreme cases. Moreover, our analysis revealed that the ratio
of m/n plays a critical role in the performance of these estimators, with higher ratios leading to improvements in
bias, MSE, and coverage probability. The implications of our study are significant for applications in reliability
engineering, risk analysis, and other fields where understanding the overlap between distributions is crucial.
By providing a detailed examination of the overlap measures under a novel censoring scheme, our work offers
valuable insights into the practical application of these estimators. Future research could expand upon our findings
by exploring different types of distributions beyond the Pareto model. Additionally, investigating the behavior
of overlap measures in the presence of outliers or under different censoring schemes could further enhance the
versatility and applicability of these methods in various statistical contexts.
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