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Abstract In this article, we propose a new method for solving Linear Fractional Programming (LFP) problems with
bounded variables. The proposed algorithm passes from a support feasible solution to a better one following the feasible
direction proposed in [K. Djeloud, M. Bentobache and M. O. Bibi, A new method with hybrid direction for linear
programming, Concurrency and Computation, Practice and Experience 33 (1), 2021]. Optimality and suboptimality criteria
which allow to stop the algorithm when an optimal or suboptimal solution is achieved were stated and proved. Then, a new
method called a Hybrid Direction Method (HDM) is described and a numerical example is given for illustration purpose.
In order to compare our method to the classical approaches, we develop an implementation with the Matlab programming
language. The obtained numerical results on solving 120 randomly generated LFP test problems show that HDM with long
step rule is competitive with the primal simplex method and the interior-points method implemented in Matlab.

Keywords Linear Fractional Programming, Simplex Method, Support Method, Hybrid Direction, Bounded Variables,
Numerical Experiments.

AMS 2010 subject classifications 90C32, 65K05.
DOI: 10.19139/s0ic-2310-5070-2245

1. Introduction

Linear fractional programming is a very important subdiscipline of optimization. It consists in optimizing
(maximizing or minimizing) an objective function which is a ratio of two linear functions, subject to linear
constraints on the decision variables. These variables can be nonnegative, bounded, continuous, integer or
mixed-integer. Many practical problems which arise on several fields can be modeled as LFP problems. We
can cite resource allocation, machine learning, optimal cutting stock problems, blending problems, minimum-
risk problems in stochastic programming, production efficiency problems, data envelopment analysis (DEA)
[40, 49, 3, 19, 50, 41, 21].

The theoretical and practical importance of LFP lead many researchers to develop a variety of numerical methods
for solving the problem. Among the existing approaches, we can cite the method of Charnes and Cooper (1962)
[18]. These authors have shown that the original LFP problem can be transformed to a Linear Programming (LP)
problem by introducing additional variables and constraints. This approach allows to exploit all the LP theoretical
and numerical results, in particular the obtained problem can be solved by the simplex method [20], interior-points
methods [52], the support or adaptive method, the hybrid direction methods [25, 28, 12, 13, 7, 22], etc.

The simplex algorithm was initially developed by Dantzig in 1947 [20] for solving LP problems. Due to
its practical efficiency, it was generalized for solving many optimization problems, such as convex quadratic
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programming problems [53] and concave quadratic minimization problems [8]. In the sixties, the simplex method
was generalized by Martos for solving LFP problems written in their original form [39, 40, 4]. Later, many methods
were developed for LFP, such as the dual simplex method [4], the parametric approach of Dinkelbach [23], which
consists in reducing the resolution of an LFP problem to the resolution of a sequence of LP problems, the interior-
points method called “method of analytic centers” [42], the criss-cross method [33]. There exist also other methods
for solving LFP problems, see [43, 48, 51].

In 1977, Gabasov and Kirillova developed the support method for solving LP problems [25]. Contrarily to the
simplex method, this latter can use basic or nonbasic feasible solutions which correspond to extreme, boundary or
interior points. Later, Gabasov and Kirillova developed the adaptive method which uses an improvement direction
depending on the current solution. This method is then applied for the resolution of a variety of optimization
problems: convex and nonconvex quadratic programming [1, 17, 27, 36, 45, 32], multiobjective programming
[46, 35], optimal control [2, 10, 11, 28, 29, 34], integer and mixed-integer programming [15, 16, 47], etc.

Recently, several algorithms based on the concept of hybrid direction were proposed for solving LP problems
[7, 9, 13, 22, 30], linear optimal control problems [54], convex quadratic problems [14, 38]. In this article,
we generalize the hybrid direction method proposed in [22], for the resolution of LFP problems with bounded
variables. We state and prove optimality and suboptimality criteria, then we describe a complete algorithm which
handles LFP problems as they are presented in their original form without transforming them into LP problems
and we illustrate it with a numerical example. In order to compare our method to the primal simplex method and
the interior-points method implemented in Matlab, we develop an implementation with the Matlab programming
language and finally we present some numerical results on 120 randomly generated LFP test problems with n
constraints and 2n bounded variables, where n is varying from 100 to 1400. The numerical study carried out shows
the efficiency of our method and its superiority over the primal simplex algorithm and the interior-points method
of Matlab, particularly when it uses the long step rule for changing the current support (basis).

This paper is organized as follows: in Section 2, we give some notations and definitions. In Section 3, we state
and prove the optimality and suboptimality criteria for LFP, which will be used to stop the proposed algorithm,
then we present the primal support method for solving LFP problems with bounded variables written in standard
form. In the fourth section, we present the proposed hybrid direction method for solving the considered problem.
Section 5 is devoted to the presentation of some numerical results obtained for 120 randomly generated LFP test
problems. Finally, we conclude the paper and give some future works.

2. Statement of the problem and definitions

The Linear Fractional Programming problem with Bounded Variables (LFPBV) is presented in the following

standard form:
P(z) plz + po

= ; (D

Q)  q"z+q
subjectto Az = b, | <z < u, 2)
where p, ¢, x, | and u are n-vectors, with ||I|| < oo, ||u|| < co; b is an m-vector; A is a matrix of dimension
(m x n), with rank(A) = m < n, po and ¢o are two real numbers. We suppose that Q(x) > 0 for all x verifying
the constraints of the LFP problem (1)-(2).
e Let us define the following index sets:
I= {1,2,...,m},J: {1,2,...,n},J: JpUJn,JgNJn =0, |JB| =m.

So we can partition the different vectors and the matrix A as follows:

I=1() = (i€ d), u=u(])=(u,j € J),

max F(z) =

x:x(J):(xj,jeJ): < ii ),xB:x(JB):(xj,jGJB),xN:x(JN):(xj,jEJN),

p=(pj7j€J)=(pB ),q=(qj7j€J)=(qB )

PN qNn
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924 A HYBRID DIRECTION METHOD FOR LINEAR FRACTIONAL PROGRAMMING

a1j
A:A(I,J):(aij,z’EI,jGJ):(aj,jEJ),aj: 5

amj

A= (Ap,AN), Ap=A(,Jp), An = A(I,JN).

e A vector x verifying the constraints (2) is called a feasible solution (FS) of the problem (1)-(2). We suppose in
the following that the feasible set S = {x € R" : Ax = b, | < z < u} is nonempty.
¢ Define the real number o > 0 as follows: o = mig Q(x).

AS

e A feasible solution z* is called optimal if F(x*) > F(x), Vz € S.

e A feasible solution z€ is called e-optimal or suboptimal if F'(z*) — F(z€) < e,

where z* is an optimal solution for the problem (1)-(2) and € is a nonnegative number chosen in advance.

e The index set J is called a support if det Ag = det A(I, Jp) # 0.

e The pair {z, Jg} formed with the FS z and the support Jp is called a Support Feasible Solution (SFS) and it is
called nondegenerate if [; < x; < uj, j € Jp.

e Let us define the multipliers vectors 75, and 7/5:

T, =ppAp' TG = ap A 3)

and the reduced costs vectors:
’_ ASB "__ A% _ Ap(z)

§V=A%7TP—pN7 %:A%WQ—QN, An(z) = Ay — F(z)Al, “)

where

and
Ay = Agm: —pB = Ag(ABl)TpB —pp=0, AL =0, Ag(x) =0.

3. Optimality and suboptimality criteria

3.1. Increment formula of the objective function

Let {z, Jg} be an SFS of the problem (1)-(2). We consider an other arbitrary FS Z = x () = « + 0d, with 6 > 0
and d € R™. The increment of the objective function can be written as follows:

p'T+py  pa+po
"z 4+q qTr+qo
p'zq" x4+ p"Tqo + pog” & + pogo — p" 2q" T — p" xq0 — pog” T — pogo
(¢T7 + qo0) (¢T + qo)
a0 (p"z = pTx) —po (¢"2 — ¢"x) — pTaq"z + pT2¢
(¢77 + q0) (¢ + q0)

qo (p7'0d) — po (¢70d) — p"2q"z + p" 2q"x + pT2qTx — pTaq"x

(¢"2 + qo0) ("= + qo)
qo (p70d) — po (¢70d) — pTz (¢70d) + ¢"= (pT6d)

(¢7Z + q0) (¢"z + q0)
— (P"z +po) (¢70d) + (¢"z + qo) (pT0d)
(¢77 + qo0) (¢"z + q0)

T T
q” z+qo T _ p x+po T
TatgoP 0d Totq0 4 0d

'z +qo

F(z)-F(z) =
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Thus ( " ) ( . )
Op*d) — F (z) (0q* d
F(z)— F(z) = — : (&)
(7) - F (2) oG
In the other hand, we have
Axr=1b
= 0Ad = 0.
Az =10
By setting d = < 33 > dgp =d(Jg), dny = d(Jn), the equality Ad = 0 can also be written as follows:
N
Apdp + Andy =0 & dp = —Az' Andy. (6)
The increment of the function P corresponding to the numerator is given by:
P(z)—P(z) = 6pTd
= 0 (phdp +ph-dn)
= —0(ppAz' Andy — prdn)
= —0(ppAs'Av —py) dn
= —40 (7T£AN — p%) dn.
Hence
P (%) — P (x) =0p'd=—0dyAy. @)
Similarly, we calculate the increment of the denominator function @) and obtain:
Q(7) — Q(z) = 0¢"d = —d A ®)
Hence, the increment (5) becomes
F o) o) - “PIRAN — P @) (ZOAY) | —0df (A — F(x) A
Q(2) Q(z)
Therefore,
- 2 A () (T — )
—0AL (z)dn jein
F(Z)—F(x) = N = — . 9)
=@ =" Q@
3.2. Optimality criterion
We have the following theorem [24, 26, 31]:
Theorem 3.1
(Optimality criterion)
Let {z, Jg} be an SFS of the problem (1)-(2). Then the relationships
Aj (SC) > 0, for x5 = lj;
Aj (.’E) <0, for Tj = Uy; Jj e Jn (10)

Aj(xz) =0, for I; <z; < uy;

are sufficient for the optimality of the FS x. The same relationships are also necessary when the SFS {z, Jp} is
nondegenerate.
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Proof
Sufficient condition.
Let {z, Jp} be an SFS verifying the relationships (10). For any FS Z of the problem (1)-(2), the increment formula

(9) gives
- > A (E ) - > A (@) (7 —uy)
Aj(z)>0,5€)n Aj(r)<0,5€)N

F (%) - F(z) = 06

Since we have Q (z) > 0 and
lj <z <u; = ij—ljzﬂanda’:j—uj <0,

then we deduce that
F(z)—F(zx)<0=F(z) < F(x).

Therefore, the vector x is an optimal solution of the problem (1)-(2).

Necessary condition.

Let {x, Jp} be a nondegenerate optimal SFS for the problem (1)-(2) and suppose that the relationships (10) are not
satisfied: there exists at least an index jy € Jy, such that

Aj, () > 0and z, > l;, or A (z) < 0and zj, < uj,. (11)
Then, we construct an other FS & = x + 6d, where 0 is a real positive number and d = d (J) an n-vector verifying
dj, = —signA, (z),
dj =0, j #jo, j€Jn, (12)
d(Jp) = —Ag'And (Jn) = —Ag'aj,d;, = ARt ajysignAj, (o).

So we have
Apd(Jp) + And(Jy) = Ad=0and AT = A(x + 0d) = Az + 0Ad = b.

The vector Z will be a feasible solution to the problem (1)-(2), if it verifies in addition the following inequality:
I<z<usl<z+ld<uesl—-xz<0d<u-—zx (13)
The previous inequality can also be written as follows:

lj—x; <0dj <uj—w;, j€Jp=0€]0,0;],

where e
0; = min 0;, with 0; = l%ﬂ if d; <0;
0, ifd; =0
and
ljo — Ly < _QSignAjo (I) < Ujy — Tjy = NS [07 ojo] )
where

9. — xjo_ljm ifAjo (37) > 0;
" Ujo — Tjo> if Ajo (.23) <0.

Since the SFS {z, Jp} is nondegenerate (I; < z; < uj, j € Jp, i.e., §;, > 0) and also 6, > 0 from (11), we can
choose a positive number 6 in the interval ]0, °], where §° = min{6;,,6,,}. Thus, the relationships (13) will be
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verified and the vector T will be a feasible solution of the problem (1)-(2). So, the increment formula (9) becomes

—0 Z} Aj () d;
F(z)-F(z) = —=X
(5)— F (@) e
08 () diy 08, () signd, (1) _ 018, ()] _
Q(7) Q(7) Q ()
Thus, we have find an SFS Z # =z, such that F'(Z) > F' (x). This contradicts the fact that x is an optimal FS. The
relationships (10) are therefore verified. L]

3.3. Suboptimality criterion

In order to estimate the gap existing between the optimal value F' (z*) and an other value F (x) at an arbitrary SFS
{z, Jp}, we replace in the increment formula (9) the vector Z with z* and find an upper bound for the expression.
So

= 2 Aj() (#] — =)

JjE€JIN

F(z*)—F(z) =

Aj(z)>0,5€TN A;(2)<0,j€TN

Q (z*)

Since @ (z*) > a > 0 and the optimal solution z* verifies
we obtain
xj—a:;f <zi— andxj—x;f > T — Uuj.

Hence
Aj(z) (2 —x3) <Ay (2) (x5 — 1), if Aj(x)>0;

i) =

Aj (ZL’) (l‘j — 1’*) < A]‘ (ZL’) (l’j — ’U,j), if Aj (Cﬂ) < 0.

i) =
Therefore, we obtain:

> Aj(2) (zj — 1) + > Aj(z) (x5 — uy)

F (x*) . F (x) S Aj(ﬂ?)>0,j€JN A]‘(ZE)<O,j€-]N (14)
@
We call the nonnegative quantity
1
Bz, Jp) = — YoooA@E -+ Y, A (g —uy) (15)
Aj(:c)>0,j€JN Aj(x)<0,jEJN
the suboptimality estimate.
So we have the following theorem [24, 26, 31]:
Theorem 3.2
(Suboptimality criterion)
Let {x, Jg} be an SFS of the problem (1)-(2) and ¢ be a nonnegative arbitrary number. If
B(z,Jp) <, (16)

then the FS z is e-optimal.
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Proof
By using (14) and (15), we can write
F(z*) = F(z) <B(x,Jp) <e=F(2") - F(x) <e

The FS z is then e-optimal. O

3.4. Algorithm of the primal support method

Let {x, Jp} be an initial SFS and e be an arbitrary nonnegative number. The scheme of the algorithm of the primal
support method for solving LFPBV is presented in the following steps [24, 26, 31]:

Algorithm 1. (Primal Support Method for LFP)
1. Calculate F' (z) and
mh =ppAp', A =mpa; —pj, j € In,
7TQ =qLAG A = 7TQa] g5, j € In,
Aj(x) = Aj = F(x) Af, jeJn;
Calculate the suboptimality estimate with (15);
If 3 (x, Jg) = 0, then the algorithm stops with the optimal SFS {x, Jg};
If 3 (x, Jp) < €, then the algorithm stops with the e-optimal SFS {z, Jg};
Else, go to step 6;

S N kv

Determine the set of indices which do not verify the optimality relationships (10):

Innvo ={j€Jn:[Aj(x)>0and z; > ;] or [Aj(z) <0and z; < u;]};

7. Choose the index jo, such that |A;; (z)] = max |A; (x)];
JjEINNO

8. Calculate the ascent direction d with the relationships:
dj, = —signj, (),
d;j =0, j #jo, Jj€Jn,
d(Jp) = —AZ ' And (Jn) = A5t aj,signAj, (o);

9. Calculate 0;, = m}}n 6;, where 0 is determined with the formula:
J€JB

wd;;;j’ if d; > 0;
0; = l% if d; < 0;
0, ifd; = 0;
10. Calculate §;, using the formula:
Tjy — iy, 1f A, (x) > 0;

Ujy — Zjy, 1f Ajy (z) <0

Stat., Optim. Inf. Comput. Vol. 13, March 2025
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11. Calculate 0° = min {6;,,0;, };

0°|8 o ()]

12. Calculate z = = + #°d and F (z) = F (z) + Q@ *

13. Calculate
An(z) = Ay — F(2)AR;

and
Bz, Jp) = é Yoo A@@E -+ Y, A@@ ) |
Aj(z)>0,j€]N A;(2)<0,j€TN
14. If 8 (z, Jg) = 0, then the algorithm stops with the optimal SFS {z, Jp};
15. If 8 (z, JB) < ¢, then the algorithm stops with the e-optimal SFS {z, Jg};
16. Else, go to step 17;
17. 1If 0° = 0, then we put Jp = Jp;
18. If 0° = ¢,,, then we put Jp = (Jp\ {j1}) U {lo};
19. Putz := 7, Jp := Jp and go to step 1;

Remark 1. The primal support method for solving LFP problems with nonnegative variables and those with
bounded variables [24, 26, 31] uses the simplex direction defined by relationships (12) in order to improve the
current SFS. When we start with an initial basic feasible solution {z, Jg}, i.e., xj =1 Vuy, j€ Jn, the primal
support method will pass from one extreme point to a better adjacent one and the path followed by the support
method algorithm will be exactly the same one as that of the simplex algorithm.

4. The hybrid direction method

In [22], a new hybrid direction method is proposed for solving LP problems. In this section, we generalize this
method in order to solve LFP problems with bounded variables.
Let {x, Jp} be an SFS for problem (1)-(2) and n > 0. Define the following index sets:

Jyp={i€JInv: Aj)>n(z;—1;) and z; > ;},

Jyp=1i€JIn: Aj(x) <n(r; —u;) and z; < uy},

Ty =1 € In: 0<A(2) <nlz; — 1)},

Iy ={i€JIn: nlz; —uy) < Aj(x) <0F,

Jtp={j€Jy: Aj@)>0 and z; = I;}, (17)
Iyp=17€Jn: Aj(x) <0 and z; = u;},

Jv={j€Jn:Aj(x) >0}, Jy ={j€Jy:Ax) <0},

Ino={j € Iy :Aj(z) =0}, Iy =T, Udyp

Ine =g Udng, INr = JInoU TN R UJyg-

Then
In =JInpUJINiUJNg, J = J8pUJE Udd e, Iy = Ivp YN U g

Lemma 4.1
If {x, Jp} is nonoptimal, then Jy; U Jyg # 0.
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Proof

We suppose that there exists an index j,. € Jy which does not verify the optimality conditions (10), so two cases
can occur:

Case 1: If A (z) < 0 and z;, < u;,,then j, € Jy,; U Jyg. Hence Jn; U Iy # 0.

Case2: If A; (z) > Oand z;, > l;,, then j. € Jy; U Jy 5. Hence Jn U Jng # 0. O

For n > 0, we define the quantities v and y as follows:

1 1
= DA L)+ ) Aj(l‘)(l‘j—uj)Jr; Yo A, (18)
JeTh, J€TN; JE€TL VN g
1 1
p=o = D A —l) = D0 A )+ >0 Al ] (19)
i€ J€INE J€IpUIN g

We recall that the suboptimality estimate 3(x, Jg) is given by:

B=pB(z,Jp) = é D Aj@) e —1)+ D> Aj() (- uy) |- (20)

=y jedy

Remark 2. In the adaptive method for LP, the suboptimality estimate is equal to the difference between the value of
the objective function of the primal problem at the current primal solution and that of the dual problem at the current
dual solution which is judiciously constructed. As a consequence of duality theory, this estimate decreases when
we pass from z to Z and from J to Jz. However in this work, the passage from x to Z ensures that F'(z) > F(x),
or F(z) > F(z) in the case of primal nondegeneracy, but the suboptimality estimate can increase when we move
from z to Z. Hence, the suboptimality estimate is only used here as an upper bound for the difference between
the maximum and the value of F' at the current solution, which allows us to stop the proposed algorithm when a
suboptimal or optimal solution is reached.

Lemma 4.2
For n > 0, the following inequalities hold:

Proof
First, remark that

B =B Jp) = i( > Aj@) (=) + > Aj(x)(wy —Uj)>

Jjeg J€JN

Sl

( > Aj@)(z L)+ > Aj(??)(%‘“j))-

JETY VTS, J€INEYINT
Thus,
1 1
Bru=— PRGOS Aj(x)(xj—uj)Jr; >, A | =n
JETR; J€JI5; J€I sV N

that implies 8 = v — p.
Furthermore, for n > 0, we have
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B =B Jp) = i( Yo Aj@) (@ — )+ DD Aj()(zg —uy)

JETH, JE€JIN;

+ > Aj()(x =)+ X Aj(ﬂf)(%“”j))

i =
Je€INE J€INE

IN

é( Yo Aj@) (@ =)+ > Aj(@)(zy —uy)
JETS; jein,

Y M@+l oy Ag(x)>.

J€T% e i€INE

Indeed,

foric Jt  cn(zs — 1) < A, < Bi@) A ) < A,
J€JInp (@ —1;) <Aj(x) = z;—1; < n = i(@) (x5 —1;) < n

-

. _ Aj(x
forj e Jyp: Aj(z) <nlr; —u;) = x; —uj > # = Aj(z)(z; —uj) <

Hence,
! 1
f<o | X M@ -1+ X A w3 Al | =1,
JETN1 VISHp JETL pUT R g

that implies v > 8 > 0. Since = v — p, we conclude that y =~v — 5 > 0. O

4.1. An iteration of the algorithm

4.1.1. Change of the feasible solution Let {x,Jg} be an SFS for problem (1)-(2) and 7 > 0. We define the
direction d as follows:

d; =1; —xj, if jeJbp

dj =u; — xzj, if VESHUNTE

d; = =21, if jeJhyUdyg: (1)
d; =0, if  j€Jvn

dp = —Az' Andn.

This direction is called a hybrid direction [22], and it is clear that Ad = 0.

In order to improve the value of the objective function while remaining in the feasible region, we calculate the
steplength §° along the direction d. This steplength must satisfy the following inequality:

lj—l'j Seodj S’LLJ'—.’E]', for jGJB;

I<z+0d<us
lj—xj §90dj S’LL]'—.’E]', for jGJN

Therefore, we calculate the steplength 60 as follows:

min 0;, if Jyg #0;
6° = min {9j1,0j2, 1}, 0;, = minb;, 0;, = JeInE 22)
ieJs 00, otherwise,
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where
WL ifd; > 0
0;=1q “7=, ifd; <0; (23)
0o, ifd; =0.

The value of the steplength is equal to 1 for the indices of Jy7.
Then the new improved feasible solution is given by

zT=x+0, (24)

where d and 6° are defined by relationships (21)-(23).
Moreover, the increment of the objective function is:

—0° 3 Aj(x)d;

_ o JEIN
F(z)-F(@) = ———
= g |~ X Aj(@)d; —0° X Aj(x)d; - 60 3 Aj(ff)da)
J€TN i€TN J€I eV INE
0 Af(z)
= % ( > D)z =)+ 2 Aj(@)(w —uy)+ X ',,)
J€TN J€TNr J€TNEYINE
_ af® _ af®
= o®7 T o® (B+mn) >0.
Let us define the following index sets:
Jh={ieJdn:0;@) >0}, Jy={j€Jn:A;T) <0}
The other corresponding sets are J3;, Jxy, Ji g Jyg and Jyg.
We compute the suboptimality estimate corresponding to the new SFS {z, Jp }:
- 1
= B(z.Jrg) = — AWz — s AT — ws . 25
B=pB Je)=—| D A@@ —L)+ D 8,@)(T5 —uy) (25)

JEJS, Jj€In

If 3 < €, then the ES Z is e-optimal. If B> eand §° = 0;, v 1, then we put x := & and we start a new iteration with
the SFS {z, Jg}.If 3 > e and §° = 6;,, then we change the support Jp.

4.1.2. Change of the support We define the n-vectors d = (d;,j € J), k and t = (t;, j € J), as follows:

1 =1; — %, if je Tk
_]:uj—fj, if jej;,];
d; = =58, if jeJyipUJdyg: (26)
d; =0, if  jeJr;

dp = —Az'Andy, withdy = (d;, j € Jn);

k=Z+d; tj, =—signd;, t; =0, j#j1, j € Jp; ty =tz A5 An.
Remark 3. The vectors ¢ and d are orthogonal. Indeed,
t7d =T dy +15ds = (t5A5 An)dy +t5(—A5" Andy) = 0.
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The new support Jp and the new reduced costs vectors A’, A” and A(z) are computed as follows:

Jg = (s \{n})Udjo}, JNn =J\ Jp,

_ _ _ 27
A=A +ojt, A =A"+oft and A(z) = A(Z) + o,
where
=LA@t < 0;
0, if A;j(Z)=0,1t; <0, K, i
o' =0, = min{o;}, witho; = ' (@) ! w7 U (28)
J€IN O, if AJ(IE) =0, tj > O, Kj 7é lj;
00, otherwise;
—A! . _ _ -
ol = tjom’ if (Ajo (x)tjo < 0)or (Ajo (z) =0, tj, <0, Ky, # ujo) or (Ajo (z) =0, tjo >0, Kjy # ljo);
0=

400, otherwise;
(29)
RN _ _ _
ol TO'O, if (Ajo (.’E)ﬁjo < 0) or (Ajo (.’E) =0, tjo <0, Kjo 75 ujo) or (Ajo (l‘) =0, tjo >0, Ko 7é ljo);
=
s X (+00), otherwise;

(30)
with s = —signF(Z).
Proposition 1
We have o, o) € R, 0° > 0, with
o' =0 — F(2)oy, Az)=A"—F(z)A"” and A;(z)A;(z) >0, j € J.
Proof
First, we prove the equality 0° = o}, — F(Z)o{j. Two cases can occur:
@) (Ajo (j)tjo < 0)or (Ajo (if) =0, tjo <0, Kjo 75 U’jo) or (AJO({f) =0, tjo > 0, Kjo 7& ljo)'
In this case, t;, # 0, so we get
o0 = “Rn@) _ T T E@R, _ R | gy _ o payol,
tio tjo tjo tjo
(ii) 0 = +oo. In this case, we have
of = 400, oy = —signF(z) x (+00) = o} — F(Z)oy = +oo = a°.
Now, let us prove that A(z) = A’ — F(z)A”.
We have
A(z) = A(@) + 0% = A" — F(2)A" + (0 — F(Z)o)t = (A + ojt) — F(z)(A” + aljt),
that implies A(z) = A’ — F(z)A”. Finally, we have
Aj(@)A;(Z) = (A;(2) + 0°t;)A;(Z) = A3(Z) + 0 t;A;(Z), j € J. 31)

o If tjAj((f) > 0, then AJ(.’E)AJ((E) > 0.
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o If tjAj (.i‘) < 0, then
RN NE)
t t;
and from (31) we get A;(Z)A;(z) > 0.
e If t;A;(z) = 0, then from (31) we deduce A;(Z)A;(z) = A2(z) > 0.

J

< 0= 0%A;(%) + AX(z) >0,

Remark 4.
Denote by

Then, with the choice of the leaving index j, with (28), it is well known in linear programming (see [37]) that the
new reduced costs vectors computed with the updating formulas (27) are equal to:

A =AT7p —p, A" = AT7g5 —q.

Remark 5. In this work, we have supposed that an initial SFS is available for the problem (1)-(2) and that ¢° < co.
When the initial SFS is not known in advance, it can be computed with the initialization procedures described in
[28, 5].

The suboptimality estimate corresponding to the new SFS {z, Jz} is given by:
= . 1 o o
=8 Je)=—| Z K@@ — )+ Z Aj(T) (T —uj) | - (32)
j€JN,A]'(Zf)>O jGJN,A]‘(i‘)<O

Let us define the index sets J NO» jf\}o, jz?zo and the quantity 1}, as follows:

Ino={j €JIn:Aj(@) =0}, J5, ={j€JIno:t; >0}, Iy =14 € Ino:t; <0} (33)
1 _
Vo=— | tdj, + Z ti(r; — 1) + Z ti(kj —uj) | - (34)
J€TN0 VIR s i€T oYU N

Then, we have the following proposition.

Proposition 2 B
We can write the suboptimality estimate 3(Z, Jp) as follows:

B(z,Jp) = B(Z, Jp) + V. (35)
Proof - ~
We have Jy = (Jy \ {jo}) U{j1}. If 0° = 0, then jo € J, or jo € Jy,.
So Ajo (IE) =0= Ajo(:f) = Ajo(ii') + O'Otjo =0.
If o9 > 0, then

Therefore,

> ( > Aj(z)(z5 — 1) + > Aj(2)(Z5 — uy) + Ay, (2) (25, — ljl)) , if A, (2) > 0;

JEIN,A;(Z)>0 JjEIN,A;(Z)<0

™I
Il

l ( 3 Aj(@)(z5 1) + > N@(@ - uy) + Ay (3) (3, — %)) ,if Ay, (z) <0.
jEJN}Aj(i)>O jEJN,Aj(:f?)<O
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Since Aj, () = 0, we have A’ = A’ =0and Aj, (7) = A}, — F(z)AY =0, thus
Ajy(z) = Ay (2) + 0%ty = 0%,
So two cases can occur:

e If A; (Z) >0, then we have t;, =1 = d;, < 0.Hence

l. — .
Tj, — = xj, + 00y, — 1y =5, + Sl =0
J1
e If A; (Z) <0, then we have t;, = —1 = d;, > 0. Hence
Wi — s
Tj, —Uj =Tjy + eodjl —Uuj, =T5 + %djl —uj, = 0.
J1

Furthermore, from A;(Z)A;(Z) > 0, we deduce that

Aj(z) >0 [(Aj(x) > 0)or (Aj(z) =0and t; > 0)]

and

Aj(if) <0& [(AJ((E) < 0) or (Aj(i') = 0 and tj < 0)} .

Hence

™
Il
|—

o < > Aj(z) (x5 — 1) + > Aj(z)(z5 — Uj))

JEIN,A;(Z)>0 JjEIN,A;(Z)<0

Q=

JjEIN,A;(Z)>0 JjE€IN,A;(T)<0

( > (Aj(Z) + ot;) (T — 1) + > (Aj(Z) + 0%t)(Zj — uy)

+ > (Aj(T) 4 0%t;) (T — 1;) + > (A;(7) + 0%;)(z; —uj)>
FEIN,AG(T)=0,t;>0 JEIN,A;(2)=0,t;<0

R~

JEIN,A;(z)>0 JEIN,A;(T)<0

[( > Aj(z)(z; — ;) + > Aj(z)(z5 — Uj))

+0° < > ti(x; — 1) + > (% — uj))
FEINA; (Z)=0,t;>0 JEIN A (7)=0,t;<0

+a° ( > (@ =)+ >t uj))]
JjEJIN, (i)<0

A;(2)>0 JEIN,A;
= B(z,JB)+ (a1 + as),

where

ay = é > tj(z; —1;) + > tj(z; — uy)

jE€JIN,A;(2)=0,t;>0 Jj€IN,A;(2)=0,t;<0
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and

agzé YoooG@m -+ Y (@ -y

JEIN,A;(z)>0 JEIN,AG(

8
A
(=)

So, we have:

ay :é MooE =)+ Y i@ —u) |, az:é Doot(Ei =)+ D (@ — )

j€dt, €N jeds jedy
For j € jJJ\;O @] j]?lO C jNRs Czj' =0= Tj = Kj. Then
1
ar=—| D tilm L)+ > (s — ) |- (36)

Now, we compute the quantity as:

agzé > tj(z; — 1) + > tj(z; — uy)

JEJE pUT L uTh L J€I YN Uin R

Forj € Jp, Z; =1j and for j € Jyp, Z; = u;. Hence,

az = i( 2 @ -+ X tj(mj—uj)>
JETN BTN J€TN YN
ol < > 4@ =)+ X (@ )+ 2 ot(E =)+ X (3 —Uj)> :
J€INE i€Iyp T i€y s
Forj € Jf,, #; —l; = —dj, and for j € Jy,, Z; — u; = —d;. Thus, we obtain:

a2 = Sot@i =)+ Y 4@ —u)— | Y tdi+ Y td;

J€T\p i€xg J€Tk J€Tny

QIr

Since we have

D tidi= > tidj+ > tid;=0;d; =0, j€ Jyrand Y t;d; =t;,d;,,

jeJ jE€IN j€JB Jj€JB

we deduce
dotidi==) tdi= Y Gdi+ Y Gdi+ Y tdi=—td;.
j€IN Jj€JB jej, J€I N JETY pUIn

Thus

Z tj(ij + Z thj = — Z tjCZj — tjlijl.

JETNr i€ s J€TNEYI N
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Therefore, oy becomes:

= g < ot )+ X @ )+ Y td; +tj1€7jl>
i€ e i€Iyg J€TN VIR g
= 3 <tj1dj1 + X 4@ - d)+ X t(E -y +dj)>
i€INE i€Ine
= é (tjldjl+ Z ti(ks — 1) + Z tj(/@j—u])>
J€T g i€INE
Then
ap+ag =~ | tj,dj, + Z ti(k; — 1) + Z tj (ks — uy)
jej[tOUjJtE ]ejNouj;rE
and

B(z,Jg) = B(Z, Jg) + o°V.

937

Remark 6. In this remark, we will examine the conditions which allow us to get 3(Z, Jg) < 8(Z, Jp).

We haver € j;o, tj >0, Kj = .fj > lj and VJ S j]?/'O’ tj <0, Kj = J_fj < Uj. So

ar=— | D tilr; =)+ Y ti(r —uy)| 2 0.

(0% = =
i€ o €N

If there exists an index j € Jno, such that (t; >0 and r; > 1;) or (t; <0 and k; < uy), then a; > 0. However
in this case, by using formulas (28), we get o9 =0.If 6° > 0, then JJJ\?O Udye = @, oy = 0. Thus in all cases we
deduce that 0%y = 0. Consequently, if J3;; U Jy 5 = 0, then ap = 1¢;,d;, . So, three cases can occur:

If 0° = 0, then from (35), we get 3(z, Jp) = B(z, Jp).
If 0¥ > 0 and t;,d;, <0, then ay < 0and 3(z, Jp) = B(%, J) + 0%z < B(Z, Jp).
If ° > 0 and tjldj; >0, t}len 6(17, JB) > B(i’, JB)

In the case where J3 , U Jy # (), az may be positive and 3(z, Jp) may be greater than 5(z, Jg).
Note that the negative effect in this later case will be reduced by the choice of the parameter i with Procedure 3

presented in Subsection 4.4.

Finally, we change the support with the short step rule or the long step rule [28, 37] slightly modified. These

rules are described below in Procedures 1 and 2.

Procedure 1. (Short step rule).

1. Calculate o° = Ojy = rélbn 0, where o; are determined with (28);
J N
2. Calculate ¢{, and oj with (29)-(30);
3. Calculate A’ = A’ + ojt, A” = A" + o/t and A(z) = A(Z) + o';

4. Put Jp = (Jp \ {71}) U {jo}
5. Calculate 3(7, Jg) = B(Z, Jg) + c"Vb;
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Procedure 2. (Long step rule)
1. Calculate {O’j, j € Jn}, where o; are determined with relationships (28);
2. Sort the indices {i € Jy : 0; # co}:

04, Sa—izg"'gai;ﬂ ZkeJN7 O'ik#OO, kzl?apa

3. If Vi > 0 or p = 1, then put jy = 4; and go to step 7;
4. Forall iy, k=1,...,p, calculate AV;, = L|t;, | (u;, — 1, );
5. Calculate V;,, k= 0,...,p, where
Vie = Vo,
{ Vie =Vo+ S0, AVi, = Vi, + AV k=1,...p;
6. Choose the index jy = 7,4, such that Vion <0 and Vi, 2 0;

7. Calculate o and oy with formulas (29) and (30); put Jg = (s \ {i1}) U{jo}, 0" =0}, = 04,
A =N +olt, A" = A" + oft and A(Z) = A(Z) + o°t;

8. Calculate 3(z, Jp) with (32);

4.2. Algorithm of the hybrid direction method

Let {z, Jp} be an initial SFS for problem (1)-(2) and € > 0, 7 > 0. The algorithm of the Hybrid Direction Method
(HDM) is described in the following steps:

Algorithm 2. (HDM)
1. Calculate F' (z) and
h =phAGt, Al = nha; —pj, j € In, 71'5 =qLAGY,
A = Wgaj —qj, € JN, Aj(z) = A = F(x)AY, je€ Jn;
Calculate the suboptimality estimate S with (20);
If 3 = 0, then the algorithm stops with the optimal SFS {x, Jg};
If 8 < ¢, then the algorithm stops with the e-optimal SFS {z, Jg};
Calculate 7(z — ) and n(x — u); the index sets J}; , and Jy, , with (17), and p with (19);
Calculate the index sets J5;, Jy; and Jyg with (17);

Calculate the direction d using relationships (21);

® XA B WD

Calculate 6, , 6;, and the steplength 6° with (22);

9. Calculate T = x + 0d and F(Z) = F(x) + %;

10. Calculate
A@) =& = F@A", B=— | 3 a0 - 1)+ 3 A0 —w) |

JjEJS, eIy
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11. If 3 = 0, then the algorithm stops with the optimal SFS {z, Jg};
12. If 3 < ¢, then the algorithm stops with the e-optimal SFS {z, J5};
13. If0° = 0,, V 1, then put = := z, F(x) := F(&), B := 3 and go to step 5;
14. Change of the support Jp by Jp:
14.1 Calculate the new vectors 7(% — 1), (& — u) and the new index sets J}, ., Jy g3
14.2 Calculate the new index sets J;, J; and Jyg;
14.3 Calculate the vector d with (26), the vectors x = Z + d and the vector t = (t;, j € J):
tj, = —signd;,; t; =0, j #j1, j € Jp; ty = tp AL A

14.4 Calculate V; with (34);

14.5 Calculate the new support J, the new reduced costs vectors A’, A”, A(z) and the new suboptimality
estimate 3 = 3(Z, Jg) with the short step rule (Procedure 1) or the long step rule (Procedure 2) and go
to step 15;

15. Putz := &, F(z) := F(z), Jp := Jg, A" :== N, A" := N, A(z) := A(z), B := § and go to step 3;

Remark 7. 1f §° > 0 and ¢° > 0 in each iteration of HDM, then we will have a new different SFS {z, Jp}, with
Jp # Jp and F(Z) > F(x). Since the number of the supports of problem (1)-(2) is finite (less or equal to CI™), so
the algorithm will stop in a finite number of iterations.

Remark 8. When 1 — +o00, we will have J};, = J5; = 0. Hence
JNE:Q), J?\}I:J;:{jEJN Aj(l‘)>0}, J&I:J&:{jEJNZ A](Z‘)<O}
and

lim ~(n,z,Jp) = B(z,Jp) and lim p(n,z,Jp) = 0.
n—-+oo

n—+00

Thus, the hybrid direction will be equal to the standard direction of the adaptive method:

dj = lj — Zj, if AJ(IE) > O,
dj = u; — Ty, if AJ(J)) < 05 j € Jn, dp = —AEIANCIN.
d; =0, it Aj(z) =0;

When 7 is set to +00 and Q(x) =1 in HDM for LFP, then we will find exactly the adaptive method of linear
programming [28].

4.3. Numerical example

Let us solve the following problem with HDM using the long step rule:

P(Q?) _ 5x1 + x9 + 10

F(x) = = ,
max F(z) Q(z)  4xy + 2w9 + 12
subject to
5r1 +xo 73 = 20,
4xq —x3 +x4 = 14,
2 S T S 57
4 < x9 < 12,
0 S I3 S 25,
0 < x4 < 18
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Let {z, Jg}, with z = (2,10,0,6)T and Jg = {1,2}, an initial support feasible solution and F(z) = % = 0.75 the
value of the objective function at this solution. We set = 1 and € = 0.
The minimum of the function @ over the feasible set S is &« = min,eg Q(x) = 28.
First iteration:
We have
Jp={1,2}, Jy = {3,4}, pg = (5,1), pjl\“f = (0,0), qg = (4,2), Q£ = (0,0),

o (33) (0 ) (0,
The multipliers and the reduced costs vectors are:
7h =phAgt = (1,0), Ay = AX7mp —py = (1,0)7, A’ =(0,0,1,0)7,
TH = qhAG = (2,-3/2), A% = AXmq —qn = (7/2,-3/2)7,
A" =(0,0,7/2,-3/2)7, An(z) = Ay — F(x)A% = (-13/8,9/8)",
A(x) = (0,0,-13/8,9/8)T.
We have J, = {4}, J5 = {3}, so the suboptimality estimate is:

Ay(2) (g — 1) + A B
B(a, J) = 20l 14)2 3(2)(@s — us) 2%21.6920>e.

The vectors n(x — u) and n(x — ) are:
n(z —u) = (=3,-2,-25—-12)T, n(z —1)=(0,6,0,6)T.

The index sets are:

TN =14}, Iy =13}, Jip=Jypg=0=n=0.
The direction d is computed as follows:
We have 3 € Jy; = d3 = uz — 23 = 25;4 € J,; = dy = Iy — x4 = —6. Hence

31/4

[ 25 4 - 31/4 | —255/4
dN_<—6>’dB__ABANdN_<—255/4>’d_ 25
—6

The steplength 0° along the direction d is computed as follows:
. . Uy — I l2 — T2 . 12 8 8
Gjlzmln{91,92}:m1n{ i 4 }:1rn1n{31,85}:85:927

0;, = 0o, 0° = min {6,,0;,,1} = min {8/85,00,1} = 8/85 = Oy = 0;, = j; = 2.

The new feasible solution Z is:

2 31/4 232/85
i} 10 8 | —255/4 4
_ 07 _ S _
Tmetfd=1 o | +g 25 40/17
6 6 462/85

The new value of the objective function is:

2628
85

af®(B+p) 1175

~ 0.8942 > F(z) = 0.75.
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The new reduced costs vector A(z) and the new suboptimality estimate 3:

A(F) = A — F(z)A" = (0,0, —-1231/578,1175/876)", J¥ = {4}, Jy = {3},

A4(i‘)(i‘4 - l4) + Ag(i’)(i’g - U3) _ 1281

~ 1. .
" 616 9830 > €

B =
Change of the support Jz by Jp:
We have: } ) ) )
J]J’\;E =Jyg = 0, ']JJ\rfI = {4}, Inr = {3}
The vector d is: )
ds =us — T3 =25—40/17 =385/17;dy = l4 — T4 = 0 — 462/85 = —462/85. Hence

2387/340
- ( 385/17 -1, s ( 2387/340 - | —231/4
an = ( —462/85 ) 45 = —Ap Avdw = ( —231/4 > C A= ass)17
—462/85
The vector k is: kK = T + d = (39/4, —215/4,25,0)7.
The vector ¢ is: .
tL = (t1,t2) = (0, —sign da) = (0, 1);
t% = (t37t4) = tgAg,lAN = (9/4, —5/4);

t = (0,1,9/4,-5/4)T.
Hence J3r, = Jy, = 0 and

R L=
J€JINo J€JIN50

= i( RGN DY tj(ﬁj—uj)> = 0.

JE€J J€INE

a = 1 (tjlczjl + >tk =)+ D ti(kj — u])> = % = —33/16.
Thus, Vo = —33/16 < 0. The steplengths ¢, j € Jy are:
A3(T) <0,t3=9/4>0= 03 = —A3(Z)/ts = 1169/1235;
Ay(Z) >0, ty = =5/4 < 0= 04 = —A4(Z)/ts = 235/219.
We have 03 < 04 = i1 = 3, io = 4, and p = 2. Then
AVi, = AV = 2 (|t (us — 13)) = 225/112,
AV, = AVy = L (|ta] (ug — ls)) = 45/56.

Hence
Vie = Vo = —-33/16 < 0,

Vi, =Vs=V,, + AV;, = -3/56 < 0,
Vi, = Va=Vi, + AV, = 3/4 >0,
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We have V;, = —3/56 < 0 and V;, = 3/4 > 0. So
jo =ig =iz =4, 0° = 0j, = 04 = 235/219.
Therefore, the new support is:
Jp = (Jp \ {51}) U{jo} = {1,4}, Jnv = {2,3}.

The new reduced costs vectors are:

"

Al A
/ — Jj0 — O O_// — __Jo — _6 5
O tjo 70 tjo / !

A=A + o)t =(0,0,1,0)0, A” = A" + o/t = (0,—6/5,4/5,0)T;
A(z) = A(Z) + 0t = (0,235/219,187/657,0) 7.
The new suboptimality estimate is:

 Re(@)(— ) + Be(@)(@s — 1) _ 11
B(z. Tp) = 2(Z)(Z2 l2)1: 3(Z)(T3 53)24590920_0239>6.

Remark 9. If we use the relationships given in Remark 4 for computing the multipliers and the reduced costs
vectors corresponding to the new SFS {z, Jp}, we obtain results which are equal to the ones found with the
updating formulas (27). Indeed, we have

11 _
Z = (232/85,4,40/17,462/85)T, F(z) = ?ﬁ, 5 ={1,4}, Jy = {2,3},
= (5,0), py = (1,0), g = (4,0), qx = (2,0),

AB=<3 ) A;=<355 D)= (54),
7p=pgAg = (1,0), Ay =AGap —py=(0,1)", A" =(0,0,1,0)",
TH=apAgs = (4/5,0), A% = Af7g —qy = (—6/5,4/5)", A" = (0,-6/5,4/5,0)",
An(Z) = Ay — F(2)A% = (235/219,187/657)" , A(z) = (0,235/219,187/657,0)7 .

Second iteration:
We have

1175 110

© = (232/85,4,40/17,462/85)7, F(2) = ;o0 Jo = (L4}, Iy = {2,3}. B = =,

A =(0,0,1,0), A" = (0,-6/5,4/5,0)", A(x) = (0,235/219,187/657,0)".
The vectors n(x — u) and n(z — 1):
n(z —u) = (—193/85, -8, —385/17, —1068/85)", n(x —1) = (62/85,0,40/17,462/85)T .

The index sets are:
JJJ\?I:{3}7 Inr =0, JJJGE:JJQE:(D#M:O.

The ascent direction d is:
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Since 2 € Jyp and 3 € J3,, thendy = 0and d3 = I3 — x5 = —40/17.
8/17

_ 0 1 _ (87 _ 0
i = ( —40/17 ) dp = —Ap Avdy = ( —T72/17 ) =1 —a0p17
—72/17

The steplength 0° is:

. o (ur =2 ly—x . 193 77 7
9j1:mm{91704}:mm{ 1d1 5 4d4 4}21111 {40 60} 60 "

0;, =0, (Jxg =0), 6° =min{0;,,0;,,1} = min {77/60,00,1} = 1.

The feasible solution 7 is:

232/85 8/17 16/5
_ 0 4 0 _ 4
=e+0d=1 o7 | T —wopnr | T o
462/85 —72/17 6/5
The new value of the objective function is:
164 6° 75
Q@) =3 P = pa) + CBE T 9146 > F(a) — 0.8042.

5 Q) 82
The new reduced costs vector and the new suboptimality estimate are:

7 Do(Z)(Z2 — lz) + As(Z) (T3 — I3)

A(z) = (0,45/41,11/41,0)T, B = - =0.

Therefore, the vector z* = (15—6, 4,0, g)T, with F(z*) = ;—g, is optimal for the considered LFP problem.

4.4. Choice of the parameter n

The experimental study carried out in this work has shown that it is judicious to choose the parameter 7 so as to
force the sets J3 . Jy s /a7 and Jy ,; to be empty at each iteration. Thus, in order to improve the efficiency of
Algorithm 2, we first start by setting » to an initial positive fixed value, for example n = 1, and if the SFS {z, Jg}
is not optimal or e-optimal, then we calculate the index sets J5;;; and J ]T, g I T g UJyp # 0, then we update the
value of 1) with Procedure 3. Furthermore, we compute the index sets .J3 ~p and I ~ g if they are not empty, then we

set z := ¥ and update an other time n with Procedure 3.
Procedure 3.

(1) If J3, # 0, then put o = max 2:(®) else put o = 0;

xi—1;°
JEJNE i

(2) If Jyp # 0, then put ; = max fj%(ﬁ, else put 1, = 0;

J€INE
(3) Putn := max{no,m} + 1.

Thus, for the new value of n computed with Procedure 3 as explained above, we will have in each iteration
JygUJdyg=0and Ji,UJyy =0, pn=0, y=8, 6;, =co and 0° = min{#;,,1}, etc. This will allow to
simplify calculus and reduce computational effort in each iteration. Moreover, by using Procedure 3, we may
increase the probability to get a better suboptimality estimate 3(z, J J5) by eliminating the quantity depending on
the sets .J , and J ;, which can be positive. So, we modify Algorithm 2 (HDM), as follows: after the step 5, we
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introduce the step 5a and after the step 14.1, we add the step 14.1a:

(5a) If J;; U Jy # 0, then update 1) with Procedure 3 and go to step 5, else go to step 6.

(14.1a) If j;{,E U jX,E # (), then set z := Z, update n with Procedure 3 and go to step 14.1, else go to step 14.2.
Let us call Algorithm 2, HDM with a Fixed parameter (HDMF) and HDM with the steps 5a and 14.1a, HDM with
a Variable parameter (HDMV).

The practical advantages of the modified version of HDM (HDMYV) will be discussed in the experimental study
presented in the following section.

5. Numerical experiments

In order to perform a numerical comparison between the hybrid direction method (HDM), the Primal
Simplex Method (PSM) and the Interior-Points Method (IPM) implemented in Matlab, we have developed an
implementation of HDM and PSM with the MATLABR2018a programming language. In the implementation of
the two algorithms HDM and PSM, the basis matrix inverse is updated in each iteration using the product form of
the inverse [20, 44], and in order to maintain numerical stability we reinvert the basis matrix from scratch every
100 iterations. For the IPM algorithm, we have set the parameters of the Matlab “fmincon” function as follows: the
initial point “xg = (Ib + ub)/2”, “Algorithm=interior-point”, “MaxIter=100" and ‘“MaxFunEvals=1e6”. Then we
have run the different solvers on a machine with 8 GB of RAM and a microprocessor Intel(R) Core(TM) i5-8250U
1.60GHz working under the Windows 10 operating system.

The numerical study is carried out on 120 randomly generated LFP test problems with bounded variables. These
test problems are written in the following form:

P(z) pTz + po
Q(x) q¢"r+q’

max F(z) =

subjectto Az +2° =0b, | <ax <wu, I° <z®<u®,

where p, ¢, z, b and x¢ are vectors in R"; A a square matrix of order n, py and ¢o are two real numbers.

The components of the vectors p, ¢, [ and the entries of the matrix A are randomly generated following the
uniform distribution: —100 < p; < 100, 0 < ¢; <100, 0 < a;; < 100, 0 < I; < 100. In order to have Q(zx) > 0,
we have generated ¢ > 0 and gy > 0. The vectors b, u, [¢ and u® are constructed as follows: b = Al + 1, u =1 + 79,
°=b— Al —r3, u¢* =b— Al +ry, where ri, k =1,2,3,4, are n-vectors randomly generated following the
uniform distribution, such that 1 <r; <100, j = 1,2,...,n, and 74 represents the jth component of the vector
Tk.

We have initialized PSM and HDM with the basic feasible solution {z, Jp}, where © = (I,b — Al) and Jp =
{n+1,n+2,...,2n}, and we have set the initial value of 7 to 1 and € = 10~!° for HDM. In this study, we have
generated problems with a constraint matrix having a density d = 10% (the number of non zero entries x 100/12)
and we have considered two variants of the hybrid direction method: HDM with a Variable parameter and the Short
step rule (HDMVS) and HDM with a Variable parameter and the Long step rule (HDMVL).

For each algorithm and for each problem size n, we report in Table 1 the average number of iterations (NIT) and
the average CPU time (CPU) necessary for solving the 10 generated problems with the same size. ERR designates
the average absolute value of the gap between the optimal value found by the simplex algorithm and the maximum
found by the considered algorithm. For each algorithm, we plot the average number of iterations and the average
CPU time in terms of the problem size n. The obtained graphs are shown in Figure 1.

From Table 1 and Figure I, we remark that HDMVL is more efficient than HDMVS and it outperforms the
primal simplex algorithm and the interior-points method implemented in Matlab. The superiority of HDMVL over
PSM and IPM becomes more clear with the increase of the problem dimension. However, HDM is less efficient
than the primal simplex method when we use the short step rule for changing the current support. Notice also
that the experimental study has shown that the choice of the parameter  with Procedure 3 presents the following
practical advantages:
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PSM HDML HDMS IPM
n CPU NIT CPU NIT ERR CPU NIT ERR CPU NIT ERR
100  0.02 37.6 0.04 444  84E-07 0.05 75.7 8.4E-07 1.36 100  1.0E-03
200  0.05 90.7 0.07 88.9 6.7E-07 0.14 183.1 6.7E-07 5.64 100 4.5E-04
300 0.20 167.0  0.19 119.6 7.8E-08 0.42 2725  7.8E-08 15.02 100 2.5E-04
400  0.75 2319  0.68 1613 2.3E-07 1.62 405.1 2.3E-07 31.90 100  1.8E-04
500 1.73 333.2 1.27  202.8 1.8E-08 3.59 562.3 1.8E-08 57.19 100 1.3E-04
600  3.67 437.6 232 2304 14E-07 6.89 687.7 1.4E-07 9143 100  9.4E-05
700  7.34 589.6  3.87 2665 3.8E-09 1247 796.2 3.8E-09 13426 100 6.5E-05
800 12.21 633.0 6.61 297.6 9.0E-08 20.00 896.6 9.0E-08 192.10 100 8.5E-05
900 17.52 6929 9.14 306.0 6.1E-10 30.97 10359 6.1E-10 263.28 100 7.3E-05
1000 30.78  877.1 13.96 345.0 8.9E-10 48.13 1193.1 8.9E-10 346.69 100 4.9E-05
1200 54.38  977.1 2471 398.5 7.6E-17 94.56 15137 5.3E-17 55485 100 5.6E-05
1400 117.27 1364.1 4195 450.7 9.2E-17 164.28 1782.4 909E-17 855.62 100 4.6E-05
Table 1. The average number of iterations and the average CPU time in terms of n
900 1800
—&—PSM
—&— HDMVL
800 immvs 1600 1
700 1400
600 , 1200F
2500 § 1000
QE) 400 g 800 -
4 g
300 - Z sl
A
200 - e 400 -
100 o - ¥ 200 -
P
0 1?07 72%03?0 4%0 500 66(;7;00;800790(;717050 12‘00 1400 00 1(;0 2(;0 3(;0 4(;0 5(;0 6(;0 7(;0 860 9(;0 10‘00 12‘00 1400
Figure 1. Graphs of CPU and NIT in terms of n
1. The degeneracy is highly reduced and the number of iterations is reduced too. Indeed, in all the iterations and

for all the test problems, we have obtained a primal steplength ° > 0 and a strict increase of the objective

function: F(Z) > F(x).

. The obtained quantity V| at each iteration of HDMVL for all the considered test problems is negative and

B(z, Jg) < B(Z, Jg). This leads to a better suboptimality estimate when we pass from the support J5 to Jg.

. We have also noticed that for all the iterations of HDMVL and for all the considered test problems the new

suboptimality estimate 3(Z, Jg) is better than (less than) 3(z, Jp). In the left side of Figure 2, we represent
graphically the variation of the suboptimality estimate in terms of the iterations number for the third test

problem of size 100.

In the other hand, the variant HDMFL (HDM with a fixed parameter 7 and the long step rule, i.e., Procedure 3 is
not used to change 7 in each iteration) suffers from degeneracy. Indeed, for the majority of test problems, we have
a big number of iterations with #° = 0, Z = 2 and F(z) = F(z); this prevents the objective function to progress,
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0 5 10 15 20 25 30 35 0 50 100 150 200 250
Iterations number of HDMVL for the third test problem of size 100 Iterations number of HDMFL for the third test problem of size 100

Figure 2. Variation of 3(z, Jp) in terms of the iterations number of HDMVL and HDMFL

although an optimal solution or an e-optimal is not yet achieved. Furthermore for some iterations, the quantity V;
is positive and we have 3(z, Jg) > B(Z, Jp).

For example, when we apply HDMFL for the first and the second test problems of size n = 100, we find the
optimal values F'(z*) = —0.1190 (in 69 iterations) and F'(z*) = —0.0308 (in 85 iterations), respectively. However
for the third test problem of size 100 (see the graph in the right side of Figure 2), after 51 iterations, the objective
function stays without further progress in the value 0.18191775 until we interrupt the execution in iteration 200,
with (z, Jg) = 0.0331. However, the optimal values of the first, second and the third test problems are found by
HDMVL without degeneracy in 56, 48 and 35 iterations, respectively.

6. Conclusion

In this article, we have proposed a new method for solving linear fractional programming problems with bounded
variables. This method is a generalization of the hybrid direction method developed recently in [22]. The
experimental study carried out on solving 120 randomly generated test problems has shown the superiority of
the proposed algorithm with the long step rule over the primal simplex algorithm and the interior-points method
implemented in MATLABR?2018a. In future works, we will study the efficiency of HDM on solving practical test
problems which arise in different real-world applications of linear fractional programming. Furthermore, we intend
to generalize the proposed algorithm for the resolution of quadratic fractional programming problems.
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