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Abstract The key challenge in advancing randomized response techniques lies in enhancing efficiency while ensuring
simplicity and ease of implementation. This research presents a fresh randomized response framework that achieves
comparable effectiveness with fewer randomization devices, simplifying its real-world deployment. Compared to
Aboalkhair’s (2025) model that depend on two randomization tools, the suggested method delivers equivalent efficiency
with only a single tool. The study evaluates the new model’s superiority over existing approaches and establishes a measure
of privacy protection. Through theoretical analysis and numerical comparisons, the results demonstrate distinct efficiency
benefit of the suggested model.
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1. Introduction

Randomized Response (RR) serves as a statistical method employed to gather confidential and private data
from individuals. Initially formulated by Warner [24], its purpose was to prompt honest responses to sensitive
inquiries without exposing the identity of the respondent. This technique is particularly suitable in situations where
individuals may hesitate to share such information due to concerns about societal judgment, potential targeting
by specific groups, or the realization that legal consequences could follow if they admit to certain offenses. By
introducing randomness into responses, the individual’s identity remains protected, serving as a barrier to uphold
the privacy and confidentiality of the participants.

Following Warner’s introduction of the randomized response technique, numerous researchers have expanded
the approach to enhance its efficiency and reduce the variance of estimates. Some scholars advocated for
selecting parameter values that minimize estimator variance, while others proposed alternative estimation methods
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[6, 21, 14, 8, 16, 11, 15, 13, 26]. Many works have focused on boosting the method’s efficiency via modifications
in design [12, 20, 19, 10, 23, 9, 22, 25, 1, 2, 3, 5].

This paper presents a new randomized response model that is both efficient and user-friendly, achieved through
design modifications and optimal parameter selection to minimize variance. The proposed model simplifies
implementation by reducing the number of required randomization devices while maintaining efficiency. The
model matches the statistical efficiency of Aboalkhair’s technique [4] but reduces complexity by employing only
one randomization device. As such, it serves as an efficient and streamlined alternative to the Mangat and Warner
designs.

2. Formerly groundbreaking models

2.1. Warner’s model

Warner’s pioneering work [24] established an indirect estimation procedure for determining the occurrence
rate of a sensitive trait A within a population (7), eliminating the need for direct disclosure of individual
status (A or non-A). The methodology employs a randomization mechanism (e.g., a spinner device) that presents
participants with two statements that are mutually exclusive: (a) ”’T have attribute A” (b) I do not have attribute A”.

These statements appear with predefined probabilities p and q, respectively. Participants privately select a
statement through the randomizing device and provide a binary response (’yes” or ”no”) that reflects both the
selected statement and their true status, without revealing which statement was chosen. Within this framework,
Warner derived the estimate for 7, which can be expressed in modified notation as:

= 6 — q][1 —2¢] 7" q#0.5 (1)

where o = n//n denoting the observed "yes’ response rate. The variance is calculated as:
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2.2. Mangat’s model

Mangat [19] proposed a simplified randomized response technique where participants possessing the sensitive
attribute A are instructed to respond “yes” directly. Those without the attribute use Warner’s randomization device
instead. Within Mangat’s model, the estimate for 7 is:

i =& —1+p][p] " 3)
with the estimator variance expressed as:
R m(l—m 1—m)q[l —q]t
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Mangat [19] proved this design outperforms Warner’s model in efficiency when:
7 >1—p*[2p—1]72 %)
This inequality holds true for all p > 1.

2.3. Aboalkhair’s design

Aboalkhair et al. [4] introduced a streamlined randomized response approach in which participants are instructed
to respond yes” if they possess the sensitive trait A. Otherwise, they are guided to utilize a two-step randomization
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process. In the initial step, they either:

(a) Pick a "No’ card (with probability p) or

(b) Proceed to the second step (with probability g).

If they advance to the second step, they then choose between:

(a) Selecting a ’"No’ card (with probability p;) or

(b) Selecting a ’Yes’ card (with probability g7 ).

As per Aboalkhair’s methodology [5] (with modified notation), the estimator for 7 is:

Ta=[&—qq][l— fhé]]_l q1q # 0.5 (6)
with the estimator variance expressed as:
ml=m)  (1=magll -~ agl - qag™
n

V(7a) = (7

Aboalkhair et al. [4] proved that their design outperforms Mangat’s model in efficiency when:
qg<1

Section 3 proposes a novel design that achieves comparable efficiency to Aboalkhair’s method [4], while offering
the advantage of utilizing a single randomization mechanism instead of two.

3. The proposed RR model

To determine the proportion of individuals with the delicate attribute A, a random sample of ’n’ participants is
chosen. Each participant is given a set of *Yes’ cards, a set of ’No’ cards, and a randomization tool. They are
instructed to select a ’yes” card if they have the sensitive trait; otherwise, they are directed to choose a card based
on the outcome of the random device, which involves the following two options, depending on their true status
concerning the delicate trait:

(a) Selecting a *No’ card (with probability p(1 + ¢)) or

(b) Selecting a *Yes’ card (with probability ¢2).

The probabilities p(1 + ¢) and ¢ are structured to sum to 1 (where ¢ = 1 — p). The participant places the selected
card into a container without revealing to the interviewer which card was picked or whether the random device was
used.

The probability of a ”Yes” card being submitted is:

a=m+(1-m)g? )
In this scenario, the estimation for (7)is:
r=la—¢[1-¢" ¢* #0.5 9)

where & is the ratio of ‘yes’ obtained from the sample.

3.1. Proposed estimator properties

Theorem 1. The proposed estimator 7 has a variance defined by:

V(fr) _ ﬂ(li’”) + (1771-)(12[17(]2}71 (10)

n n

Proof. Referring to Eq. (9),
V(a) =V (6 -l -¢7") = V(@)L - "7 (an
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Considering n& ~ Bin(n, «),

V(a) = Lln_ o) (12)
Substituting Eq. (12) into Eq. (11) gives:
_ _ 212
Vi) = U= 03
Using Equation (8), the term «(1 — «) expands to:
a(l —a) =m(l-m)[1 = ¢]* + (1 - m)g’[1 - ¢°] (14)

Substituting Eq. into Eq. (13) yields the final variance expression (12). [

Theorem 2: The variance V' (7) has an unbiased estimator defined by:

Vi = o0 _(i)[_l 5 1 (15)

Proof. The proof is established by computing the expectation on both sides of Equation (15).

3.2. Efficiency Comparison

The suggested model offers a similar level of efficacy when compared to Aboalkhair’s method [4] while
utilizing fewer randomization devices, presenting an effective alternative to the seminal randomized response
techniques introduced by Warner and Mangat. Previous efficiency analyses by Mangat [19] demonstrated superior
performance of his model over Warner’s approach [24]. Consequently, this study focuses on evaluating the
efficiency of the proposed model relative to Mangat’s framework [19].

Theorem 3. The introduced estimator shows superior efficiency compared to Mangat’s approach in all scenarios.
Proof. The estimator 7 achieves superior efficiency to Mangat’s estimator 7, iff

V(fr) < V(’fl’]w)
which simplifies to:
ml-m (-m¢l-¢" al-m (@A-mql-q™
n n n n

Canceling common terms reduces the inequality to:
Pl —¢’] <qll—q
Simplifying further yields:
g<1

which is inherently true for valid probability values of ¢. Thus, the introduced estimate always greater efficiency
relative to Mangat’s estimate. [

Figure 1 highlights the efficiency advantage of the proposed model over Mangat’s model for every ¢ value, where
positive differences indicate superiority. It shows that:

* The introduced estimate always exhibits greater efficiency relative to Mangat’s for every value of q.

* Although the introduced estimate attains its highest efficiency at p = 0.9 , the optimal balance between
variance and privacy is achieved at p = 0.7.

* As g gets larger, the efficiency advantage of the new estimator becomes even greater.
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Variance Difference
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Figure 1. The variance difference between Mangat’s estimator and the proposed estimator across g values

3.3. Privacy protection measure

Randomized response (RR) methodologies are inherently structured to preserve respondent confidentiality, a
cornerstone of their design. Numerous strategies for enhancing privacy safeguards within RR frameworks have
been explored in prior work [7, 17, 18, 27]. Adopting the formalism of [27], the privacy measure for Warner’s
model is:

_ (1-29)?
M) = 5=t (16)

Also, the measure of privacy protection for Mangat’s model can be expressed as follows:

29 —1
My(R) = qu (17

And the privacy protection metric for the proposed model is derived as follows:

P(yes|A) =1 and P(yes|A) = (1 —p)?
P(nolA) =0 and P(nolA) =1—(1—p)?

and
P(A|y68) = T+ (1- 7T)p(y65|fl)/P(yes|A)
Pl = e =) Plnol )P nolA)
Hence,
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My(R) = 1~ ¢ {r(yes) + 7(no)}

where
_ P(yes|A) _ (nolA)
T = Pyest) 0 )T Plaold)
then
Mp(R) =1 ﬁ (18)

As per Zhimin and Zaizai [27], the respondents privacy protection level improves when the privacy protection
measure Mp(R) (outlined in Eq. (18) tends towards zero.

4. Ethical Considerations

Implementing the randomized response technique (RRT), regardless of the specific model applied, necessitates
thoughtful ethical oversight to ensure a balance between collecting sensitive information and safeguarding
participant welfare. Key ethical requirements include obtaining informed consent, ensuring that participants clearly
understand the purpose and procedure of the RRT, as well as their right to opt out. Researchers must also be
transparent about the study’s objectives, how the data will be used, and how findings will be shared. It is equally
important to minimize any potential emotional or psychological discomfort that may arise from addressing sensitive
topics. Prior approval from an ethics committee or institutional review board is essential to confirm that the study
meets ethical guidelines and prioritizes participant protection. Lastly, absolute confidentiality must be maintained,
with robust measures in place to ensure that individual responses remain completely anonymous and untraceable.

5. Discussion

The proposed model provides a simplified alternative to Aboalkhair’s model [4], achieving a similar level of
efficiency with fewer randomization components. By minimizing the complexity of randomization tools, the
proposed model becomes more user-friendly and straightforward. This enhancement greatly boosts practical
relevance in contrast to Aboalkhair’s framework. The approach showcases wide-ranging versatility in addressing
sensitive areas like mental health issues, substance abuse, discriminatory behaviors, financial fraud, traumatic
events, stigmatized health conditions, unethical practices, and other socially sensitive contexts.

Aboalkhair’s model [4] was utilized in an experimental study to estimate the rate of COVID-19 non-disclosure
among university students. The study involved a randomly selected sample of Saudi undergraduate students who
experienced the COVID-19 pandemic during their time at university. Given that the proposed model is a simplified
variant of Aboalkhair’s original model—already proven in real-world applications—its implementation is largely
identical. The main distinction lies in the simplification of the procedure, where respondents follow a single-step
randomization process instead of the original two-step method.

The choice of probabilities p should achieve a harmonious blend of statistical effectiveness and privacy
protection. By reducing the privacy protection measure in Eq. (18), researchers can boost willingness to participate
while safeguarding data utility. This fine-tuning decreases respondent distrust while optimizing the precision of
collecting sensitive information.
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6. Limitations and Future Research

Presenting the proposed model solely as a simplified replacement for Aboalkhair’s model in scenarios where
complete honesty prevails is a constraint. However, in instances concerning highly sensitive topics like sexual
conduct, illicit activities, racial bias, unethical actions, or when respondents lack trust in the model, there is
a potential for incomplete truthful reporting to occur [1]. This presents a potential avenue for future research:
developing a tailored variant of the model that performs effectively even in the absence of full disclosure, thereby
expanding its utility in handling profoundly sensitive attributes.
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