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Abstract In this paper, we focus on the well-known SIR epidemic model, formulated as a Markov counting process with the
discrete Skellam distribution. Our main objective is to estimate its key parameters, namely the infection and recovery rates.
We develop a Bayesian approach that relies on Markov chain Monte Carlo and data-augmentation techniques, and establish
the posterior distributions under suitable priors. We then compare the Bayesian estimators with maximum likelihood (ML)
estimators, for which we study weak consistency and asymptotic normality. Finally, the theoretical results are supported with
numerical simulations and illustrated through a real-world application to COVID-19 data from Morocco.
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1. Introduction

Advances in mathematical and computational approaches in recent years have made possible a more rigorous
analysis of epidemics. Consequently, different approaches have led to the proposal of numerous epidemic models,
including the widely studied SIR (susceptible–infected–recovered) model [19]. As described by Bailey in [7], this
model is utilized to analyze the progression of complex infectious diseases and assess the effects of public health
programs and interventions.

There are several types of parameter estimation approach, such as the Bayesian approach [26] and the
maximum likelihood (ML) approach [11]. The ML method is consistent and relies on realizations xk derived from
observations Xk, where k = 0, 1, . . . , N . Moreover, the Bayesian approach can be used: it consists of incorporating
additional information about the population’s parameters through prior knowledge, which can be inferred from
preliminary study [9]. This approach is known as a powerful estimation method that involves tedious computational
techniques, including the MCMC (Markov Chain Monte Carlo) techniques [25].

In this work, we use the aforesaid estimation method to infer the unknown infection and removed rates in the
stochastic epidemic model. We do this by characterizing the state process, by Skellam distribution [30]. This
distribution is defined as the law of the difference of two independent random variables [4]. This distribution is
particularly relevant for modeling scenarios in which positive and negative events interact significantly, as in the
propagation and recovery processes of an epidemic like the SIR model.
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The approaches described in this paper are distinguished by their exact and rigorous formulation of the
likelihood function, given by the Skellam distribution. This fact sets our work apart from studies, that are based on
approximation likelihood, as in [24]. Due to their flexibility and conjugacy, we use Gamma distributions as priors
of the infection rate β and recovery rate γ [21], this choice is well-suited for positive parameters and simplifies the
computational aspect of the posteriors. Moreover, to improve the accuracy of these Bayesian estimators, when the
observation times are sparse, we follow the technique built in our previous work on the SIS epidemic model [12];
we introduce M − 1 of latent values points between each consecutive observation, which contributes to a better
understanding of the unobserved events arising during the epidemic. For further details, the readers should view the
studies in [13, 21]. To illustrate the efficiency of the Bayesian estimator compared to the obtained ML estimator,
for which, we prove the weak consistency and asymptotic normality; numerical simulations are made. As well as
we apply the proposed methods to real data, that concerns the daily number of infected and recovery individuals of
the COVID-19 pandemic in Morocco.

We organize the rest of the article as follows: In the next section, we introduce the Skellam distribution as
a bivariate distribution. In Section 3, we describe the dynamics of the SIR epidemic model using the Skellam
distribution. We explore the Bayesian inference as an approach for model parameter estimation in Section 4. In
Section 5, we study the asymptotic proprieties of the MLE. In Section 6, we support the theoretical results with
numerical simulations and present a real-world application. Finally, the paper terminates with a conclusion and
appendix sections.

Throughout the paper, we denote Pois(α) as the Poisson distribution with parameter α, and P(.) and π(.)
represent, respectively, the normalized and non-normalized distributions.

2. The Bivariate Skellam Distribution

We first define the univariate Skellam distribution before introducing the bivariate case.

Definition 1
Let W1 and W2 be two independent Poisson random variables, such that W1 ∼ Pois(λ1) and W2 ∼ Pois(λ2). The
difference X = W1 −W2 is distributed as Skellam distribution, denoted X ∼ S(λ1, λ2), with probability mass
function is given by

P(X = x | λ1, λ2) = exp (−λ1 − λ2)

(
λ1

λ2

)x/2

I|x|(2
√

λ1λ2), x ∈ Z, (1)

where Iy(z), present the modified Bessel function of the first kind, is defined as Iy(z) =
∞∑
p=0

1

p!Γ(y + p+ 1)

(
z2

4

)p+y

.

Early in 1937, Irwin [15] developed the distribution of the difference between two iid Poison random variables
(λ1 = λ2). The situation where λ1 ̸= λ2 was studied by Skellam [30] and Prekopa [22] (the reader can consult [16]
for more details).

For the bivariate case, let Yi, i ∈ {0, 1, 2}, be three independent Poisson-random variables with respective
parameters λ0, λ1, and λ2. We define

X1 = Y1 + δ1Y2, X2 = Y0 + δ2Y2, (2)

where δ1 and δ2 are constants taking only the values −1 or +1.
In this work, we are particularly interested in the case where Y0 ≡ 0, and (δ1, δ2) = (−1,+1).
So (2), becomes

X1 = Y1 − Y2, X2 = Y2, (3)
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a simple calculations means that, for (k, r) ∈ Z×N and r ≥ min(0,−k)

P(X1 = k,X2 = r) = exp (−λ1 − λ2)
λk+r
1

(k + r)!

λr
2

r!
. (4)

3. Characterization of the SIR model by Poisson process

Within the standard SIR epidemic model, individuals are classified into three groups: susceptible, infective, and
recovered. The population under consideration is assumed to be closed and homogeneous, with a total size of
n+ a. At any time t ≥ 0, the corresponding group sizes are denoted by S(t), I(t), and R(t), with the constraint
I(t) + S(t) +R(t) = n+ a.

At the initial time, only susceptibles and infectives are present, namely (I(0), S(0), R(0)) = (a, n, 0). The
epidemic process is described by Xn(t) = {(I(t), R(t)); t ≥ 0}, which is formulated as a two-dimensional
continuous-time Markov chain with state space S = {(i, r) ; 0 ≤ i ≤ n, 0 ≤ r ≤ (n− i) + a}. We then have the
following transition probabilities for a small δt:

P
(
Xn(t+ δt) = (i+ 1, r) | Xn(t) = (i, r)

)
=

βi

n

(
a+ n− r − i

)
δt+ o(δt),

P
(
Xn(t+ δt) = (i− 1, r + 1) | Xn(t) = (i, r)

)
= γiδt+ o(δt),

P
(
Xn(t+ δt) = (i, r) | Xn(t) = (i, r)

)
= 1−

(
βi
(
a+ n− r − i

)
n

+ γi

)
δt+ o(δt).

(5)

The probability of all other transitions is o(δt). The parameters β and γ present, respectively, the infection and
recovery rates. The process is ending whenever the number of infected individuals reaches zero, see [9, 24] and the
references therein.

The original Markov process characterized by (5), can be formulated as sum of independent Poisson process;
according to [5, p. 40], see also [17, Chapter 11], Xn can be rewritten

Xn(t) = Xn(0) +
∑
ℓ

Yℓ

(
n

∫ t

0

Bℓ

(
n−1Xn(s)

)
ds

)
ℓ, (6)

where the non-random starting point is Xn(0) = (a, 0), and Yℓ := (Yℓ(t); t ≥ 0) are independent standard Poisson
processes.

Note that, as described by Andersson and Briton in [5], the process is considered to allow a restricted
set of transitions, represented by a finite number of vectors ℓ ∈ Zd such that supx Bℓ(x) > 0; in particular,
ℓ ∈ {(−1, 1), (1, 0)}. The time-density function Bℓ(.) is supported to be a continuous function. Therefore, the
process Xn becomes

Xn(t) = Xn(0) +
∑
ℓ

ℓYℓ

(∫ t

0
nBℓ

(
n−1Xn(s)

)
ds

)

= Xn(0) + (−1, 1)Y(−1,1)

(
β

n

∫ t

0
I(s)

(
n+ a− I(s)−R(s)

)
ds

)
+ (1, 0)Y(1,0)

(
γ

∫ t

0
I(s)ds

)

=


a+ Y(1,0)

(
n
∫ t
0 B(1,0)

(
n−1Xn(s)

)
ds
)
− Y(−1,1)

(
n
∫ t
0 B(−1,1)

(
n−1Xn(s)

)
ds
)

Y(−1,1)

(
n
∫ t
0 B(−1,1)

(
n−1Xn(s)

)
ds
)


⊤

=

 a+ Pois(λ1)− Pois(λ2)

Pois(λ2)


⊤

,
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where the Poisson process Pois(·) has rates λ1 =
β

n

∫ t

0
I(s)

(
n+ a− I(s)−R(s)

)
ds and λ2 = γ

∫ t

0
I(s)ds,

respectively, which is equivalent to (3). Therefore, we have:

P
(
Xn(t) = (k, r) | λ1, λ2

)
= exp (−λ1 − λ2)

λk+r−a
1

(k + r − a)!

λr
2

r!
, (k, r) ∈ S. (7)

In practice, a discrete version of (7) is essential because the process (Xn(t), t ≥ 0) is sampled at discrete time
points in the interval [0, T ], specifically at a given time t0 = 0 < t1 < t2 < · · · < T = tN , for ti − ti−1 =: δti =

T
N

with a constant integer N > 0. This discretized form is provided by Euler’s as detailed in [18, Algorithm 1]. For
i ∈ {1, 2, . . . , N}, we obtain the expression:

P
(
Xn(ti) = (ki, ri) | Xn(ti−1), λ

i
1, λ

i
2

)
= exp

(
−λi

1 − λi
2

) (λi
1)

ki+ri−a

(ki + ri − a)!

(λi
2)

ri

ri!
, (8)

where (ki, ri) ∈ S, and the time rates λi
1 and λi

2 are given by the expressions

λi
1 =

β

n

∫ ti

ti−1

I(s)
(
a+ n−R(s)− I(s)

)
ds, λi

2 = γ

∫ ti

ti−1

I(s)ds.

By substituting these time rates into equation (8), it becomes:

P
(
Xn(ti) = (ki, ri) | Xn(ti−1), β, γ

)
= exp

(
−
β

n

∫ ti

ti−1

I(s)
(
a+ n− I(s)−R(s)

)
ds− γ

∫ ti

ti−1

I(s)ds

)
(
β

n

∫ ti
ti−1

I(s)
(
a+ n−R(s)− I(s)

)
ds

)ki+ri−a

(ki + ri − a)!(
γ
∫ ti
ti−1

I(s)ds
)ri

ri!
. (9)

In the context of infectious disease modeling, the basic reproduction number R0 plays a fundamental role and
is expressed as R0 = β

γ . This number determines whether an epidemic can occur by measuring the disease’s
transmission potential and evaluating its threshold behavior. The parameters β and γ must be estimated because
they are unknown. This paper aims to demonstrate efficient methods that use ML and Bayesian inferences to
estimate them, e.g., [3]. For the remainder of this document, we set θ = (β, γ).

4. Bayesian Framework

Although the model process (6) is defined in continuous-time, the data available in practice are generally obtained
at discrete observation times, and often at relatively spaced frequencies. This creates a difficulty in estimating
and inferring the parameters since it is assumed that the process Xn(t) = {(I(t), R(t)), t ≥ 0} will be observed
only a finite number of times. To overcome this difficulty, we augment the data using Eraker’s approach [13]. This
approach involves inserting M − 1 latent points of data between consecutive observations, where M ∈ N∗. It relies
on MCMC methods and is applicable to various models, particularly those with missing data, see [24, 1].

Hence, to keep the discretization bias randomly small,the time step is defined as δt = ti−ti−1

M , where M is a
strategically selected positive integer. The interval [0, T ] is then divided into N = MT evenly spaced time points:
t0 = 0 < · · · < tM−1 < tM < tM+1 < · · · < T = tN

For this, we introduce the matrix X̂, which contains all components of the augmented dataset, that is, both the
observed and the missing values; therefore, ...

X̂ =

(
It0 Ît1 · · · ÎtM−1

ItM ÎtM+1
· · · ItN

Rt0 R̂t1 · · · R̂tM−1
RtM R̂tM+1

· · · RtN

)
.
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If i is an integer multiple of M , then X̂i represents an observed data value, equivalently written as X̂obs. On the
other hand, if i is not a multiple of M , X̂i corresponds to the missing data (no-obs), are denoted by X̂no-obs.
Typically, the notation X̂i can refer to either missing or observed data, depending on the context. In total, there are
2(M − 1)T data points that remain unobserved in the system. Thus, conditional on the first observation, the joint
posterior density can be written as

π(X̂, θ) ∝
N∏
i=1

P
(
X̂i | X̂i−1, β, γ

)
π(θ), (10)

where the distribution of
(
X̂i | X̂i−1, θ

)
is given in Eq.(9), and π(θ) is the joint prior distribution for β and γ.

In Eq. (10), we establish the joint posterior law of the model parameters based on the combination of observed
and latent data. However, we are mainly interested in the distribution of

(
θ, X̂no-obs | X̂obs

)
. As described in [9, 10]

and references therein, inference can be performed by alternating simulations of unobserved data and parameter
estimates given the augmented data and the current parameter values.

Given the large amount of missing data in epidemiological models, a Gibbs sampler is particularly effective
for sampling variables. At the first step, a candidate value for (β, γ) is sampled according to the joint prior
distribution π(θ), which is then employed to generate the latent trajectory, as explained in the subsequent section.
We then update θ = (β, γ) with a newly generated value and adjust the latent observations accordingly. By
successive repetition of this update scheme, we obtain a Markov chain that converges in distribution to the posterior
π
(
θ, X̂no-obs | X̂obs

)
, which constitutes its unique stationary distribution [32].

4.1. The posterior distributions of missing data

The initial stage in the Gibbs sampler is to update the missing data paths by using Eraker’s approach [13] to
generate one column of latent observations X̂i given X̂i−1 and X̂i+1, based on the conditional distribution

π
(
X̂i | X̂\i, θ

)
∝ π

(
X̂i | X̂i−1, X̂i+1, θ

)
, (11)

where X̂\i denotes all columns of X̂ except the i-th one. The explicit form of this conditional density, proved in
Appendix A, is stated as follows:

Theorem 1
When δt is sufficiently small, we have

π
(
X̂i = (x, y) | X̂i−1, X̂i+1, θ

)
∝ βx+yγy

([
δt

2n
x(n+ a− x− y)

]
+ Ci

1

)x+y−a

×
([

δt

2n
x(n+ a− x− y)

]
+ Ci

2

)Ci
5

×
(
δt
2 x+ Ci

3

)y ( δt
2 x+ Ci

4

)Rti+1

(x+ y − a)!y!
, (12)

where Ci
j , j ∈ {1, . . . , 5}, are constants calculated from the data, and its form are given by (25).

It is not possible to sample directly from this posterior distribution of latent data, so we employ an Accept–Reject
Metropolis–Hastings (AR–MH) update at this stage [25, Chap. 6]. In this scheme, a new candidate X ′

i = (x′, y′)

for X̂i = (Iti , Rti) is proposed from a discrete uniform distribution centered on the mean of its neighboring states
X̂i−1 and X̂i+1, within the feasible SIR domain S defined previously in Section 3.

Denoting µI = ⌊(Iti−1 + Iti+1)/2⌋ and µR = ⌊(Rti−1 +Rti+1)/2⌋, we define the adaptive proposal windows by

wI = max
(
1, round(η |Iti+1

− Iti−1
|)
)
, wR = max

(
1, round(η |Rti+1

−Rti−1
|)
)
, η = 0.4,
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and the proposal distribution is

X ′
i ∼ Unif

(
([µI − wI , µI + wI ]× [µR − wR, µR + wR]) ∩ S

)
.

This proposal is symmetric by construction, leading to the Metropolis–Hastings acceptance probability

α
(
X ′

i; X̂i

)
= min

1,
π
(
X ′

i | X̂i−1, X̂i+1, θ
)

π
(
X̂i | X̂i−1, X̂i+1, θ

)
 .

At each sweep, the proposal widths (wI , wR) automatically expand when the local trajectory exhibits strong
variability, and shrink when it stabilizes. This adaptive mechanism maintains acceptance probabilities within a
desirable range. In our numerical experiments (Section 6), the empirical acceptance rates of the AR–MH update
were 37% for M = 2, 45% for M = 5, and 52% for M = 10, which confirms that the sampler is well tuned
and exhibits good mixing across the different interpolation levels. The complete implementation of the Gibbs
sampler, including the adaptive AR–MH update for the latent states described in Subsection 4.1, is summarized in
Algorithm 1.

4.2. Prior and posterior distributions of the parameters β and γ

In the final stage of the Gibbs sampler, we draw θ(h) = (β(h), γ(h)), the parameter vector θ conditioned on its
current value and the augmented data, at iteration h. Here, the parameters of interest must be positive, which leads
us to choose a prior distribution that produces positive results. For this, we assume, as before, two independent
Gamma distributions, i.e., β ∼ Γ(m,λ) and γ ∼ Γ(m′, λ′). Due to conjugacy, this choice is practical for Bayesian
inference. Moreover, the gamma distribution proves to be highly flexible and is commonly applied to describe
the rate parameters of epidemic models. For further details, readers may consult [24] and the references therein.
Bayes theorem leads to a gamma-type posterior distribution; the following theorem, whose full proof is presented
in Appendix A, asserts this statement

Theorem 2

Suppose that β and γ are modeled with independent Gamma priors, namely β ∼ Γ(m,λ) and γ ∼ Γ(m′, λ′); then
the posterior distributions of these parameters are given by

β | X̂ ∼ Γ (A3,N +m− 1, A1,N + λ) , (13)

γ | X̂ ∼ Γ (A4,N +m′ − 1, A2,N + λ′) , (14)

where the constants A1,N , · · · , A4,N are given by

A1,N =

∫ T

0

1

n
I(t)S(t) dt =

∫ T

0
Ī(t)

(
a+ n−R(t)− I(t)

)
dt;

A2,N =

∫ T

0
I(t) dt;

A3,N =

N∑
i=1

(I(ti) +R(ti)− a) ;

A4,N =
N∑
i=1

R(ti).



(15)

5. The maximum likelihood estimation for β and γ

In this section, we investigate the MLE [23] method; we aim to derive the most probable value for β and γ
using a discrete observations of the process obtained above Xn(t) = ((I(t), R(t)) , t ≥ 0) at time points 0 =
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t0, t1, . . . , tN = T . Given the distribution specified in (9), the likelihood function of the vector of observation
Xn = (Xn(t0), Xn(t1), . . . , Xn(tN )) is then given as follow

L (Xn | θ) =

N∏
i=1

P
(
Xn(ti) = (I(ti), R(ti)) | Xn(ti−1), θ

)
=

N∏
i=1

exp

(
−β
∫ ti

ti−1

I(s)

n
(a+ n−R(s)− I(s)) ds− γ

∫ ti

ti−1

I(s) ds

)
(
β

n

∫ ti
ti−1

I(s) (a+ n−R(s)− I(s)) ds

)I(ti)+R(ti)−a

(I(ti) +R(ti)− a)!(
γ
∫ ti
ti−1

I(s) ds
)R(ti)

R(ti)!
. (16)

The log-likelihood function ℓN (θ) is simplified as

ℓN (θ) = log (L (Xn | θ)) = −βA1,N + log(β)A3,N − γA2,N + log(γ)A4,N +A5,N , (17)

where the constants A1,N , · · · , A4,N are predefined previously in (15), and

A5,N =
N∑
i=1

[
(I(ti) +R(ti)− a) log

(∫ ti

ti−1

Ī(s)
(
a+ n− I(s)−R(s)

)
ds

)
− log ((I(ti) +R(ti)− a)!)

]

−
N∑
i=1

[
R(ti) log

(∫ ti

ti−1

I(s) ds

)
− log (R(ti)!)

]
.

The maximum likelihood estimators of β and γ are, respectively, given by

β̂ML =
A3,N

A1,N
=

N∑
i=1

(I(ti) +R(ti)− a)∫ T

0
Ī(s)

(
a+ n−R(s)− I(s)

)
ds

γ̂ML =
A4,N

A2,N
=

N∑
i=1

R(ti)∫ T

0
I(s) ds

.


(18)

5.1. Consistency and Asymptotic Normality

In this subsection, we examine the weak consistency and asymptotic Gaussian distribution of the maximum
likelihood estimator θ̂ML = (β̂ML, γ̂ML), which are particularly useful for inference in stochastic processes.
Adopting Crowder’s notation [8], we define the following terms: θ0 = (β0, γ0) denotes the true value of the
parameter, ℓ′N (θ) represents the gradient of ℓN (θ), and ℓ′′N (θ) corresponds to the matrix of second-order derivatives
of ℓN (θ). The information matrix is given by BN = E [−ℓ′′N (θ0)]. Finally, {cN} represents a real sequence that will
be specified later, such that cN →∞.
Proving the weak consistency of the estimator θ̂N reduces to verifying [8, formula (2.3)]. Specifically, for some ∆
and a sequence (cN ) (neither ∆ nor cN depending on θ), we must show that, when ∥θ − θ0∥ = δ1 ≤ ∆, we have,
for some θ̃ = (β̃, γ̃) in the segment line for each row:

P
(
−c−1/2

N (θ − θ0)
⊤B

−1/2
N ℓ′′N (θ̃)(θ − θ0) ≥ δ21

)
→ 1, as N →∞. (19)
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We begin our computations as follows:

B
−1/2
N ℓ′′N (θ̃) = −

(E[A3,N ]

β2
0

0

0
E[A4,N ]

γ2
0

)−1/2(A3,N

β̃2
0

0 −A4,N

γ̃2

)

= −

 β0

β̃2

A3,N√
E[A3,N ]

0

0 γ0

γ̃2

A4,N√
E[A4,N ]

 .

Therefore,

−c−1/2
N (θ − θ0)

⊤B
−1/2
N ℓ′′N (θ̃)(θ − θ0)

= c
−1/2
N

(
β0

β̃2

A3,N√
E [A4,N ]

(β − β0)
2 +

γ0
γ̃2

A4,N√
E [A3,N ]

(γ − γ0)
2

)

=
β0(β − β0)

2

β̃2

(
c
−1/2
N A3,N√
E [A4,N ]

)
+

γ0(γ − γ0)
2

γ̃2

(
c
−1/2
N A4,N√
E [A4,N ]

)
.

By using ordinary calculus, we have almost surely, as N →∞.

T

N
A3,N −→

∫ T

0

(I(t) +R(t)− a) dt, and
T

N
A4,N −→

∫ T

0

R(t) dt. (20)

Now, since R(t) + I(t) + S(t) = n+ a, with R(t), I(t), S(t) being nonnegative for all t ∈ [0, T ], we deduce that
R and I are bounded. As a result, we have the uniform integrability of the sequences

{
T
NA3,N

}
and

{
T
NA4,N

}
.

Combining this with (20) we obtain [28, Theorem 5], when N →∞

T

N
E [A3,N ] −→

∫ T

0

E [I(t) +R(t)− a] dt, and
T

N
E [A4,N ] −→

∫ T

0

E [R(t)] . (21)

It follows that, for N sufficiently large, we obtain the following approximation almost surely:

c
−1/2
N A3,N√
E [A3,N ]

=

(
c
−1/2
N

√
N

T

) (
T
NA3,N

)√
T
NE [A3,N ]

∼

(
c
−1/2
N

√
N

T

) ∫ T

0
(I(t) +R(t)− a) dt∫ T

0
E [I(t) +R(t)− a] dt

.

Similarly, we obtain c
−1/2
N A4,N√
E[A4,N ]

∼
(
c
−1/2
N

√
N
T

) ∫ T

0
R(t)dt∫ T

0
E [R(t)] dt

. By choosing cN =
√
N we can assert that the

sufficient condition (2.3) in [8] holds, the proof is complete, and we can now state the following theorem:

Theorem 3

The maximum likelihood estimator θ̂ML = (β̂ML, γ̂ML) is weakly consistent; that is,

θ̂ML
P−→ θ0, as N →∞. (22)

For the normality asymptotic behavior of the MLEs, we adopt Sweeting’s notation [31]. We recall that ℓ′′N (θ) is
the Hessian matrix of the log-likelihood ℓN (θ), and we have

−ℓ′′N (θ) =

A3,N

β2
0

0
A4,N

γ2

 , and AN =


√

N

T
0

0

√
N

T

 .
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Here, A3,N and A4,N are as defined in (15). We have A−1
N converges to the zero matrix as N →∞. Furthermore,

WN (θ) := A−1
N (−ℓ′′N (θ))

(
A−1

N

)⊤
=

 1

β2

T

N
A3,N 0

0
1

γ2

T

N
A4,N


a.s−→

 1

β2

∫ T

0

(
I(t) +R(t)− a

)
dt 0

0
1

γ2

∫ T

0
R(t) dt

 =: W (θ), as N →∞,

uniformly on every compact subset of the parameter space Θ = {θ = (β, γ) : β, γ > 0}. Because t 7→
(
I(t) +

R(t)− a
)

and t 7→ R(t) are strictly positive in [0, T ], the matrix W (θ) must be definite positive almost surely.
Hence, the condition C1 (Growth and convergence) in [31] holds. The continuity condition C2 in [31] is trivial,
since both −ℓ′′N (θ) and AN are uniformly continuous in (β, γ) in every compact set of Θ ⊂ R2. Now, using [31,
Theorems 1 and 2] combined with the continuous mapping theorem, we obtain:(

WN (θ)1/2AN (θ̂ML − θ), WN (θ)
)

L−→ (Z,W (θ)) , as N →∞, (23)

uniformly on every compact subset of Θ. Here, Z is a two-dimensional standard normal vector.

6. Simulation and Implementation

For the implementation of the estimation procedure described above, we propose the following algorithm, which
provides a summary of the MCMC simulation approach based on the posteriors established in Theorems (1) and
(2):

Algorithm 1 Gibbs Sampler with Adaptive AR-MH Update for Posterior Sampling

1: Initialization:
• Interpolate linearly between observed values of Xi to initialize latent trajectories X̂i.
• Set initial values for parameters β(0), γ(0), and choose the scaling factor η = 0.4.

2: for h = 1, 2, . . . , Niter − 1 do
3: Step 1: Update latent data X̂i (AR–MH step).
4: for i = 2, . . . , N − 1 such that i ̸≡ 0 (mod M) do
5: Propose a new latent state X ′

i using the adaptive AR-MH rule defined in Subsection 4.1.

6: Compute the acceptance probability α = min

1,
π

(
X′

i|X̂i−1,X̂i+1,θ
(h)

)
π

(
X̂i|X̂i−1,X̂i+1,θ(h)

)
.

7: With probability α, set X̂i ← X ′
i; otherwise, retain the previous value.

8: end for
9: Step 2: Update parameters given X̂ (Gibbs step).

10: Draw β(h) using (13).
11: Draw γ(h) using (14).
12: Increment h and return to Step 1.
13: end for

6.1. Numerical Implementation

In this section, we implement the methodologies outlined here by applying classical and MCMC methods to the
SIR epidemic model, where the values of the model parameters γ and β are predefined. Using these predefined
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values, we generate a sequence of N observations of the bivariate process using Gillespie’s exact algorithm, as
established in [14] (see Appendix A.3).

This implementation sets the parameters β and γ at values 0.2 and 0.5. The total population size is fixed at
n+ a = 105, with a = 10. The time increment is ∆t = T

N , where the number of observations (including latent
data) is given by N = T ×M , with T = 60 representing the simulation horizon and M representing the number
of augmenting data points; M ∈ {2, 5, 10}. The initial values of the hyperparameters for the priors of β and γ are
chosen following the guidelines in [12, Sect.5]. In order to address computational resource restrictions, we perform
25,000 iterations of the MCMC sampler for each dataset, under three alternative settings of the latent data points:
M = 2, 5, and 10.

From a computational perspective, the cost of the MCMC algorithm increases with the number of latent points
M , since a finer temporal discretization requires updating a larger number of augmented states at each iteration.
In our implementation, the runtime grows approximately linearly with M . However, the numerical results show
that the posterior summaries of (β, γ) stabilize for moderate values of M , indicating that increasing M beyond this
range yields only marginal gains in estimation accuracy at a substantially higher computational cost. Consequently,
moderate values of M offer a practical trade-off between statistical efficiency and computational feasibility.

The subfigures in Figure 1 and Figure 2 (first row) present the histograms of the ML estimates for β and γ
in cases where R0 > 1 and R0 ≤ 1, along with their corresponding normal probability density. The fitted normal
distributions, shown, align closely with the empirical histograms of the estimates. This result suggests that the
MLEs for both β and γ are approximately normally distributed, centered on their true values. This fact is provided
by Q−Q plots suggesting that the normality assumption is a real approximation for the distribution of the
estimates, which is crucial for deriving valid confidence intervals.

Table 1 display the estimations of the parameters depending on M for three cases R0 > 1, R0 = 1 and R0 < 1.
As illustrated, the MLE’s estimators exhibit less sensitivity to the number M , and the estimations remain close to
the true values with slight deviations. However, the MCMC estimation method has an average sensitivity to the
number M and provides more flexibility and robustness in handling missing data, which is crucial in practical
applications where data may not be fully observed. However, this task requires more execution time than the MLE
method. For comparison, commonly used approximate approaches such as deterministic ODE-based fitting or
Gaussian increment methods were not considered here, as our focus is on exact discrete-time likelihood inference.

A summary representation of the posterior distribution is reported in Table 1 together with Figure 3. In particular,
they report the posterior mean and the standard deviation. An increase in the number of latent data points M leads
the estimates to converge towards the true values. However, the improvement is substantial only up to a moderate
value of M , after which the incremental benefit becomes negligible.

As shown in Figure 3, the histograms, along with the MCMC trace plots displayed in Figure 4 and Figure 5, offer
graphical evidence of the algorithm’s convergence to the limiting distribution. In practice, when the true parameter
values are unknown, increasing the number of latent points M may improve estimation precision, although this
must be balanced against the associated computational cost [13].

6.2. Real Application

In this section, we apply both proposed estimation methods for the recovery and infection rates, γ and β, using
COVID-19 data from Morocco for the period from 15th May 2021 to 30th November 2021, a total of 200 daily
observations. This database is sourced from the World Health Organization [34], the United Nations Office for
the Coordination of Humanitarian Affairs [36], and the official Moroccan coronavirus portal [35], which contains
data on new and cumulative deaths as well as new and cumulative cases. The number M of latent points simulated
between two successive periods, as explained in Section 4, is M = 2, 5, 10. The results are shown in Table 2.

By analyzing the period considered in this study, as shown in Table 2, the estimation of the parameters β and
γ for both the classical and Bayesian approaches yields similar values. However, the credible interval obtained
using the proposed MCMC algorithm is more accurate than the confidence interval obtained using the maximum
likelihood method. This consistency across methodologies indicates robustness in the estimation process. Notably,
the ratio β

γ , representing the effective reproduction number R0, is very close to the values reported in [33] or [12].
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Table 1. Means, standard deviations (SD), confidence intervals (CI) for β̂ML and γ̂ML, and credible intervals for β̂MCMC
and γ̂MCMC , at different M values.

β β̂MCMC β̂ML γ γ̂MCMC γ̂ML

M = 2
mean 0.5 0.50416 0.50679 0.2 0.19751 0.19853
SD 0.00621 0.00321 0.00244 0.00126
CI(95%) [0.4938, 0.5147] [0.50049, 0.51309] [0.1934, 0.2016] [0.19607, 0.20100]

M = 5
mean 0.5 0.50324 0.50671 0.2 0.19778 0.19855
SD 0.00580 0.00335 0.00254 0.00192
CI(95%) [0.4941, 0.5151] [0.50049, 0.51309] [0.1937, 0.2035] [0.19663, 0.20047]

M = 10
mean 0.5 0.50245 0.50540 0.2 0.19801 0.19930
SD 0.00573 0.00218 0.00250 0.00141
CI(95%) [0.4949, 0.5139] [0.50321, 0.50763] [0.1934, 0.2016] [0.19791, 0.20072]

M = 2
mean 0.5 0.50716 0.50654 0.5 0.0.495421 0.50154
SD 0.00629 0.00331 0.00244 0.00126
CI(95%) [0.4928, 0.5152] [0.50056, 0.51311] [0.48298, 0.51231] [0.48674, 0.51204]

M = 5
mean 0.5 0.51357 0.50971 0.5 0.50916 0.50836
SD 0.00911 0.00428 0.00241 0.00182
CI(95%) [0.4873, 0.5406] [0.49412, 0.52088] [0.4686, 0.5156] [0.50746, 0.50927]

M = 10
mean 0.5 0.50449 0.50564 0.5 0.508601 0.50894
SD 0.00582 0.00284 0.00351 0.00312
CI(95%) [0.4941, 0.5141] [0.50340, 0.50771] [0.4929, 0.52140] [0.49801, 0.52040]

M = 2
mean 0.2 0.21051 0.20941 0.5 0.49510 0.0.49581
SD 0.00131 0.00129 0.00244 0.00126
CI(95%) [0.18519, 0.21307] [0.50049, 0.51309] [0.48984, 0.51842] [0.48059, 0.51005]

M = 5
mean 0.2 0.20152 0.20480 0.5 0.50746 0.50646
SD 0.00111 0.0012 0.00212 0.00183
CI(95%) [0.4873, 0.5406] [0.49444, 0.52198] [0.4696, 0.5142] [0.50784, 0.51027]

M = 10
mean 0.2 0.20112 0.20245 0.5 0.50881 0.50901
SD 0.00181 0.00169 0.00359 0.00362
CI(95%) [0.19912, 0.21041] [0.19941, 0.21101] [0.4989, 0.52151] [0.49824, 0.52068]

Table 2. Estimates of the parameters β and γ for data from Morocco between 15th May 2021 and 30th November 2021, with
25,000 iterations and M ∈ {2, 5, 10}, including their credible and confidence intervals.

β̂MCMC γ̂MCMC R̂0,MCMC β̂ML γ̂ML R̂0,ML

M = 2
mean 0.50506 0.12802 3.94516 0.49991 0.12731 3.92671
sd 0.00631 0.00251 0.00301 0.00125
CI(95%) [0.4907, 0.5188] [0.1078, 0.1511] [0.4812, 0.5130] [0.1089, 0.1421]

M = 5
mean 0.50373 0.12741 3.95361 0.50221 0.12699 3.95472
sd 0.00564 0.00241 0.00312 0.00182
CI(95%) [0.4917, 0.5188] [0.1092, 0.1424] [0.5041, 0.5109] [0.1014, 0.1408]

M = 10
mean 0.50112 0.12698 3.94644 0.50138 0.12694 3.94974
sd 0.00554 0.00250 0.00259 0.00146
CI(95%) [0.4948, 0.5210] [0.1124, 0.1329] [0.50211, 0.5125] [0.1104, 0.1382]

Figure 6 shows that the posterior predictive median trajectories for I(t) and R(t) are in good agreement with
the observed Moroccan COVID-19 data. The associated 95% credible intervals capture the main epidemic phases,
supporting the adequacy of the proposed SIR–Skellam model for real data analysis.
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Figure 1. Histograms and the Q-Q plots for ML estimates of β (left column) and γ (right column) in the case where R0 > 1.
(For clarification on color references in the figure legend, consult the electronic version of this article.)
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Figure 2. Histograms and the Q-Q plots for ML estimates for β (left column) and γ (right column) in the case where R0 ≤ 1.
(For clarification on color references in the figure legend, consult the digital version of this article.)

7. Conclusion

In this study, we explored both classical and Bayesian methods for estimating the infection and recovery
parameters, β and γ, in a stochastic SIR epidemic model, with particular attention to the implementation of
the Skellam distribution [30]. The Skellam distribution proved to be a robust and flexible tool for modeling the
dynamics of epidemic processes, capturing the interaction between infection and recovery events in a closed and
homogeneous population.

The present work shows the strengths and limitations of both the maximum likelihood and Bayesian estimation
approaches. While the classical maximum likelihood method provided consistent and computationally efficient
estimates, the Bayesian framework offered greater flexibility, especially in scenarios with sparse or incomplete
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M = 2 M = 5 M = 10

Figure 3. Frequency histograms of the MCMC chains with 25,000 iterations for the posterior density estimates of β̂MCMC

(blue) and γ̂MCMC (red) for M = 2, 5, 10 across the three cases: R̂0 > 1 (first row), R̂0 = 1 (second row), and R̂0 < 1
(third row). (For clarification on color references in the figure legend, consult the electronic version of this article.)
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Figure 4. Trace plots of the MCMC chains based on 25,000 iterations for the posterior density estimates of β̂MCMC (first
row) and γ̂MCMC (second row) for the case where R̂0 > 1.

data. By incorporating prior knowledge through independent Gamma distributions, which serve as an appropriate
selection for positive parameters. The Bayesian approach has significantly improved estimation accuracy, as
demonstrated by numerical simulation.

The application of the proposed methods to real COVID-19 data from Morocco highlighted the practical
relevance of our approach. The results obtained are consistent when compared with existing research and
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Figure 5. Trace plots of the MCMC chains based on 25,000 iterations for the posterior density estimates of β̂MCMC (first
row) and γ̂MCMC (second row) for the case where R̂0 ≤ 1.

Figure 6. Observed Moroccan COVID-19 data (black circles) with posterior median trajectories and 95% credible intervals
for I(t) (top) and R(t) (bottom) simulated from the posterior distribution.

demonstrate the robustness of the proposed methodologies, e.g., [12]. The Bayesian method showed its potential
to address challenges inherent to real epidemic data, such as variability and missing observations.

Looking forward, the methodologies and findings of this study can be extended to more complex epidemic
models, such as those incorporating heterogeneous populations or additional compartments, including SEIR-type
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structures with time-varying transmission rates. In addition, future work will investigate systematic comparisons
between the proposed Skellam-based MLE and Bayesian estimators and commonly used inference approaches,
such as deterministic ODE-based estimators or Gaussian approximation methods, in order to further assess
their relative performance under different data regimes. Moreover, the integration of additional sources of
uncertainty, such as measurement errors or unobserved heterogeneity, could further enhance the applicability of
these approaches in real-world epidemiological settings.
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A. Appendix

A.1. The proof of theorem (1)

For ease of notation, we define ai =
∫ ti
ti−1

I(s)
(
a+ n− I(s)−R(s)

)
ds and bi =

∫ ti
ti−1

I(s) ds. By applying
Bayes’ rule, we obtain

π
(
Xi = (x, y) | Xi+1, Xi−1, β, γ

)
∝ P

(
Xi = (x, y), Xi+1, Xi−1 | β, γ

)
∝ P (Xi = (x, y) | Xi−1, β, γ)× P (Xi+1 | Xi, β, γ)

∝ exp
{
−β

ai

n
− γbi

} (β ai
n

)x+y−a

(x+ y − a)!

× (γbi)
y

y!

exp
{
−β

ai+1

n
− γbi+1

} (β ai+1

n

)Iti+1
+Rti+1

−a ×
(Iti+1 +Rti+1 − a)!

(γbi+1)
Rti+1

Rti+1 !

∝ exp

{
−β

(ai + ai+1)

n
− γ(bi + bi+1)

}(ai+1

n

)Iti+1
+Rti+1

−a

(bi+1)
Rti+1

βIti+1
+x+Rti+1

+y−2a.γy+Rti+1

(x+ y − a)!

(ai

n

)x+y−a

byi

∝ exp

{
−β

(ai + ai+1)

n
− γ(bi + bi+1)

}(ai+1

n

)Iti+1
+Rti+1

−a

(bi+1)
Rti+1

βx+y.γy

(x+ y − a)!y!

(ai

n

)x+y−a

byi . (24)
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In order to obtain (12), we approximate the integrals ai, ai+1, bi, and bi+1 by using the first-order trapezoidal
method;

ai
n

=
1

n

∫ ti

ti−1

I(s) (n+ a− I(s)−R(s)) ds

=
δt

2n
x(a+ n− x− y) +

δt

2n

[
Iti−1

(a+ n− Iti−1
−Rti−1

)
]

︸ ︷︷ ︸
Ci

1

,

and

ai+1

n
=

1

n

∫ ti+1

ti

I(s) (n+ a− I(s)−R(s)) ds

=
δt

2n

(
x(a+ n− x− y)

)
+

δt

2n

(
Iti+1(a+ n− Iti+1 −Rti+1)

)
︸ ︷︷ ︸

Ci
2

.

Furthermore

ai + ai+1

n
=

1

n

(∫ ti

ti−1

I(s)(a+ n− I(s)−R(s))ds+

∫ ti+1

ti

I(s)(n+ a− I(s)−R(s))ds

)

=
δt

n

(
Iti−1(n+ a− Iti−1 −Rti−1) + Iti+1(n+ a− Iti+1 −Rti+1)

)
= 2(Ci

1 + Ci
2),

and

bi =

∫ ti

ti−1

I(s)ds =
ti − ti−

2

(
Iti−1 + Iti

)
≃ δt

2

(
x+ Iti−1

)
=

δt

2
x+

δt

2
Iti−1︸ ︷︷ ︸
Ci

3

,

and

bi+1 =

∫ ti+1

ti

I(s)ds =
ti+1 − ti

2

(
Iti + Iti+1

)
≃ δt

2

(
x+ Iti+1

)
=

δt

2
x+

δt

2
Iti+1︸ ︷︷ ︸
Ci

4

,

and

bi + bi+1 =

∫ ti+1

ti−1

I(s)ds ≃ ti+1 − ti−1

2

[
Iti+1

+ Iti−1

]
= δt

(
Iti−1 + Iti+1

)
= 2(Ci

3 + Ci
4),
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we set Ci
5 = Iti+1

+Rti+1
− a.

Then by inserting those previously terms in (24), we found that

π
(
Xi = (x, y) | Xi−1, Xi+1, β, γ

)
∝ exp

{
−2β(Ci

1 + Ci
2)− 2γ(Ci

3 + Ci
4)
}

(
δt

2n
x(n+ a− x− y) + Ci

1

)x+y−a

(
δt

2n
x(n+ a− x− y) + Ci

2

)Ci
5
(
δt

2
x+ Ci

4

)y

(
δt

2
x+ Ci

5

)Rti+1 βx+yγy

(x+ y − a)!y!
.

Then
π
(
Xi = (x, y) | Xi−1, Xi+1, β, γ

)
∝
(

δt

2n
x(n− x− y) + Ci

1

)x+y−a

(
δt

2n
x(n− x− y) + Ci

2

)Ci
5
(
δt

2
x+ Ci

3

)y

(
δt

2
x+ Ci

4

)Rti+1 βx+yγy

(x+ y − a)!y!
,

where
Ci

1 = δt
2n

[
Iti−1

(n+ a− Iti−1
−Rti−1

)
]

and Ci
2 = δt

2n

[
Iti+1

(n+ a− Iti+1
−Rti+1

)
]

Ci
3 = δt

2 Iti−1
and Ci

4 = δt
2 Iti+1

.
(25)

Hence, the proof of (12) in Theorem (1) is concluded.

A.2. The proof of theorem (2)

By applying the formula (9) and also by the same notations as used previously for ai and bi. The likelihood for
θ = (β, γ) cab written as:

L(X̂ | θ) =
N∏
i=1

P
(
X̂i = (Iti , Rti) | X̂i−1, θ

)
=

N∏
i=1

exp
(
−λi

1 − λi
2

) (λi
1)

Iti+Rti
−a

(Iti +Rti − a)!

(λi
2)

Rti

Rti !

=

N∏
i=1

exp

(
−β

n

∫ ti

ti−1

I(s)(a+ n− I(s)−R(s))ds− γ

∫ ti

ti−1

I(s)ds

)

×

[
β

n

∫ ti

ti−1

I(s)(a+ n− I(s)−R(s))ds

]Iti
+Rti

−a

×

[
γ

∫ ti

ti−1

I(s)ds

]Rti

= exp

(
−β

n

[
N∑
i=1

∫ ti

ti−1

I(s)(a+ n− I(s)−R(s))ds

]
− γ

[
N∑
i=1

∫ ti

ti−1

I(s)ds

])

β

(∑N
i=1(Iti+Rti

−a)
)
γ

(∑N
i=1 Rti

)

= exp

−β
1

n

[
N∑
i=1

ai

]
︸ ︷︷ ︸

A1,N

−γ

[
N∑
i=1

bi

]
︸ ︷︷ ︸

A2,N

× β

A3,N︷ ︸︸ ︷( N∑
i=1

(Iti +Rti − a)
)
× γ

A4,N︷ ︸︸ ︷( N∑
i=1

Rti

)
,
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where the constants A1,N , · · · , A4,N are previously defined in (15).
Then

L
(
X̂ | θ

)
∝ exp (−βA1,N − γA2,N )× βA3,NγA4,N . (26)

According to Bayes theorem, we have π(β | X̂, γ) ∝ L
(
X̂ | θ

)
× π (θ), and based on the fact that β and γ are two

parameters priorly independents, and by exploring (26) we get

π
(
β | X̂, γ

)
∝ L

(
X̂ | θ

)
× π(θ)

∝ L
(
X̂ | β, γ

)
× π(β)π(γ)

∝ exp(−βA1,N − γA2,N )× βA3,Nπ(β)π(γ)

∝ exp(−βA1,N )βA3,Nπ(β).

Furthermore, since β follows a Gamma prior with parameters (m,λ), it follows that

π
(
β | X̂, γ

)
∝ exp(−βA1,N )βA3,N × βm−1 × exp (−λβ)

∝ exp (−β (A1,N + λ))βA3,N+m−1

∝ Γ (A3,N +m− 1, A1,N + λ) .

Finally, we obtain the proof of formula (13).
We proceed by the same demonstration as above, we have

π
(
γ | X̂, β

)
∝ L

(
X̂ | θ

)
× π(θ)

∝ exp(−βA1,N − γA2,N )βA3,NγA4,Nπ(β)π(γ)

∝ exp(−γA2,N )γA4,Nπ(γ).

Given that γ is assumed to follow a Gamma prior with parameters (m′, λ′), we obtain

π
(
γ | X̂, β

)
∝ exp(−γA2,N )× γA4,N × π(γ)

∝ exp (−γ(A2,N + λ′)) γA4,N+m′−1

∝ Γ (A4,N +m′ − 1, A2,N + λ′) .

We obtain the proof of the formula (14).

A.3. The Gillespie algorithm

As described in [14], Gillespie’s algorithm is an exact procedure to simulate continuous-time pure Markov jump
processes. For the SIR framework, the state of the population at time t can be written as (S(t), I(t), R(t)) =
(s, i, a+ n− s− i), where s is the number of susceptibles, i is the number of infected, and n is the total population
size.
The two events considered in the SIR model are infection with rate α1 = β si

n and recovery with rate α2 = γi,
where E(.) will denote the exponential distribution. The algorithm is implemented in two main steps:
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Algorithm 2 Gillespie Algorithm for SIR Model

Initialize: t← 0, S(0)← s0, I(0)← i0, R(0)← n− s0 − i0
2: while t < tmax do

Calculate rates: α1 ← β I(t)(a+n−I(t)−R(t))
n , α2 ← γI(t), α← α1 + α2

4: Draw τ from E(α)
Choose k according to probabilities pk = αk

α
6: if k = 1 then

Infection event: S ← S − 1, I ← I + 1, R← R
8: else

Recovery event: S ← S, I ← I − 1, R← R+ 1
10: end if

Update time: t← t+ τ
12: end while

This algorithm captures the stochastic transitions between the compartments of the SIR model. The exponential
waiting times and event probabilities ensure that the simulation accurately represents the continuous-time Markov
jump process associated with the SIR epidemic dynamics.
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