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Abstract Malaria infection continues to affect numerous countries worldwide, persisting as a public health issue despite
recent progress in control measures. Particularly in regions like Africa and the Middle East, malaria remains a significant
concern. We formulate two mathematical models to evaluate how vaccination and treatment efforts contribute to combating
malaria. Parameter estimation and model validation are performed using the dataset for malaria incidence from Lembata
Regency, East Nusa Tenggara Province, Indonesia. The first model is motivated by the increasing demand for a malaria
vaccine. Our study results suggest that such a vaccine could reduce the global prevalence of malaria. The second model
includes two types of treatment: radical cure and bloodstream treatments. The model reproduction numbers and equilibrium
points for both models are established. A global sensitivity analysis is conducted to identify the parameters that significantly
impact the model’s reproduction number. Numerical analysis is carried out to support theoretical findings. The extended
model results give the necessary malaria control thresholds to lower the R% value to fully eradicate malaria in Lembata
Regency, East Nusa Tenggara Province, Indonesia. Both models demonstrate the vital importance of vaccination and
treatment in combating malaria infection.
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1. Introduction

Malaria, a parasitic disease spread by Anopheles mosquitoes, continues to pose a major global health risk,
particularly in Africa, Southeast Asia, the eastern Mediterranean, and the Western Pacific [3]. According to
the World Health Organization’s Malaria 2020 Report, there were an estimated 228 million cases of malaria
and 409,000 deaths worldwide in 2019, with Africa alone accounting for 94% of cases. Common symptoms of
malaria include fever, chills, headache, muscle aches, fatigue, nausea, vomiting, and sometimes diarrhea [4]. Early
diagnosis is crucial, followed by prompt treatment with appropriate antimalarial drugs to prevent the disease from
becoming severe and life-threatening [4]. Indonesia, located in Southeast Asia, boasts a diverse population of
around 265 million people, consisting of 1,340 ethnic groups scattered throughout the archipelago [22]. By 2018,
285 out of 514 districts, accounting for 55.5% of the nation’s districts, had successfully eliminated malaria [8].
However, regions such as Papua, West Papua, Maluku, North Maluku, and East Nusa Tenggara Province (ENTP)
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have not yet achieved this goal but aim to do so by 2030 [8]. A 2018 Annual Parasite Incidence (API) survey
indicated a national API of 0.84 per 1000 people, with significant variations among the 34 provinces. Papua had
the highest API at 52.99 per 1000 people, while the ENTP (the focus of the proposed study), had an API of 3.42
per 1000 people [22]. Despite a steady nationwide decline in API from 1.8 per 1000 in 2009 to 0.84 per 1000 in
2018, the ENTP’s API remained above the national average. Although the ENTP’s API decreased from 13.7 per
1000 people in 2014 to 3.42 per 1000 people in 2018, it still exceeded the national API level [18].

Therefore, modeling malaria transmission is crucial for evaluating the effectiveness of control measures in
stemming the spread of malaria in the ENTP. This endeavor holds paramount importance in reducing the elevated
rates of morbidity and mortality linked to malaria infections. Despite ongoing efforts to control and eradicate
malaria-related mortality, the disease remains a global health concern, particularly in endemic regions like Africa
and the Middle East [17, 5]. While there has been a decrease in malaria cases over recent decades, it still poses
a threat to communities in certain areas. Recurrent phenomena such as relapse, reinfection, and recrudescence
frequently occur in infected individuals, exacerbating the malaria burden [31, 35]. Relapse, primarily associated
with P. vivax and ovale species, occurs when dormant parasites in the liver reactivate, leading to renewed malaria
infection [35]. Malaria treatment involves using antimalarial drugs to eliminate the Plasmodium parasites from
the human body. Treatment choice depends on factors such as the Plasmodium species causing the infection, the
severity of symptoms, and the geographic location of the infected human. The summarized overview of malaria
treatment involves using antimalarial drugs, preventive treatment (chemoprophylaxis), transmission-blocking,
and many others. To date, global health organizations, including the WHO, are actively involved in controlling
and eliminating malaria by distributing effective antimalarial drugs, preventive measures, and research on new
treatment methodologies. Despite these efforts, malaria elimination in most WHO-classified endemic regions
has yet to be achieved. Some of these efforts include developing a more general vaccine for all age groups, not
just the malaria vaccine for children, RTS, S/ASO1 (Mosquirix). Other malaria control methods include using a
mosquito-bed net, vector control, surveillance and monitoring, early diagnosis and treatment, and so on [23].

Several mathematical models have been formulated to study malaria transmission dynamics and the effects
of several interventions and control measures to help mitigate malaria infection. Tasman ef al. [35] investigated the
impact of relapse, reinfection, and recrudescence on malaria eradication policy. On the other hand, Handari et al.
[23] proposed an SEIRS malaria model to study the potential impact of the new malaria pre-erythrocytic vaccine
and transmission-blocking treatment and found that both the pre-erythrocytic vaccine and transmission-blocking
treatment significantly reduce the spread of malaria in Papua and West Papua, Indonesia. Recent work from East
Nusa Tenggara Province highlights that malaria transmission in the region remains closely tied to behavioral,
socioeconomic, and access-related factors. In a cross-sectional study conducted across high-, moderate-, and
low-endemic settings in rural ENTP, Guntur et al. [40] found generally low levels of malaria awareness, with
pronounced differences in knowledge, prevention practices, and treatment-seeking behavior between communities.
Their results suggest that limited awareness and delayed care-seeking continue to hinder effective malaria control,
particularly in areas with higher endemicity. Using longitudinal health-facility data, Lobo et al. [41] examined
malaria trends in rural ENTP over ten years and reported an overall decline in malaria prevalence. However,
this decline was not uniform over time; the authors observed periods of resurgence, including an increase in
Plasmodium falciparum cases during the COVID-19 period, indicating that progress toward elimination in
the province remains fragile and vulnerable to disruptions in healthcare delivery. Further, Guntur et al. [42]
investigated malaria risk factors among adults living in hilly and hard-to-reach communities in ENTP. Their
analysis showed that a history of malaria was strongly associated with low educational attainment, poor malaria
knowledge, inconsistent bed-net use, and outdoor occupational exposure. Taken together, these ENTP-specific
studies emphasize that malaria persistence in the province is driven not only by biological factors but also by
human behavior and uneven access to prevention and treatment services, underscoring the importance of locally
tailored control strategies. The interested reader is referred to the following published literature where several
models have been formulated and analyzed to investigate reinfection [27, 21], mosquito seasonality [34, 24], use
of bed net [9], optimal control [28], relapse [10], treatment [25] and vaccinations [38] concerning the transmission
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path of malaria with lucrative suggestion on possible control strategies to control/eradicate malaria across different
regions of the globe.

In 2021, WHO developed a malaria 2016-2030 strategy to reduce malaria case incidence and mortality
rates by at least 30%, thereby eliminating malaria in at least 35 endemic regions by the year 2030 [6]. Importantly,
preventing a resurgence of malaria in all malaria-free countries through regional/country guidance and support
programs towards malaria control and elimination. Following the literature review presented in the above
mathematical models and the WHO goal for malaria elimination, we formulate a new malaria model to investigate
the potential impact of vaccination, relapse, and treatment on the spread of malaria with a specific application
to the dataset for malaria incidence data from Lembata Regency, ENTP, Indonesia. Due to the high incidence of
malaria in this province of Indonesia, we sought to study the potential impact of the malaria dynamics with the
available historical data to help predict the optimal control or combined strategy required to curb the spread of
malaria in ENTP Indonesia.

Although Indonesia has made substantial progress toward malaria elimination, ENTP continues to experience
persistent transmission, driven by relapse-prone infections, heterogeneous treatment access, and geographic
barriers to healthcare delivery. Existing studies on ENTP primarily focus on epidemiological trends, awareness,
and risk factors; however, there is a lack of mechanistic transmission models calibrated to local data that explicitly
account for relapse and treatment pathways. This gap limits the ability to assess intervention thresholds and
combined control strategies in this setting. Motivated by this need, this study makes three main contributions.
First, we develop a deterministic malaria transmission model that incorporates relapse dynamics, along with
vaccination, to explore their combined effects in a relapse-prone environment. Second, we extend the framework to
include two treatment pathways: bloodstream treatment and radical cure, reflecting key clinical aspects of malaria
management in ENTP. Third, we calibrate the vaccination model using incidence data from Lembata Regency
and quantify parameter uncertainty through bootstrap-based confidence intervals. Together, these contributions
provide a tractable, data-informed modeling framework for evaluating malaria control strategies in ENTP and
similar resource-limited settings. The next section presents the formulation of the deterministic model, followed
by its mathematical analysis.

Table 1. Parameter description of the model with vaccination.

Symbols  Definitions

Ay, Human recruitment rate

A, Mosquitoes recruitment rate

b Contact rate between mosquitoes and humans

Dm, Transmission probability from human to mosquitoes
Dh Transmission probability from mosquitoes to human
d Disease-induced mortality rate

Ih Human death rate

P Relapse rate

Loy Mosquito death rate

vy Human recovery rate

w Rate of loss of vaccination immunity

T Rate of progression from exposed to infectious humans
) Rate of progression from latent to susceptible humans

V1 Vaccination rate for susceptible humans

Vo Vaccination rate for humans in the latency stage

K Rate of progression from exposed to infectious mosquitoes

« Probability of perfect and definitive protection by vaccine

€ Proportion of symptomatic infected individuals progressing to Ly,
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2. The mathematical model with vaccination

We formulate a mathematical model that incorporates malaria vaccination as a control mechanism. The model
divides the total population into distinct compartments based on the disease status. The human population
comprises susceptible (S), exposed (E},), symptomatic infected (I},), latently infected (Ly,), and vaccinated (V)
individuals. Note that individuals in the latent class Lj are considered to be asymptomatic individuals who still
harbor the malaria-causing parasites in their liver after recovering from malaria. This is consistent with the clinical
observations on malaria, where the parasites responsible for the disease, such as Plasmodium spp., can persist
in the liver in a dormant or latent form. However, after some time, the reservoir of malaria parasites in the liver
can deteriorate an individual’s health, leading to a relapse of the infection. It is worth noting that the specific
details of the latent phase can vary depending on the Plasmodium species causing the infection (e.g., Plasmodium
vivax is known for its ability to form dormant liver stages). The model also tracks malaria transmission in the
mosquito population. We subdivide the mosquito population into three distinct compartments, namely, susceptible
(Sy), exposed (E,), and infected (I, ) mosquitoes. The model considers administering vaccination to susceptible
humans and those who are latently infected. Parameter descriptions are summarized in Table 1 while Figure 1
shows the possible interactions between human and mosquito populations in the context of malaria infection.

Combining the schematic diagram (Figure 1), the model parameters, and state variables descriptions given above
lead to the following non-linear ordinary differential equations:

ds bpr Sy 1,
= Ay = 2 5L+ (1= 9+ (1= a)wVh = (i + 1) Sh,
h
dEp  bpn(Sp + Lp)I,
- — E

dt N, (un, + 7)Ep,

dl

cTth =TEn + YLy — (ptn + pa + ) In,
dL bpnLnl,
—n =evlp — Phho (tn + 06+ +v2)Lp,
dt Ny, (1)
dV;

dith =v1Sh, +volp — (1 — @)wVy, — pp Vi,

dSv bpmSth

= Av - T~ ’US’U7

dt N, s
dEv bpm,Sth
— = — (v £y,

o N, (o + K)

dI

dtv =rlb, — ,LL’UI’U?

with initial conditions

5,(0) > 0, Ex(0) >0, I,(0) > 0, Ly(0) >0, V4(0) >0, S,(0) >0, E,(0) >0, I,(0) >0

where all the model parameters are assumed to be positive.
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Figure 1. Model flow diagram.

2.1. Fundamental properties

It can be easily demonstrated that system (1) has positive solutions V¢ > 0. This is stated in the following theorem
(Theorem 1). The proof can be carried out similarly as in [26, 14].

Theorem 1

For non-negative initial condition Sy, (0) > 0, E,(0) > 0,1,(0) > 0, L;(0) > 0,

Vx(0) > 0,5,(0) >0, E,(0) > 0,1,(0) > 0, there exists (Sp(t), Ex(t), In(t), Lp(t), Vi(t), Su(t), Ey(t), I,(¢)) :
(0,00) — (0, c0) which solve system (1).

We now study system (1) in the following biologically feasible region:
A Ay
0= {(Sh,Eh,Ih,Lh,Vh) €RL| Ny < 8, (S0, B L) € R | Ny < M}. @
h

v

In order to ensure that Model (1) is well posed, such that all solutions with initial conditions start and remain in
Q-region for all time ¢ > 0, we state the following theorem.

Theorem 2
The compact region {2 defined in (2) is positively invariant with respect to the system (1) and attracts all solutions
in R% .

+

Proof
Let NV (t) = (Np(t), Nu(t)) = (Su(t) + En(t) + In(t) + Lp(t) + Vi(t), Su(t) + Ey(t) + 1,(t)). The time deriva-
tive of N (¢) is given by

dN_(th de>_<dSh dVi  dE, _dl, _dL, dS, _dB, dL,)

dt dt ’ dt dt dt dt dt dt ' dt dt dt
where
dN, A
Tth = Ap — palp — pn (Sh+ En + Vi + I+ L) < Ap, — pup N, <0, for Np, > ,tTh
h 3)

i, A, (
dt :AU*NU(SU“FEU“FLJ):AU*,UIUNUgozfovazi-

Mo
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whose solutions yield
A A
Nu(t) <=l 4 <h + Nh(0)> e Hnt
Hh Hh
“4)
N,(t) < Ay + <A” + Nv(0)> e Ht,
Moy Mo

d.
Thus, d—jzf < 0 from (3), which implies that 2 is a positively invariant set. Also, from (4) we obtain

An Ap —unt Ao Ay e~ Hwt
0 < (Nu(t). V(1)) < (uh i (Mh +Nh(0)) et By (M +Nv<0)> ) -

An A, . . .
Thus, 0 < (N (t), Ny(t)) < [ =2, =2 ) as t — oo and hence € is an attractive set. Therefore, if the vector field of

v
system (1) is restricted to the boundary of €, then it will not contain an exterior point of ). This means all solutions
with initial conditions starting in {2 will remain in 2 for all time ¢ > 0. U
2.2. Disease-free equilibrium and the control reproduction number of system (1)

We first establish the disease-free equilibrium (DFE), a state depicting the absence of malaria disease. The DFE
for Model (1) is calculated to be

(1 = a)w + pp) Ay Apvy A, 0 0)

0 0a07 s T
pn((1 = @)w + pn +v1) " py

60 = (S5 BRI L1 Vi 58 B2 10) = (e 22,

To derive the control reproduction number for Model (1), we follow the next-generation matrix approach outlined
in van den Driessche [37]. Let = (E},, I, Ly, E,, I,). We define the vector F(x) whose i-th entry represent the
rate of new infections in the i-th entry of the vector « and V(x) whose i-th entry represent the transition rate out
of the i-th entry of the vector «. Then, we can find

bpn (Sh+Ln) 1Ly

- a1 By,
0 —TEh + ath — ’l/)Lh
]-'(ac) = 0 V(QD) = —evlp +asly (®)]
bpm Syl a4 Fy
()h —kEy, + pyly

where a1 = pp + 7, a2 = v+ pg + pn, a3 =0 + pp + v2 + ¥, ays = K + p,,. We then find the matrix to represent
the new infections and the transition between compartments by determining the Jacobian of F(x) and V(x)
evaluated at &. Let F and V' be the respective Jacobian matrices of F(x) and V(x) evaluated at DFE,

bpn (1—a
0 0 0 0 fllialtm) @ 0 0 0 0
0 0 0 0 0 -7 ay —Y 0 0
F=10 0 0 0 0 and V= 0 —y a3 0 O
bpnpm Ay 0 0 0 0 0 0 ay 0
Ap poo
0 0 0 0 0 0 0 0 =Kk p
We then obtain
5
Fv—1=
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where
m, o= bren (L—a)w+ pn) b (- a)w + )
14 - ) 15 - s
aspty (1 = @)w + pp +v1) fo (1= @)w =+ pon + 11)
- azbt pnpm Ay _ azbpnpm Ay

Fn = ) Fpp = ,
a1a2a3 0\ f1y — a1 YPeNy iy, aga3Apfty — YPEAR iy

F43 _ :u’hpmAv

- a2a3AhIJ”U - WWAM% .
Hence, the control reproduction number is given by

Ype

203

R — azb® KT pnprpm Ao (1 — a)w + pp)
¢ Anp2arasagas (1 — @) (1 — a)w + pn + v1)

where & =

As aresult, the following theorem holds according to [37].

Theorem 3
The & of system (1) is locally asymptotically stable if R. < 1 and is unstable if R, > 1.

2.3. Endemic equilibrium

Here, we determine the endemic equilibrium for system (1) denoted by

3347

< 1. (6)

& = (S}, B Iy, Ly, Vi, Sy, B, I). In order to obtain the endemic equilibrium £, we set the left-hand side of

v U

system (1) to zero and solve the resulting system of equations as follows

0 =ppX(Sp+ L)L —aEf,

o

=71E; + YL} — asly,

o

=evly —pp N L} 15 —asLj,
0 =uvS; +v2lj — (1 — )WV — upVyl,
0 :A?) 7pm/\*S;I;; 7#1)‘5';7

0 = pmA\Si I —auE,

v

0 =krE—p,l

*
v

0 =Ay 7ph)\*S;;I; + 5LZ + (1 — 6)’}/1;2 + (1 — Oé)(JJV};k — (,U,h + ’Ul)S;;,

)

where \* = b/Nj:. For simplicity’s sake, expressing £* in terms of A\*. From the last equation of system (7), we

obtain I
By =t
K
Adding the sixth and seventh equations of system (7) and solving for S gives

S* — KJA’U - a’4/"LUI’Z<
! Kfby '

Substituting expressions (8) and (9) into the seventh equation of (7) and solving for I} gives

I* a4ﬂ%]j

B pm)‘* (K’AU - a4,vaI$) ’
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Substituting (10) into the fourth equation of (7) and solving for L; gives

I _ veasp Iy
h PmA* (a3 + ppA*L¥) (KA — ppaqal?)

(11)
Substituting (10) and (11) into the third equation of (7) and solving for £} gives

B agp2 17 (agpp N I + azasz (1 — @))
h TpmA* (ag + ppA*TE) (kAy — agpup 1)

(12)
Substituting (11) and (12) into the second equation of system (7) and solving for S} gives

asp? (pp\* I (a1ag — 7€) + ajagaz(l — ®))
N TDRDm (a3 + ppA*LE) (kA — aspn )

S = (13)

Substituting (13) and (11) into the fifth equation of (7) and solving for V;* gives

Ve agp? (aragvy (PN I + az(1 — @) + y1epy, (v2 — v1) A7)
TPRPm A ((a = Dw — pp) (a3 + ppA*13) (sl o — KAL)

(14)

Notice that equations (8) - (14) are expressed in terms of I¥. Thus, substituting (8) - (14) into the first equation of
system (7) leads to the following second-order polynomial in terms of I,

& (L) + &l +6 =0, (15)
where
fo = arazaspnpy (1 = a)w + pp + 1) (1 - @) (Re — 1),
&1 = Npulaapo(as((o = Dw — pn)(po(y7(e = 1) + araz(l — @) + A 7Appm) + po (1 — a)ydTwe)

+(1 — a)yretwe + pplaras((@ — Dw — pp — v1) +y7e(—aw + 0 + pp + 11 +w))))
2
RN TARPRPm Ay (—aw + iy + w)),

& = —aN Py (1= a)w + ) (o (a + mn) (o +7) +3p) + NTARDm) o

N 2
R, = KA A”) R} . a7
bpin

>0 when R.>1 or £ <0 when R.<]l1.

with

We note from (16) that

Also, note that there is a possibility that either £&; > 0 or &; < 0. Lastly, it can be clearly noted that £; < 0. Thus,
we have the following results on the existence of £* of system (1).

Theorem 4
The following results hold.

(E1) Model (1) has no endemic equilibrium when R, < 1 and &; < 0.

(E2) Model (1) has a unique endemic equilibrium for the following possible conditions;
1. Re >1and & > 0,
2. Re>1land & < 0.

(E3) Model system (1) has two endemic equilibria when R, < 1 and & > 0.
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Biological and Public-Health Interpretation of Theorem 4

Theorem 4 indicates that the vaccination relapse model may admit zero, one, or two endemic equilibria depending
on the interplay between the effective reproduction number R., the relapse-related term &1, and the transmission
parameters. These mathematical outcomes have clear biological and public-health implications for malaria control
in Lembata Regency.

e Case (E1): No endemic equilibrium when R. <1 and &; < 0. This result suggests that malaria
transmission cannot be sustained when the effective reproduction number is brought below unity, and
relapse-driven reinfection is sufficiently suppressed. Public-health implication: if relapse is well controlled
and vaccination effectively reduces susceptibility, malaria elimination is achievable even without additional
interventions.

¢ Case (E2): A unique endemic equilibrium when R, > 1. When transmission remains above the threshold
for sustained transmission, the system settles into a single endemic state. Public-health implication:
persistent malaria transmission will continue unless strong interventions (e.g., vaccination, relapse reduction,
vector control) reduce R. below one.

e Case (E3): Two endemic equilibria when R. < 1 but £ > 0. This scenario is of particular biological
interest, as it suggests the possibility of backward bifurcation. Even when R, < 1, malaria may persist at a
low endemic level due to relapse-driven reinfection. Public-health implication: partial vaccination or partial
relapse control may “trap” the population in a low-level endemic state. Elimination requires not only reducing
‘R below one but also achieving sufficiently high vaccination coverage and relapse suppression. Incremental
improvements may not be enough for elimination in Lembata Regency.

3. Mathematical model with two types of treatment

We extend the Model (1) to include two types of treatment: that is, radical cure and bloodstream treatments.
The state variables Sy, Ey, I, Ly, Sy, Fy, and I, have the same interpretations as in the first model with
vaccination only. The extended model includes the following additional human compartments: 7}, represents the
class of individuals receiving bloodstream treatments and 7, is the class of individuals receiving radical cure
treatment. A complete cure for malaria requires a combination therapy that addresses both the blood stage and
liver stage of the parasites, effectively eliminating all parasites from the body. For the blood stage treatment,
Chloroquine is commonly used; however, in regions where Chloroquine resistance is prevalent, artemisinin-based
combination therapy is employed to clear the blood stages of the parasites. The radical cure, also known as a
radical treatment, specifically refers to the complete elimination of malaria parasites from the body, including the
elimination of dormant liver-stage parasites known as hypnozoites, which are found in Plasmodium vivax and
Ovale infections [7, 19]. The descriptions of the new parameters are given in Table 2.

Table 2. Parameter description of the model with two types of treatment.

Parameter Description

0 Treatment rate
D Proportion of 7;. individuals who progress to the susceptible class
€t Proportion of symptomatic infected individuals who receive bloodstream treatments

Stat., Optim. Inf. Comput. Vol. 15, April 2026



3350 EXPLORING THE DYNAMICS OF MALARIA IN EAST NUSA TENGGARA, INDONESIA

Figure 2 shows the interactions between human and mosquito populations in the context of malaria infection and
treatment strategies. Combining Figure 2 with the new parameters and state variables’ descriptions gives:

% = Ap - % = S+ 0L + T + T,
B, _ b+ bl _ 1, 47,
dly
i = TEu+ WL — (0 + o+ pa) I,
ds;* = (1= e)0In — (un + )T,
% = &0 — (pn +7)Th, o
% =1 -pnT, - % = (n 9 +0)Ln,
Iy + T, + T
dj;v _ A, _ bmSul hNt ) s,
div _ bpmSU(IhNJ; L +T) _ (K + o) Ey,
d;;“ = kEy — ply,

with initial conditions
Sr(0) >0, En(0) >0, I(0) >0, T,-(0) > 0, T,(0) > 0, Lx(0) >0, S,(0) >0, E,(0) >0, I,(0) >0

where all the model parameters are assumed to be positive. Results on positivity and boundedness of solutions
for system (18) can be obtained using a similar approach carried out for model system (1). We now establish the
disease-free equilibrium and control reproduction number for system (18).

5Ly

bppLypl,
Ny, i

HnSh ErnEn HnLp

+ I

. bpnSiL, 1 (un+pa)ln I
h—u- S Ny L
| h I ¥ | I h
Wiy
¥ip
I (1—pnT,

[F"b i e |

wn Ty

YT,

bp, S, (I +T,. +T) | |
Np,

Figure 2. Model flow chart with two types of treatments.
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3.1. Disease-free equilibrium and the reproduction number of system (18)

We first establish the disease-free equilibrium, a state depicting the absence of disease. The disease-free equilibrium
for system (18) is given by

A A,
51 = (Slleflw-[}lmTr}vale}lwS11;3E11m[1%) = (;70707030;077070> .
h v

We derive the control reproduction number of the model using the concept of the next generation matrix [37] and
obtain

Y0(1 —p)y (1 — &)

where &; = < 1. (19)

Rt — \/a4b2m' (ZL3 + 9) U/LpfzpmAU
0=

(See Appendix 1 for proof). The following theorem follows

Theorem 5
The & of model system equations (18) is locally asymptotically stable if R} < 1 and is unstable if R} > 1.

3.2. Global stability of the malaria-free equilibrium

Theorem 6
The malaria-free equilibrium is globally asymptotically stable if Ry < 1.

The proof of this theorem is given in Appendix 2.

3.3. Endemic equilibrium for the model with two types of treatment

For the endemic equilibrium of model (2), see Appendix 3. The following results hold.

Theorem 7

(EE1) System (18) has no endemic equilibrium when R! < 1 and x; > 0.

(EE2) System (18) has a unique endemic equilibrium for the following possible conditions;
1. RL > 1andx; <0,
2. Rt >1andx; > 0.

(EE3) System (18) has two endemic equilibria when R! < 1 and x; < 0.

Biological and Public-Health Interpretation of Theorem 7

Theorem 7 shows that the extended model incorporating radical cure and bloodstream treatment may also exhibit
zero, one, or two endemic equilibria. These cases correspond to important public-health considerations for
Plasmodium vivax control.

e Case (EE1): No endemic equilibrium when R; <1 and x; > 0. When treatment is sufficiently
effective, particularly when radical cure successfully clears hypnozoites, the system cannot sustain malaria
transmission. Public-health implication: effective radical cure programs, paired with timely treatment of
bloodstream infections, can interrupt transmission even in relapse-prone settings.

* Case (EE2): A unique endemic equilibrium when R{ > 1. This case reflects the typical endemic malaria
situation where treatment coverage or treatment success is insufficient. Public-health implication: improving
treatment access, drug supply reliability, and timely diagnosis is essential for reducing R; below one.

* Case (EE3): Two endemic equilibria when R < 1 but y; < 0. Asin Model 1, this indicates the possibility
of backward bifurcation. High relapse frequency or insufficient radical cure may sustain transmission despite
an R7 value below unity. Public-health implication: malaria may persist even under apparently strong
treatment interventions. Achieving high radical cure coverage and improving adherence are crucial for
shifting the system toward elimination.
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4. Numerical simulations

EXPLORING THE DYNAMICS OF MALARIA IN EAST NUSA TENGGARA, INDONESIA

Table 3. Transition rates for our model parameters used for numerical simulations. The letters H and V' stand for humans
and vectors, respectively, which in this case are mosquitoes.

Parameter Range/Values Units Refs.

A (OO0 IO I Ao Estimated
Hh 7085 — TIEx6E] BTz Month™! [11.[34]

5 1 Month—! Assumed
b 30.8 H x (V x Month)™'  Assumed
Ph 0.5 Unitless Fitting

T 5x 1077 Month~! Fitting

vy 5.5x 12 x 1074 Month™! Assumed
0 5.9 Month—! Fitting

Ihd 30 x 1.9 x 107° Month~! [29]

« (0,1)0.88 Unitless Varied

A, 10000 V x Month™! Estimated
Dm 0.17 Unitless Fitting

K % (30— ] Month™! [33, 30, 16]
Ly 55 Month~! [27, 2]

[ 0.5 (0,1) Month~! Assumed
€t 0.5 (0,1) Unitless Assumed
D 0.45 (0,1) Unitless Assumed

4.1. Model parameter estimation

The model’s parameter values were estimated using malaria incidence data from Lembata Regency in East Nusa
Tenggara Province, Indonesia. We use the methods proposed in Chowel ef al. [13] to calibrate our model (1)
parameters. The parameter values for p;,, p,,, 7, and ¢) were estimated from the fitting process. Additionally, the
parameter ¢ supported by [32]. In malaria vaccine research and development, various factors influence the duration
and effectiveness of immunity conferred by vaccines. Clinical trials have revealed differing durations of protection,
exemplified by the RTS,S/ASO1 (RTS,S) vaccine, which provides partial protection requiring multiple doses and
boosters for sustained efficacy in children and infants. Individual immune responses vary due to factors like age,
health status, and genetic diversity, impacting the strength and longevity of vaccine-induced immunity. Considering
these complexities, specific parameters (1, = 0.3, 2 = 0.5,w = 0.5) related to vaccination and the latent malaria
classes, each normalized Month~! are assumed as our model attains an endemic equilibrium trajectory. We point
out that the remaining parameters for the model (1) are taken from published literature, and some are assumed as
summarized in Table 3.

The parameters for Model (1) were estimated by fitting the model-generated monthly incidence curve to the
reported malaria incidence from Lembata Regency. Following the approach of Chowell [13], we calibrated the
model by minimizing a nonlinear least-squares objective function that measures the discrepancy between the
observed data and the model predictions. In this study, the parameters estimated from the data are p;,, py,, 7, ¥
which together constitute the parameter vector ®. Let y; denote the observed incidence at month i, and let ;(®)
denote the model-predicted incidence. The parameter estimates were obtained by minimizing

n

L(®) = (yi — 5:(®))%,

i=1
using MATLAB’s 1sgnonlin nonlinear least-squares solver. Parameter uncertainty for the estimated vector

® = (pn,pm,T,%) was quantified using a nonparametric bootstrap procedure. We generated 1,000 synthetic
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datasets by resampling the residuals and refitted the model to each dataset. The empirical distributions of the
resulting parameter estimates were then used to compute 95% confidence intervals, as shown in Figure 4.
These intervals also provide insight into parameter identifiability. Narrower intervals correspond to well-identified
parameters, whereas broader intervals reflect structural or observational uncertainty, particularly for relapse-related
quantities derived from aggregated incidence data. The resulting figures, which show the line of best fit in red and
the blue circle representing the data points shown in Figure 3 with the distribution of the estimated parameters (py,,

Dm, T, and 1) in Figure 4.

Case incidence

12000

10000 [

8000

6000

4000

2000 -

Time (Month)

.
10

Figure 3. Numerical fitting of the model (1) showing the line of best fit, which is generated with the 95% confidence interval
for malaria incidence data from Lembata Regency, East Nusa Tenggara Province, Indonesia.
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Figure 4. Frequency distribution for parameters py,, pm, 7, and ¢ indicating their mean values respectively generated with

the 95% confidence interval.
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4.2. Global sensitivity analysis

In this subsection, we explore the influential parameters on the reproduction number, R, for the malaria model
(1) with vaccination interventions. We use the combination of Latin Hypercube Sampling and the Partial Rank
Correlation Coefficients (PRCCs) as in Blower et al. [11] to establish the most influential parameters through global
sensitivity analysis. This method generates PRCC values to help determine parameters with low or high variability
responsible for deriving malaria infection and, as a result, guides policy-making on the type of interventions
required to control malaria spread. This was achieved with 1000 simulations for each run and a step unit of 1,
considered within a 95% confidence interval as carried out in RStudio software. The mean value of each parameter
PRCC value is plotted and shown in Figure 5 below.

Global Sensitivity Analysis of Model 1 R,

0.8 1

0.67

0.4+

0.2 1

0.0+

PRCC values

—-0.4 4 II II

Pr K I T Pm € Y v Ay w 21 [ 23 a b
Parameters

Figure 5. Tornado plot indicating the PRCC values for the model parameters contained in the control reproduction number
of the model (1). Parameters such as mortality rates were excluded from our analysis as their variability can not be controlled
in a real-life scenario.

Additionally, a positive PRCC indicates that increasing the parameter of interest subsequently leads to an increase
in R, thereby promoting endemicity. In contrast, those parameters with negative PRCC suggest that increasing
the parameter of interest decreases the R, therefore stimulating a disease-free steady state. A clear look at Figure
5, indicate that the parameters py, ,pm, A, and b have strong positive PRCCs values while v1, 5 have strong
negative PRCCs against R.. We aim to implement control measures that target promoting v1, v, while targeting to
reduce the transmission rates py, , p,, A, and b to reduce Malaria spread in Lembata Regency, East Nusa Tenggara
Province, Indonesia. These parameters of interest will be investigated in our numerical results for the remainder
part of the manuscript, especially the simulation of the second Malaria model, which incorporates treatment rates
as well as the radical/bloodstream treatment rates to fully understand the underlying dynamics while suggesting
control interventions that will be effective in fighting the spread of malaria in the endemic region, such as Indonesia.
Similar modeling analysis for other epidemic models has been carried out for malaria [35, 23, 36], coronavirus [20],
listeriosis [15], schistosomiasis [26], HIV/AIDS-Listeriosis co-dynamics [14], for an interested reader.

4.3. Existence of local stability

Figure 6 illustrates the local stability of &, as presented in Theorem 3.
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Figure 6. General population trajectory for (a) exposed and infected humans and (b) exposed and infected mosquitoes when
Ro =0.6382 < 1.

4.4. Impact of treatment strategy

«10°  Effect of # on infected humans (Second Model)
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Figure 7. Effects of varying the parameter 6 on infected humans Iy, (¢).

Figure 7 is simulated using the second model system (18) with two types of treatment, that is, radical treatment
and bloodstream treatment. The graph shows that radical treatment of infected individuals is indeed important in
the fight against malaria infection.
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Figure 8. Effects of varying the parameter v, on the population changes of (a) exposed humans E}, (), (b) infected humans
(I (t)), (c) exposed mosquitoes (Fy(t)) and (d) infected mosquitoes (I (t)).

Figure 8 is simulated using the first model system (1) with vaccination. The graph illustrates the impact of
varying the parameter v, on the population changes of exposed humans, Fj,(t), infected humans, I (t), exposed
mosquitoes, E,(t) and infected mosquitoes I, (¢). This shows that vaccination is useful in reducing the prevalence
of malaria infections.

4.5. Assessing the impact of transmission rates on malaria dynamics

Figure 9(a) demonstrates that as treatment rate () increases, there is a sharp decline in the numerical values of
RE. The decrease is gradual for values of approximately 6 < 0.5, while when 6 > 0.5, the reduction becomes
more pronounced. Treatment success is particularly effective at reducing the control reproduction number once it
goes beyond the 50% threshold mark, as indicated in the magenta-colored line. Additionally, the numerical value
for reproduction number R! goes below unity when the value of the treatment rates is approximately 6 > 0.51.
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Therefore, it is clear that 50% will be required to lower the RZ < 1, which is sufficient to lead to malaria eradication
in Lembata Regency, East Nusa Tenggara Province, Indonesia. The results depicted in Figure 9(b) can also be
interpreted in a similar fashion for varying the relapse rate on R. but with an inverse relationship against R.. The
second result suggests that as more individuals relapse, this will result in malaria endemicity. Hence, this parameter
is of public health concern, and control measures should target reducing the relapse rate and its associated causes
in the human population. The variation in the treatment rate ¢ and the relapse parameter ¢ was selected based
on biologically plausible ranges reported in the malaria modeling literature and on the values estimated from our
calibration to Lembata Regency data. These ranges were chosen to capture both the lower and upper bounds of
feasible intervention performance under local conditions. The independent variation of parameters was used to
examine the isolated sensitivity of the control reproduction number to each intervention lever without confounding
effects introduced by simultaneous parameter changes. This approach helps identify which single parameters exert
the strongest influence on malaria persistence, thereby providing a clearer understanding of the relative importance
of treatment coverage and relapse control for malaria elimination efforts in the region.

Impact of Different @ Values on R} Im_pa{t of Diﬁe:rent ¥ Values on R,
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Figure 9. Varying: (a) the treatment 6, and (b) the relapse rate control reproduction numbers R and R respectively. In this
simulation analysis, the parameter values for 6 and i) were varied while the remaining parameters, as defined in Table 3,
were kept constant.

We simulate the impact of the transmission parameter’s relapse rate, vaccination rates, and proportion of
asymptomatic infected individuals to investigate its impact on the control reproduction number. This is of great
importance as it helps public health policymakers guide the rules to mitigate the spread of malaria after assessing
the impact of these rates. Figure 10(a) depicts an increase in the relapse rate increases the control reproduction
number, whereas an increase in the vaccination rate decreases the control reproduction number, R.. The biological
implication of these results suggests that it is beneficial to increase vaccination rates to help avert the emergence of
new infectious individuals and help, in turn, reduce malaria spread. Looking at Figure 10(b), a similar interpretation
of the results can also be explained only by the fact we simulate the recovery rate and proportion of infected
individuals on R{.
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Figure 10. Numerical results showing a heat map plot for the control reproduction number R. and R respectively, as a
function of vaccination (1) and relapse (¢) rates. The remaining parameters are kept constant as defined in Table 3.

Figure 10 presents heat maps illustrating how different combinations of treatment coverage and relapse-related
parameters affect the control reproduction number. While these thresholds provide useful theoretical benchmarks,
it is important to consider their practical feasibility within the health system context of East Nusa Tenggara
Province. For example, the model suggests that achieving a treatment rate of approximately 50% or higher
is required to drive R}, below one. In practice, however, reaching such levels may be challenging due to
limited healthcare infrastructure, geographic barriers between islands, inconsistent drug availability, and delays
in diagnosis and treatment. These operational constraints imply that achieving the model-identified thresholds
requires strengthened health-system capacity, more reliable antimalarial supply chains, and expanded community-
based treatment programs. Therefore, the heat-map results should be interpreted as idealized targets that indicate
where the greatest potential for intervention gains lies, rather than as immediately attainable thresholds under
current regional conditions.

5. Discussions and Conclusions

5.1. Discussions

In this paper, two malaria models were formulated to assess the impact of vaccination and treatment on malaria
control. Data for malaria incidence from Lembata Regency, East Nusa Tenggara Province, Indonesia, were used to
validate the developed models and perform parameter estimation. Both models subdivide the human and mosquito
populations into different categories with respect to malaria infection. The first model incorporates vaccination of
susceptible individuals together with individuals in the latency stage of infection. The disease-free equilibrium is
shown to be locally asymptotically stable whenever the reproduction number of the model is less than the unit,
that is Ry < 1. Some conditions that guarantee the existence of the endemic equilibrium £* are established. The
second model includes two treatment types, namely, radical cure and bloodstream treatments. A similar theoretical
analysis is carried out for the second model. It is also shown that the disease-free equilibrium of this model is locally
asymptotically stable whenever the model reproduction number is less than one, that is, Rf. Some conditions that
guarantee the endemic equilibrium £° are established. Numerical simulations for both models are carried out using
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the MATLAB programming language. The results show that vaccination and treatment play a crucial role in the
fight against malaria infection.

We note that the models developed in this study have certain limitations. One of the limitations of our models,
particularly the first, is that it assumes that all susceptible individuals are eligible for the vaccine, which is not the
case for the only malaria vaccine currently available. This vaccine is designed for children under the age of 5 and
is given in four doses. Taking into account the age group and the number of doses will be a major improvement
in our work and will be the subject of future investigation. Our numerical results show that a treatment rate above
# > 0.51 is needed to bring the control reproduction number below one. While this finding offers a clear theoretical
benchmark, achieving this level of treatment coverage in East Nusa Tenggara Province (ENTP) is far more complex
in practice. ENTP is a geographically fragmented region with limited healthcare infrastructure, variable access to
clinics, and occasional shortages of antimalarial drugs. These realities mean that simply increasing treatment rates
is not only a medical challenge but also a logistical one. Reaching the threshold # > 0.51 would require a steady and
reliable drug supply, timely diagnosis, stronger community outreach, and sufficient healthcare personnel, factors
that are not guaranteed in many parts of the province. Although our mathematical model does not explicitly account
for these operational barriers, the results highlight an important point: improving treatment systems, strengthening
supply chains, and supporting community-level health workers are essential steps if the benefits predicted by the
model are to be realized. This emphasizes the need for public health strategies that pair mathematical insights with
the on-the-ground realities of malaria control in ENTP.

5.2. Comparison with Existing Literature

Mathematical modeling studies have explored malaria transmission dynamics in Indonesia, including the work of
Handari et al. [23], who examined the impact of the RTS,S vaccine and transmission-blocking drugs in Papua
and West Papua. While their framework incorporates vaccination, it differs from our approach in both structure
and purpose. Their model focuses on vaccine-induced reductions in the force of infection in regions where RTS,S
implementation efforts are underway, whereas our vaccination model serves as a generalized exploratory scenario
for Lembata Regency, where the vaccine is not yet widely available. Other studies, such as Fatmawati ef al. [39],
have incorporated seasonal forcing and optimal control to model malaria transmission in Papua, highlighting the
role of environmental variability. In East Nusa Tenggara Province specifically, previous research has centered on
malaria awareness, prevalence patterns, and local risk factors rather than mechanistic transmission dynamics; for
example, Guntur et al. [40] examined awareness levels across endemic settings, while more recent observational
studies have documented long-term prevalence trends [41] and identified key malaria risk factors among rural
and hilly communities in the region [42]. These works provide valuable epidemiological context but do not
offer dynamic modeling frameworks tailored to ENTP. By contrast, our models were intentionally designed to
be tractable and compatible with the limited surveillance data available for Lembata. The contribution of this
study lies in providing a focused analysis of relapse, treatment, and hypothetical vaccination pathways using the
only accessible dataset for the region, thereby complementing rather than replicating existing modeling efforts in
Indonesia.

5.3. Strengthen Limitations and Future Work

In our model, individuals in both the susceptible and latent compartments are allowed to receive vaccination. This
choice reflects a simplifying assumption rather than a literal representation of how malaria vaccines are deployed
in practice. The RTS,S vaccine is primarily administered to young children and does not target latent Plasmodium
vivax infections. In the context of our model, vaccinating the latent class should therefore be interpreted as a
theoretical mechanism for reducing future susceptibility and strengthening overall population immunity in a setting
where relapse contributes substantially to ongoing transmission.

There are, however, important limitations to this simplified vaccination strategy. The model does not include
age structure, even though real-world vaccination programs are age-restricted and vaccine-induced immunity
differs across demographic groups. Incorporating age structure would enable the model to more accurately
capture childhood vaccination schedules, heterogeneous immunity, and variations in clinical vulnerability. Such an

Stat., Optim. Inf. Comput. Vol. 15, April 2026



3360 EXPLORING THE DYNAMICS OF MALARIA IN EAST NUSA TENGGARA, INDONESIA

extension would likely alter the quantitative results, particularly the estimated thresholds required for vaccination
to significantly reduce transmission in Lembata Regency.

Similarly, the current model assumes a single-dose protective effect, whereas RTS,S requires multiple doses
and booster administrations to achieve and maintain efficacy. A multi-dose vaccination framework would need
to account for partial protection after the first dose, adherence to the dosing schedule, waning immunity, and
incomplete coverage. Including these features would likely reduce the overall impact of vaccination compared to
the simplified assumptions used here and may shift the predicted conditions under which R, < 1 can be achieved.

Despite these limitations, our approach provides a tractable framework for exploring how vaccination, in a
generalized sense, interacts with relapse and treatment dynamics. A more detailed model incorporating age
structure, dose-dependent vaccine efficacy, and operational constraints represents an important direction for future
research and would support a more realistic evaluation of potential vaccination strategies for East Nusa Tenggara
Province.

Data Availability

Available upon request.

Author Contributions

CWC and MZN were responsible for formulating and preparing the initial manuscript conceptualization. STY and
JM assisted with modifying the model formulations. JM carried out a mathematical analysis. CWC and JM were
involved in the numerical simulations assisted by SYT and their write-ups. All authors were involved in writing
and approving the final manuscript version.

Appendix 1
The reproduction number of system (18)

Let @y = (Ey, In, T, Ty, Ly, E,, I,)) . We define the vector F(x;) whose ith entry represent the rate of new
infections in the ith entry of the vector #; and V(x;) whose ith entry represent the transition rate out of the
ith entry of the vector . Then, we can find

bph(sh,“’Lh)Iv a/lEh

b 7By, — $Ly, + ax;
0 —(1—&)0Iy + asT

— _ —Etalh + EL3Tb

]:(mt) N 0 V(mt) N bpthI'u _ (20)
0 —(1—=pnT, + N, +aqlp
W0 SulIn+T+Th) N

Nn 0,5E1,
0 _KE’U + M'L)Iv

where a3 = pp + 7, o = pg + pp + 0, az =+ pp, ag =6 + pp + 1, as = Kk + . We then find the matrix to
represent the new infections and the transition between compartments by determining the Jacobian of F(x4) and
V() evaluated at the disease-free equilibrium &;. Let F' and V' be the respective Jacobian matrices of F(x¢) and
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V() evaluated at the disease-free equilibrium,

0 0 0 0 0 0 bpy
0 0 0 0 0 0 O
0 0 0 0 00 0
F=120 0 0 0 00 0
0 0 0 0 00 O
0 Mgiele gl fgiel 00000
0 0 0 0 00 O
and

ai 0 0 0 O 0 0
- as 0 0 -4 0 0
0 —60(l—¢) as 0 0 0 0
V= 0 —0Oe; 0 as O 0 0
0 0 —y(1=p) 0 a 0 0
0 0 0 0 0 a O
0 0 0 0 0 —K [y

Appendix 2

Global Stability of DFE We show that the malaria-free equilibrium &; is globally asymptotically stable (GAS)
using the method described in [12]. First, we re-write system (18) as follows, let

dX
E - F(X,I),

@1
T~ G(x1) 6(x.0) =0,

for X = (Sh,Sy) € R? and I = (Ep, In, Ty, Ty, Ly, Ey, I,) € R7, where X and Z represent the classes of the
uninfectious and infectious individuals respectively. Next, we redefine the DFE as

Ap A,
M* = (Xo,0) = (SZ,EZ,IZ,TT*,T,;*, L D I*) = (',0,0,0,0,0,,0,0).
Hh

vITv
v

According to [12], our malaria model given in (18) will be GAS at 9t* if the following conditions:

€. 9" is locally stable if Ry < 1,

ax
C;. At = F(X0,0) the DFE is GAS.

¢s. G(X,T) = AT — G(X,T), G(X,T) > 0for (X,Z) € Q, where A = DzG(X,T) is a Metzler matrix and € is
the proposed model’s feasible region,

are satisfied. Now, we establish that our model satisfies each of the above-enumerated conditions ¢; to €5
to guarantee the GAS of the DFE. Clearly, since the model, basic reproduction number, Ry, is calculated
using the approach in Van den Driessche, and Watmough [37], it implies that 91° is locally asymptotically

stable whenever R < 1. Suppose ag = (p, + 7), a1 = (uh + 0),a2 = (un +7), az = (Y +90), as = (po + K),

bpnSul, bpnLnl, bpoSu(Ty + T + T,
_ boaSh Ca = on L and)\v:p (In+ T, +Tp)

A Fhhv
h Nh Nh Nh
given in equation (18), we obtain

- Re-defining system (18) as to follow the form

ax _ (An = A — punSh + 0Ly + 4Ty + pyT;
dt B F(X’ I) o ( Av - )\l - /'I/’US’U ’

Stat., Optim. Inf. Comput. Vol. 15, April 2026



3362 EXPLORING THE DYNAMICS OF MALARIA IN EAST NUSA TENGGARA, INDONESIA

An A+ A= (pn +T)Eg
TER + YLy — (9 + ,Lth)fh
dT (1 - 375)9[/% - (Mh + ’Y)Tr
—=GX,I)= €01y — (un + )Ty ;
(1 =pT — X — (Y +0) Ly,
Ao — (K4 piy) Ey
KEy, — iyl

and

Ap — punS
reco = (32

A Ay .

whose solutions yield a unique equilibrium point <h, 0,0,0,0,0, —,0, O), thus being GAS, and therefore €o
Hh My

is satisfied. Linearizing the above second matrix gives a Metzler matrix as follows:

bphs}?

—ap 0 0 0 00

T —ay 0 0 P 0 0

0 (1—¢)0 -2 0 0 0
A=Dz(M*,0)=1| O 40 0 —as 0 0 0
0 0 (1—-p)y 0 —az 0 0
bpm SY bpmSY  bpmS?
o DmSL Sy beSDoo
Ny Ny, Ny,
0 0 0 0 0 K — by

Solving for G(X,Z) and performing some algebraic manipulation yield

N]?(Sv + Lth)

bpn |1 —
Dr S?LNh

(X,T) = AT - G(X,T) :=

Q>

NP(Sy + Lply)
SON,
well. All the three conditions €, to €3 are satisfied, and therefore, we can conclude that the DFE of the model

system (18) is GAS whenever R < 1, which completes the proof.

Setting Ry, = , we have the 0 < R < Ny, and if Ry < 0, Q(X, 7Z) > 0, then €3 is satisfied as

Appendix 3
Endemic equilibrium for the model with two types of treatment

In this section, we determine the endemic equilibrium for system (18) denoted by
E = (Sy, Ep, Iy, T2, Ty, Ly, Sy, E3, I3). In order to obtain the endemic equilibrium £°, we set the left-hand side

vI)Tv
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of system (18) to zero and solve the resulting system of equations. This system is given as follows:
0 =Ap—prA* Sy — pnSy 4+ 0Ly + 1y +pyIy,

0 =pnA*(Sh + LY)I7 — an B,

o

= 7ES + L8 — ayly,
0 =(1—e)0It —asT?,

0 =ebIr —asTy, (22)
0 =(1—pT® — ppA"L2I — ayL},

0 =Ny —pmA*SSIE+ T2 +T7) — 1S5,

0 =pu "SI} + T2 +T7) — as B,

0 =rE] — p I3,

where @y, g, as, a4, a5 are defined as before and \* = b/N, 1. For simplicity, the endemic equilibrium point £°
will be expressed in terms of A\*. From the last equation of system (22) we obtain
poly

oy (23)
K

Adding the seventh and eighth equations of system (22) and solving for S} gives

K:Av - ZL5,uvI;

S5 = 24)
by
From the fourth and fifth equations of system (22) we have
012 (1 — o1
e M=) g g 2 Ve (25)
as as

Substituting the expressions 77 and 7} given above into the eighth equation of system (22) and solving for I}
gives
asasle >
I. — vITv . 26
T Nt 0 pn (A — o) 0

Substituting the expression for I} given in (26) into the expressions given in (25) gives

a-071° (1 — 2 a=071° 2
T. _ aqejv ( Et) My and T. _ aoe.[vgt,uv (27)

" A® ((_13 + 0) Pm (KA'U - C_L5I;ﬂv) b A® (&3 + 0) Pm (KAU - (_15[;#1)) ’

Solving the sixth equation in (22) for L; gives

asy0(1 —p)I3 (1 — &) g

L} = - - - . (28)
PN (@3 + 0) p (as + ApuI) (KA, — GsIg )
Substituting (26) and (28) into the third equation of (22) and solving for E;, gives
B = as Iy (asas (aa + Npply) —40(1 —p)y (1 - €t)) (29)

AST (ELB + 0) Pm (C_L4 + A.pILI;) (KA'U - EL5I;,UU)
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Substituting (28) and (29) into the second equation of (22) and solving for S} gives

sty (@1 (V0(1 = p) (1 — &) = @283 (@a + A°pul3)) + 70X (p — Dpuly (s0 — 1))

Sh= o - -
" AT (a3 + 0) PrPm (04 + )\.phI;) (as.[;/Jv — Iﬁ:Av)

(30)

Notice that equations (23) - (30) are expressed in terms of ;. Thus, substituting equations (23) - (30) into the first
equation of system (22) leads to the following second-order polynomial equation in terms of I3,

X2 (I3)* + x1I3 + x0 = 0, 31)

where

with

X1 = A°Pr(@spty (@sA (a3 + 0)Appm + po(707(@s((p — Ver — p) — (1 —p)(1 — &) (6 + pn))

1 (@25 (@n + ) — Y01 — P)b(1 — £0)))) — KA (@5 + ) ApprpmAs), (32)

Xo = @5\ P2ty (1 (@1aspia + pn (un @+ + 0) +7(y + 60) +70)) + X TAppm (v + i +6)) ,

o AN L)
()]

We note from (32) that

Xo>0 when RL<1 or xo<0 when R!>1.

Also, note that there is a possibility that either xy; > 0 or x; < 0. Lastly, it can be clearly noted that xo > 0. Thus,
we have the following results on the existence of £° for system (18).
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