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Abstract In regression analysis, the functional relationship between the response and predictor variables may follow a
semiparametric regression model composed of both parametric and nonparametric components, where the nonparametric
component is a time–dependent function approximated using a Fourier Series. In this study, we develop a penalized least
squares smoothing technique to estimate the Fourier Series Semiparametric Regression (FSSR) model. The penalized least
squares method is particularly effective when the generalized cross validation method fails to select optimal parameters due
to the neglected overfitting effect in the model.We also provide a numerical illustration through a simulation study and apply
the proposed method to real data for predicting Earth’s surface temperature based on relative humidity. The results show that
the FSSR model produces a MAPE value of 1.068%, indicating a very high level of prediction accuracy. In addition, the low
RMSE value of 0.2816 demonstrates that the model’s prediction errors remain stable for both in-sample and out-of-sample
data. This stability further confirms that the FSSR model is capable of mitigating potential overfitting, thereby providing
consistent and reliable estimates.
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1. Introduction

Regression analysis is one of statistical techniques to analyze the functional relationship between response and
predictor variables. In the regression analysis, the functional relationship between response and predictor variables
is called a regression function [1, 2, 3, 4, 5]. If the form of regression function is known then we will use the
parametric regression approach. In this approach, the regression function estimation is equivalent to the estimation
of the parameters within the parametric regression model [6, 7]. The nonparametric regression approach is applied
when the regression function is still unrecognized, or there is incomplete knowledge regarding the form of the
data. The nonparametric regression approach has high flexibility, because its regression function does not have
specification in some forms. Its regression function is just assumed to be smooth, so that to estimate it we can
use several smoothing techniques [2, 4, 5, 7]. Next, if we combine the parametric regression model and the
nonparametric regression model, we will have a new regression model called semiparametric regression model
where its regression function is constructed by two components namely parametric component and nonparametric
component [8]. It implies that the estimating regression function of the semiparametric model is equivalent to
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estimating these components [1, 3]. There are several smoothing techniques in nonparametric regression and
semiparametric regression approaches which were used in many cases, for examples, kernel that was used for
estimating asset pricing model [9], and for estimating nonparametric regression models with some modified
assumptions [10, 11, 12] local linear that was used for designing some locally standard growth charts of toddlers
[13, 14, 15] for identifying the number of Mycobacterium tuberculosis [16] , and for estimating the HIV and AIDS
model [17]; local polynomial that was used for designing children growth charts [13, 18] ; smoothing spline which
was used for estimating nonparametric regression models in several cases [19, 20, 21, 22, 23], and for determining
asymptotic properties of estimators [1, 2, 3, 24]; least square spline that was used for estimating model of blood
pressures affected by stress scores [25] , for estimating mean arterial pressure affected by stress scores [26] , and
for designing standard growth charts [23, 27]; truncated spline was used for estimating semiparametric regression
model [1]; Fourier series smoothing techniques were discussed [28, 29, 30, 31]. Additionally [11], discussed spline
and kernel for estimating multiresponse nonparametric regression model; [12, 32] discussed spline and kernel
smoothing techniques for selecting optimal smoothing parameter; and for estimating coefficient in a rates model,
respectively.

In regression modeling, for estimating regression functions we usual apply several optimization methods, for
examples, least square and weighted least square that have been discussed by some previous researchers mentioned
above [33]; penalized least square and penalized weighted least square that have been discussed by [2, 3, 12, 15, 28]
. According to [33], penalized least square is very good to use if GCV (Generalized Cross Validation) method
cannot choose really good parameters because of over-fitting effect in the model is negligible. That is why penalized
least square must be chosen to avoid over-fitting effect. Meanwhile, applying Fourier Series (FS) using both sine
and cosine as the estimators in developing the semiparametric regression model has not been discussed by previous
researchers. In this study, the nonparametric component of the semiparametric regression model is a function of
time which will be approximated by an Fourier series. In the following discussion, we will call the model for cases
like this as the Fourier Series Semiparametric Regression (FSSR) model. Therefore, in this study, we develop a
mathematical estimation method for the Fourier Series Semiparametric Regression (FSSR) model for time series
data by using Penalized Least Square (PLS) smoothing technique.

In this study, a semiparametric approach using Penalized Least Squares (PLS) is combined with the Penalized
Fourier Series estimator and validated using simulation data. The simulation results are then integrated with 60
observational data points of land surface temperature and humidity at a height of 2 meters. The response variable
used is land surface temperature, while the predictor variable is humidity at a height of 2 meters. In this model,
the relationship between land surface temperature and observation time is treated as a nonparametric component,
whereas the relationship between land surface temperature and humidity is treated as a parametric component.
The contribution of this research lies in the development of a semiparametric model based on the Fourier Series
estimator for time series data analysis, achieving high accuracy in modeling meteorological variables such as land
surface temperature, relative humidity, and time. By integrating parametric and nonparametric components, this
model effectively captures complex relationship patterns that cannot be explained linearly. The use of Penalized
Least Squares (PLS) helps prevent overfitting, while optimal parameter selection through Generalized Cross
Validation (GCV) ensures stable estimation with low prediction error.

2. Research Methods

Suppose that we have a paired dataset (y, g(t), u1, u2, . . . , up) that satisfies a semiparametric regression model as
follows:

y = β0 + β1u1 + β2u2 + . . .+ βpup + g(t) + ε (1)

Hence, for every i = 1, 2, . . . , n, , the paired dataset (yi, ti, u1i, u2i, . . . , upi) satisfies a regression model as follows:

yi = β0 + β1u1i + β2u2i + . . .+ βpupi + g(ti) + εi. (2)

Next, we can write the model in Equation (2) as follows:

y = UTβ + g(t) + ε (3)
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where is a vector of responses, U is a matrix of predictors for parametric component, β is a vector of parameters
for parametric component, g(t) is a vector of nonparametric regression functions, and is a vector of random errors,
where ε ∼ Nn(0, σ

2I) that is multivariate normally distributed. The function g(t) can be approximated by using
Fourier series estimator that has high flexibility, then really good to use in volatile data. The Fourier series function
used in this study differs from the recommended form [35]. In this research, the Fourier function is generated based
on the complex exponential formulation, which is mathematically expressed as follows: :

g(ti) = a0 +

J∑
j=1

[cj cos(2πjti) + dj sin(2πjti)] . (4)

According to Wang et al [?]. penalized least square (PLS) is a good optimization method to avoid over-fitting
effect. Therefore, here we use the PLS for estimating the semiparametric model based on Fourier series estimator.
The PLS optimization in the semiparametric regression based on Fourier series estimator is given by:

Min
β∈Rp+1, g∈C(0,1)

[
n−1

n∑
i=1

(
yi − uT

i β − g(ti)
)2

+ λ

∫ 1

0

[
g(2)(ti)

]2
dti

]

where λ (Lambda)represents a smoothing parameter which controls trade-off between goodness of fit and
smoothness of an estimation curve.

Also, we provide a simulation study for giving an illustration about implementation of the proposed method. In
this simulation study, we use four different samples sizes, namely, n = 100 that represents large samples, n = 40
and n = 30 that represent moderate samples, and n = 20 that represents small samples with Fourier coefficients,
k = 1, 2, ..., 10.

3. Results And Discussion

In this section we provide results and discussions of this study that consist of the theoretical estimation result of the
Fourier series semiparametric regression (FSSR) model using penalized least squares (PLS) smoothing technique,
and estimation result of the Fourier series semiparametric regression (FSSR) model based on a simulation study.

3.1. Estimation Result of the FSSR Model

Consider a paired dataset (y, g(t), u1, u2, . . . , up) that follows the semiparametric regression model presented in
Equation (1) as follows:

y = β0 + β1u1 + β2u2 + . . .+ βpup + g(t) + ε

Hence, for every i = 1, 2, . . . , n,, we have the following semiparametric regression model:

yi = β0 + β1u1i + β2u2i + . . .+ βpupi + g(ti) + εi.

We can express the semiparametric regression model in the matrix equation form as follows:
y1
y2
...
yn

 =


1 u11 u21 · · · up1

1 u12 u22 · · · up2

...
...

...
. . .

...
1 u1n u2n · · · upn



β0

β1

...
βp

+


g(t1)
g(t2)

...
g(tn)

+


ε1
ε2
...
εn

 .

Thus, we have the semiparametric regression model as follows:

y = UTβ + g(t) + ε.
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In the semiparametric regression model presented in Equation (2), the nonparametric function, g(t) is unknown
and will be estimated by using penalized least square (PLS) smoothing technique based on Fourier series estimator,
and then in the next discussion, the model will be called the Fourier Series Semiparametric Regression (FSSR)
model. Here, we assume that g(ti) ∈ L2[a, b]. In other words, the function g(ti) is contained in a Hilbert space,
L2[a, b], such that g(ti) can be expressed as linear combination of bases elements of L2[a, b], Furthermore,
if {zj}∞j=1 is orthonormal complete system (z1, z2, . . . , z∞) of L2[a, b], then we have:

g(ti) =

∞∑
j=1

αjzj(ti). (5)

where αj is a scalar. Hence, based on Equations (2) and Equation (5), for j = 1, 2, ..., 10, we have:

yi = β0 + β1u1i + β2u2i + . . .+ βpupi +

∞∑
j=1

αjzj(ti) + εi. (6)

Let αj = ⟨g, zj⟩ where {zj}∞j=1 is an orthonormal complete system (z1, z2, . . . , z∞) of L2[a, b] and g ∈ L2[a, b],

then αj is a Fourier coefficient for g which satisfies
∑∞

j=1 |αj |2 = ∥g∥2, because
∑∞

j=1 |αj |2 < ∞ and zj → 0.
While, if n is infinite, then the regression function g can be approached by the following function:

g(ti) =

λ∑
j=1

αjzj(ti) (7)

where λ is an integer. Based on Equation (7), for j = 1, 2, ..., 10, we can write the Equation (6) as follows:

yi = β0 + β1u1i + β2u2i + . . .+ βpupi +

λ∑
j=1

αjzj(ti) + εi (8)

where t1, t2, ..., tn are assumed have the same distance in [a, b]. The unknown Fourier coefficient can be estimated
using the optimal value of λ for obtaining smooth regression function.

Further, if observation is time and shows a periodic pattern then function g can be estimated by using linear
model of sine and cosine functions where the complete function is constructed from sine and cosine functions with
an orthonormal complete system of L2[a, b] that is defined by:

zj(ti) = e2πljti , l =
√
−1 and j = 0,±1, . . . (9)

The estimation of the nonparametric regression function, g(ti), is given by Theorem 1.

Theorem 1. By considering Equation (9), if the estimated nonparametric regression function, ĝ(ti), which is a sine
and cosine function can be expressed into a Fourier series nonparametric based on the nonparametric regression
model y = g(ti) + ε then ĝ(ti)is given by:

ĝ(ti) = â0 +

J∑
j=1

[cj cos(2πjti) + dj sin(2πjti)] .

Proof of Theorem 1. Suppose we have a paired dataset (yi, ti, u1i, u2i, ..., uni). Next, by considering Equation (8)
and Equation (9), we have the Fourier series semiparametric regression model as follows:

y = zλαλ + ε (10)
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where:

y =


y1

y2

...

yn

 , zλ =


e2πi(−λ)1 e2πi(−λ+1)1 · · · e2πiλ1

e2πi(−λ)2 e2πi(−λ+1)2 · · · e2πiλ2

...
...

. . .
...

e2πi(−λ)n e2πi(−λ+1)n · · · e2πiλn

 , αλ =


α1

α2

...

αλ

 , and ε =


ε1

ε2

...

εn

 .

Based on Equation (10), the least square estimator for αλ which minimizes the sum square errors (SSE), Q = εTε.
, can be obtained as follows:

Q = εTε = (y − zλαλ)
T(y − zλαλ) = yTy − 2zT

λα
T
λy + zT

λα
T
λzλαλ.

Next, we determine the partially differential of Q with respect to αλ as follows:

∂Q

∂αλ
= 0 ⇐⇒ α̂λ = (zT

λ zλ)
−1zT

λ y. (11)

Hence, the estimation of nonparametric regression function, g(ti), is given by:

ĝ(ti) =

λ∑
j=1

α̂jzj(ti) (12)

where zj = {zλ}λj=−λ. Also, we can express the estimator for the Fourier series nonparametric regression function
as follows:

ĝ(ti) = zλαλ (13)

and the elements of matrix zλ =
{
e2πijx

}λ
j=−λ

in Equation (13) with dimension n× (2λ+ 1) are given as follows:

zλ =


e2πi(−λ)1 e2πi(−λ+1)1 · · · e2πiλ1

e2πi(−λ)2 e2πi(−λ+1)2 · · · e2πiλ2

...
...

. . .
...

e2πi(−λ)n e2πi(−λ+1)n · · · e2πiλn


and the transpose of matrix zλ is given by:

zTλ =


e2πi(−λ)1 e2πi(−λ)2 · · · e2πi(−λ)n

e2πi(−λ+1)1 e2πi(−λ+1)2 · · · e2πi(−λ+1)n

...
...

. . .
...

e2πiλ1 e2πiλ2 · · · e2πiλn

 .

Next, by using the definition of an orthonormal sequence, we have:∫ b

a

zj(t)zk(t) dt =

{
0 for j ̸= k,

1 for j = k.

Hence, we obtain:

zTλ zλ =


e2πi(−λ)1 e2πi(−λ)2 · · · e2πi(−λ)n

e2πi(−λ+1)1 e2πi(−λ+1)2 · · · e2πi(−λ+1)n

...
...

. . .
...

e2πiλ1 e2πiλ2 · · · e2πiλn


T 

e2πi(−λ)1 e2πi(−λ+1)1 · · · e2πiλ1

e2πi(−λ)2 e2πi(−λ+1)2 · · · e2πiλ2

...
...

. . .
...

e2πi(−λ)n e2πi(−λ+1)n · · · e2πiλn


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=


n 0 · · · 0
0 n · · · 0
...

...
. . .

...
0 0 · · · n

 = n


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

 .

Therefore, we have: (zTλ zλ)
−1 = 1

nI, where I, where is an identity matrix. Also, in this step we have:

zTλy =


e2πi(−λ)1 e2πi(−λ)2 · · · e2πi(−λ)n

e2πi(−λ+1)1 e2πi(−λ+1)2 · · · e2πi(−λ+1)n

...
...

. . .
...

e2πiλ1 e2πiλ2 · · · e2πiλn



y1
y2
...
yn



=


e2πi(−λ)1y1 + e2πi(−λ)2y2 + · · ·+ e2πi(−λ)nyn

e2πi(−λ+1)1y1 + e2πi(−λ+1)2y2 + · · ·+ e2πi(−λ+1)nyn
...

e2πiλ1y1 + e2πiλ2y2 + · · ·+ e2πiλnyn

 =

n∑
i=1

yie
−2πijti for − λ ≤ j ≤ λ.

Thus, the Equation (12) can be written as follows:

âj = n−1
n∑

i=1

yie
−2πijti . (14)

Based on the Equation (10), (13), and Equation (14), the Fourier series estimator for g(ti), namely, ĝ(ti), is:

θ̂(ti) =

λ∑
j=−λ

âje
−2πijti =

λ∑
j=−λ

(
n−1

n∑
i=1

y∗i e
−2πijti

)
e2πijti . (15)

By taking [a, b] = [0, 1] and ti is equidistance in [0, 1] that is ti = i−1
n for i = 1, 2, . . . , n the Fourier series estimator

in Equation (15) can be written as:

θ̂(ti) =

J∑
j=−J

âje
2πij(i−1)

n . (16)

where i = 1, 2, ..., n and l =
√
−1. Here, ĝ(ti) has real component and imaginary component. If it is defined that

α̂−j is a compound complex of α̂j where

cj = âj + â−j and dj = i(âj + â−j) (17)

then based on Equation (17) the values of cj and dj can be determined by the following equations:

eit = cos(t) + i sin(t) and e−it = cos(t)− i sin(t).
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So, cj and dj can be written as follows:

cj = âj + â−j =
1

n

(
n∑

i=1

yie
2πijti +

n∑
i=1

yie
−2πijti

)

=
1

n

(
n∑

i=1

yi(cos(2πjti) + i sin(2πjti)) +

n∑
i=1

yi(cos(2πjti)− i sin(2πjti))

)

=
1

n

(
n∑

i=1

(yi cos(2πjti) + yii sin(2πjti)) +

n∑
i=1

(yi cos(2πjti)− yii sin(2πjti))

)

=
1

n

n∑
i=1

(cos(2πjti) + i sin(2πjti) + cos(2πjti)− i sin(2πjti))yi

=
2

n

n∑
i=1

yi cos(2πjti)

cj =
2

n

n∑
i=1

yi cos

(
2πj(i− 1)

n

)
(18)

dj = l(âj + α̂−j) = l
1

n

(
n∑

i=1

yie
−2πljti −

n∑
i=1

yie
2πljti

)

= l

(
1

n

n∑
i=1

yi(e
−2πljti − e2πljti)

)

= l

(
1

n

n∑
i=1

yi(cos(2πljti)− l sin(2πljti)− cos(2πljti)− l sin(2πljti))

)

= l

(
1

n

n∑
i=1

yi(−2l cos(2πljti))

)
=

2

n

n∑
i=1

yi sin(2πljti)

dj =
2

n

n∑
i=1

yi sin

(
2πj(i− 1)

n

)
. (19)

Based on Equation (18) and Equation (19), the Fourier series estimator ĝ(ti) can be written as follows:

ĝ(ti) =

J∑
j=−J

âje
2πjti

=

J∑
j=−J

(âje
2πjti + â−je

−2πjti) = â0 +

J∑
j=1

(âje
2πjti + â−je

−2πjti)

= â0 +

J∑
j=1

(âj(cos(2πjti) + ι sin(2πjti)) + â−j(cos(2πjti)− ι sin(2πjti)))

= â0 +

J∑
j=1

((âj + â−j) cos(2πjti)− ι(âj − â−j) sin(2πjti))

Stat., Optim. Inf. Comput. Vol. x, Month 202x
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â0 +

J′∑
j=1

(
cj
(
cos(2πjti)

)
+ dj

(
sin(2πjti)

))
. (20)

Thus, the Fourier series estimator given in Equation (20) can be written as follows:

ĝ(ti) = â0 +

J′∑
j=1

[
cj
(
cos(2πjti)

)
+ dj

(
sin(2πjti)

)]
(21)

where cj =
2
n

∑n
i=1 yi cos(2πjti) and dj =

2
n

∑n
i=1 yi sin(2πjti). Thus, Theorem 1 is proved.

The completely estimated FSSR model is obtained by estimating the parameter β and the function g(ti) by
using the PLS optimization which is given in the Theorem 2.

Theorem 2. If given the semiparametric regression model presented by Equation (3), and the regression function
g(ti)is approximated by Equation (4), then the estimator for parameter β and estimator for function g(ti) can be
determined by applying the following PLS optimization:

min
β∈Rr+1, g∈C(0,1)

[
n−1(y∗ − g)T(y∗ − g) + λ

∫ 1

0

(
g(2)(t)

)2
dt

]

where y∗ = y −UTβ, y =


y1

y2
...
yn

 , UT =


1 u11 u21 · · · up1

1 u12 u22 · · · up2

...
...

...
. . .

...
1 u1n u2n · · · upn

 , β =


β0

β1

...
βp

 , and the PLS opti-

mization will give: β̂ = [UTVU]−1UTVy; ĝ(ti) = H(I−HU[UTVU]−1UTV)y; and ŷ(u, t) = Uβ̂ +
ĝ(ti). Proof of Theorem 2. Parameter β and the function g(ti) in the semiparametric regression model presented
by Equation (3) can be estimated by using the following PLS optimization:

min
β∈Rr+1, g∈C(0,1)

[
n−1

n∑
i=1

(
yi −UT

i β − g(ti)
)2

+ λ

∫ 1

0

(
g(2)(ti)

)2
dti

]

Based on Equation (5), we have the penalty p(g) as follows:

P (g) = λ

∫ 1

0

(
g(2)(ti)

)2
dti = λ

∫ 1

0

(â0 + J∑
j=1

(cj cos(2πjti) + dj sin(2πjti))

)(2)
2

dti

= P (g) = λ

∫ 1

0

[
d2

dt2

(
â0 +

J∑
j=1

(cj cos(2πjti) + dj sin(2πjti))

)]2
dti (22)

The squared second derivative of the function g(ti) in Equation (22) can be obtained as follows:

(
g(2)(ti)

)2
=

[
d2

dt2

(
â0 +

J∑
j=1

(cj cos(2πjti) + dj sin(2πjti))

)]2
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where g(1)(ti) =
d
dt

[∑J
j=1(−2πjcj sin(2πjti)) +

∑J
j=1(2πjdj cos(2πjti))

]
. and g(2)(ti) =∑J

j=1(−4π2j2cj cos(2πjti))−
∑J

j=1(4π
2j2dj sin(2πjti)). Hence, we have:

(
g(2)(ti)

)2
=

(
J∑

j=1

(−4π2j2cj cos(2πjti))−
J∑

j=1

(4π2j2dj sin(2πjti))

)2

=

(
J∑

j=1

(−4π2j2cj cos(2πjti))

)2

+

(
J∑

j=1

(32π4j4cj cos(2πjti) dj sin(2πjti))

)
+

(
J∑

j=1

−4π2j2dj sin(2πjti)

)2

. (23)

Next, the Equation (23) is divided into three parts, and then taking the solution part by part. Hence, by considering
Equation (22), the part one of Equation (23), namely, P (g(1)), is as follows:

P (g(1)) = λ

∫ 1

0

(
J∑

j=1

−4π2j2cj cos(2πjti)

)2

dti. (24)

To take the solution to Equation (24), we give an illustration for j = 1, 2, 3 as follows:

P (g(1)) = λ

∫ 1

0

(
3∑

j=1

−4π2j2cj cos(2πjti)

)2

dti

=
(
−4π2c1 cos(2πti)− 4π24c2 cos(4πti)− 4π29c3 cos(6πti)

)2
=
[
(−4π2c1 cos(2πti))

2 + (−4π24c2 cos(4πti))
2 + (−4π29c3 cos(6πti))

2
]

+ 2[−4π2c1 cos(2πti)][4π
24c2 cos(4πti)] + 2[−4π2c1 cos(2πti)][4π

29c3 cos(6πti)]

+ 2[−4π24c2 cos(4πti)][4π
29c3 cos(6πti)]

=

3∑
j=1

(−4π2j2cj cos(2πjti))
2 +

3∑
j=1

(−4π2j2cj cos(2πjti))
2

+ 2

3∑
j=1

∑
i<z

(−4π2j2cj cos(2πjti))(−4π2z2cz cos(2πzti)).

The Equation (24) can be rewritten completely as follows:

P (g(1)) = λ

∫ 1

0

[
J∑

j=1

(
−4π2j2cj cos(2πjti)

)2
+

2

J∑
j<z
j=1

J∑
z=1

(
−4π2j2cj cos(2πjti)

) (
−4π2z2cz cos(2πzti)

)
] dti. (25)
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We can write the Equation (25) as follows:

P (g(1)) = λ[A+B] where A =

∫ 1

0

[
J∑

j=1

(
−4π2j2cj cos(2πjti)

)]2
dti,

and B = 2
∫ 1

0

[∑J
j<z
j=1

∑J
z=1

(
−4π2j2cj cos(2πjti)

) (
−4π2z2cz cos(2πzti)

)]
dti.

In this step, we have A =
∫ 1

0

[∑J
j=1

(
−4π2j2cj cos(2πjti)

)]2
dti =

∑J
j=1

[
16π4j4c2j

(∫ 1

0
cos2(2πjti) dti

)]
.

Since cos 2t = 2 cos2 t− 1; cos2 t = 1+cos 2t
2 ; and cos2(2t) = 1

2 + 1
2 cos(4t), then we have:

A =

J∑
j=1

16π4j4c2j

∫ 1
2

0

dti +
1

2

∫ 1

0

cos(4πjti) dti

 .

Furthermore, let u = 4πjti. It implies du = 4πj dti or du
4πj = dti. Based on this step, we obtain:

A =

J∑
j=1

[
8π4j4c2j

(∫ 1

0

1 dti +

∫ 1

0

cos(u)
du

4πj

)]

=

J∑
j=1

[
8π4j4c2j

(
ti +

1

4πj
sin(4πjti)

)1

0

]

=

J∑
j=1

[
8π4j4c2j (1− 0)

]
=

J∑
j=1

[
8π4j4c2j

]
.

In the similar way, we also obtain:

B = 2

∫ 1

0

 J∑
j<z
j=1

J∑
j=1

(−4π2j2cj cos(2πjti)) (−4π2z2cz cos(2πzti))

 dti

= 2

J∑
j<z
j=1

J∑
j=1

∫ 1

0

[
(−4π2j2cj cos(2πjti)) (−4π2z2cz cos(2πzti))

]
dti

= 2

J∑
j<z
j=1

J∑
j=1

16π4j2z2cjcz

∫ 1

0

[cos(2πjti) cos(2πzti)] dti.
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The next step, we first determine value of the following integral:∫ 1

0

[cos(2πjti) cos(2πzti)] dti =

∫ 1

0

1
2 [cos(2π(j + z)ti) + cos(2π(j − z)ti)] dti

= 1
2

∫ 1

0

[cos(2π(j + z)ti)] dti +
1
2

∫ 1

0

[cos(2π(j − z)ti)] dti

= 1
2

[
1

2π(j+z) sin(2π(j + z)ti)
]1
0
+ 1

2

[
1

2π(j−z) sin(2π(j − z)ti)
]1
0

= 1
2

[
1

2π(j+z) sin(2π(j + z)ti)− 0
]
+ 1

2

[
1

2π(j−z) sin(2π(j − z)ti)− 0
]

= 0.

Hence, we obtain:

B = 2

J∑
j<z
j=1

J∑
j=1

16π4j2z2cjcz

∫ 1

0

[cos(2πjti) cos(2πzti)] dti

= 2

J∑
j<z
j=1

J∑
j=1

16π4j2z2cjcz · 0 = 0.

Since B = 0, we obtain: P (g(1)) = λ

∫ 1

0

(
J∑

j=1

−4π2j2cj cos(2πjti)

)2

dti = λ

J∑
j=1

[8π4j4c2j ]. Next, the part two

of Equation (23), namely, P (g(2)), is as follows:

P (g(2)) = λ

∫ 1

0

(
J∑

j=1

32π4j4cj cos(2πjti)

)
dj sin(2πjti) dti

= λ

∫ 1

0

(
J∑

j=1

16π4j4cj2(cos(2πjti)dj sin(2πjti))

)
dti

= λ

J∑
j=1

16π4j4cj

∫ 1

0

2(cos(2πjti)dj sin(2πjti)) dti.

Since sin(A+B) = cosB + cosA sinB; sin(2t+ 2t) = cos 2t sin 2t+ cos 2t sin 2t; and sin(4t) = 2 cos 2t sin 2t,

then we have: P (g(2)) = λ
∑J

j=1 16π
4j4cj

∫ 1

0
sin(4πjti) dti. Let 4πjti. = u. It gives ti =

1
4πjti

du, and we have
the value of P (g(2)) as follows:

P (g(2)) = λ

J∑
j=1

16π4j4cj

∫ 1

0

sinu du

4πj

du = λ

J∑
j=1

16π4j4cj

(
1

4πj

)
[− cos(4πjti)]

1
0

= λ

J∑
j=1

16π4j4cj

(
1

4πj

)
[−1− (−1)] = 0.
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Furthermore, the part three of Equation (23) is P (g(3)) = λ
∫ 1

0

(∑J
j=1 −4π2j2dj sin(2πjti)

)2
dti.

Next, for j = 1, 2, 3 we have:

(
J∑

j=1

−4π2j2dj sin(2πjti)

)2

=

(
3∑

j=1

−4π2j2dj sin(2πjti)

)2

= (−4π2d1 sin(2πti)− 4π2 · 4d2 sin(4πti)− 4π2 · 9d3 sin(6πti))2

= ((−4π2d1 sin(2πti))
2 + (−4π2 · 4d2 sin(4πti))2 + (−4π2 · 9d3 sin(6πti))2)

+ 2[−4π2d1 sin(2πti) · 4π2 · 4d2 sin(4πti)]
+ 2[−4π2d1 sin(2πti) · 4π2 · 9d3 sin(6πti)]
+ 2[−4π2 · 4d2 sin(4πti) · 4π2 · 9d3 sin(6πti)]

=

3∑
j=1

(
−4π2j2dj sin(2πjti)

)2
+ 2

3∑
j<z
j=1

3∑
z=1

(
−4π2j2dj sin(2πjti)

) (
−4π2z2dz sin(2πzti)

)
.

From this step, we obtain the part three completely for j = 1, 2, ..., J as follows:

P (g(3)) = λ

∫ 1

0

(
J∑

j=1

−4π2j2dj sin(2πjti)

)2

dti

= λ

∫ 1

0

[

3∑
j=1

(
−4π2j2dj sin(2πjti)

)2
+

2

3∑
j<z
j=1

3∑
z=1

(
−4π2j2dj sin(2πjti)

) (
−4π2z2dz sin(2πzti)

)
]dti. (26)

We can write Equation (26) as P (g(3)) = λ[E + F ], where E =
∫ 1

0

[∑J
j=1

(
−4π2j2dj sin(2πjti)

)2]
dti, and

F = 2
∫ 1

0

[∑J
j<z
j=1

∑J
z=1(−4π2j2dj sin(2πjti)) · (−4π2z2dz sin(2πzti))

]
dti. Hence, we have

E =
∫ 1

0

[∑J
j=1

(
−4π2j2dj sin(2πjti)

)]2
dti =

∑J
j=1

[
16π4j4d2j

(∫ 1

0
sin2(2πjti) dti

)]
. Since

2 sin2 a = 1− cos(2a) or sin2 a = 1
2 (1− cos(2a)), and sin2(2t) = 1

2 (1− cos(4t)), then we obtain

E =
∑J

j=1

[
16π4j4d2j

(∫ 1

0
1
2 dti −

1
2

∫ 1

0
cos(4πjti) dti

)]
. Let u = 4πjti. It gives du = 4πj dti, or du

4πj = dti.

Hence, we have:

E =

J∑
j=1

[
8π4j4d2j

(∫ 1

0

1 dti −
∫ 1

0

cos(u)
du

4πj

)]

=

J∑
j=1

[
8π4j4d2j

(
ti −

1

4πj
sin(4πjti)

)1

0

]

=

J∑
j=1

[
8π4j4d2j (1− 0)

]
=

J∑
j=1

[8π4j4d2j ].
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Similarly, in this step we have:

F = 2

∫ 1

0

 J∑
j<z
j=1

J∑
z=1

(−4π2j2dj sin(2πjti))(−4π2z2dz sin(2πzti))

 dti

= 2

J∑
j<z
j=1

J∑
z=1

∫ 1

0

(−4π2j2dj sin(2πjti))(−4π2z2dz sin(2πzti)) dti

= 2

J∑
j<z
j=1

J∑
z=1

16π4j2z2djdz

∫ 1

0

[sin(2πjti) sin(2πzti)] dti.

Since sinA sinB = 1
2 cos(A−B) + 1

2 cos(A+B), then we determine the value of the following integral as
follows:

∫ 1

0

[sin(2πjti) sin(2πzti)] dti =

∫ 1

0

1
2 [cos(2πj − 2πz)ti + cos(2πj + 2πz)ti] dti

= 1
2

∫ 1

0

[cos(2πj − 2πz)ti] dti +
1
2

∫ 1

0

[cos(2πj + 2πz)ti] dti

= 1
2

[
1

2πj−2πz sin(2πj − 2πz)ti

]1
0
− 1

2

[
1

2πj+2πz sin(2πj + 2πz)ti

]1
0

= 1
2

[
1

2πj−2πz sin(2πj − 2πz)ti − 0
]
− 1

2

[
1

2πj+2πz sin(2πj + 2πz)ti − 0
]
= 0.

Hence, we obtain:
F = 2

∑J
j<z
j=1

∑J
z=1 16π

4j2z2djdz
∫ 1

0
[sin(2πjti) sin(2πzti)] dti = 2

∑J
j<z
j=1

∑J
z=1 16π

4j2z2djdz · 0 = 0, and

P (g(3)) = λ
∫ 1

0

(∑J
j=1 −4π2j2dj sin(2πjti)

)2
dti =

∑J
j=1[8π

4j4d2j ]. Finally, by combining part one, part two,
and part three, we obtain the expression of Equation (22) as follows:

P (g) = λ

J∑
j=1

[8π4j4c2j ] +

J∑
j=1

[8π4j4d2j ]. (27)

Also, we can write p(g) given by Equation (27) in the notation of matrix as follows:
P (g) = λ

∫ 1

0

(
g(2)(t)

)2
dx = λ

[∑J
j=1(8π

4j4c2j ) +
∑J

j=1(8π
4j4d2j )

]
= λ∗

[∑J
j=1 j

4c2j +
∑J

j=1 j
4d2j

]
. where

λ∗ = 8π4λ = λ[14c21 + 24c22 + . . .+ J4c2J + 14d21 + 24d22 + . . .+ J4d2J ] = λ[Y TDY ];

YT = (a0 c1 c2 · · · cJ d1 d2 · · · dJ); and
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D =



0 0 0 0 · · · 0 0 0 · · · 0
0 14 0 0 · · · 0 0 0 · · · 0
0 0 24 0 · · · 0 0 0 · · · 0
0 0 0 34 · · · 0 0 0 · · · 0
...

...
...

...
. . .

...
...

...
. . .

...
0 0 0 0 · · · J4 0 0 · · · 0
0 0 0 0 · · · 0 14 0 0 · · ·
0 0 0 0 · · · 0 0 24 0 · · ·
0 0 0 0 · · · 0 0 0 34 · · ·
...

...
...

...
. . .

...
...

...
...

. . .
0 0 0 0 · · · 0 0 0 0 J4



.

Based on Equation (21) and Equation (22), the PLS optimization can be solved as follows:

min
β∈Rr+1, g∈C(0,1)

[
n−1

n∑
i=1

(
yi − uT

i β − g(ti)
)2

+ λ

∫ 1

0

(
g(2)(ti)

)2
dti

]
= min

β∈Rr+1, g∈C(0,1)
{W (γ)}.

Since y∗ = yi − uT
i β, then W (γ) is given by:

W (γ) = n−1
n∑

i=1

[
(y∗ − g(ti))

T (y∗ − g(ti))
]
+ λ

∫ 1

0

(
g(2)(ti)

)2
dti

= n−1
n∑

i=1

[
(y∗ − (a0 +

J′∑
j=1

(cj cos(2πjti) + dj sin(2πjti))))
T

× (y∗ − (a0 +

J′∑
j=1

(cj cos(2πjti) + dj sin(2πjti)))))
]
+ λ∗[YTDY].

It is easy to show that
∑n

i=1

(
(y∗ − g(ti))

T (y∗ − g(ti))
)
= (y∗ − Fy)T (y∗ − Fy) such that we have:

W (y) = n−1
n∑

i=1

(
(y∗ − g(ti))

T
(y∗ − g(ti))

)
+ λ

∫ 1

0

g(2)(ti) dti

= n−1(y∗ − Fy)T (y∗ − Fy) + λyTDy

= n−1(y∗Ty∗ − y∗TFy − yTFTy∗ + yTFTFy) + λyTDy

= n−1y∗Ty∗ − n−1y∗TFy − n−1yTFTy∗ + n−1yTFTFy + λyTDy

= n−1y∗Ty∗ − n−1yTFy − n−1(yTFTy∗)T + yT (n−1FTF+ λD)y.

Next, we determine:

∂W (y)

∂y
= 0 ⇐⇒ ∂

∂y

{
n−1y∗Ty∗ − n−1y∗TFy − n−1(yTFTy∗)T + yT (n−1FTF+ λD)y

}
= 0

⇐⇒ −2n−1FTy∗ + 2(n−1FTF+ λD)y = 0

⇐⇒ ŷ = (n−1FTF+ λD)−1n−1FTy∗.
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Hence, we obtain ĝ(ti) as follows:

ĝ(ti) = FT ŷ = F(n−1FTF+ λD)−1n−1FTy∗ = H(y −Uβ) = Hy∗. (28)

where U =


1 u11 u21 · · · up1

1 u12 u22 · · · up2

...
...

...
. . .

...
1 u1n u2n · · · upn

 , and H = F(n−1FTF+ λD)−1n−1FT .

Next, to find the estimation of parameter β, we consider the following model:

y = Uβ − FyT + ε = Uβ − ĝ(ti) + ε.

This means that ε = y −Uβ − ĝ(ti).. Hence, we obtain:

εTε = [y −Uβ −H(y −Uβ)]T [y −Uβ −H(y −Uβ)]

= [y −Uβ −Hy +HUβ]T [y −Uβ −Hy +HUβ]

= [yT (I−H)T − βTUTHT ][(I−H)y − (I−H)Uβ]

= [yT (I−H)T (I−H)y − [yT (I−H)T (I−H)Uβ]+

− [βTUT (I−H)T (I−H)y] + [βTUT (I−H)T (I−H)Uβ]

= yT (I−H)T (I−H)y − [yT (I−H)T (I−H)Uβ]T+

− [βTUT (I−H)T (I−H)y] + [βTUT (I−H)T (I−H)Uβ]

= yT (I−H)T (I−H)y − βTUT (I−H)T (I−H)y+

− βTUT (I−H)T (I−H)y + βTUT (I−H)T (I−H)Uβ

= yT (I−H)T (I−H)y − 2βTUT (I−H)T (I−H)y + βTUT (I−H)T (I−H)Uβ.

Hereinafter, we obtain:

∂(εTε)

∂β
= 0 ⇐⇒ −2UT (I−H)T (I−H)y + 2UT (I−H)T (I−H)Uβ = 0.

⇐⇒ β̂(UTVU)−1UTVy where V = (I−H)T (I−H). (29)

Therefore, based on Equation (28) and Equation (29), we obtain the estimation of regression function of the
Fourier Series Semiparametric Regression (FSSR) model as follows:

ĝ(tl) = H(y −Uβ̂) = H
[
I−HU(UTVU)−1UTV

]
y. (30)

Hence, the completely estimated Fourier series semiparametric regression (FSSR) model is:

ŷ(u, t) = U(U⊤VU)−1U⊤Vy +H
[
I−HU(U⊤VU)−1U⊤V

]
y = Uβ̂ + ĝ(ti). (31)

Thus, the Theorem 2 is proved.
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3.2. Simulation Study

In this simulation study, we use four different samples sizes that represent small sample (n = 20), moderate
sample (n = 40 and n = 30), and large sample (n = 100), and with Fourier coefficients k = 1, 2, . . . , 10 through
the scenario as follows: (1). Given samples size, n = 20, 30, 40, 100; (2). Set time values (t) equals to the number
of sample size (n); (3). Input time values (t) into equation: g(t) = sin(2πt); (4). Generate values of u from
Normal distribution: u < −rnorm(n, 50, 25); The generation of these values is designed such that the variable
u contains n observations whose distribution follows the characteristics of the original data, namely a mean of
approximately 50 and a standard deviation of 25. (5). Generate values of error (ϵ) from Normal distribution:
< −rnorm(n, 0, sqrt(0.5)); (6). Determine values of y using equation: y = βu+ g(t)+ where β = 0.9; The
selection of the parameter value β is intended to ensure that, when the relationship between y and u is visualized
through a plot, the resulting pattern exhibits a tendency toward linearity. (7). Plot y versus u, and plot y versus
g(t); (8). Input values of lower and upper bounds of lambda (λ) with ranges and increments as follows: (8a).
= [0.0001, 0.01] and increment equals to 0.0001; (8b). = [0.01, 1] and increment equals to 0.01; (8c). = [1, 100]
and increment equals to 1; (9). Input Fourier coefficient values, j = 1, 2, . . . , 10, which minimize value of GCV;
(10). Determine MAPE (Mean Average Percentage Error) values for each Fourier coefficient.

Next, based on the scenario above, we obtain scatter plots of observations y versus u, and observations y versus
values of function g for n = 100, n = 40, n = 30, and n = 20 which are given in Figures 1-4, respectively.

Figure 1. Scatter Plots for n = 20 of y versus u (a), and y versus g (b).

Figure 2. Scatter Plots for n = 30 of y versus u (a), and y versus g (b).
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Figure 3. Scatter Plots for n = 40 of y versus u (a), and y versus g (b).

Figure 4. Scatter Plots for n = 100 of y versus u (a), and y versus g (b).

Figure 1–4 show that all scatter plots y versus u for n = 20, 30, 40, 100 provide a linear curve pattern, and all
scatter plots y versus g for n = 20, 30, 40, 100 do not show any particular curve pattern. This means that to analyze
the data we have, it is suitable to use a semiparametric regression model approach. Further, we obtain plots of GCV
versus bandwidth which is given in Figure 5.
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Figure 5. Plots of GCV versus Lambda for n = 20, 30, 40, 100.

Figure 5 shows minimum values of GCV and optimal lambda for samples sizes n = 20, 30, 40, 100. Next, in
Table 1 we present the estimation results of the simulation study for samples sizes n = 20, 30, 40, 100 including the
number of Fourier coefficients (k), values of optimal lambda (λ), minimum values of GCV, values of parameters
(β̂0, β̂1, α̂0, ĉ0, ĉ1), and values of MAPE.

Table 1. Estimation Results of the Simulation Study for n = 20, 30, 40, 100.

Estimation Samples Size
n = 20 n = 30 n = 40 n = 100

k 1 1 1 1
Optimal λ 0.08 0.02 0.02 0.01
GCVmin 0.2600528 0.4209836 0.5422785 0.48859
β̂0 7.4187466e-18 -3.210626e-18 -3.893704e-18 -1.947083e-18
β̂1 -180.8980365 -190.8947903 -180.9021829 -170.8985376
α̂0 0.06888385 0.3295847 -0.1163614 0.00037622
ĉ0 -0.08215611 0.04767274 -0.02987295 -0.02677371
ĉ1 0.1667841 0.3506139 0.3618541 0.2911945
MAPE 9.706166 7.107682 1.9989046 1.66728

Based on estimation results of the simulation study for n = 20, 30, 40, 100 given in Table 1, and by considering
Equations (8), (21), and Equations (31), we obtain the estimated Fourier series semiparametric regression (FSSR)
model using PLS smoothing technique that is:

ŷi = β̂0 + β̂1u1i + β̂2u2i + . . .+ β̂pupi + α̂0 +

J∑
j=1

[
ĉj cos(2πjti) + d̂j sin(2πjti)

]
. (32)

for i = 1, 2, . . . , n. Hence, for n = 20, 30, 40, 100, we obtain some results as follows:

(a). For n = 20, we have Fourier coefficient k = 1, minimum GCV of 0.2600528, and the optimal lambda
of 0.08. Hence, by using Equation (32), we obtain:

ŷi = 7.418746e−18− 180.8980365u1i + 0.06888385

− 0.08215611 cos(2πti) + 0.1667841 sin(2πti), i = 1, 2, . . . , 20. (33)

(b). For n = 30, we have Fourier coefficient k = 1, minimum GCV of 0.4209836, and the optimal lambda of 0.02.
Hence, by using Equation (32), we obtain:

ŷi = −3.210626e−18− 190.8947903u1i + 0.3295847

+ 0.04767274 cos(2πti) + 0.3506139 sin(2πti), i = 1, 2, . . . , 30. (34)
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(c). For n = 40, we have Fourier coefficient k = 1, minimum GCV of 0.5422785, and the optimal lambda of 0.02.
Hence, by using Equation (32), we obtain:

ŷi = −3.893704e−18− 18.9021829u1i − 0.1163614

− 0.02987295 cos(2πti) + 0.3618541 sin(2πti), i = 1, 2, . . . , 40. (35)

(d). For n = 100, we have Fourier coefficient k = 1, minimum GCV of 0.48859, and the optimal lambda of 0.01.
Hence, by using Equation (32), we obtain:

ŷi = −1.947083e−18− 17.08985376u1i + 0.0003762195

− 0.02677371 cos(2πti) + 0.2911945 sin(2πti), i = 1, 2, . . . , n. (36)

Table 1 also shows the MAPE values of estimation results for the Fourier Semiparametric Regression (FSSR)
models using PLS smoothing technique on simulation study with sample sizes n = 20, 30, 40, 100. The results
show that the MAPE values for n = 20, 30, 40, 100 are less than 10, this means that the estimation results of the
FSSR models using PLS smoothing technique has highly accuracy criteria [34]. It can also be seen that the larger
the sample size, the smaller the MAPE value. This means that the estimations of the FSSR models using PLS
smoothing technique have increasingly accurate criteria.
Hereinafter, based on Equations (33)–(36) that are the estimation results of the FSSR models using PLS smoothing
technique for samples sizes n = 20, 30, 40, 100, we obtain the surface plots of estimation results of the FSSR
models for samples sizes n = 20, 30, 40, 100 that are given in Figure 6.

From Figure 6 we can see that surface plots of all the estimated FSSR models for all samples sizes simulated
(i.e., n = 20, 30, 40, 100) show the existence of fluctuating patterns and trend patterns (in this case it is an upward
trend) that is the value of the estimated response variable (ŷ), which in Figure 6 it is expressed as yhead, tends to
increase as the value of the predictor variables u and t increases. This means that all the illustrations produced from
this simulation study theoretically support the concept of the estimation method proposed for estimating FSSR
model, namely, that penalized least square must be chosen to avoid over-fitting effect, and the use of the Fourier
series is also appropriate, namely, this is indicated by the presence of fluctuating patterns over time which tends to
have trend and seasonal patterns.
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Figure 6. Surface Plots of Estimation Results of the FSSR Models Using PLS Smoothing Technique for Sample Sizes
n = 20, 30, 40, 100.

3.3. Comparison of the FSSR Model and the ARIMAX Model Using Real Data

The data used in this study consists of 60 data points, which are divided into two groups, namely the in-sample and
out-sample sets. The data were obtained from NASA POWER through the website https://power.larc.nasa.gov/data-
access-viewer/, with the data collection location situated in Sragen Regency, Central Java Province, Indonesia,
covering the period from January 1, 2025 to March 2, 2025. For the in-sample distribution, the data are divided into
50 data points, while the out-sample distribution consists of 10 data points. The first step in this study is to examine
the relationship or correlation between earth surface temperature, denoted as EST, and relative humidity at 2 meters,
denoted as RH2M, within the in-sample data. Correlation statistical analysis aims to determine the strength and
direction of the relationship between these two variables, namely earth surface temperature and relative humidity
at 2 meters. The Pearson correlation coefficient ranges from -1 to 1, where a positive value indicates a positive
correlation, and a negative value indicates a negative correlation. The following Figure 7 and Table 2 describe the
correlation between earth surface temperature and relative humidity at 2 meters.

Figure 7. Correlation Plot of Earth Surface Temperature and Relative Humidity at 2 Meters.

Table 2. Correlation Matrix of Earth Surface Temperature and Relative Humidity at 2 Meters

EST RH2M
EST 1.00000 -0.69739
RH2M -0.69739 1.00000

In Table 2, the correlation value of -0.69739 presented in the correlation matrix shows a correlation between
Earth Surface Temperature (EST) and Relative Humidity at 2 Meters (RH2M). This negative correlation suggests
an inverse relationship between Earth Surface Temperature and Relative Humidity, meaning that as Earth Surface
Temperature increases, the Relative Humidity decreases, and vice versa.
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The next step is to create a time series scatter plot for the in-sample scenario, plotting Earth Surface Temperature
against Relative Humidity to examine the data distribution. The following Figure 8 is the scatter plot of Earth
Surface Temperature versus Relative Humidity.

Figure 8. Scatter Plot of Earth Surface Temperature versus Relative Humidity.

Based on the Figure 8, it shows that the in-sample data follows a linear pattern with a downward trend, indicating
a negative parametric relationship between Earth Surface Temperature (EST) and Relative Humidity at 2 Meters
(RH2M). To reinforce this assumption, a linearity test was conducted using a linear regression model, and the
obtained results are presented in Table 3.

Table 3. Significance Test of the Linear Model Parameters

Estimate Std. Error t value Pr(¿|t|)
(Intercept) 41.67236 2.39854 17.374 < 2e-16
RH2M -0.18057 0.02678 -6.742 1.83e-08

As shown in Table 3, the coefficient value is less than α = 0.05, indicating that the linear model coefficient is
statistically significant. Therefore, it can be concluded that Earth Surface Temperature (EST) and Relative Humidity
at 2 Meters (RH2M) have a linear relationship. Next, a scatter plot of Earth Surface Temperature and time is created,
as shown in the following Figure 9.

Figure 9. Scatter Plot of Earth Surface Temperature and Time.
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Based on Figure 9, the scatter plot between Earth Surface Temperature and time does not show any specific
pattern. This indicates that a nonparametric regression approach can be applied. Therefore, the functional
relationship between Earth Surface Temperature and Relative Humidity is linear, while the functional relationship
between Earth Surface Temperature and time does not form any particular pattern. Before applying semiparametric
regression, this study will also employ the ARIMAX method between Earth Surface Temperature and Relative
Humidity to compare the prediction results of both methods.

The first step in applying the ARIMAX method is to test whether Earth Surface Temperature requires a
differencing process. The test was conducted using the Augmented Dickey–Fuller (ADF) method, which produced
an ADF Statistic of –5.6914 with a p-value of 0.000. The p-value, which is far below the 0.05 significance level,
indicates that the Earth Surface Temperature data are stationary in mean; therefore, no differencing is required to
stabilize the data. The results of this test are presented in Table 4.

Table 4. Augmented Dickey-Fuller (ADF) Test Result

ADF Statistic p-value
Value -5.691412771 0.000

The next step is to construct several tentative ARIMAX models using various combinations of ARIMA orders
while including Relative Humidity as an exogenous variable. Each candidate model is then evaluated based on
the Akaike Information Criterion (AIC), where the model with the lowest AIC value is selected as the best
model because it provides the optimal balance between model complexity and goodness-of-fit. A summary of
the ARIMAX model selection based on AIC values is presented in Table 5.

Table 5. AIC Comparison for ARIMAX Model Orders

Order (p, d, q) AIC
(1, 0, 0) 35.297
(0, 0, 1) 36.631
(1, 0, 1) 37.608
(0, 0, 0) 41.427

Based on the model selection results in Table 5, the best ARIMAX model is obtained at the order (p, d, q) =
(1, 0, 0) with an AIC value of 35.297, which is the smallest among all candidate models. Therefore, this model is
selected for forecasting both in-sample and out-of-sample data in order to compare its predictive performance with
that of the semiparametric regression approach.

After selecting the ARIMAX model, assumption tests are conducted to ensure that the model is appropriate
for forecasting purposes. The evaluation covers three main aspects: residual autocorrelation, residual normality,
and the presence of heteroskedasticity. The Ljung–Box test is used to assess whether the residuals are free from
autocorrelation, the Shapiro–Wilk test is used to verify whether the residuals follow a normal distribution, and
the ARCH LM test is performed to detect the presence of heteroskedasticity in the residuals. The results of these
assumption tests are presented in Table 6.

Table 6. Assumption Tests for Model Diagnostics

Assumption Test p-value
Ljung–Box Test 0.8389
Shapiro–Wilk Test 0.3422
ARCH LM Test 0.8196

Based on the assumption test results in Table 6, the Ljung–Box Test p-value of 0.8389 indicates that there is
no autocorrelation in the residuals, as the value is greater than the 0.05 significance level. The Shapiro–Wilk Test
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p-value of 0.3422 shows that the residuals follow a normal distribution, meaning that the normality assumption
is satisfied. The ARCH LM Test produces a p-value of 0.8196, which indicates that there is no evidence of
heteroskedasticity in the residuals.

Returning to the semiparametric regression approach, its application in this case involves determining the
minimum Generalized Cross Validation (GCV) value using Fourier series estimation. In this study, the Fourier
series coefficient limit is set to 10. Figure 10 presents the GCV plot for each Fourier coefficient based on the
in-sample data.

Figure 10. GCV Plots for Each Fourier Coefficient.

Based on Figure 10, it can be observed that each Fourier coefficient has a minimum value of GCV along with
its corresponding lambda value. The following Table 7 presents the GCV and lambda values for each Fourier
coefficient.

Table 7. GCV Value for K = 1, 2, . . . , 10.

K GCV Lambda
1 0.1250457 0.031
2 0.1164853 0.15
3 0.113797 0.13
4 0.1290923 49
5 0.1260202 0.42
6 0.1202909 0.21
7 0.1291032 49
8 0.1291203 49
9 0.1290847 49
10 0.1144038 0.14

Based on the Figure 10 and Table 7, the GCV value for each Fourier coefficient in the in-sample data reaches
its minimum at the third Fourier coefficient. It can be concluded that the best semiparametric model is obtained at
the third Fourier coefficient, with a minimum GCV value of 0.113797 and a lambda of 0.13. The best FSSR model
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based on the minimum GCV can be expressed as follows:

yi = 4.578279e−16 + (−0.184205)u1i + 41.97897 + 0.009824081 cos(2πti)

+ (−0.003549639) sin(2πti) + (−0.001217795) cos(4πti) + 0.0296664 sin(4πti)

+ 0.004221657 cos(6πti) + (−0.0002334817) sin(6πti)

After obtaining the best semiparametric regression and ARIMAX models, the next step is to evaluate their
accuracy and performance. This evaluation is carried out using the Fourier series estimator with the Root Mean
Square Error (RMSE) and Mean Absolute Percentage Error (MAPE). MAPE measures the percentage of prediction
error, where a lower value indicates higher accuracy [34]. This analysis aims to ensure that the resulting model
effectively captures the relationships among the variables. Plots of the actual and estimated values using the best
Fourier coefficients and model orders are presented in Figure 11.

Figure 11. (a). FSSR, (b). ARIMAX, Plots of the Actual Values (blue) and Estimating Values (red) Using the Best Fourier
Coefficient and orders.

Based on Figure 11, it can be observed that the model demonstrates strong performance. For the in-sample data,
both the model with the best Fourier coefficients and the ARIMAX model with the optimal order are able to explain
the data variability with a low error rate. Subsequently, both models are used to evaluate estimation performance
by comparing the predicted data with the out-sample data. The plots comparing the estimated and actual values
of the best FSSR and ARIMAX models are presented in Figure 12, and a quantitative evaluation of both models’
performance is conducted by calculating the RMSE and MAPE values, which are presented in Table 8.

Figure 12. (a). FSSR, (b). ARIMAX, Plots of the Actual Values (blue) and Estimating Values (red) Using the Best Fourier
Coefficient and orders.
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Table 8. Performance Comparison Between FSSR and ARIMAX Models

FSSR ARIMAX
RMSE 0.2816 0.2889
MAPE 1.0684 0.9539

Based on Figure 12 and Table 8, it can be observed that the forecasting results of both models do not differ
significantly from the actual values. The RMSE values show that the FSSR model has an error level of 0.2816,
while the ARIMAX model yields a slightly higher RMSE of 0.2889. The lower RMSE of the FSSR model indicates
that it produces smaller and more consistent prediction errors, suggesting that FSSR does not experience overfitting
and is able to maintain its performance on new data. In terms of error percentage, the FSSR model obtains a MAPE
of 1.0684%, while ARIMAX achieves a MAPE of 0.9539%. Although ARIMAX shows a slightly lower MAPE,
the stability of the RMSE in the FSSR model makes it superior overall, as it provides more stable estimations,
effectively mitigates potential overfitting, and offers better flexibility in capturing the relationships among Earth
Surface Temperature, Relative Humidity, and time.

4. Conclusion

The estimated regression function of the Fourier Series Semiparametric Regression (FSSR) model using the
Penalized Least Square (PLS) smoothing technique is a combination of the estimated parametric component and
the estimated nonparametric component in the FSSR model. In addition, both the estimated parameters in the
parametric component and the estimated function in the nonparametric component are linear with respect to the
observed data. This implies that the estimated regression function of the FSSR model with the PLS smoothing
technique is also linear in the observations, making the overall estimation process of the FSSR model linear in the
data. Furthermore, the theoretical results of this study can be utilized for advancing statistical inference theory and
for analyzing time series data that exhibit mixed patterns where part of the data follows linear, quadratic, or cubic
trends, while the remaining portion shows fluctuating patterns over time that tend to display trend and seasonal
components. In addition, the simulation study results demonstrate that the FSSR model estimated using the PLS
smoothing technique satisfies high accuracy criteria. The implementation of this model shows that FSSR is capable
of effectively explaining data variability in a semiparametric framework and producing accurate predictions. This
is reflected in the MAPE value of 1.068%, which indicates an excellent level of predictive accuracy. Moreover, the
FSSR model yields an RMSE value of 0.2816, which is lower than that of the ARIMAX model (0.2889), indicating
that FSSR produces smaller prediction errors. This difference also demonstrates that FSSR is superior, as its stable
RMSE values for both in-sample and out-of-sample data suggest no indication of overfitting. With consistent
performance and more stable estimation results compared to ARIMAX, the FSSR model can be considered valid
and reliable for prediction purposes. Therefore, this approach has strong potential for application to rainfall data or
other environmental variables in future analysis and forecasting efforts.
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