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Abstract Uncertainty modeling underpins decision-making across diverse domains, and numerous frameworks—such
as Fuzzy Sets, Rough Sets, Hesitant Fuzzy Sets, and Plithogenic Sets—have been developed to capture different facets
of imprecision. Hyperfuzzy Sets and their recursive generalization, SuperHyperfuzzy Sets, assign set-valued membership
degrees at multiple hierarchical levels to represent uncertainty more richly. The Linear Diophantine Fuzzy Set further
refines this approach by imposing weighted linear Diophantine constraints on membership and non-membership grades.
In this paper, we define two new constructs—the Linear Diophantine Hyperfuzzy Set and the Linear Diophantine
SuperHyperfuzzy Set—by integrating Diophantine constraints with hyperfuzzy and superhyperfuzzy frameworks, and we
present a concise application example. A Linear Diophantine HyperFuzzy Set assigns each element set-valued membership
and nonmembership grades, constrained by a linear Diophantine relation. A (m, n)—Linear Diophantine SuperHyperFuzzy
Set assigns each element set-valued membership and nonmembership grades, constrained by a linear Diophantine relation.
We also examine the algorithms associated with these notions. These extensions offer a more structured, hierarchical means
of applying Linear Diophantine Fuzzy Set methodology in practical uncertain environments.
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1. Introduction

1.1. Fuzzy, HyperFuzzy, and SuperHyperFuzzy Sets

In classical set theory, objects that share a given property are collected into a set, and membership is strictly binary:
an element either belongs to the set or it does not[1]. When one tries to model vague boundaries, partial truth, or
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pieces of evidence that are incomplete or even conflicting, such crisp sets are too rigid to capture the full spectrum of
real-world uncertainty. To overcome this limitation in a systematic manner, many kinds of uncertain set formalisms
have been introduced[2, 3]. In the fuzzy-set framework, each element of a universe U is assigned a membership
grade in [0, 1], so that belonging to a set becomes a gradual notion rather than an all-or-nothing decision[4]. Typical
generalizations include pythagorean fuzzy sets [5, 6], neutrosophic sets[7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18],
bipolar fuzzy sets[19], bipolar neutrosophic sets[20], neutrosophic soft sets[21], neutrosophic resolving sets[?],
pentapartitioned neutrosophic sets[22], heptapartitioned neutrosophic sets[23], hesitant neutrosophic sets[24],
complex neutrosophic sets[25, 26, 27, 28, 29], shadowed sets[30], plithogenic sets[31, 32, 33, 34], double-valued
neutrosophic sets[35, 36], and intuitionistic fuzzy sets[37]. These fuzzy-type models and their variants have been
studied extensively and successfully applied in decision making, machine learning, and many areas of computer
science.

Hyperfuzzy sets refine this picture by assigning to each element a nonempty subset of [0, 1], representing several
plausible membership degrees and hence uncertainty about the membership value itself[38, 39]. In an even more
structured, hierarchical setting, an (m, n)-superhyperfuzzy set associates each nonempty m-level subset of U with
a family of nonempty n-level sets of membership grades, thereby encoding multiple layers of uncertainty within
a single unified framework[40, 41]. For convenience, Table 1 summarizes the main viewpoints behind Uncertain,
HyperUncertain, and SuperHyperUncertain Sets.

Table 1. Summary of Uncertain, HyperUncertain, and SuperHyperUncertain Sets.

Notion Underlying domain Core idea Typical instances / references
Uncertain Set S (or amodel-dependent  Attach to elements or subsets some Fuzzy Sets[4]; Soft Sets[21];
subfamily of P(S5)) representation of uncertainty, such as graded Neutrosophic Sets[42];
membership, parameters, lower/upper Plithogenic Sets[43].

approximations, neutrosophic triples, or
contradiction-aware degrees.

HyperUncertain Set ~ P(.S) Treat uncertainty directly on the powerset; HyperFuzzy[44, 45];
evaluations on P(.S) become set-valued, HyperNeutrosophic[46],
capturing hesitation, multiple compatible HyperSoft[47].
grades, and richer patterns of appurtenance.

SuperHyperUncertain P ™(S),n > 1 Lift the uncertainty semantics to iterated SuperHyperFuzzy, SuperHyper-

Set powersets, so that hierarchical and multi-level Vague, SuperHyperNeutrosophic,

uncertainty over multi-ary inputs/outputs can be  and related models[48, 49].
modeled across the different layers of P ™ (.S).

Note. P(S) denotes the powerset of .S, and P ™ (.S) the n-fold iterated powerset (n > 1). The n-fold iterated powerset of S is obtained by
applying the powerset operator n times: P1(S) = P(S).

Several notions are closely connected to SuperHyperFuzzy sets, including Type-n fuzzy sets (such as Type-2
and Type-3 fuzzy sets), n-dimensional or multidimensional fuzzy sets, and interval-valued fuzzy sets. A concise
comparison of these models appears in Table 2. Type-n fuzzy sets[50], n-dimensional/multidimensional fuzzy
sets[51, 52], and interval-valued fuzzy sets [53] are all foundational components of fuzzy theory, have broad
applicability, and have been extensively studied in the literature.

1.2. Linear Diophantine fuzzy set

Within this fuzzy landscape, a Linear Diophantine fuzzy set provides an additional algebraic constraint: each
element is equipped with a membership and a nonmembership degree whose weighted sum satisfies a prescribed
linear Diophantine relation[55, 56, 57]. Related concepts include Spherical Linear Diophantine Fuzzy Sets[58, 56],
Linear Diophantine Neutrosophic Sets[59], and g-rung orthopair fuzzy sets [60, 61, 62]. Linear Diophantine fuzzy
sets integrate algebraic constraints with uncertainty, enabling structured decision models, consistency checks, and
richer parameterized reasoning capabilities. For reference, Table 3 provides a brief comparison of the Fuzzy Set
and the Linear Diophantine Fuzzy Set.
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2 LINEAR DIOPHANTINE HYPERFUZZY SET AND SUPERHYPERFUZZY SET

Table 2. Comparison of SuperHyperFuzzy, Type-n, n-dimensional/multidimensional, and interval-valued fuzzy sets.

Notion

Membership mapping

Value structure

Relation / remark

SuperHyperFuzzy Set [40]

Type-n Fuzzy Set [50, 54]

n-Dimensional / Multidi-
mensional Fuzzy Set [51,
52]

Interval-valued Fuzzy Set
[53]

fim,n P (U) =
P(Pa((0,1) \ {0}

p X —
Fr=1([0,1]), where
F#)(]0,1]) denotes type-k
fuzzy sets on [0, 1]

v:X — Jso([0,1]),
where Joo([0,1]) =
Uess Je(0,1) and
V(I) = (Z17 s 7Zk:(z))
with 0<z <<
Zp(z) 1

prv 2 X = {la, 0] C
[0,1]]0<a<b<1}

Each m-level subset of U
is mapped to a nonempty
family of n-level sets of
grades in [0, 1].

The membership of z €
X is a type-(n — 1) fuzzy
set on [0, 1], defined recur-
sively from type-1 fuzzy
sets.

Each element carries a
finite, ordered tuple of
membership grades (with
element-dependent length),
representing several
evaluation levels of a single
attribute.

Each element is assigned a
closed interval of admissi-
ble membership grades in
[0,1].

Provides hierarchical, set-valued member-
ship on iterated powersets; extends hyper-
fuzzy sets and models multi-layer uncer-
tainty on groups of elements.

For n =1 one recovers an ordinary fuzzy
set; for n =2 a general type-2 fuzzy set.
Uncertainty is encoded via (n — 1) nested
fuzzy layers over [0, 1].

Extends n-dimensional fuzzy sets by allow-
ing variable tuple length per element; yields
vector-valued memberships.

Can be seen as a special type-2 fuzzy set
where the secondary membership is 1 on
a single interval and O outside; provides
lower and upper bounds without additional
hierarchical layers.

Table 3. Brief comparison of Fuzzy Set and Linear Diophantine Fuzzy Set

Aspect Fuzzy Set Linear Diophantine Fuzzy Set
Membership Each z has u(z) € [0, 1]. Each z has Ap(x), Sp(z) € [0,1].
representation

Additional parameters

Core constraint

No global parameters.

Only 0 < p(z) < 1.

Uses fixed weights («, 3) with 0 <

a+ B <1

1.

Requires

0 < adp(z) + BSp(a) <

Hesitation / indeterminacy ~ Often omitted or 1 — p(z). mp(z) =1 — (aeAp(z) + BSp(z)).

Structured balance of support and
opposition.

Modeling focus Graded membership for vague con-

cepts.

1.3. Our Contributions

Although fuzzy, hyperfuzzy, and superhyperfuzzy sets have been widely analyzed, the systematic combination of
these structures with the Linear Diophantine fuzzy—set paradigm has, to the best of our knowledge, not yet been
investigated. Because hyperfuzzy and superhyperfuzzy sets are important in that they allow clear representation of
concepts with multi-level uncertainty, it is meaningful to extend the Linear Diophantine fuzzy set to the hyperfuzzy
and superhyperfuzzy settings as well, and we believe that these extensions likewise have the potential to represent
concepts with multi-level uncertainty.

In this paper, we close this gap by introducing two new notions: the Linear Diophantine Hyperfuzzy Set and the
Linear Diophantine SuperHyperfuzzy Set. Both are obtained by embedding Diophantine—type linear constraints
into the hyperfuzzy and superhyperfuzzy settings, respectively. We also present a compact application example
to demonstrate how these constructions can be used to model complex, hierarchically organized uncertainty in
practical decision scenarios. For reference, Table 4 provides a concise comparison of Linear Diophantine Fuzzy,
HyperFuzzy, and SuperHyperFuzzy Sets.
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Table 4. Linear Diophantine Fuzzy, HyperFuzzy, and SuperHyperFuzzy Sets (brief overview).

Notion Domain / mapping Brief description

Linear Diophantine Fuzzy Set = € Q ~ (Ap(z),Sp(z)) €[0,1]>  Single membership and nonmembership degrees with 0 <

(LDFS) aAp(z) + BSp(x) < 1. Residual hesitation 1 — («Ap +

BSD).

Linear Diophantine x € U — ((x),v(x)), Set—valued membership and nonmembership.

HyperFuzzy Set (LDHFS) u(z),v(z) C [0, 1] nonempty Forall u € pi(z),v € v(z),0 < au+ fv < 1.

(m, n)-Linear Diophantine AePr(U)— Hierarchical (multi-level) set—valued member-

SuperHyperFuzzy Set (Bm,n(A),Um n(A)), values in ship/nonmembership. For all s € flat,(u), t € flaty(v),
P(Pn(0,1)) \ 10} 0<as+pt<l

The proposed construction enforces Diophantine consistency across all hierarchical hyperfuzzy levels. This
allows global feasibility checks and a tunable trade-off between membership and nonmembership, yielding sharper
and more structurally constrained decision models than those obtained from Diophantine fuzzy or (separately
defined) (super)hyperfuzzy frameworks. Moreover, it can encode a global policy requiring that, across different
levels (panels, scenarios, expert groups), the balance between support and opposition must remain within a
prescribed range. From a decision-making viewpoint, at a suitable stage of the hierarchical aggregation one can
switch between risk-averse and risk-seeking strategies by adjusting « and £.

1.4. Structure of This Paper

This subsection outlines the structure of the paper. Section 2 presents the preliminaries, introducing the required
background on Fuzzy, Hyperfuzzy, and SuperHyperfuzzy Sets, as well as the definitions of Linear Diophantine
Fuzzy Sets. Section 3 develops the concepts of the Linear Diophantine HyperFuzzy Set and the (m,n)-Linear
Diophantine SuperHyperFuzzy Set. Section 4 provides the concluding remarks of the paper.

2. Preliminaries: SuperHyperFuzzy Sets and Linear Diophantine Fuzzy Sets

In this section, we summarize the key definitions and notation used throughout this paper. Unless otherwise
specified, all sets are assumed finite.

2.1. Fuzzy, Hyperfuzzy, and SuperHyperfuzzy Sets

The definitions of Fuzzy, Hyperfuzzy, and SuperHyperfuzzy Sets are presented below.

Definition 2.1 (Fuzzy Set). [4] A fuzzy set F' on a universe U is specified by a membership function
pr: U —[0,1],
so that each element « € U is assigned a degree of membership pp(x).
Definition 2.2 (Fuzzy Relation). [63] Let F' be a fuzzy set on U. A fuzzy relation R on U is a map
R:UxU —[0,1],

satisfying
R(z,y) < min{prp(z), pr(y)} forallz,y e U.
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4 LINEAR DIOPHANTINE HYPERFUZZY SET AND SUPERHYPERFUZZY SET

Definition 2.3 (Hyperfuzzy Set). [38] A hyperfuzzy set FonUis given by a function
U — P([0,1]) \ {0},

where for each = € U, the nonempty subset 1z(x) C [0, 1] represents all possible membership grades of z.

We provide below a brief overview of the iterated powerset and the superhyperfuzzy set.
Definition 2.4 (Iterated Powerset). [64, 65] For each integer n > 1, the n-fold iterated powerset of U is defined by
PYU)=PU), P"T(U)="P(P"U)).
If one wishes to exclude the empty set at each iteration, replace P with
PH(X) = PX)\ {0}.
Definition 2.5 ((m, n)-SuperHyperfuzzy Set). [40] Fix integers m,n > 0. Define
PrU) = (E o---oP)U), Pu([0,1]) = (B o--- o P*)([0,1]),

m times n times
where P*(X) = P(X) \ {0}. An (m, n)-superhyperfuzzy set on U is a mapping
fim,n: Pr(U) — P(Pa((0,1])) \ {0},

which assigns each nonempty m-level subset of U a nonempty family of n-level membership-value sets, thereby
capturing hierarchical uncertainty.

Example 2.6 (Multi-Expert Product Reliability Assessment). We demonstrate an (m, n)-SuperHyperfuzzy set with
m = 1, n = 2 in the context of assessing product reliability by two independent expert panels. Let

U = {Smartphone, Laptop, Headphones}, m=1,n=2.

Recall that
Pi(U) = PU)\{0},
so in particular the singletons {Smartphone}, {Laptop}, {Headphones} all lie in P; (U). Moreover,
P3((0,1]) = {S S P(0,1)\ {0} | S # 0},

whose elements are nonempty families of nonempty sets of membership grades.
For each product x € U we now specify two elements
Hy(x), Hay(x) € P5((0,1]),

representing the hyper-membership information supplied by Expert Panel 1 and Expert Panel 2, respectively.
Concretely, we set

H1(Smartphone) = {{0.80, 0.85, 0.90} }, H,(Smartphone) = {{0.75, 0.82} },
H (Laptop) = {{0.65, 0.70, 0.75} }, H,(Laptop) = {{0.60, 0.68} },
H; (Headphones) = {{0.50, 0.55, 0.60} }, H>(Headphones) = {{0.45, 0.52} }.

Each inner set (for instance {0.80,0.85,0.90}) collects the possible normalized reliability grades reported by
different sub-surveys within a single panel, while the outer braces form a (here singleton) family of such grade-sets.
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We define the mapping
paz: Pr(U) — 73(732([07 1)) \ {0}
by
fi1,2 ({Smartphone}) = { H(Smartphone), Hs(Smartphone) },

fir2 ({Laptop}) = { Hi(Laptop), Ha(Laptop) },
fi1,2 ({Headphones}) = { H:(Headphones), H,(Headphones) }.

Thus for each singleton {z} € P;(U), the value p; 2({z}) is a nonempty subset of P»([0, 1]), whose elements
H,y(z), Ha(x) encode, at the second level, the hyper-membership information provided by the two panels.

Con ntly,
onsequently. D = {({«}, mo({z})) |z € U}

forms a (1, 2)-SuperHyperfuzzy set capturing two levels of hierarchical uncertainty: one level for the choice of
product (m = 1), and one level for the expert-panel structure and its internal survey variability (n = 2).

2.2. Linear Diophantine Fuzzy Set

A Linear Diophantine Fuzzy Set assigns to each element a membership and a nonmembership grade whose
weighted sum satisfies a specified linear Diophantine equation [55, 56, 57, 66]. The definitions and a brief
illustrative example are given below.

Definition 2.7 (Linear Diophantine Fuzzy Set). [55, 56] Let () be a nonempty universe. Fix reference parameters
a, f € [0, 1] with
0 <a+p <1

A linear Diophantine fuzzy set (LDFS) D on @ is a collection of triples
D ={ (z,(Ap(z), Sp(2)). (@, B)) |z € Q},

where

* Ap,Sp: Q — [0,1] assign to each = € () its membership grade Ap(x) and non-membership grade Sp(z),
and

* these must satisfy
0 < adp(z) + BSp(z) <1, VzeqQ.

The residual (hesitation) degree is then
mp(z) =1— (e Ap(z) + BSp(x)).

We often abbreviate each triple (z, (Ap(z), Sp(w)), (v, B)) simply as the linear Diophantine fuzzy number

<AD(£U), SD(LC)>(047§).

3. Main Results: Linear Diophantine HyperFuzzy Set and Linear Diophantine SuperHyperFuzzy Set

This paper presents the main findings concerning the Linear Diophantine HyperFuzzy Set and the Linear
Diophantine SuperHyperFuzzy Set.
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6 LINEAR DIOPHANTINE HYPERFUZZY SET AND SUPERHYPERFUZZY SET
3.1. Linear Diophantine HyperFuzzy Set
A Linear Diophantine HyperFuzzy Set assigns each element set-valued membership and nonmembership grades,

constrained by a linear Diophantine relation.

Definition 3.1 (Linear Diophantine HyperFuzzy Set). Let U be a nonempty universe. Fix real weights a, 8 € [0, 1]
with
a+p < 1.

A Linear Diophantine HyperFuzzy Set (LDHFS) D on U with parameters («, 8) is given by two set-valued
mappings

called the hyper-membership and hyper-nonmembership functions, respectively, such that for every z € U and for
all w € p(z), v € v(x) we have the Linear Diophantine condition

0 < au+ Bv < 1.
The associated hyper-hesitation set 7 is defined by
T(z) = {1— (cu+Bv) | uepn(z), verv(z)}, zel.

Example 3.2 (Credit Risk Assessment). Consider three loan applicants evaluated by three models and two expert
committees. Let

U = {Ayuka, Masahiro, Carol}, («, ) = (0.6, 0.3).
Foreach x € U:

* () C[0,1] is the set of possible creditworthiness grades from three sources.
* v(x) C [0,1] is the set of possible default-risk grades from two experts.

* Allu € p(x), v € v(z) must satisfy 0 < 0.6 u +0.3v < 1.

Suppose the assessments are:

t(Ayuka) = {0.80, 0.85, 0.90}, v(Ayuka) = {0.10, 0.15},
f(Masahiro) = {0.60, 0.65, 0.70}, v(Masahiro) = {0.25, 0.30},
f(Carol) = {0.40, 0.50}, v(Carol) = {0.40, 0.45, 0.50}.

For example, for Ayuka with v = 0.85 and v = 0.15:
0.6 x 0.85+0.3 x 0.15 =0.51 (liesin [0, 1]).
The hyper-hesitation set is
m(x)={1—-(0.6u+0.3v)|uepn),vev)l.
Hence the LDHFS D is
{(z, i(z), v(z), 7(x)) | # € {Ayuka,Masahiro,Carol} }.

This example captures multiple credit-scoring opinions (hyper-membership), expert default-risk judgments (hyper-
nonmembership), and the residual uncertainty (hyper-hesitation) in a coherent LDHFS framework.
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Theorem 3.3 (Generalization of LDFS and HyperFuzzy Set)
Every Linear Diophantine Fuzzy Set and every HyperFuzzy Set can be obtained as a special case of an LDHFS:

(i) (LDFS case) If for each z € U the sets p(z) and v(x) are singletons, u(z) = {Ap(2)}, v(z) = {Sp(z)},
then D reduces to the usual Linear Diophantine Fuzzy Set {(z, Ap(x), Sp(z))}.

(ii) (HyperFuzzy case) If we choose a = 1, 8 = 0, and set v(z) = {0} for all z, then the only nontrivial data is
the mapping zi: U — P([0,1]) \ {0}, recovering exactly a HyperFuzzy Set.

Proof

(i) Under the singleton assumption zi(x) = {Ap(z)}, v(z) = {Sp(z)}, the Linear Diophantine condition
0 < aut+pBv=adp(x)+BSp(x) <1 (u=Ap(z), v==Sp(x))

is exactly the feasibility requirement for a Linear Diophantine Fuzzy Set. The hyper-hesitation set 7(x) =
{1 — (aAp(z) + BSp(z))} collapses to the single hesitation degree of the LDFS. Hence D coincides with
the standard LDFS.

(ii)) If &« = 1 and 8 = 0, then for any i(z) C [0, 1] nonempty and 7(z) = {0}, the condition
0<1lut+0-v=u <1 Vucqpu)

holds automatically. The mapping 1 alone carries all uncertainty information, exactly as in a HyperFuzzy
Set. The auxiliary sets v(x) and 7(z) play no substantive role. Thus D restricts to a HyperFuzzy Set.

3.2. (m,n)—Linear Diophantine SuperHyperFuzzy Set

A (m,n)—Linear Diophantine SuperHyperFuzzy Set assigns each element set-valued membership and
nonmembership grades, constrained by a linear Diophantine relation.

Notation 3.4
Define the flattening operator flat,,: P"([0,1]) — P([0, 1]) recursively by

flatg(z) = {z}, flaty11(S) = U flaty (T).
Tes

Definition 3.5 ((m,n)-Linear Diophantine SuperHyperfuzzy Set). Let U be a nonempty universe. Fix integers
m,n >0 and weights «, € [0,1] with aa+ 8 < 1. Recall P;;,(U) and P;([0,1]) from Definition 2.5. An
(m, n)-linear Diophantine superhyperfuzzy set on U is a pair of mappings

ﬁm7n7 Dm,n : ,P;@(U> — P(Pn([ov 1]))\{®}>

called the hyper-membership and hyper-nonmembership functions, such that for every A € P}, (U), every u €
Pm.n(A), every v € Uy, ,(A), and every s € flat, (u), t € flat,, (v), the following linear Diophantine condition
holds:

0 < as+ gt < 1.

The associated hyper-hesitation set Ty, = P (U) — P([0, 1]) is defined by
Tmn(A4) = {1 - (as + 515) ‘ U E lmn(A), v E€ Uy n(A), s €flat,(u), t € ﬂatn(v)}.
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8 LINEAR DIOPHANTINE HYPERFUZZY SET AND SUPERHYPERFUZZY SET

Remark 3.6. Classical HyperFuzzy and SuperHyperFuzzy sets allow the membership and nonmembership
hypergrades to vary largely independently, so that any pair (s,t) € [0, 1]? is, in principle, admissible. The Linear
Diophantine condition

0<as+pt<1

couples these components through the weights («, 5) and is intended to encode a global trade—off between support
and opposition that can be tuned from domain knowledge or calibration. In the normalized setting adopted here
(with o+ 8 < 1and s,t € [0, 1]), this inequality is automatically satisfied; we nevertheless make it explicit so that
the same Diophantine template can be used in more general, non—normalized variants where it genuinely rules out
infeasible (s, t)—combinations and thereby adds structure beyond standard HyperFuzzy/SuperHyperFuzzy models.

For illustration, consider a non-normalized variant in which membership and nonmembership grades lie in
an interval [0, L] with L > 1, while we still impose 0 < au + fv < 1. Suppose L =2, (o, 3) = (1,1), and a
candidate pair (u,v) = (1.8,0.6) arises in some assessment. Then cu + Sv = 2.4 > 1, so this pair is rejected by
the Diophantine constraint. In this way, the constraint rules out jointly extreme support—opposition combinations
and enforces a global budget on admissible uncertainty patterns.

Several concrete examples are presented below.
Example 3.7 (Hierarchical Credit-Risk Evaluation). Consider two loan applicants:
U = {Ayuka, Masahiro}, m=1,n=2, («a,3)=(0.6,0.3).

Then
PrU) = {{Ayuka}7 {Masahiro}}7 P5([0,1]) = {S CP0, 1)\ {0} | S # (Z]}.

We define two set—valued mappings fi1,2, 71,2 : Pj(U) = P(P2([0,1])) \ {0} by, for each z € {Ayuka, Masahiro},
fir2({z}) = {{0.80, 0.85}, {0.78, 0.82}},
2({z}) = {{0.10, 0.15}, {0.12, 0.18}}.

Here each inner set is a sub-expert’s fuzzy grade, and the outer family groups two expert committees.

By Definition 3.5, for any wu € py2({z}), v € 71 2({z}) and any s € flato(u), t € flata(v), the Linear
Diophantine constraint
0 < as+pt=06s+03t <1

must hold. For instance, taking © = {0.85,0.80}, v = {0.18,0.12}, and s = 0.85, t = 0.18, we get
0.6-0.85+0.3-0.18 = 0.51 + 0.054 = 0.564 € [0, 1].
The associated hyper-hesitation set is
T12({z}) = {1-(0.65+0.3¢) | s € flaty(u), t € flate(v)}.

Thus the pair (ﬁu, 17172) defines a (1,2)-Linear Diophantine SuperHyperfuzzy Set capturing two hierarchical
levels of expert uncertainty under weighted membership vs. nonmembership constraints.

Example 3.8 (Project Portfolio Risk—Reward Evaluation). Consider a company evaluating portfolios of two
projects chosen from

U = {Project A, Project B, Project C}, m =2, n=2, («,3) =(0.7,0.2).

Then
Pi(U) = {{A,B}, {A,C}, {B7C}}.
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For each pair A € P5(U), two independent expert panels estimate the success probability (hyper-membership) and
two risk committees estimate the failure risk (hyper-nonmembership). We set

ﬁQ,Q(A) = {UI(A)a U2(A)}7 ;;2,2("4) = {Vl(A)7 VQ(A)}a
where each U;(A) C [0,1] and V;(A) C [0, 1] are nonempty.
Case {A, B}:
Ui1({4, B}) ={0.80, 0.85}, V1({4,B})={0.10, 0.15},
Us({4, B}) ={0.75, 0.78}, V,a({4, B}) ={0.12, 0.18}.

Here:

Panel 1 forecasts success rates of 0.80 or 0.85.

Panel 2 forecasts success rates of 0.75 or 0.78.
¢ Committee 1 assesses risk at 0.10 or 0.15.

¢ Committee 2 assesses risk at 0.12 or 0.18.

For each u € U;({4, B}), v € V;({4, B}), and each s € flata(u) = u, t € flata(v) = v, we verify the Linear
Diophantine condition:
0 <0754+02¢t < 1.

For example, taking s = 0.85 and ¢t = 0.18 gives
0.7-0.85+0.2-0.18 = 0.595 + 0.036 = 0.631 € [0, 1].
The associated hyper-hesitation set is
T22({A,B}) = {1—(0.7s+0.2t) | s € U;s({A, B}), t € V;({A,B})},

which concretely contains values such as 1 — (0.7 - 0.85 + 0.2 - 0.18) = 0.369, etc.

Other pairs: One similarly defines

U1({A,C}) ={0.82,0.88}, Vi({A,C}) ={0.08, 0.12},
Us({A,C}) = {0.78, 0.81}, Va({A,C}) = {0.10, 0.14},

Ui({B,C}) = {0.70, 0.75}, Vi({B,C}) = {0.15, 0.20},
Us({B,C}) = {0.68, 0.72}, Va({B,C}) = {0.18, 0.22}.

Each case satisfies 0 < 0.7 s+ 0.2¢ < 1, and one computes 7 3(A) accordingly.

Therefore, the pair (ﬁg,g, 52,2) defines a (2,2)-Linear Diophantine SuperHyperfuzzy Set on U, modeling
hierarchical success and risk estimates for every two-project portfolio under weighted Diophantine constraints.

Example 3.9 (Team Formation Performance-Risk Assessment). A company has four specialists U =
{E1, Es, E5, E4}. It must form teams of three for a high-impact project, balancing predicted performance against
interpersonal risk. We set

m=3, n=2, (a,p)=/(0.50.4),
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SO
P;(U) = {{E17E2)E3}a {E15E2aE4}? {E17E37E4}a {E2)E3aE4}}-

Two management panels estimate each team’s performance (hyper-membership) and two HR committees estimate
conflict risk (hyper-nonmembership). Define

p32(T) = { My(T), Ma(T)}, w32(T) ={Vi(T), Va(T)}, T €P3(U),

where each M;(T), V;(T') C [0, 1].

Team {F1, Es, E3}:

Mi({Ey, B, Es}) = {0.80, 0.82}, Vi({Ey, Bo, E3}) = {0.10, 0.12},
My({Ey, B, Es}) = {0.78, 0.80}, Va({Ey, Ea, E3}) = {0.15, 0.18}.

For any u € M;(T'), v € V;(T), and s € flata(u) = u, t € flata(v) = v, the Linear Diophantine condition
0 <05s+04t <1
holds. For example, s = 0.82, ¢t = 0.18 gives
0.5-0.82+0.4-0.18 = 0.41 4+ 0.072 = 0.482 € [0, 1].
The hyper-hesitation set is
m32({E1, B, E3}) ={1—(0.55+0.4¢) | s € M;, t € V}},

which concretely includes values like 1 — (0.5 - 0.82 + 0.4 - 0.18) = 0.518.

Team {F1, By, E4}:

My({E\, Es, E4}) = {0.75, 0.78}, Vi({E\1, Es, E4}) = {0.12, 0.14},
My({Ey, Ey, E4}) = {0.73, 0.76}, Vo({E1, Es, E;}) = {0.16, 0.20}.

Team {F;, E3, E4}:

My({E1, B3, Eq}) = {0.82, 0.85}, Vi({Ey, Es, E1}) = {0.08, 0.10},
My({Ey, B3, E4}) = {0.80, 0.83}, Vo({Ey, B3, E4}) = {0.13, 0.17}.

Team {F5, E5, E4}:

M, ({E,, E3, E4}) = {0.70, 0.72}, Vi({Ea, Es, E4}) = {0.18, 0.22},
Ms({Es, B3, Eq}) = {0.68, 0.71}, Va({Es, E5, E4}) = {0.20, 0.24}.

Thus
(13,2, 73,2)

defines a (3, 2)-Linear Diophantine SuperHyperfuzzy Set modeling hierarchical team-performance and conflict-
risk estimates under weighted Diophantine constraints.
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Theorem 3.10 (Generalization of LDFS, LDHFS, and (m, n)-SHF Set)
Let D = (ftm,n, Um,n) be an (m, n)-Linear Diophantine SuperHyperfuzzy Set on U. Then:

(i) (LDFS)If m = n = 0 and for each = € U, both 19 o(x) and 7y o(x) are singletons {Ap(z)}, {Sp(x)}, then
D reduces to the Linear Diophantine Fuzzy Set of Definition 3.5.

(ii) (LDHFS)If m =n=0,a=1,8 = 0,and vy o(z) = {0} forall z € U, then the essential data of Dis exactly
a HyperFuzzy Set as in Definition 2.3.

(iii) ((m,n)-SHF Set)If 8 = 0 and for each A € P}, (U), the set v, ,,(A) is chosen to be the trivial n-fold nested

zero { {...{0}...}}, then the only nontrivial mapping is fim, ., SO D reduces to the (m, n)-SuperHyperfuzzy
Set of Definition 2.5.

Proof
Recall that, by the definition of an (m, n)-Linear Diophantine SuperHyperfuzzy Set, we have

fim,ns Vo 2 Py (U) — P (Pa((0,1])) \ {0},

and for every A € P (U), for every
U E fmn(A4), vEUmn(A4),

and every
s Ebp(u), teby(v),

the Linear Diophantine inequality
0 <as+pt <1 (D

holds. Here b,, : P,,([0,1]) — P([0, 1]) is the flattening operator defined recursively by

bo(z) = {z},  bera(S) = [ ow(D).

TeS

We treat each item separately.
(i) LDFS case.

Assume m = n = 0 and that for each « € U the images are singletons
fioo(x) ={Ap(z)},  wo(x) ={Sp(x)}-
By the convention for iterated nonempty powersets, when m = 0 we have
Ps(U)=U,  P;([0,1]) = [0,1],
and for the flattening operator
bo(z) = {2z} forevery z € [0,1].
Fix any « € U. By assumption there is a unique
u e /7()’()(1') and v € ’l/v()’(](if),
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namely v = Ap(x), v = Sp(z). The only possible choices of (s,t) € bg(u) x bg(v) are

because
bo(u) ={u}, bo(v) = {v}.
Substituting these into the Diophantine constraint (1), we obtain
0 <as+ft <1 <= 0< adp(x)+8Sp(x) < 1.

Thus the pair of functions
AD,SD U — [0, 1]

satisfies the basic LDFS feasibility condition

0<aAp(x)+pBSp(x) <1 forallz e U.

Next, the associated hyper-hesitation mapping in the (0, 0)-case is
To,0(z) = {1 — (as + Bt) ’u € foo(x), v € Vo o(x), s €bo(u), t € bo(v)}.
Again there is only one admissible quadruple
(u,v,s,t) = (Ap(z), Sp(x), Ap(z), Sp (),

hence
To.0(z) = {1 — (aAp(x) + 5Sp(x))}.

If we denote the (scalar) hesitation degree by
mp(z):=1— (aAp(z) + BSp(x)),

then the data
{(z,(Ap(x),Sp(z)), (o, B), mp(x)) |z € U}

coincide with the Linear Diophantine Fuzzy Set of Definition 2.1 (up to the harmless identification of the universe
with U). Therefore D reduces to an LDFS, proving (i).

(i) LDHFS / HyperFuzzy case.
Assumenowm =n=0,a=1, 3 =0, and
voo(x) ={0} forallx e U.
Again P5(U) = U, P ([0,1]) = [0,1] and by (2) = {=}.
Fix « € U and take any u € fi9,0(z), so u € [0, 1]. Because g o(x) = {0}, its unique element is
v=0¢€][0,1].

The only choices for s and ¢ in bg(u) X bo(v) are
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Plugging these into (1) with « = 1, § = 0, we get
0 <as+pt<1l <= 0<1-u+0-0<1,

that is,

Since this holds for every u € 119 o(z), we conclude that
fioo(z) € [0,1] and  foo(z) # 0
for all z € U. Therefore the mapping
x— fio,o(x) € P([0,1]) \ {0}

is exactly a hyper-membership function in the sense of Definition 2.3, i.e. it defines a HyperFuzzy Set on U.

The nonmembership sets are fixed as
vo,0(x) = {0},
and the induced hyper-hesitation sets are

Too(x) = {1 — (as+Bt) | s € foo(x), t €b9(0)} = {1—5|5€ foo(z)},

which are completely determined by /i ¢ and contain no additional independent information.

Hence, up to forgetting these trivial nonmembership and hesitation components, the data of D coincide with the
HyperFuzzy Set given by the mapping
T +— Jio,0().

This establishes that, in this parameter regime, D corresponds exactly to a HyperFuzzy Set as in Definition 2.3,
proving (ii).

(iii) (m,n)-SHF case.

Now let m,n > 0 be arbitrary and assume S = 0. Suppose moreover that for each A € P’ (U) the hyper-
nonmembership value vy, ,(A) is the “trivial n-fold nested zero”

gmm (A) ={zn},

where we define
20 1206[0,1], Zk4+1 = {Zk:} (k2071,...77’l—1>.

By construction, z, € P, ([0, 1]).
We first show that every element of b,,(z,) is equal to 0. We proceed by induction on n.

Base case n = 0. Here zp = 0 € [0, 1] and by definition

bo(20) = {20} = {0}.

Induction step. Assume for some £ > 0 that
b () = {0}
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Forn = k + 1 we have z;+1 = {2}, and therefore

phgr(znar) = bei({z}) = | 0k(T) =bi(ze) = {0}.

Te{zk}

Thus byy1(zx+1) = {0}, completing the induction.

Consequently, for our fixed n we have
bn(2n) = {0},

so any ¢ € b, (v) with v = z, must satisfy ¢t = 0.
Now fix an arbitrary A € P}, (U) and choose any

U € imn(A4), vEUpn(A)={z},
SO v = z,. Let s € b, (u) (so s € [0, 1] by definition of b,,) and let ¢ € b,,(v) = b, (2,). By the previous argument,
t=0.
The Linear Diophantine constraint (1) with 5 = 0 thus becomes
0 <as+pt <1 <= 0<as+0-0 <1,

that is,

0 < as <1 foreverys € b,(u), u€ fmn(A), Ac P, (U).
Since s € [0, 1] and « € [0, 1], the inequality 0 < as < 1 is automatically satisfied for all admissible s. Therefore
the nonmembership component ,, ,, (fixed as the nested zero) does not impose any additional restriction beyond

the trivial requirement that its bottom-level value is 0. All nontrivial, freely chosen hierarchical uncertainty
information resides in the hyper-membership mapping

fimn 2 P (U) — P(Pa([0,1])) \ {0}.

But this is precisely the data of an (m, n)-SuperHyperfuzzy Set as in Definition 2.5, where each A € P* (U) is
assigned a nonempty family of n-level membership-value sets in [0, 1]. Hence, after disregarding the trivial constant
nonmembership part 7, ,, and its induced hesitation, D coincides with the (m, n)-SuperHyperfuzzy Set defined by
ljm,n .

This proves (iii) and completes the proof of the theorem. O

Theorem 3.11 (Nonemptiness and boundedness of hesitation degrees)
Let ({im,n, Um,n) be an (m, n)-Linear Diophantine SuperHyperfuzzy Set on a nonempty universe U with parameters
a,B €10,1] and o + 8 < 1. For every A € P}, (U), the associated hesitation set

Tm,n(A) = { 1—(as+6t) | u€ fmn(A), v E€vpyn(A4), s €flat,(u), t € ﬂatn(v)}
is nonempty and satisfies 7, »,(A) C [0, 1].
Proof

Fix A € P}, (U). By the definition of (m, n)-Linear Diophantine SuperHyperfuzzy Set, both i, »(A) and v, ,(A)
are nonempty. We first show that for any v € P, ([0, 1]),

flat,, (u) € [0,1] and flat, (u) # 0.
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We argue by induction on n.
e Base case n = 0: By definition, flato(z) = {«} for « € [0, 1]. Thus flatg(z) C [0, 1] and is clearly nonempty.

e Induction step: Assume the claim holds for some n > 0. Let u € Pp,41([0, 1]). By definition,

flat,, 1 (u U flat,, (
TeEu
Each T € w lies in P, ([0, 1]), so by the induction hypothesis flat,,(T") C [0,1] and flat,,(T") # 0. Hence
flaty,+1(u U flat,,( 0, 1],
Teu

and since u # (), the union over at least one nonempty flat,,(T) is nonempty. Thus the claim holds for n + 1.

By induction, for any u € P,,([0,1]) and v € P, ([0, 1]), we have
0 +# flat, (u) C [0,1], 0 +# flat, (v) C [0,1].

Now fix any ug € fiym,n(A) and vy € vy, »(A). Choose sg € flat, (ug) and ty € flat, (vo); such choices are
possible by the nonemptiness just shown. By the Linear Diophantine condition in the definition of (m, n)-Linear
Diophantine SuperHyperfuzzy Set,

0 < asg+fty < 1.

Define
ho:=1-— (0480 + ﬁto).
From 0 < asg + ftg < 1 we obtain

1-1 < 1—(@804—5150) < 1-0,

that is,
0 < hg < 1.

Hence hg € [0, 1]. By definition of 7, ,,(A), this kg is an element of 7, ,,(A):
ho=1- (0‘50 + BtO) S %m,n(A)a

SO Tm.n(A) is nonempty. In addition, every i € T, ,,(A) has the form h = 1 — (as + ft) with 0 < as + ft <1,
and the same inequality as above gives h € [0, 1]. Thus 7, ,(A) C [0, 1], as required. O

Theorem 3.12 (Monotonicity with respect to hyper-membership and hyper-nonmembership)

Let
(~(1) ) )

an’ m,n

and

(s Vi)

be two (m, n)-Linear Diophantine SuperHyperfuzzy Sets on the same universe U with the same parameters «, (3.
Assume that for every A € P (U),

Al (A) € ARL(A), 7.4

N

C fo?n(A).

Let w},l)n and 7r( ) be the corresponding hesitation mappings. Then for all A € P}, (U),
Tom(4) S T (A).
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Proof
Fix Ae P} (U)andlet h € %ﬁ)n(A). By definition, there exist

u € u(l) (4), ve Dfﬁ,)n(A), s € flat, (u), t € flat,(v)

such that
h=1- (as+ Bt).
Since ﬁg,ll)n(A) - ﬁg,%) (A) and V(l) (A4) C 'ﬁf,f?n(A), the same v and v also satisfy
wep? (4), ven? (A).

The flattening operator flat,, depends only on « and v, so s € flat,,(u) and ¢ € flat,, (v) remain valid. Thus, in the
definition of %,(3,)”(14), the same quadruple (u, v, s, t) contributes the value 1 — (as + St) = h. Hence h € %fﬁ)n(A)
Since h was arbitrary in %Sé)n(A) we conclude 7r( ) n(A) C %,(,%)n(A) O

Theorem 3.13 (Stability under intersection)

Let (,uﬁ,ll)n, ) ’n) and (/753)7,, P n) be two (m, n)-Linear Diophantine SuperHyperfuzzy Sets on U with the same

parameters «, 5. Assume that for every A € P, (U) the intersections

Ao (A) = i)y (A) NG (A), D (A) =70, (A) N 50, (4)

m,

are nonempty. Then:

(i) The pair (ﬁS,?L, D,(,T, 21) is again an (m,n)-Linear Diophantine SuperHyperfuzzy Set on U with parameters
(a, B).

(1) If w% )n, m(,%’n and %,(,Q )n denote the corresponding hesitation mappings, then

7 (A) € 70 (A) N 7R (A) forall A € Py, (U).

Proof
(i) Fix A € P, (U) and take any
EFD(A),  veTD(A).

By definition of the intersection,
u € fl)n(A) NG (A), v e i) (A)NDE)L(A),

SO
W€ i (A), wemDu(A),  ver(A), verd(A)

Let s € flat,,(u) and ¢t € flat,, (v). Because each of (ﬁ%)n, s )n) and (ﬁg)n, S )n) is an (m, n)-Linear Diophantine

SuperHyperfuzzy Set with parameters («, 3), we have

0 <as+pt <1

from both definitions. Thus the Diophantine condition holds for all choices u € ﬁ£§ )n(A), vE 1/,(,? L(A) s €

flat,, (u), t € flat,,(v), and hence (,ug,? ), o )n) is an (m, n)-Linear Diophantine SuperHyperfuzzy Set.

(i) Let 7 € 7% (A). Then there exist
ue m(A), ve ) (A), s flat,(u), t € flat,(v)
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such that
h=1- (as+ Bt).

As in (i), v and v belong simultaneously to the corresponding sets of both original structures. Therefore the same

quadruple (u, v, s, t) is admissible in the definitions of %%)n(A) and %Sg?n(A), o)

herll (A) and he7P (A).
Hence h € '7?,(%,),,(14) N '7?,(3,)”(14), and the inclusion %SQ%(A) - %,(,pn(A) N %,(7%)“(14) follows. O

Theorem 3.14 (Scaling of the Diophantine parameters)
Let (fim n, Vm,n) be an (m,n)-Linear Diophantine SuperHyperfuzzy Set on U with parameters «, 5 € [0, 1] and
a+ B <1.Let A € [0,1] and define

o =, B = \B.

Then (1 n, Um,n) is also an (m, n)-Linear Diophantine SuperHyperfuzzy Set on U with parameters (o, 5).

Proof
Fix A e P}

m

(U) and choose
U € fimn(A4), V€ Upmon(A), s € flaty, (u), t € flat,, (v).
Since (fm,n, Vm,n) 1s an (m, n)-Linear Diophantine SuperHyperfuzzy Set with parameters («, 5), we have
0 < as+pt < 1.
Multiplying this inequality by A € [0, 1] gives
0 < Mas+p8t) = Na)s+(A\B)t = a's+pt < X1 < 1.
Hence, for every admissible choice of u, v, s, t, the Diophantine condition
0 < ds+pt <1

holds. Therefore the same pair (i n,Vm,n) satisfies the definition of an (m,n)-Linear Diophantine
SuperHyperfuzzy Set with parameters (o, 8’). O

Theorem 3.15 (Monotonicity of hesitation with respect to the parameters)
Fix (fm,n, Um,n) on U. Let (a1, £1) and (a2, B2) be two pairs of parameters in [0, 1] such that

0<a1<az, 0<B1 <P, ai+Bi<1l (i=1,2).

Assume (i n; Vm,n) is an (m,n)-Linear Diophantine SuperHyperfuzzy Set for both (aq,(:1) and (a2, 52).

Let %7(72)“ be the corresponding hesitation mappings. Then for every A € P} (U) and every admissible choice
U € fimn(A), v € Uy n(A), s € flat, (u), t € flat, (v), we have

1-— (0[28 + 520 S 1— (als + 51t)7

that is, each hesitation degree produced with (s, 82) is less than or equal to the corresponding degree produced
with (041, Bl)
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Proof
Fix A € P}, (U) and choose any admissible

UE fmn(A), vEVLL(A), seflat,(u), teflat,(v).
Since s,t € [0,1] (by the argument in the proof of Theorem 3.11), we have
a1s < ags, Bit < PBat,
because a; < ap and 7 < 5 and s,t > 0. Adding these inequalities gives
a8+ Bt < ags + Pat.

Define
hi:=1— (a8 + Pit), hy =1~ (azs + Bat).

From a5 + 1t < aiss + Bt we obtain
—(OqS + Blt) > —(0428 + ﬁgﬁ),
and by adding 1 to both sides,
1 —(a1s+ Bit) > 1 — (aos + fBat),

that is,
hi > hs.

Thus, for each admissible pair (s, t), the hesitation degree hs obtained with (c, 82) is less than or equal to the

degree hy obtained with (aq, 31). Since the sets %7(,%,)7,( A) and 777(,,),7 (A) are generated by all such pairs (s, ), the

claimed pointwise monotonicity holds for every element arising from the same choice of u, v, s, t. O

3.3. Basic operations for (m,n)-Linear Diophantine SuperHyperfuzzy Sets

In this subsection we introduce three basic tools for (m,n)-Linear Diophantine SuperHyperfuzzy Sets: an
aggregation operator, a score function, and a distance measure. Throughout, we assume that U is finite and
that (o, 8) € [0, 1] satisfies a + 3 > 0 and o + 3 < 1. We use Definition 3.5 and the flattening operator flat,,
introduced above.

Definition 3.16 (Union-type aggregation of (m, n)-LD SuperHyperfuzzy Sets). Let {F; } jc.; be a nonempty family
of (m,n)-Linear Diophantine SuperHyperfuzzy Sets on the same universe U, where

Fi = (il vilh) (G € ).

Define the aggregated pair FV = (/Lq\»,/l n V,\,/L n) by
Nm N U ﬁ%)n U i) J)
jeJ jeJ

forall A € Py, (U).

Theorem 3.17 (Closure under union-type aggregation)
The aggregated pair FV = (/7),/”1, D,\,/L,n) is again an (m, n)-Linear Diophantine SuperHyperfuzzy Set on U with
the same weights (v, 3).
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Proof

First, foreach A € P’ (U), every ﬁ%)n(A) and ﬁ,(ﬂl)n (A) is a nonempty subset of P,, ([0, 1]) by Definition 3.5. Hence

their unions ﬁr\,/m(A) and 57\,47”(14) are also nonempty subsets of P, ([0, 1]). Thus

s Vo © Prn(U) = P(Pa([0, 1)) \ {0}

are well-defined.

Next, fix A € P}, (U) and take any
wemy (A), very (A), seflat,(u), te flat,(v).

By definition of the union, there exist indices ji, j2 € .J such that u € ﬁ,(fllr)l(A) and v € D,({"%(A) Since every F;
is an (m, n)-Linear Diophantine SuperHyperfuzzy Set with the same («, 3), we know that

0<as+pt<1

for every s € flat,,(u) and ¢ € flat,, (v). In particular, the above inequality holds for our chosen s and ¢. Therefore
the linear Diophantine condition in Definition 3.5 is satisfied for all admissible tuples (A, u, v, s, t) in the aggregated
pair.

Finally, the associated hyper-hesitation set

TV n(A) = {1—(as+Bt) |ue iy (A), very, (A), s flat,(u), t € flat,(v)}

m,n

is well-defined and takes values in [0,1] because 0 < as + ft < 1. Thus FV satisfies all requirements of
Definition 3.5. O

Definition 3.18 (Flattened Diophantine profile set). Let F = (i n,Vm,n) be an (m,n)-Linear Diophantine
SuperHyperfuzzy Set on U. For each A € P}, (U), define the Diophantine profile set

I'r(A) ={(s,t) € [0,1]? ’u € fimn(A), v € Umn(A), s € flat, (u), t € flat, (v)}.

By Definition 3.5 and the fact that U is finite, each I'»(A) is a nonempty finite subset of [0, 1]2, and every
(s,t) € T'£(A) satisfies 0 < as + ft < 1.

Definition 3.19 (Score function for (m, n)-LD SuperHyperfuzzy Sets). Let F = (f n, Um,n) be an (m, n)-Linear
Diophantine SuperHyperfuzzy Set. For each A € P* (U) we define its score as
as—pBt+p
Sr(A) = a .
T = S et B

Theorem 3.20 (Basic properties of the score function)
Let F be an (m, n)-Linear Diophantine SuperHyperfuzzy Set.

1. Forevery A € P}, (U), the score Sz (A) is well-defined and lies in [0, 1].

2. If the hyper-membership and hyper-nonmembership sets collapse to single points, i.e. for all A € P* (U)
there exist s4,t4 € [0, 1] such that

Bmn(A) ={{sa}},  Vma(4) = {{ta}},

then
asy — PBta+ B
a+p

which coincides with the natural Linear Diophantine score of the underlying single-valued pair (s4,%4).

Sr(4) =

)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



20 LINEAR DIOPHANTINE HYPERFUZZY SET AND SUPERHYPERFUZZY SET

3. If (S1,t1), (Sg,tg) S [0, 1]2 satisfy s1 < sgand t; > to, then

asy — Bty + B < ase — PBta + 5
a+f - a+f '

Hence, increasing membership and decreasing nonmembership never lowers the score.

Proof
(1) Fix A € P, (U). Since U is finite and each [, (A) and v, ,,(A) is nonempty and finite, I z(A) is a nonempty
finite set. Therefore the maximum in the definition of Sr(A) exists.

Next, for any (s,t) € [0, 1]? we have
-8 < as—pFt < a.

Indeed,
as—ft>a-0—08-1=—-p, as—ft<a-1-5-0=a.

Adding S yields
0 <as—pt+8 < a+p.

Since a 4+ 8 > 0, dividing by « + /3 gives

0 < as— ft+ <

1.
< atp <

Therefore every candidate value inside the maximum lies in [0, 1]; hence Sz(A) € [0, 1].
(2) If for each A we have fi,, ,(A) = {{sa}} and Dy, ,,(A) = {{ta}}, then
Tr(A) = {(sa,ta)},
because flat,, ({s4}) = {sa} and similarly for ¢ 4. Thus

asa — fta+ B

Sr(A) = ot B

which is exactly the claimed expression.
(3) Suppose (s1,11), (s2,t2) € [0,1]? with s; < s and t; > t5. Then
as; < asp and - Bty < B,
because «, 5 > 0. Adding the two inequalities gives
asy — Bty < asy — Bta.

Adding § to both sides preserves the inequality, and dividing by the positive constant « + /3 also does not change

the order. Hence
asy — ft1 + 8 < @82 —Bta+

a+p - a+f
which proves the monotonicity claim. U

b

The score Sz (A) can thus be used as a crisp evaluation index for each A € P}, (U), summarizing the hierarchical
Diophantine profiles (s, t) € I'#(A) into a single number in [0, 1].
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Definition 3.21 (Distance between (m,n)-LD SuperHyperfuzzy Sets). Let F; = (ﬁg)n, s )n) and Fp =

(/753?", Z,(,i)n) be two (m,n)-Linear Diophantine SuperHyperfuzzy Sets on the same finite universe U, and write
Sz, and S, for their score functions. We define the score-based distance between F; and F» by

d(flva) Aerg%}((U ’5.7:1 ) S]:z (A)’

m

Theorem 3.22 (Metric-type properties of the score-based distance)
The function d defined above has the following properties.

1. d ]:1,]:2) 0 for all .7:1,]:2

2. d(Fy, Fa d(Fa, J1) for all Fyi, Fo (symmetry).

e
.

if and only if Sr (A) =Sz (A4) for all A€ P}, (U). In particular, if 7; = F, then

(

( )

(F1, F3) < d(F1, Fa) + d(Fa, F3) for all Fy, Fa, Fs (triangle inequality).
d(F1, F2)

d(F1, F2)

Thus d is a pseudo-metric on the class of (m, n)-LD SuperHyperfuzzy Sets, and becomes a genuine metric on the
quotient space modulo score equivalence.

Proof
(1) For each A, the quantity |S;1 (A) — Sz, (A)‘ is nonnegative, hence its maximum over a finite set is also
nonnegative.

(2) For every A we have
‘5.7:1 (A) - S]“'z (A)| = ’S.FQ (A) - S]:l (A)|
Taking the maximum over A € P* (U) on both sides yields d(F1, Fz) = d(Fa, F1).
(3) Let Fy, Fa, F3 be given. For any fixed A € P}, (U), the standard triangle inequality for real numbers gives
|S]:1 (A) - Sfa (A)| < |S-7:1 (A) - 5-7:2 (A)| + ’S-Fz (A) - S]:?, (A)}
Taking the maximum over all A on both sides yields
d(fl,]:3) = m2X|S]:1 (A) — 5]:3(14)’ < mEX’Sfl (A) — SfZ(A>| + m}x’sz(A) — S]:s(A)’

The right-hand side equals d(Fi, Fa) + d(F2, F3), which proves the triangle inequality.

4 If d(]:l,fg) = 0, then
=d(Fy, F2) = mgx}S;l (A) — S;Q(A)|,

A maximum of nonnegative numbers can be zero only if every term is zero, so
|SF, (A) — Sz, (A)| =0 forall A,

which is equivalent to Sz, (A) = Sz, (A) for all A. Conversely, if Sr, (A) = Sx,(A) for all A, then each absolute
difference is zero and hence d(F7, F2) = 0. In particular, taking F; = F» gives d(F1,F1) = 0. ]
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Definition 3.23 (Weighted aggregation of scores). Let Fi,...,Fx be (m,n)-LD SuperHyperfuzzy Sets with
scores Sx,,...,S7,, and let Ay, ..., A € [0,1] satisfy ZkK:l A = 1. The weighted aggregated score of A €
P (U) is defined by

K
Sage(A) =D A S7 (A).
k=1

Proposition 3.24 (Basic properties of weighted score aggregation)
For every A € P}, (U), the aggregated score satisfies 0 < S,g5(A) < 1. Moreover, if all Sz, (A) coincide, then
Sage (A) equals this common value (idempotence).

Proof
For each k and each A we have Sr, (A) € [0,1] by Theorem 3.20(1). Since A; > 0 and Zszl Ar = 1, we obtain
K K
0<) MeSr(4) <> A-1=1,
k=1 k=1
80 Sagg(A) € [0,1). If Sr, (A) = --- = Sr (A) = o, then
K K
Sagg(A) = Z)\ka = JZAk =0,
k=1 k=1
which proves idempotence. O

3.4. (m,n)-Linear Diophantine SuperHyperFuzzy OverSet
Here we define the (m,n)-Linear Diophantine SuperHyperFuzzy OverSet, which can be regarded as a non-
normalized version of the (m, n)-Linear Diophantine SuperHyperFuzzy Set.

Definition 3.25 (Linear Diophantine (m, n)-SuperHyperfuzzy Overset). Let U be a nonempty crisp universe and
let m,n € NU {0}. Fix a constant L > 1 and set

IL = [O,L]

For each k > 0, denote by P} (1) the k-fold nonempty iterated powerset of Iy, and let by, : P;i(I1) — P(Ir) be
the flattening operator defined recursively by

bo(s) = {s} (s€l),  bep(S) = |Jo(T) (S€Pi(IL)).

Tes

Let «, 8 € [0, 00) be fixed (we do not assume . + 3 < 1). A pair

D = (i%, . 7S.,,)

m,n

is called a Linear Diophantine (m,n)-SuperHyperfuzzy Overset (abbrev. LD-(m, n)-SHFO) on U if the following
conditions hold:
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(LD1) ) ., 75, are mappings

m

Foms Vi Prn(U) — P (P (1)) \ {0},

that is, for each A € P}, (U), both i$) ,(A) and T3, ,, (A) are nonempty families of n-fold nested “overset”
membership values lying in I, = [0, L].

(LD2) Forevery A € Py, (U) and every
w€ g (A),  very,(A)

the Linear Diophantine feasible slice
Frun(A;u,0) = {(s,t) € bp(t) X bp(v) | 0 < as + Bt < 1}

is nonempty.

(LD3) The associated Linear Diophantine hyper-hesitation overset for A € P (U) is defined by

7o ()= {1 = (a5 + 80) | w e i, (A), v € 7, (A), (5,8) € Pl Asu,0) }.

If, in addition, L = 1 and all nested values lie in [0, 1], then DO reduces to the usual (m, n)-Linear Diophantine
SuperHyperfuzzy Set (without overset).

Example 3.26 (A numerical LD-(0,0)-SuperHyperfuzzy Overset). Let U = {«} be a singleton universe and
choose

m=n=0, L =2, I, =1[0,2].

Fix the Linear Diophantine parameters

sothat a + § = % = 1.3 > 1; in particular we do not have o + 3 < 1.

For the unique element x € U, define the overset hyper-membership and overset hyper-nonmembership by
9 6 9
~0 _J)2 9 ~0 _J 7
:uO.,O(x)* {10’ 5}7 VO,O(f) {1070}'

6
Z=12>1,
5

6

so ¢ is an overset membership value lying outside the classical fuzzy interval [0, 1].

Note that

Step 1: flattening. Since n = 0, the flattening operator is

bo(s) = {s} (se€lyp),

(2)-(3) »O-{8) so-o
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Step 2: all candidate pairs (s, t). The possible pairs (s, t) € bo(u) x bo(v) with u € i’y (z), v € Iy (x) are
9 9 6 9
(Svt)_ (1()710)) (5710>7
9 6
—.,0 -,0).
(10, ) ’ <5, )

Step 3: checking the Linear Diophantine condition. For each of these four pairs, we compute as + St explicitly.

* Pair (%, ):
4 9 1 9 36 9 72 45 117
tzf.i —_— = — _— = — 7:7:1.17>1-
s A= g3 10" 50 T 20 100 T 100 100
Therefore
0<as+pt<1
is not satisfied, and the pair (s,t) = (5%, =5 ) is excluded by the Linear Diophantine condition.

* Pair (£, %):

46 19 24 9 96 45 141

as+ [t = + = + = + =—=141>1.

55 2 10 25 20 100 ' 100 100
Hence this pair also fails the inequality and is excluded.
* Pair (1%,0):
9 36 72
t=—--—+-:-0= 0= = 0.72.
astHt=51513 50 7V 100
This satisfies
0<0.72<1,

so the pair (-, 0) is an admissible pair with respect to the Linear Diophantine condition.
* Pair (£,0):

4 6 1 24 96
This satisfies
0<0.96 <1,

so this pair is also admissible.

Consequently, for this element = the Linear Diophantine feasible slice is

o= {(3) (39}
(w5) (1)

0<as+pt <1

and the two pairs

are explicitly excluded by the inequality

Stat., Optim. Inf. Comput. Vol. x, Month 202x



T. FUJITA, A. SALEM HEILAT, R. HATAMLEH AND A. A. GHAIB 25

Step 4: hyper-hesitation overset. The corresponding hyper-hesitation overset is
7o) = {1 - (as +80) | (5,) € Foole)}

- {1 — 072, 1— 0.96} — {0.28, 0.04}.

This example illustrates two key points:

* The membership value g = 1.2 > 1is allowed as an overset membership degree and lies outside the classical
fuzzy interval [0, 1].

* The Linear Diophantine constraint 0 < as + St < 1 genuinely filters out some pairs (s, t), such as (s,t) =
(35, %) with as + Bt = 57 > 1.
Thus, this example provides a concrete LD-(0, 0)-SuperHyperfuzzy Overset in which u, v, s, ¢ can take values in
[0, L] with L > 1 and the inequality 0 < as + St < 1 actively excludes part of the candidate pairs (s, t).

I will state the theorems as follows.

Theorem 3.27 (Well definedness of the Linear Diophantine hyper-hesitation overset)
Let DO = ( [ ) be a Linear Diophantine (m, n)-SuperHyperfuzzy Overset on U as in Definition (LD1)-

an’ mn

(LD3) above, with parameters «, 8 € [0,00) and L > 1. Then for every A € P, (U) the set
7o) = {1 = (as+ 1) [ u € 9, ,(4), v €70, (A), (s.1) € Frn(Aiu,0) |

is a nonempty subset of the closed unit interval [0,1] C R. In particular, the assignment A — %T?Ln(A) is well-
defined.

Proof
Fix A € P}, (U). By (LD1), the sets 115 ,,(A) and 75, (A) are nonempty. Take arbitrary
uenS (A), wverd . (A).

By (LD2), the feasible slice
Fon(45u,v) = {(s,t) € bp(u) X by(v) |0 < as+ ft < 1}

is nonempty, so there exists at least one pair (s,t) € b, (u) X b, (v) with

0 < as+pt < 1 @
By Definition (LD1), we have u,v € P’ (I) with I, = [0, L], hence b,,(u) C I, and b, (v) C Ir,. Thus

s,t € I, = [0, L].

Since «, § € [0,00) and s, ¢ € [0, L], the quantity s + 5t is a well-defined real number and (2) implies

0 < as+pt < 1.

Therefore

0 <1—(as+pt) <1,
so each value 1 — (as + ft) lies in [0, 1]. Varying (s, t) over Fy, »(A;u,v) and (u,v) over S, ,(A) x IS, . (A),
we obtain exactly the elements of 75, ,, (A). Because Fy, »(A;u, v) is nonempty for every such (u,v), we conclude
that 75, ,,(A) is nonempty, and by the above inequality every element of 75, ,, (A) belongs to [0, 1]. Hence the map
A 75, (A) is well-defined with values in [0, 1]. O
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‘We now show that every Linear Diophantine (m, n)-SuperHyperfuzzy Overset admits a canonical transformation
into a usual Linear Diophantine (m,n)-SuperHyperfuzzy Set (i.e. with all nested values contained in the unit
interval).

Definition 3.28 (Leafwise truncation on I7). Let L > 1 and set I, = [0, L]. Define the truncation map ¢ : I;, —
[0, 1] by

¢(x) = min{z, 1} (xeIy).
For each & > 0 we define recursively a map

by
To(S) = (p(S) (8 S IL)7 Tk+1( = {Tk, | T e S} S € PZ+1(IL))

Lemma 3.29 (Compatibility of truncation and flattening)
For every k£ > 0 and every u € P;;(I1,) one has

b (T (u)) = {<p(s) |5 €br(u)}.

In particular, by, (Ty(u)) C [0,1].

Proof
We proceed by induction on k.

For k = 0, we have u € I}, and

To(u) = p(u), bo(u) = {u}, bo (To(u)) = {e(u)},

bo(To(u) = {w(w)} = {&(s) | s €bo(u)},

and the claim holds.

Assume the statement holds for some £ > 0, and let u € P} 11 (I1). Then
Ti1(u) = {Te(T) | T € u},

and by the definition of b1 we have

i1 (Tea(w) = | ou(W) = (| 0w (TH(T)).

WETk+1(u) TEu

By the induction hypothesis,
i (Th(T)) = {p(s) | s € (T},

SO

Dt (Tirr (W) = [J {0(9) |'s € bu(T)} = {(s) | 5 € bpsr ()},

Teu

which proves the desired equality. Since ¢ : I, — [0,1], the last set is contained in [0,1], and the lemma
follows. O

Stat., Optim. Inf. Comput. Vol. x, Month 202x



T. FUJITA, A. SALEM HEILAT, R. HATAMLEH AND A. A. GHAIB 27

Definition 3.30 (Truncation of a Linear Diophantine (m, n)-SuperHyperfuzzy Overset). Let D = (9, ,,79.)

be a Linear Diophantine (m, n)-SuperHyperfuzzy Overset on U with parameters («, 3, L). Define new mappings

/jm men P* ( ) — ,P(,P;([O’ 1])) \{0}

by
fima(A) = {To(u) [u € ip o (A) ), Tna(A) = {Ta(v) v ey ,(A) }
forevery A € Py, (U). We call

D = (ljm,ny ;m,n)
the truncation of D©.

Theorem 3.31 (Linear Diophantine (m, n)-SuperHyperfuzzy Oversets can be transformed into Sets)
Let D° = (i9,,.,79.,,) be a Linear Diophantine (1m, n)-SuperHyperfuzzy Overset on U with parameters a, 3 €

[0,00) and L > 1, and let D = (Itm,ns Vm,n) be its truncation as above. Then:

1. For every A € P}, (U), the sets [, »(A) and v, ,,(A) are nonempty families of n-fold nested membership
values lying in the unit interval [0, 1].

2. For every A € P}, (U) and every
U € fimn(A), v € Uy n(A),
the Diophantine feasible slice
Fron(A;0,0) = {(s’,t’) € bo(u!) X bu(v)) | 0 < as’ + Bt < 1}
is nonempty.
3. If we define, for each A € P (U),
Tmon(A) == {1 — (as’ + pt) ‘ U € fimn(A), V' € Upn(A), (s',1') € Fpy (4 u’,v’)},

then 7, ,(A) C [0,1] and 7, n (A) # 0.

Consequently, the truncated pair D = (Hm,n> Um.n), together with 7, ,, satisfies the axioms (LD1)—(LD3)
with L =1 and defines a Linear Diophantine (m,n)-SuperHyperfuzzy Set. In other words, every Linear
Diophantine (m, n)-SuperHyperfuzzy Overset can be canonically transformed into a Linear Diophantine (m, n)-
SuperHyperfuzzy Set.

Proof

(1) Fix A € P}, (U). By (LDI) for DO, the sets ﬁ?nyn(A) and 7, ym »(A) are nonempty. By definition of i, ,(A),
every element Of fin, (A) has the form T, (u) with u € 115, ,,(A). Since u € P};(I,) and T,, maps P}, (1) into
Pr(]0,1]), we have T, (u) € P;([0,1]). Thus fiy, »(A) is a family of n-fold nested sets whose leaves lie in [0, 1].
Nonemptiness follows because 115, ,,(A) is nonempty and T,, is defined on every element of P (I.). The same
argument applies to v, , (A), proving (1).

(2) Let A € P, (U) and choose arbitrary
U € fim n(A), V' € Upn(A).

Stat., Optim. Inf. Comput. Vol. x, Month 202x



28 LINEAR DIOPHANTINE HYPERFUZZY SET AND SUPERHYPERFUZZY SET

By definition, there exist

such that
By (LD2) for DO, the slice
Pﬁm&mm:{@ﬁemmnxmw)0§m+5hﬂ}

is nonempty, so choose a pair (s, t) € F, »(4;u,v). Then

0 < as+pt < 1.

Set

<
S
—
:\
~—
|
<
3
—
H
—
S
~
~—
|

{o(r) | r € bn(u)},

and similarly
i (v") = b (Tn(v) = {(r) | 1 € bn(v)}-
Since s € b, (u) and ¢ € b, (v), it follows that

s = p(s) €bu(t), = (t) €ba(v).

Next we verify the Diophantine inequality for s’ and ¢’. By definition of ¢,
0<s' <s, 0<t' <t
because ¢(r) = min{z,1} < z forall x € I, and p(z) > 0. Since «, 8 > 0, we obtain
as’ + Bt < as+ Bt

Combining this with (3) yields
0 < as’+8t < as+pt < 1.

Hence (s',t") € by, (u') x b, (v') satisfies 0 < as’ + ft’ < 1, so
(s',t') € Frpn(Asu',0).

Therefore F), ,,(A; v, v') is nonempty, which proves (2).

3

(3) Let A e P (U). By (2), for every pair (u/,v’) as above, the set F,, ,(A4;u/,v’) is nonempty, so there exist

(s',t') € Fiyn(4;4/,0"). By definition of Fy,, ,,(4;u',v") we have

0 < as’'+pt < 1.

Thus
0 <1—(as'+pt) <1,
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Algorithm 1: Flattening an n-level membership object

1 Function Flat (z,k):
// Input: z€ P*([0,1]), integer k>0.
// Output: flatg(z) C[0,1].
if £ = 0 then
| return {z}

F+0
foreach T € > do
| F« FUFlat(T,k—1)

return I

N o & w N

so every element of
7~Tm,n(A) = {1 - (053/ + Bt/) u € ﬁm,n(A)v V' e gm,n(A)a (Slyt/) S Fm,n(A; U/, U/)}

belongs to [0, 1]. Moreover, because each F,, ,,(A4;u’,v’) is nonempty and fi,,, , (A), Uy, (A) are nonempty, the set
Tm,n(A) is nonempty. This proves (3).

Putting (1)—(3) together, we see that D= (Fem,n» Vm,n ), With the hesitation part 7, ,,, satisfies the same axioms
(LD1)-(LD3) as DO but with L = 1 and all nested values contained in [0, 1]. Therefore D is a Linear Diophantine
(m, n)-SuperHyperfuzzy Set, and the truncation construction defines a well-defined transformation from Linear
Diophantine (m, n)-SuperHyperfuzzy Oversets to Linear Diophantine (m, n)-SuperHyperfuzzy Sets. O

4. Algorithms for (m, n)—Linear Diophantine SuperHyperFuzzy Set

In this section we describe a basic validation and construction procedure for (m,n)-Linear Diophantine
SuperHyperFuzzy Sets, and we state and prove its correctness and complexity. We assume that the flattening

operator
flat,, : P"([0,1]) — P([0,1])

is defined as in the previous subsection. The algorithm for flattening an n-level membership object is given below
in Algorithm 1.

Algorithm 1 is the direct operational counterpart of the recursive definition of flat,,.

Next we formalize a validation and construction algorithm for (m,n)-Linear Diophantine SuperHyperFuzzy
Sets. We work with a finite index family .4 C P} (U) of “active” m-level subsets, together with given hyper-
membership and hyper-nonmembership mappings

ljm,na ;TTL,’I'L: A — P(Pn([ov 1])) \ {w}

Algorithm 2 presents the procedure for validation and hesitation construction for (m, n)-LD SuperHyperFuzzy
Sets.

Remark 4.1. If A is chosen to be the full family P}, (U), then Algorithm 2 validates the complete (m, n)-Linear
Diophantine SuperHyperFuzzy structure on U. In many applications, only a finite subfamily of “active” m-level
subsets is needed, so a finite index set .4 is natural.
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Algorithm 2: Validation and hesitation construction for (m, n)-LD SuperHyperFuzzy Sets

Data: Nonempty finite universe U; integers m, n > 0; finite A C P, (U); weights o, 8 € [0, 1] with o + 8 < 1; mappings
ﬁm,n, ;m,n on A.
Result: Boolean flag i sValid; hyper-hesitation mapping 7y, ,» on A if isValid = true.

1 isValid < true
2 foreach A € Ado

// Check nonemptiness of hyper-membership and hyper-nonmembership sets
3 if i n(A) = 0 or Um,n(A) = 0 then
4 isValid « false
5 break
// Precompute flattened sets of degrees
6 S0
7 S 0
8 foreach u € i, n(A) do
9 Fy, < Flat(u,n)
10 foreach s € F,, do
11 if s < 0ors > 1then
12 isValid « false
13 L break
14 SH « Sh u{s}
15 if 1sValid = false then
16 | break
17 if isvValid = false then
18 | break
19 foreach v € Uy, (A) do
20 Gy < Flat(v,n)
21 foreach t € G, do
22 ift <0ort>1then
23 isValid « false
24 L break
25 Mo S u{t}
26 if 1sValid = false then
27 | break
28 if 1sValid = false then
29 | break
// Check Diophantine constraint and construct hesitation degrees
30 Tm,n(A) 0
31 foreach s € S do
32 foreach ¢ € S} do
33 Vo g a-s+ -t
34 if vy, g <0o0rv, g > 1then
35 isValid « false
36 L break
37 Tmn(A) ¢ Tmn(A) U {1l —va g}
38 if 1sValid = false then
39 | break
40 if 1sValid = false then
M | break
42 if isValid = false then
// Optionally clear Tm,, if invalid
43 foreach A € Ado
44 | Tmn(A) <0

45 return (isValid, Tm,n)

Stat., Optim. Inf. Comput. Vol. x, Month 202x



T. FUJITA, A. SALEM HEILAT, R. HATAMLEH AND A. A. GHAIB 31

Theorems concerning these algorithms are presented below.

Theorem 4.2 (Correctness of Algorithm 2)
Let U, m, n, a, B, A, fim n, and Uy, », be as in Algorithm 2, and suppose all sets involved are finite. Then the
following hold.

1. If isvalid= true on termination, then (fim, n, Vm,r ) satisfies the definition of an (m, n)-Linear Diophantine
SuperHyperFuzzy Set on A, and for every A € A we have

T (A) = {1 — (as+ Bt) | u € Fimn(A), v € Vnmn(A), s € flat, (u), t € fat,(v)}.

2. Conversely, assume that ({i,, n,Vm,») is an (m,n)-Linear Diophantine SuperHyperFuzzy Set on A in the
sense of Definition 3.5. Then Algorithm 2 terminates with 1 sValid= true and the returned 7,, ,, coincides
with the one defined in Definition 3.5.

Proof
We prove each item separately.

(1) Assume that Algorithm 2 terminates with i sValid = true.

First, for every A € A the algorithm explicitly tests whether fi,, »,(A) and v, ,(A) are empty. If either were
empty, the flag isvalid would be set to false, and the outer loop would break. Since the final value is t rue,
it follows that

fimn(A) # 0, Umn(A) #0 forall A€ A.
Hence the codomain constraint P(P,, ([0, 1])) \ {0} is satisfied.

Next, for every u € fi,, n(A) the algorithm computes F,, = Flat(u,n), and for every s € F,, it checks the
inequalities s > 0 and s < 1. If some s violated 0 < s < 1, then 1sValid would be set to false. Because the
final flag is true, all degrees s in all sets F;, satisfy 0 < s < 1. The same argument applies to all ¢t € G, =
Flat(v,n) forall v € v, ,,(A). Therefore, for every A € A and for all

U € fmn(A), v € Uy n(A), s € flat,(u), t € flat, (v),
we have s, t € [0, 1].
Then, in the nested loop over s € S and ¢ € S4, the algorithm computes

Vo3 = s + [t

and checks whether v, 5 € [0, 1]. If some pair (s, t) produced a value v, g < 0 or v, g > 1, then 1sValid would
be set to false. Hence, because the final flag is t rue, we obtain

0<as+pt<1
for all admissible (s, t); this is exactly the linear Diophantine condition required in Definition 3.5.
Finally, for each A € A the algorithm constructs 7, , (A) by the update rule
Tmn(A) < T n(A) U {1 — (s + ﬁt)}
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forall s € S/ and ¢ € S*. By the definition of S} and S%, we have
Sh = U flaty, (u), Sh = U flaty, (v).
UETm,n (A) VEUm,n(A)
Therefore, the set of all values 1 — (as + St) added to 7, ,,(A) coincides with
{1— (as+ Bt) ’ U € fimn(A), v E Umn(A), s € flat, (u), t € flat,(v)},

as required. This proves Item (1).

(2) Conversely, assume that (i, n, Vm,n) 18 an (m, n)-Linear Diophantine SuperHyperFuzzy Set on A in the
sense of Definition 3.5. Then, by the definition, for every A € A we have fi,, »(A) # 0 and v, ,,(A) # 0, so the
initial emptiness checks in Algorithm 2 never fail.

Moreover, for every A € A, every u € fim, n(A), every v € vy, ,(A), and every s € flat, (u), t € flat,, (v),
Definition 3.5 ensures that
0<s<1l, 0<t<1, 0<as+pt<l.

Hence none of the inequalities checked in the inner loops can fail, and the flag 1 sValid remains t rue throughout
the execution.

By construction of S and S and by the same reasoning as in Item (1), the sets 7, ,(A) computed by the
algorithm are identical to those prescribed in Definition 3.5. Therefore the algorithm terminates with isvalid
= true and with the correct hyper-hesitation mapping. This proves Item (2) and completes the proof. O

Theorem 4.3 (Time complexity of Algorithm 2)
Let A be finite. For each A € A, denote

Ma = [fimn(A)|,  Nai=|Tnn(A)

and for each u € fi;, n(A), v € Uy (A) Write
L, := |ﬂatn(u)|, L, := |ﬂatn(v)’.
Then the total number of elementary loop iterations in Algorithm 2 is bounded by
TgZ(Z Lo+ > Le+ > > LuLU>.
AEA \UETim,n(A) VEVm,n(A) UEim ,n (A) VEVm,n(A)
In particular, if we set

M = M N = N L= L, L,|A , Lm.n(A), Umn.n(A) L,
max Ma, max Na, max { ‘ €A UE fimn(A), vE Uma(A)}

and write |A| = K, then
T=O(K(M+N)L+KMNL?)=0(KMNL?).

Proof
Fix A € A. The cost of the block
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is Zueﬁm,n( ) L. Similarly, the cost of processing all v € vy, n(A) and their flattened degrees ¢ € Flat(v,n) is

VEVp, n (A) L'U'

For the nested loops over s € S/, and t € S, observe that

Sh = U flat, (u), S% = U flat, (v).

ueﬁm,n(A) 7)6’17777,,71(‘4)

Thus the total number of pairs (s, t) visited is at most

( z(A)Lu)( 5 )Lv) © Y Y L

ueﬁnL,n Ue’jm,n(A UEﬁnL,n(A) 'UE;nL,n(A)

where we used the inequality (3, a;)(>_;b;) < >, ; a;b; for nonnegative a;, b;.

Summing these contributions over all A € A yields the stated upper bound on 7":

T<Z< S Lut Y Lut+ Y > LuLv>.

A€ A \u€lim n(A) VEVm, n(A) UELm,n (A) VEVm n(A)

For the simplified Big-O estimate, note that for each A € A we have

> Lu<MsL< ML, Y L,<NsL<NL,
UE i, n (A) VEVpm n(A)
and
Z Z LyLy, < MaNsL? < MNLZ2.
UWETim n (A) V€D n (A)
Therefore

7<) (ML+NL+MNL?) = K(M + N)L+ KMNL?.
AcA

In Big-O notation this is T = O (K (M + N)L + KMNL?), and in particular T’ = O(KM N L?) as claimed. [

5. Conclusion

In this paper, we introduced two novel frameworks—the Linear Diophantine Hyperfuzzy Set and the Linear
Diophantine SuperHyperfuzzy Set—by embedding linear Diophantine constraints into the hyperfuzzy and
superhyperfuzzy paradigms. We also examined their fundamental concrete examples and the associated
algorithms. On that basis, we evaluated the algorithmic complexity and the validity of the proposed methods. For
reference, Table 5 presents the comparison of the HyperFuzzy Set and the Linear Diophantine HyperFuzzy Set, and
Table 6 provides the comparison of the SuperHyperFuzzy Set and the (m, n)-Linear Diophantine SuperHyperFuzzy
Set.  From these observations, we believe that such constructions offer a promising framework for clearly
representing real-world concepts that require hierarchical and uncertain Linear Diophantine conditions.
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Table 5. Brief comparison of HyperFuzzy Set and Linear Diophantine HyperFuzzy Set

Aspect HyperFuzzy Set Linear Diophantine HyperFuzzy Set

Membership Each « has pi(z) C [0, 1] nonempty. Each 2z has p(z),v(z) C[0,1]

representation nonempty.

Additional parameters No global weights. Uses fixed (o, 8) with 0 < a+ <
1.

Core constraint Only 0 < u < 1 foru € p(x). Requires 0 < au + fv < 1forallu €

w(z), v € v(x).
Hesitation / indeterminacy Not canonically specified; may be 7(z)={l— (au+ fv)|u¢€

derived externally. p(z), vev(x)}.
Modeling focus Multiple  plausible =~ membership Coupled sets of support and opposi-
grades per element. tion under a linear constraint.

Table 6. Brief comparison of SuperHyperFuzzy Set and (m, n)-Linear Diophantine SuperHyperFuzzy Set

Aspect SuperHyperFuzzy Set (m,n)-Linear Diophantine SuperHy-
perFuzzy Set

Membership b 2 P (U)=P(Pr([0, 1))\{D}.  fmns Umon = P (U)—

representation P(P,([0,1]))\{0}.

Additional parameters No global weights. Uses fixed (o, ) with 0 < a+ <
1.

Core constraint Flattened grades s € flat,,(u) lie in 0 < as+ Gt <1 for all s € flat,, (u),

[0,1]. t € flat, (v).

Hesitation / indeterminacy ~ May be introduced ad hoc from fi,, . T n(A4) = {1 — (s + Bt) |
U E fmn(A), v E Uy n(A), s €
flat,, (u), t € flat, (v)}.

Modeling focus Hierarchical membership uncertainty Hierarchical balance of membership
on iterated powersets. and nonmembership with tunable
trade-offs.

Looking ahead, we plan to extend these models to additional uncertainty frameworks, including Neutrosophic
Sets [67, 15], Shadowed Sets[68], Soft Sets[69, 70], Plithogenic Sets [71, 14], Hesitant Fuzzy Sets [72], Z-
Numbers [73, 74], and other related frameworks. We will also investigate algorithmic strategies and computational
implementations to validate and apply these constructs in real-world decision-making scenarios. Furthermore, we
intend to explore graph-based generalizations by integrating the Linear Diophantine Hyperfuzzy Set concept into
HyperGraphs [75] and SuperHyperGraphs [76]. Furthermore, we believe that the algorithms presented in this
paper still have room for improvement. We hope that, in the future, experts in the field will further refine and
enhance their computational complexity.
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