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are derived in the case of spectral certainty, where the spectral densities of the sequences are exactly known. Formulas that
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1. Introduction

W.R. Bennett [5] in 1958 introduced cyclostationarity as a phenomenon describing signals in channels of
communication. Studying the statistical characteristics of information transmission, he calls the group of telegraph
signals a cyclostationary process, that is the process whose group of statistics changes periodically with time.
W.A. Gardner and L. E. Franks [17] highlighted the similarity of cyclostationary processes, which form a subclass
of nonstationary processes, with stationary processes. W.A. Gardner [18], W. A. Gardner, A. Napolitano and
L. Paura [19] presented bibliography of works in which properties and applications of cyclostationary processes
were studied. Recent developments and applications of cyclostationary signal analysis are reviewed in the papers by
A. Napolitano [77], [78]. Note that in different sources cyclostationary processes are called periodically stationary,
periodically nonstationary, periodically correlated. We will use the term periodically correlated processes.

E.G. Gladyshev [20] was the first who analysed the spectral properties and representations of periodically
correlated sequences based on its connection with the vector valued stationary sequences. He formulated the
necessary and sufficient conditions for determining the periodically correlated sequence in terms of the correlation
function. A. Makagon [50], [51] presented a detailed spectral analysis of periodically correlated sequences. The
main ideas of the research of periodically correlated sequences are outlined in the book by H. L. Hurd and
A. Miamee [24].
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632 INTERPOLATION PROBLEM FOR PC SEQUENCES WITH MISSING OBSERVATIONS

The problem of estimation of unobserved values of random processes is one of the very important and topical
subsections of the theory of stochastic processes. Processes that are observed can be completely defined by
its characteristics (correlation function, spectral density, canonical decomposition) or their characteristics can
be defined only by the set of admissible values of characteristics. The linear extrapolation and interpolation
problems for stationary stochastic sequences under the condition that the spectral densities are exactly known
were first investigated by A. N. Kolmogorov [29]. Methods of solutions of the extrapolation and filtering
problems for stationary processes and sequences with rational spectral densities were developed by N. Wiener
[89] and A. M. Yaglom [91, 92]. Estimation problems for vector-valued stationary processes were investigated by
Yu. A. Rozanov [86] and E. J. Hannan [23].

The basic techniques of statistics of stochastic processes are summarized in the books by D. Z. Arov and
H. Dym [3], L. Aggoun and R. J. Elliott [2], I. V. Basawa and B. L. S. Prakasa Rao [4], S. Cohen and
R. J. Elliott [10], M. S. Grewal and A. P. Andrews [22], G. Kallianpur [26], Yu. A. Kutoyants [34], [35],
R. S. Liptser and A. N. Shiryaev [37, 38], B. L. S. Prakasa Rao [80, 81], B. L. Rozovsky and S. V. Lototsky [87],
M. B. Rajarshi [84], W. A. Woodward, H. L. Gray and A. C. Elliott [90]. The estimation problems occur in different
studies. We refer to D. V. Koroliouk [30], D. V. Koroliouk et al. [31], D. V. Koroliouk and V. S. Koroliuk [32], where
there is investigated the difference stochastic equation Ay = —Vpay + oAW1, t > 0, which determines a
sequence oy, t > 0, for the stochastic component AW; 1, ¢ > 0, and studied the problem of filtration of stationary
Gaussian statistical experiments considered for the solution «y, ¢t > 0, of the indicated equation.

Since processes often accompanied by undesirable noise it is naturally to assume that the exact value of spectral
density is unknown and the model of process is given by a set of restrictions on spectral density. K S. Vastola
and H V. Poor [88] showed for certain classes of spectral densities that the Wiener filter is very sensitive to
minor changes of spectral model unlike the robust Wiener filter. That is the filter is the least sensitive to the
worst case of uncertainty. Thus, it is reasonable to use the minimax (robust) estimation method, which allows
to define the optimal estimate for all densities from a certain given class of the admissible spectral densities
simultaneously. Ulf Grenander [21] was the first who proposed the minimax approach to the extrapolation problem
for stationary processes. A survey of results in minimax-robust methods of data processing can be found in the
paper by S. A. Kassam and H. V. Poor [28]. Formulation and investigation of the problems of extrapolation,
interpolation and filtering of linear functionals which depend on the unknown values of stationary sequences
and processes from observations with and without noise are presented by M. P. Moklyachuk in the papers [61]-
[64]. Similar problems of the optimal estimation for the vector-valued stationary sequences and processes were
examined by M. P. Moklyachuk [58]-[60] and by M. P. Moklyachuk and O. Yu. Masyutka [66]-[69]. In their
papers M. M. Luz and M. P. Moklyachuk [39]-[49] investigated the minimax estimation problems for linear
functionals which depends on unobserved values of stochastic sequences with stationary increments. P. S. Kozak
and M. P. Moklyachuk [33] study estimates of functionals constructed from random sequences with periodically
stationary increments. In their papers I. I. Golichenko(Dubovets’ka) and M. P. Moklyachuk [12]-[16], [65]
presented results of investigation of the interpolation, extrapolation and filtering problems for linear functionals
from periodically correlated stochastic sequences and processes.

The prediction problem for stationary sequences with missing observations is investigated in the papers by
P. Bondon [6, 7], R. Cheng, A. G. Miamee and M. Pourahmadi [8], R. Cheng and M. Pourahmadi [9], Y. Kasahara,
M. Pourahmadi and A. Inoue [27, 82]. The detailed analysis of the estimation problems with missing observations
are presented in the paper by B. Abraham[1], books by M. J. Daniels and J. W. Hogan [11], R. J. A. Little and
D. B. Rubin [36], P. E. McKnight et al [57], M. M. Pelagatti [79].

In the papers by M. P. Moklyachuk and M. I. Sidei [71]-[75] results of investigations of the interpolation,
extrapolation and filtering problems for stationary stochastic sequences and processes with missing observations
are proposed. The results of the study of the extrapolation, interpolation and filtering problems for linear functionals
constructed from unobserved values of multidimensional stochastic sequences and processes are presented in the
papers by O. Yu. Masyutka, M. P. Moklyachuk and M. I. Sidei [52]-[56], [76]. We also refer to the book by
M. P. Moklyachuk, O. Yu. Masyutka and I. I. Golichenko [70] where results of the investigation of the problem
of mean square optimal estimation (forecasting, interpolation, and filtering) of linear functionals constructed from
unobserved values of periodically correlated isotropic random fields are described.
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In this paper we deal with the problem of optimal linear estimation of the functional A;¢ which depends on the
unobserved values of a periodically correlated stochastic sequence (7). Estimates are based on observations of the
sequence ¢(j) + 6(j) at points j € Z \ S, where S = Ul:ol{Ml +1,...,M; + N1} 6(4) is an uncorrelated with
¢(4) periodically correlated stochastic sequence. Formulas for calculation the mean square errors and the spectral
characteristics of the optimal estimates of the functional A,( are proposed in the case of spectral certainty where
the spectral densities are exactly known. Formulas that determine the least favorable spectral densities and minimax
spectral characteristics are proposed in the case of spectral uncertainty where the spectral densities are not exactly
known while some classes of admissible spectral densities are given.

The paper is organized as follows. The spectral properties of periodically correlated stochastic sequences and
their correlation functions are described in Section 2. Relations of periodically correlated stochastic sequences with
multidimensional stationary sequences are discussed in this section.

In section 3 we consider the problem of mean square optimal linear estimation of the the functional

s—1 Mi+Niq1 l
AL=Y" " aT(EG), M=) (Ne+Ky), No =Ko =0,
1=0 j=M;+1 k=0

—

which depends on the unknown values of a 7-dimensional stationary stochastic sequence £(j), based on
observations of the sequence £(j)+ 77(j) at points j € Z\ S, where S = UIS:_OI{MZ +1,...,M;+ Nij1}
Formulas for calculation the mean square error and the spectral characteristic of the optimal estimate of the
functional Asg are proposed in the case where spectral density matrices of the sequences 5 (j) and 77(j) are exactly
known.

In section 4 we consider the problem of mean square optimal linear estimation of the the functional

s—1 My+Niq1 l

A=Y > al)C), M= (Ni + K), No =Ko =0,

1=0 j=M;+1 k=0

which depends on the unknown values of T-PC stochastic sequence ¢(j), based on observations of the sequence
¢(j) +6(j) at points j € Z\ S, where S = | J_0 {M; +1,..., M; + N1}
In section 5 we consider the problem of optimal estimation for the linear functional

s—1 Mi+Niy1 l

AC=3" 3" al)cl), Mi=S"(Ni+ K), No =Ko =0,

1=0 j=M;+1 k=0

which depends on the unknown values of T-PC sequence ((j) from observations of the sequence ((j) + 6(j) at
points j € Z \ S, where the number of missed observations at each of the intervals is a multiple of the period 7'. In
sections 4 and 5 the estimation problem is investigated in the case of spectral certainty, where the spectral densities
of observed sequences are exactly known.

In section 6 we describe the minimax approach to the problem of estimation of the linear functionals. In this
case we find the estimate which minimizes the mean square error for all spectral densities from the given set of
admissible densities simultaneously.

In section 7 the least favorable spectral densities and the minimax (robust) spectral characteristics of the optimal
estimate of A,( are found for the class D, of admissible spectral densities.

In section 8 the least favorable spectral densities and the minimax (robust) spectral characteristics of the optimal
estimate of Asf are found for the class D, of admissible spectral densities.

2. Periodically correlated and multidimensional stationary sequences

The term periodically correlated process was introduced by E. G. Gladyshev [20] while W. R. Bennett [5] called
random and periodic processes cyclostationary process.
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Periodically correlated sequences are stochastic sequences that have periodic structure (see the book by
H. L. Hurd and A. Miamee [24]).

Definition 1
A complex valued stochastic sequence ((n),n € Z with zero mean, E(n) = 0, and finite variance, E|((n)|? <
400, is called cyclostationary or periodically correlated (PC) with period T' (T-PC) if for every n,m € Z

EC(n+T)((m+T) = R(n+T,m+T) = R(n, m) (1)

and there are no smaller values of T" > 0 for which (1) holds true.

Definition 2 B
A complex valued T-variate stochastic sequence &(n) = {&, (n)}fz1 ,n € Z with zero mean, E¢,(n) =0,v =
1,...,T, and E||£(n)||? < oo is called stationary if for all n,m € Z and v, pn € {1,...,T}

Eﬁu(n)ﬁu(m) = Rw(n, m) = Rvu(n —m).

If this is the case, we denote R(n) = {R,,H(n)}fuzl and call it the covariance matrix of T-variate stochastic

sequence &(n).

Proposition 2.1. (E. G. Gladyshev [20]). A stochastic sequence ((n) is PC with period T if and only if there exists
a T-variate stationary sequence (n) = {f,,(n)}:{:l such that (n) has the representation

T
C(n) =Y _e™™/Tg,(n), n €L )
v=1

—

The sequence £(n) is called generating sequence of the sequence ((n).

Proposition 2.2. (E. G. Gladyshev [20]). A complex valued stochastic sequence ((n),n € Z with zero mean and

—

finite variance is PC with period T if and only if the T-variate blocked sequence ((n) of the form

—

€(n))p=¢(nT+p), n€eZ,p=1,...,T 3)

is stationary.

- - T
We will denote by f¢(\) = { fs u ()\)} the matrix valued spectral density function of the T'-variate stationary
v,u=1

—

sequence ((n) = ((1(n),...,¢r(n)) T arising from the T-blocking (3) of a univariate T-PC sequence ((n).

3. Hilbert space projection method of linear interpolation
Let f (j) and 7j(j) be uncorrelated T-variate stationary stochastic sequences with the spectral density matrices
~ - T . .
e = { f,fﬂ()\)} and f7(\) = { ﬁ#(A)}TH_l, respectively. Consider the problem of optimal linear
v,u=1 vp=
estimation of the functional

s—1 Mi+Niq1 l

Af = ij > a@GEG), Mi=Y (N + Ky), No =Ko =0,

1=0 j=M;+1 k=0

— —

that depends on the unknown values of the sequence £(j), based on observations of the sequence £(j) + 7j(j) at
points j € Z \ S, where S = Uf:_ol{Ml +1,...,M;+ Npy1}.
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Let the spectral densities f € (A\) and f7()\) satisfy the minimality condition

/7r TT[(f () + F7(A ))ﬂdA < +00. @)

—T

Condition (4) is necessary and sufficient in order that the error-free interpolation of the unknown values of the
sequence £(j) + 77(7) is impossible [86].
Denote by Ls( f) the Hilbert space of vector valued functions b(\) = {b,,()\)},:f:1 that are square integrable with

respect to a measure with the density f(X) = {f, (A )}V =t

/ﬂb()\) A)b(N)dA = /WZ A) fon (Wb (M) dA < +o0.

- v,u=1

Denote by L3~ (f) the subspace in Lo(f) generated by the functions %66, = {6W}f:1, v=1,...,T,j€
Z\ S, where 6, = 1,6,, = 0for v # p.

Every linear estimate A€ of the functional A, from observations of the sequence &(j) + 7(j) at points
J € Z\ S has the form

A&= [ FTEN@E @+ 27an) = [ h(eEZEan + 2], 5)
- -7 =1
- L NT -
where Z¢(A) = {Zﬁ(A)} and ZT(A) = {Zﬁ(A)}jl1 are orthogonal random measures of the sequences £(5)
v=1 v=

and 77(j), and h(e™) = {hl,(ei’\)}T is the spectral characteristic of the estimate A,£. The function h(e™) €

- v=1
Ly (f* + 7).

—,

The mean square error A(E fg f7) of the estimate A f is calculated by the formula
A(F f5, f7) = BIAE - AL =
1 /7 . S : -
= o= | [Ade™) =] 0 [AseR) = Re)|dat (©6)
s

—T

o / BT () TR,

—T

s—1 My+Nyq

=2 D, e

1=0 j=M;+1

The spectral characteristic f_i( f5, f7) of the optimal linear estimate of ASE minimizes the mean square error

AUE T = AGE N £ = min AR S f7) = min BIAE - A8 (M
heL;™ (fE+17) A&
With the help of the Hilbert space projection method proposed by A. N. Kolmogorov [29] we can find a solution

of the optimization problem (7). The optimal linear estimate ASE is a projection of the functional ASE on the
subspace H[€ + 7] = H[£,(5) + m.(j), j € Z\S,v = 1,. .,T} of the Hilbert space H = {¢ : E€ =0, E[¢]? <
oo}, generated by values &, (j) + n.(j), j € Z\S,v = 1,...,T. The projection is characterized by the following
conditions
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DAL eH [+,
2) AE — AL L H[E+1.

Condition 2) gives us the possibility to derive the formula for the spectral characteristic of the optimal estimate

AT 5T = (AT ) - €T ) [0+ 7)) =
= A7)~ (AT + T ) [0 + )]

where
s—1 Mi+Nj4q

Cole™ =" " élky)e™?,

1=0 k;=M;+1
&k) = (cr(k), - en(k) T
l=0,...,s—1, kk=M+1,...,M;+ Ny41.
Condition 1) is satisfied when the system of equalities
/ RT(FE, fMe 2 dr =0, jes

holds true.

®)

(©))

Denote by D, B, operators that are determined by Tp x Tp, p = N1 + Na + - - - + N, matrices

Dy Doy ... Dy By Bor ... Bgsa
D. — Do Dy ... Dis B. — Bio By ... Bisa
s = ’ s — )
Dsfl,O Dsfl,l cee Dsfl,sfl Bsfl,O Bsfl,l e Bsfl,sfl

constructed from T'N,, 11 X T'N,,+1 block-matrices

_ NV Mm+Nmy1 Mp+Npy1
Dy = {Dmn(k>])}k:Mm+1 G=M,+1 >

_ NV Mm+Nmy1 Mp+Npja
an —{an(kvj) k=M,+1 j=M,+1 >

mn=20,...,s —1,

~ T
with elements which are the Fourier coefficients of the matrix functions [ff (N (SN + f"()\))_l] and

[(fg()\) + fﬁ()\))_l} T, correspondingly:

. 1
Dmn(k»]) = %/

—T

e

SO + £700) 7] " ey,

Banlhd) = 5= [ [0S0+ 5700 7] e Dra,

2r J_.
k:M7rL+1a-~-aMm+Nm+la
j:Mn+1a7Mn+Nn+l

Making use of the introduced operators, relation (9) can be written in the form of the equation

Dsas = Bscsv

Stat., Optim. Inf. Comput.
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o R R _, R _, _ T
ag = (aT(l), .. .,aT(Nl),aT(Ml + 1) .. .,aT(Ml + ]\/vg)7 .. .,aT(MS_l + 1), N ,CI,T(MS_l + Ns)) 5

o S i = _, i S T
Cg = (CT(l), .. .,CT(N1>,CT(M1 + 1) . .,CT(M]_ + NQ), .. .,CT(MS,1 + 1), .. .,CT(MS,1 + NS))

are column-vectors. The unknown coefficients ¢(k;), 1 =0,...,s — 1, k=M, +1,...,M; + N;y, are deter-
mined from the equation

¢, = B;'D.d,, (10)

where the k;-th component of the vector ¢ is calculated by the formula

s—1 My ~+Npt1 s—1 Mp+Npy1
k)= > Cwmlk,0)Y. D Duala,5)d(),
m=0 q=M,,+1 n=0 j=M,+1

l=0,....,s—1, k=M +1,...,M;+ Ny4;.

The operator B, * is determined by T'p x T'p matrix

C(JO C'01 e CO s—1
-1 _ C(10 Cll cee Cl,s—l
B,
Csfl,O Csfl,l cee Csfl,sfl

that is an inverse matrix for the block-matrix B. Elements of BS_1 are constructed by dividing Bs_1 on TNy, 11 X
TNp+1 block-matrices Cp,,, and dividing each C.,, on T x T matrices Cp,pn(k,j), k= My +1,..., M, +
Npg1,j=My+1,...., M, + N1, myn=0,...,s — 1, in the such way that

o N M +Nmg1 Mp+Npya
Cmn—{cmn(kv.]) k=M +1 j=M,+1 -

—~

The mean-square error of the optimal estimate Af is calculated by the formula (6) and is of the form

A(FE, FT) = (@, Ryds) + (G, BoGs), (11)

where (a, b) denotes the scalar product, R is the linear operator determined by Tp x Tp matrix composed with
TN,+1 X TNy, 41 block-matrices

_ ANV Mm+Nmy1 Mp+Npq1
Rmn —{Rmn(kvj) k=M,,+1 j=M,+1 >

m,n=0,...,s—1

)

with elements

Ron(ke3) = 5= [ [FONE0) + 700) 7 7700] e

2r J_,
k:Mm+1a"'7Mm+Nm+1v
j=M,+1,..., My, ~+ Npt1.

See [66] for more details.
The following statement holds true.
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Theozem 1
Let £(5) ={&.(5 )} _, and 7(j) = {n, (j)},:f:1 be uncorrelated T-variate stationary stochastic sequences with

- T
the spectral density matrices f5( ) = { ffu()\)} . and (A { } _,» respectively. Assume that the

matrices fg (\) and f7(\) satisfy the minimality condltlon (4). The spectral characteristic /( f5 f7) and the mean
square error A(fs, £ f7) of the optimal linear estimate of the functional A f based on observations of the sequence
€(j) + 77(j) at points j € Z\ S, are calculated by formulas (8) and (11).

In the case of observations without noise we have the following corollary.

Corollary 1
Let £(j) = {&( j)}ff:1 be a T-variate stationary stochastic sequence with the spectral density matrix f*(\) =

. T
{ ffu()\)}y e’ which satisfies the minimality condition

/W Tr{(fg()\))_l}dA < fo0. 12)

The spectral characteristic h( f 5) and the mean square error A(f §) of the optimal linear estimate of the functional
A f based on observations of the sequence & ( ) at points j € Z \ S, are calculated by formulas
-1
RT(F6) = AT(e™) = el e[ FF)] (13)
A(f6) = (&, ), (14)

where

.
ds=(a"(1),....,a" (N),a@ (My+1)...,a" (My+Na),...,a" (Ms_1+1),...,a@" (Ms_1 + Ny))

. I q I = = T
& =(T(1),...."(N1),éT(My +1)...,¢" (My + Na),...,@ (My_y +1),...,8" (Ms_1 + Ny))
are column-vectors and ¢, = Bs_lc_is. B, is a T'p x T p matrix composed with T'N,,, x T'N,, block-matrices B,,, =

+Np, Mp_1+N, |
{an(k j) mM; 14:1] Mi 1+1°

Buntbd) =5 [ [UF0) ] e nan,

o2
m,n=20,...,5s—1,
k=Mpyu_1+1,...,Mp_1+ Np,
j=My1+1,...,.My_1+ N,.
The k;-th component of the vector ¢; is calculated by the formula

s—1 Mm+Npmi1

D= > Cinlkqidl),

m=0 gq=M,,+1
[1=0,...,s—1, Kk :Ml,...,Ml+Nl+1.

The operator B_ ! is determined by T)p x T)p matrix that is the inverse matrix to the block-matrix B,. Elements

of BS_1 are obtained by dividing B;l on T'Np,+1 X TNy 41 block-matrices C,,,, and dividing each of C,,,, on

T x T matrices Cppn(k,j), k=M, +1,..., My, + Nppa1,j =My +1,..., M, + Ny, myn=0,...,s —1,

in the such way that

N\ Mpm+Npm1 Mp+Np
= {Cmn(k,J) /f:Mm.;_l+1 j:MnJrlJrl'

Stat., Optim. Inf. Comput. Vol. 8, June 2020
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Remark 1
Lets =1, Ny = N. Then

N
AL = AnE = Zcf(j)g(j)-

The spectral characteristic h( f5 f7) and the mean square error A( f5 f7) of the optimal linear estimate of the
functional Ay¢ based on observations of the sequence £(j) at points j € Z\ {1,..., N} with the noise 7j(j) are
calculated by formulas

WSS = (AR — CFEe) [0+ 7] =
= AR(e™) = (AR IO + CR ™) [F£0) + 1]
A(fS, f7) = (G, Rniin) + (@x, Bin).

The spectral characteristic l_i( f € ) and the mean square error A( f € ) of the optimal linear estimate of the functional

AnE based on observations of the sequence £(j) at points j € Z \ {1,..., N} without noise 77(j) are calculated by
formulas

- ) 4 - -1
BT = AR(e™) = CREeM £ ]
A(fg) = (CN,dN).
For more details see [12], [65].
Example 1
&a(n)

sequence with the spectral density function f(\) =

Let f €1(n) be a 2-variate stationary stochastic sequence. Let &;(n) = 6(n) be a univariate stationar
ry q y

m, la] < 1,and &(n) = 0(n) + v(n), where ~(n) is an
uncorrelated with 6(n) univariate stationary sequence with the spectral density function g(\) = b < 1.
Consider the problem of estimation of the functional

Aa =0 - €0 = 1) (£ ;) 1) @g;)

based on observations of £(n),n € Z\ {1,3}. Here @(1) = (1,1),a@(3) = (=1, —1).
In this case the spectral density matrix of {(n) is

— = be RYER

-1
and [f€(\)] satisfies the minimality condition (12). The matrix B, and its inverse B ', the vector of unknown
coefficients ¢ are of the form

2+a?+b> —1-0b? 0 0
B, — —1 -2 1402 0 0
2= 0 0 24a2+b2 —1-02|°
0 0 —1—p? 1+ b2
1 1
1+a? 1+a2 0 0
1 a®+b2 0 0
B!l = 1+a? (1+b2)(1+a2)
2 O 0 1 1 )
14+a2 14+a2
0 0 1 2+a?4b>

TtaZ  (1+b%)(1+a?)

Stat., Optim. Inf. Comput. Vol. 8, June 2020
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(2 3tayw’ 2 34a?go? \
T U+ 041 +ad) 1+a (1+02)(1+a?)

The spectral characteristic can be calculated by (13)
- g 2a b b .
hT 13 — _ 43\
() (<1+a2 1+b2>+<1+b2)e ’

b b FUNN
1402 1402

Then the optimal linear estimate of A2£ determined by (5) is of the form

— P b b b b
1= (2 1) 6O+ b+ 60 - i)

4. Interpolation of T-PC stochastic sequences

Let ¢(5) and () be uncorrelated T-PC stochastic sequences. Consider the problem of optimal linear estimation of

the functional
s—1 Mi+Niq1

AC=D" > al)i),
1=0 j=M;+1
1
M; = (Ni+ Kx), No =Ko =0,
k=0
that depends on the unobserved values of T-PC stochastic sequence ((j), based on observations of the sequence
C(j) +6(j) at points j € Z\ S, where S = Uls;ol{Ml +1,...,M;+ Np41}
Using the Gladyshev relation (2) of PC and multivariate stationary sequences the problem of estimation of the
functional A,¢ may be reduced to the problem of estimation of the functional A:¢ since

s—1 Mi+Ni41 s—1 Mi+Niq1 T
AC=D" >0 el =D D al)d eI () =

1=0 j=M;+1 1=0 j=M;+1 v=1

s—1 Mi+Niy1 T s—1 My+Nij41
=D > D a@er TGy =Y > dT()EG) = AL,

1=0 j=M;+1 v=1 1=0 j=M;+1

where »
a'(j) = (a1(4), ... ar(3)), an(j) = a(f)e™ /T v =1,...,T,
g T

£(7) = {&.(j)},_, is a T-variate stationary stochastic sequence that generates the PC sequence ¢(j).
For the interpolation problem for PC sequences the following results hold true.

Theorem 2
Let () and 6(j) be uncorrelated T-PC stochastic sequences. Then the optimal linear estimate of the functional
As( based on observations of the sequence ((j) + 6(j) at points j € Z \ S, is given by the formula
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™ . x T .
AL = [ RIS FM(Z8(AN) + Z7(dN) = / D b (fE FZ5(dN) + Z(dN), (15)

- v=1

—

where £(j) and 7j(j) are generating sequences of the sequences ((j) and 6(j), correspondingly. The spectral
characteristic A(f¢, f7) and the mean square error A(f¢, f7) of A, are calculated by formulas (8) and (11),
where @(j) = (a1(4),...,ar(H) ", a,(§) = a(j)e2™/T v =1,...,T.

Corollary 2
The optimal linear estimate ((1) of the unknown value (1), based on observations of the sequence ((j) + 0(j)
at points j € Z\ S is defined by the formula (15). The spectral characteristic ﬁ( f&, f7) and the mean square

error A(f€, f7) of the optimal linear estimate (1) are calculated by formulas (8) and (11), where the unknown
coefficients ¢(k;), L =0,...,s — 1, k= M; + 1,..., M; + N;4, are defined by formulas

s—1 Mpm+Nm41

)= S Cimlki,0)Doola, Va(1),

m=0 g=M,,+1

where elements C,, (k;,q), ,m=0,...,s =1L, k=M +1,....M;+ Niy1,9g= M, +1,..., My, + Ny, 41 are
determined by the same way as in Theorem 1.

In the case of observations without noise we have the following corollary.

Corollary 3
Let ((j) be a T-PC stochastic sequence. Then the optimal linear estimate of the functional A, based on
observations of the sequence ((j) at points j € Z \ S, is given by

™ = x T ~
A= [ RT(fZ8an) = / D h () ZE(dN), (16)
T y=1

—T

where £(j) is generating sequence of ((j). The spectral characteristic /( fg ) and the mean square error A(f%)
of A, are calculated by formulas (13) and (14), where @(j) = (a1(j),..., ar(4)) ", a,(j) = a(j)e2 /T v =
1 T.

geeey

Corollary 4
The optimal linear estimate (1) of the unknown value (1), based on observations of the sequence ((j) at points

j €Z\ S is defined by the formula (16). The spectral characteristic 2(f¢) and the mean square error A(f¢)

of the optimal linear estimate (1) are calculated by formulas (13) and (14), where the unknown coefficients
k), l=0,...,s=1, k=M +1,...,M; + N1 are defined by formulas

c(ki) = Coo(ki, 1)a(l1),

where elements Coo(k;,1),1=0,...,s—1, k= M; +1,..., M; + N4, are determined by the same way as in
Corollary 1.

5. Interpolation of T-PC stochastic sequences with special sets of missed observations

Consider the problem of optimal estimation for the linear functional

s—1 Mi+Niya1 l

AC=3" 3" al)cl), Mi=S (N + K), No =Ko =0,

=0 j=M;+1 k=0
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which depends on the unobserved values of T-PC sequence ((j) from observations of the sequence ¢(j) + 6(j) at
points j € Z \ S, where the number of missed observations at each of the intervals is a multiple of the period 7,
what means that

Ki=T-KI'Ko=T-K} .. K. =T -K',

and the number of observations at each of the intervals is a multiple of T’
Ny =T -N/,No=T-N{, ..., N, =T NI,

and coefficients a(j), j € S are of the form

a@)—a(@[%]T>+[%}T =a(v + jT) = a(j)e> /T, (17)

wherev =Tandj=\A—1,iff j =T -\, A€ Z, or
a(j) = a(T-\) = a(T + (A — 1)T) = a(A — 1)e> A= DT/T

and M; =T -MF', 1=0,...,s—1.
Using Proposition 2.2, the linear functional A4 can be written as follows

s—1 Mi+Ni41

=y Y

1=0 j=M;+1

T
= Za (v+ jT)C(v + 4T) = Zau(j)@(j):

s—1 M +N[ -1

—Z > @ (G)X0) = AL (18)

— j=MT
where
i) = (@), .,ar()". au(G) = alv +3T) = a(G)e /7,
) = (@)D T, G5) = Cv +5T),
v=1,...,T,;€8
and ¢ ( ), ] € S is T-variate stationary sequence, obtained by the T-blocking (3) of univariate 7-PC sequence
C(G) 5 €S,

Let f¢(\) and f 9( ) be the spectral density matrices of T-variate stationary sequences ((j) and (j), obtained
from the T-blocking (3) of univariate 7-PC sequences ((j) and 0(j), respectively.

Taking into account the definition of the functional A, and Theorem 1 we can verify that the following
statements hold true.
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Theorem 3
Let ¢(5) and 0(j) be uncorrelated T-PC stochastic sequences with the spectral density matrices f¢()\) and f%(\)

— —

of T-variate stationary sequences ¢(j) and 6(j), respectively. Assume that ff(A) and f §(>\) satisfy the minimality
condition (4). Then the optimal linear estimate of A,( based on observations of {(j) + () at points j € Z \ S, is
given by

— s o o - o x~ T . a - —
AL = [ ETGESE @) + 27 = [ ST h N ) + 2,

- v=1

where ZC?(A) = {ZE(A)}T

v=

Land 2°(8) = {Zf(A)}T

v=

are orthogonal random measures of the sequences 5 ()
1

and 5(5) The spectral characteristic }_i( ff, f%) and the mean square error A( ff, fg) of Asf are calculated by
formulas

= AT — (AT 700 +ET ) [Fo+ 77 w] (19
A £7) = (@, RGaS) + (&, BSeS), 20)

where

&= (@ (0)...., 8 (Nf —1),....& (M), (MI, + NT—1)) ",
Ag(e?) = dies a(j)e>, Cy(e) = dies @(j)e'i*, the unknown coefficients @(j), j € S are determined from
the relation
& = (BY)~'Das

s$7s)

operators BS, DS, RS are determined by p x p matrices, constructed from 7' - N7 41 X T - N, | block-matrices
T T T T

B¢ _ {BC (k. ) MI4+NL  —1 MT4NT,  —1

mn mn\'s k=MZ j=MT )

ME+NE -1 MT+NT -1

D5, = {Dfnn(k’j) k=MZT J=M7 ’

MI+NL -1 MI+NT -1

Rgnn:{Rsnn(ku]) k=MT j=MT ,m,n:O,...,s—l

with elements: .
Ll [T TN L
Bonhd) =5 [ [UFO+ 700) 1] e,

2 J_ .
. 1 (™77 = SIS L
Dithd) = 5 [ [FFNGEO) + 7700) 1] e,

. L [Tr1,¢ = o1 id T
Rénh) = 5= [ [FFONE0) + 700 1] i ran,
m,n=0,...,5s—1,
k=ML ..., ML+ NL —1,

In the case of observations without noise we have the following corollary.
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Corollary 5

Let ¢(j) be a T-PC stochastic sequence with the spectral density matrix f C( ) of T-variate stationary sequence
¢ ( /). Assume that f C( ) satisfies the m1n1ma11ty condition (12). Then the optimal linear estimate of A, ( based on
observations of C(j) at points j € Z \ S, is given by

—

A= hT(fC)ZCdA /Zh (F)Z5(dN).

—T

The spectral characteristic i( f E) and the mean square error A( f 5) of A,( are calculated by formulas

-1

AT = AT =l @ [£o)] @
A(fé?) = <E§’ (_j§>7 (22)

unknown coefficients &), j € S are determined from the relation

(BC) s,
operator Bg is a matrix composed with p x p matrix, constructed from 7' - NI L x T NT 11 block-matrices
T T
- IS A Mo+ N1 =1 Mo+ Ny =1 .
{B ) MT e, with elements:

Bk = 5= [ [Ufo ] etan,

mn=20,...,s —1,
k=M. ML+ N -1,
=M ... MI+NL, -

Example 2
Let ¢(n), n € Z be a 2-PC stochastic sequence such that ( (2n+ 1) = n(n) is a univariate stationary Ornstein-

Uhlenbeck sequence with the spectral density f(\) = B +e”\2 and ¢(2n) = 7y(n) is an uncorrelated with n(n)

univariate stationary Ornstein-Uhlenbeck sequence with the spectral density g(\) = m
Consider the problem of estimation of the functional

Ar¢=¢(1) +¢(2) = ¢(3) +¢(4).
Here S = {1,2,3,4} and N; = 4 is a multiple of 7' = 2. Rewrite A;( in the form (18)

A1< — 627”;1.0/24-(1 + 0 . 2) + 627{-7;2'()/2@‘(2 + 0 . 2) + e?ﬂi1~1/2<(1 + 1 . 2) + 627”'2.2/2((2 + 1 . 2) —

—

@' (0)C(0) +a' (1)¢(1) = A,

where (j) = (a(j)e*™/2,a(j)e*™ /%) T, a(0) = 1, a(1) = 1, ¢(j) = (C(L+j-2).¢(2+j-2)7, jeS=

—

{0,1}. In this case the spectral density matrix of {(n) is of the form

S0 = (f(OA) g&))
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o -1
and [f<(\)] satisfies the minimality condition (12). The matrix B, and its inverse (B$)~!, the vector of unknown
coefficients ¢, are of the form

5 0 2 0 65 0 —26 0

¢ _lo 10 0 -3 11 [ o 3 o0 9
Bi=le 0 5 o ®B) =33 2 0 6 o]

0 -3 0 10 0 9 0 30

&)

1
1 273( ’ ’ ’ )

The spectral characteristic of the optimal estimate of A;( is of the form

- il 2 . 10 5, 3 _. 3 5
TreCy [ 2 —iX 26N 2 —iX 2 2iA
h(f)—(se +—3e 776 —|—7e ),

and the optimal linear estimate of Alf is of the form

—
—

Al = _ggl(—l) + %Q(Z) + %@(—1) + %42(2) =

2 10 3 3
= _Z¢(=1)+ = 2 2 )
SC(=1) + 5¢(5) + 2¢(0) + 2¢(6)
The mean square error of this estimate
= 20
C = —
A(f°) 1"

6. Minimax (robust) method of linear interpolation
Let f()) and g()\) be the spectral density matrices of T-variate stationary sequences ((j) and (), obtained by
T-blocking (3) of T-PC sequences ¢(j) and (), respectively.

Formulas (19)—(22) may be applied for finding the spectral characteristic and the mean square error of the
optimal linear estimate of the functional A¢¢ only under the condition that the spectral density matrices f(A) and
g(X) are exactly known. If the density matrices are not known exactly while aset D = Dy x D, of possible spectral
densities is given, the minimax (robust) approach to estimation of functionals from unknown values of stationary
sequences is reasonable. In this case we find the estimate which minimizes the mean square error for all spectral
densities from the given set simultaneously.

Definition 3
For a given class of pairs of spectral densities D = Dy x D, the spectral density matrices f®(\) € Dy, g°()\) € D,
are called the least favorable in D for the optimal linear estimation of the functional Asf if

A(f0, %) = AR(£,6°); 1°,9°) = max A(h(f,9); f,9)-

(f.9)eD

Definition 4 N
For a given class of pairs of spectral densities D = Dy x D, the spectral characteristic h°(\) of the optimal linear
estimate of the functional ASE is called minimax (robust) if

N eHp= () L5 (f+g),
(f.9)€D

min maxAl_i; ,g) = max AHO; ,q).
heHp (f,9)€D (h: f,9) (f,9)€ED (h% f.9)
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Taking into consideration these definitions and the obtained relations we can verify that the following lemmas
hold true.

Lemma 1
The spectral density matrices f°(\) € Dy, g°(\) € Dy, that satisfy condition (4), are the least favorable in D for
the optimal linear estimation of A, E , if the Fourier coefficients of the matrix functions

(P )+ N7 LSO + ")

PPN + 9" N)) g’ (N)
define matrices Bgo, Dgo, Rgo, that determine a solution of the constrained optimization problem
(}}n?gD(@E,Riﬁ& +((Bg)~'DSas, Dgas)) = (a5, Re¥as) + ((BS”)~'Dgag, DSOas).
g
The minimax spectral characteristic h° = h(f°, ¢°) is given by (8), if h(f°, ¢°) € Hp.
Lemma 2
The spectral density matrix f°(\) € Dy, that satisfies condition (12), is the least favorable in Dy for the optimal

linear estimation of A55 based on observations of the sequence 5 (j) at points j € Z \ S, if the Fourier coefficients
of the matrix function (f°(\))~! define the matrix BS?, that determine a solution of the constrained optimization

problem

mex ((BS) a3, a5) = {(B")7'as, 43).

The minimax spectral characteristic A* = h(f°) is given by (13), if 2(f°) € Hp.

The least favorable spectral densities f°(\) € Dy, g°(\) € D, and the minimax spectral characteristic ho =
h(f°, g°) form a saddle point of the function A(k; f, g) on the set Hp x D. The saddle point inequalities

AR f,9) < AR £°,6°) < A(h; £°,¢°), Vh € Hp,Vf € Dy, Vg€ D,

hold when h? = h(f°, %), h(f°, ¢°) € Hp and (f°, ¢°) is a solution of the constrained optimization problem

sup A (E(fo,go);ﬁ g) =A (ﬁ(fovgo); f°7go> : (23)

(f,9)€Dfx Dy

The linear functional A(h(f°, ¢°): f,g) is calculated by the formula

A1, ¢%): f.g) = =

[ NP0+ CN) T () + )N + )

(Mg ) + O A+ o= [ ()20 - ) T (1) + g () g3 x

—T

(20) + ¢ ()7 (As(e)fO(A) — C(e™))dA.

The constrained optimization problem (23) is equivalent to the unconstrained optimization problem [83]:

Ap(f,9) = —A(h(f°,¢%); f.9) +6((f.9) |Dy x Dy) — inf, (24)

where §((f,g)|Ds x Dy) is the indicator function of the set D = Dy x D,. A solution of the problem (24) is
characterized by the condition 0 € A (Y, g°), where DA p(f°, V) is the subdifferential of the convex functional
Ap(f,g) at point (f°, g°) [85].

The form of the functional A(ﬁ( 12, 9%); f, g) admits finding the derivatives and differentials of the functional in
the space L; x L;. Therefore the complexity of the optimization problem (24) is determined by the complexity of
calculating of subdifferentials of the indicator functions 6((f, g)|D; x Dy) of the sets Dy x D, [25].

Taking into consideration the introduced definitions and the derived relations we can verify that the following
lemma holds true.
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Lemma 3

Let (f°, ¢g°) be a solution to the optimization problem (24). The spectral densities f°()\), g°()\) are the least
favorable in the class D = Dy x D, and the spectral characteristic h® = h(f, ¢°) is the minimax of the optimal
linear estimate of the functional A, if A(f°, ¢°) € Hp.

In the case of estimation of the functional based on observations without noise we have the following statement.

Lemma 4
Let fO()\) satisfies the condition (12) and be a solution of the constrained optimization problem

A(R(fO); f) — sup, f(\) € Dy, (25)

— ]_ 4 ~ . T _ T E o N
A(h(£%): ) = %/ (CAE™) (SO ON TN ) HC2(e)) dn.
Then fO()\) is the least favorable spectral density matrix for the optimal linear estimation of A, based on
observations of the sequence ((j) at points j € Z \ S. The minimax spectral characteristic h® = h(f°) is given
by (13),if h(f°) € Hp.

7. The least favorable spectral densities in D

—

Let ¢(j), j € Z be T-PC sequence and let ((j) be T-variate stationary sequence, obtained by T-blocking (3) of

T-PC sequence (7). Assume that the number of missed observations of the functional ASE at each of the intervals
is a multiple of the period T

Ki=T-KI'Ky=T-KY, ... K, =T-KI
and the number of observations at each of the intervals is a multiple of T’
Ny =T -N' No=T-N},... . N,=T-NT,

and coefficients a(j),j € S are of the form (17).
Consider the problem of minimax estimation of the functional A,¢ from observations of the sequence ((j) at
points j € Z \ S without noise, under the condition that the spectral density matrix f(\) of T-variate stationary

—

sequence ((j) belongs to the set

oy =frong: [“rom=r),

T
v,u=1
of Lagrange multipliers we can find that a solution f°()) of the constrained optimization problem (25) satisfy the
following relation:

where P = {p, .} is a given positive definite matrix and det P # 0. With the help of Lemma 4 and the method

T,

(PP E%e™) = [(f°() 1], (26)

where @ = (aq,...,ar) " is a vector of Lagrange multipliers,

&0 = (@), (@ (Nf = 1) T, @M )T, (@ (MI + NI =1)T)
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unknown coefficients @(7), j € S are determined from relation &% = (B?) =1, the matrix BY is constructed from
the Fourier coefficients

Bkg) = BTG -0 = o [ [(°00) ) e kg e 8

of the matrix function [(f°(X))~"] i
The Fourier coefficients R(k) = R*(—k), k € S, found from the equation

0= _ =¢
B.d, = a3,

- -, 0

for ds = (&,0,...,0) ", satisfy relation (26) and B)c5" = @,. From equations above we obtain that

_ JP@ao))-tat(k), kes,
R(k) = {0, ke{0,...,MT  + NI —1}\S,

where [(@(0)) 7] T @(0) = 1. The equality R(0) = P follows as a consequence of the restriction on the spectral
densities from the class Dy . ~
Let the vector-valued sequence d(k), k € S, be such that the matrix function

MI_ +NT -1

o= Y Rme

k=—(MT_+NT-1)

is positive definite and has nonzero determinant. Then (f°(\))~! can be represented in the form [23]

*

MI  +NT—1 MI  +NT-1
(f') = Yo Qe Yo Qe
k=0 k=0

where Q(k) = Opxr, k€ {0,...,MT | + NI —1}\ S. Thus f°()\) is the spectral density of the vector
autoregression stochastic sequence of order M1 | + NI — 1 generated by the equation

MY  +NT-1

> QUk)C(n—k)=én), 27)

k=0
where £(n) is a vector white noise” sequence. The minimax spectral characteristic h(f) is given by

MI  +NT-1

RO == > REPT)@0) (28)

k=1
Hence the following theorem holds true.

Theorem 4
Let the sequence @(k) = (ai(k),as(k),...,ar (k)T a,(k) = a(k)e* ™*/T v =1,...,T, which determine the
linear functional A,( from observations of sequence ((j) at points j € Z \ .S, be such that the matrix function

MI_ +NT-1

Z R(k)eik)‘,

k=—(MT_+NT-1)
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where -
P(a(0))~'a’ (), ke S,

R(k) = R*(-k) = -
( ) ( ) {OTXT7 kE{O,...,MSZLI—FNg—l}\S,

is positive definite and has nonzero determinant. Then the least favorable in the class D spectral density for the
optimal linear estimate of A,( is given by the formula

-1
MT +NT-1

') = > R(k)e™ | . (29)
k=—(MT_ +NT-1)

—

The minimax spectral characteristic l_i( f©) is given by (28).The greatest value of the mean square error of Asf is
calculated by the formula
A(f0) =< &%, as > . (30

S

Example 3
Let ¢(n) be a 2-PC stochastic sequence. Consider the problem of minimax estimation of the functional

AxC = 5¢(1) +5¢(2) + 2¢(5) + 2¢(6)

from observation of the sequence ((j) at points j € Z \ {1,2,5,6} on the set D, with P = (;g ;g) .
Rewrite A5( in the form (18)
A€ = 5¢(1) +5¢(2) +2((5) + 2¢(6) =
=" (0)(0) +aT (2){(2) = Ao,
where @(0) = (5,5) 7, @(2) = (2,2)". The matrix function
Z R(k)ezk)\
k=—2,0,2

and the representation

Do Qe D Q)™
k=0,2 k=0,2

are of the form ) ) _ )
9e™%A 423 + 9e2r  9emHA 422 4 92N
92N 422 4+ 9¢?* 92N 423 4 9 | T

(2437 14 3e7 %A (2+ 32 1 4 3eA
T \L 4 3e7%A 2 4 3em %A 1+ 3e¥r 24322 )
The least favorable spectral density in the class D for the optimal linear estimate of AQf by (29) is of the form

1 < 9e~2IA 4 93 4 92X _Qe=2iA _ 99 _ 9e2M)

f ()‘) - 45 _ 186721‘)‘ IR 1862“‘ _96—21)\ —929 _ 9621)\ 96—22)\ + 23 + 9621)\

The minimax spectral characteristic, calculated by (28), is given by the formula

R(f0) = - @) e

The greatest value of the mean square error of A,( takes value
10

Af) =
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8. The least favorable spectral densities in D,

Let ((4), j € Z be T-PC sequence and f (j) be T-variate stationary sequence, obtained by 7-blocking (3) of T-PC
sequence ((j). Assume that the number of missed observations of the functional Asf at each of the intervals is a
multiple of the period T

Ki=T-K{,Ky=T-K},...,Ks 1 =T-K! |

and the number of observations at each of the intervals is a multiple of T’
Ny =T-NI',No=T-NJ,...,Ng=T-NT,

and coefficients a(j),j € S are of the form (17).
Consider the problem of minimax estimation of the functional A;( from observations ((j) at points j € Z \ S
without noise, under the condition that the spectral density matrix f(A) of the vector stationary sequence ( /)

belongs to the set

1

DG ={101 5 [ 10y eostanar = Pl g = 0.1.....G

where the sequence of matrices P(g) = {pl,,,,(g)}?:#zl , P(g) = P*(9),9 =0,1,...,G, is such that the matrix

function Z?:_ a P(g)e'9* is positive definite and has the determinant that does not equal zero. With the help of

Lemma 4 and the method of Lagrange multipliers we can find that solution f°(\) of the constrained optimization
problem (25) satisfy the following relation:

ST A T (&L
(0" s =[] (Z a‘gei-‘”> : G1)
g=0
where a4, g =0, 1,...,G are Lagrange multipliers. Relation (31) holds true if
G
DG =3 dge
jes g=0

Consider two cases: G > ML | + NI —1and G < ML | + NT — 1.

Let G > M | + NT — 1. Then the Fourier coefficients of the function (f°())~ )T determine the matrix B
and extremum problem (25) is degenerate. Let

d’]\f‘;lll_;’_Ng“ =~=&G=0and&g=0,g¢s7
and d, ...,y | 7 find from the equation
0~0 _ =C
B,a, = ag?
T . . .
where @¥ = (d’o, o a MT 4 N¢_1> . Then the least favorable is every density f(\) € D, and the density

G -1
o) = <Z p(g)em> = (32)

g=—G

() (S )
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of the vector stochastic autoregression sequence of the order G

G
> Q)(l—g) =2 (33)
g=0

Let G < MI | + NI — 1. Then the matrix B, is defined by the Fourier coefficients of the function (f(X)~!) T

Among them P(g),g € {0,...,G} N 5:, are known and P(g),g € S\ {0,...,G}, are unknown. The unknown
dg,9€10,...,G}NSand P(g),g € S\ {0,...,G} we find from the equation

B,a) = @, (34)
where &, = (do, ..., dq, 0,...,0)7, G is defined from the relation {0,...,G} NS = {0,...,G’}. The equation

(34) can be represented as a system of the following equations

S B.(0.9)dlg) = (0),

g€{0,...,G}NS

g€{0,...,G}NS

> B(MI',+NI-1g)alg)=a(M,+NI-1).
g€{0,...,G}NS

From the first G’ equations we can find coefficients o, . .., @ and from the next equations we can find matrices
P(g),9 € S\{0,...,G}. i i
If the sequence of matrices P(g),g € S, is such that P(g) = P*(g), g € S, the matrix function

MI  +NT-1

> P(g)e's*

g=—(MI_ ,+NT-1)
is positive-definite and has the determinant which does not equal zero identically, then the least favorable spectral

density f9()\) is defined by the formula

—1
MI  +NT-1

) = > P(g)e | = (35)

g=—(MT_+NT-1)

ML +NT -1 MT  +NT -1 N\
= > Qg > Qlge
g=0 9=0

and is the density of the vector stochastic autoregression sequence of order MZ | + NI — 1

MT  +NT-1

> Qu)Kl-g) =a. (36)

9=0

Thus, the following theorem holds true.
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Theorem 5

The spectral density (32) of the vector stochastic autoregression sequence (33) of order G, that is determined by
matrices P(g),g € {0,1,...,G}, is the least favorable in the class D, for the optimal estimation of the functional
A,C in the case where G > MZT | + NT —1.1f @ < ML | + NT — 1 and solutions P(g),g € SN {0,1,...,G},
of the equation B,@% = @ with coefficients P(g),g € S\{0,1,...,G}, form a positive-definite matrix function

MTI  +NT-1

Zng(lwgll+NST71
(35) of the vector stochastic autoregression sequence (36) of order ML | + NI — 1 is the least favorable in the class
Dg,. The minimax spectral characteristic h( ) is calculated by the formula (13).

) P(g)e™9, with the determinant which does not equal zero identically, then the spectral density

9. Conclusion

We propose formulas for calculating the mean square error and the spectral characteristic of the optimal linear
estimate of the functional

s—1 Mi+Niq1 l

AC=Y" Y al)S), M= (Ni + K), No =Ko =0,

1=0 j=M;+1 k=0

which depends on the unobserved values of a periodically correlated stochastic sequence ((j). Estimates are based
on observations of the sequence ¢(j) + 6(j) at points j € Z \ S, where S = Uls:_Ol{Ml +1,...,M; + Ni11}. The
sequence 6(j) is an uncorrelated with {(j) periodically correlated stochastic sequence. This problem is investigated
in two cases. In the first case the spectral density matrices f(\) and g(\) of the T-variate stationary sequences

— —

¢(n) and 6(n), obtained by T-blocking of T-PC sequences ((j) and 6(j), respectively, are suppose to be known
exactly. In this case we derived formulas for calculating the spectral characteristic and the mean-square error of
the optimal estimate of the functional. In the second case where the spectral density matrices are not exactly
known while a class D = Dy x D, of admissible spectral densities is given. Formulas that determine the least
favorable spectral densities and the minimax spectral characteristic of the optimal estimate of the functional A4(
are proposed. The problem is investigated in details for two special classes of admissible spectral densities. Some
examples of application of the obtained results for finding optimal estimates of linear functionals and determining
the least favorable spectral densities of the optimal estimates are presented.
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