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1. Introduction

The Poisson Lomax distribution was proposed by [3], as a three-parameter lifetime distribution with upside-down
bathtub shaped failure rate and heavy tailed, and can be used in modelling many practical situation. It is a compound
distribution of the zero-truncated Poisson and the Lomax distributions.

A random variable X is said to follow the Poisson Lomax distribution (PLD) if its probability density function
(pdf) is of the form

aBA(1 + Ba)~(Ate)e=A(1+Bz) "2

flx) = o , ©>0,a>0,8>0,A>0, (D
and the corresponding survival function is
_ 1 — e~ AA+Bz) ™
F(l‘):ﬁ, Z‘>O7O[>O,B>O,A>O, (2)
where F(x) =1 — F(x).
In view of (1) and (2), it can be seen that
f(@) = er(1+ Bx) =D — ep(1 4 f) " OHD F(x). (3)
where ¢; = 1?5: and c; = aff ).
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736 EXPECTATION PROPERTIES OF GENERALIZED ORDER STATISTICS

Relation (3) can also be expressed as

i oo [a(1—a)+1)]

F(z) 1 A? (el —a) +1)] b b
f(z)  aBA ; ; al < b )ﬁ @

where [a(1 — a) + 1)] is an integer.

1.1. Generalized order statistics

The concept of generalized order statistics was introduced and extensively studied by [17], which includes
different ordered random schemes, such as order statistics, record values, sequential order statistics, progressively
type II censored order statistics and Pfeifer’s records as its special cases.

Let n > 2 be a given integer and /i = (my, ma, ..., m,_1) € R*71 k > 1 be the parameters, such that
n—1
yi=k+n—i+y» m;>0for 1<i<n-—1
j=i
The random variables X (1,n,m, k), X(2,n,m,k),..., X (n,n,m, k) are said to be generalized order statistics

from an absolutely continuous distribution function F'() with the probability density function (pdf) f(), if their
joint pdf is of the form

—

n— n—

+(T)(TT 0

k—1

f@n) &)

j=1 i=1

~ F(@s)]™ f(@:)) [1 = F(@n)]

onthe cone F71(0) <z <axy <...<m, < F7I(1).

Ifm; =0;i=1...n—1, k=1, we obtain the joint pdf of the order statistics and for m; — —1, kK € N, we get
joint pdf of k*" upper record values.

Here we may consider two cases:

Casel. v; #v,,4,7=1,2,...,n—1,i #j.

In view of (5), the pdf of r*" gos X (r,n,m, k) is given as ([18])

T

fX(r,n,rh,k) (:L’) = rflf(x) Zai(r)[F(m)]viilv (6)
i=1
where )
Cror = [ v=k+n—i+> m;>0
i=1 j=1
and
- 1
a;(r) = —, 1 <i<r<n.
0=117=3
i

The joint pdf of X (r,n,m,k) and X (s,n,m, k), 1 <r < s <n,is given as ([18])

fX(r,n,ﬁL,k),X(s,n,ﬁL,k)(xvy) = s—1 Z aj(’”)(s) (?Ez;) ] lz a,z(’l“)[F(J?)}% = 0 L <y7 (7)

Jg=r+1 =1
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where
S
a; " (s) = H CTEEAR r+1<j<s<n.
I=ri1 VI — 5
I#j
Casell: m;=m,i=1,2,...,n— 1.

The pdf of r*" gos X (r,n,m, k) is given as ([17])

C,_ _ _ _
fX(r,n,m,k:)(x) = (’f’ — 11)| [ (x)]’h ! f(I) 9m 1(F(JZ‘))7 (8)
where , '
Cr1 = H%‘ Vi =k 4+ (n—i)(m+1),
i=1
—71 (1- m)m“ m# —1
m+1 ’
hm(x) =
1
tog (=) y m=-1
and

gm () = hm(z) — hn(0) = /Om(l —t)™dt, x€]0,1).

The joint pdf of X (r,n,m, k) and X (s,n,m, k), 1 <r < s < n, is given as ([17])

(r— 1)!%;—1 r—1)! [F@)])™ g (F @) hn (F(y)) = hun (F ()]

X [Fy)* " f(z) fly), —oco<a<y< oo 9)

fX('r‘,n,m,k),X(s,n,m,k) (IIZ, y) =

Also from [23], form; =m # —1,i=1,2,...,n— 1.

) = (—1)r* r—1
a;(r) (erl)”l(rl)!( ; ) (10)

o™ (g) — (—1)s—¢ s—r—1
) (m—l—l)s—’“—l(r—l)!( i ) (n

A large volume of work has been done on the study of moments and recurrence relations between moments
of generalized order statistics. The moments of ordered random schemes assume considerable importance in
the statistical literature. Many authors have investigated and derived several recurrence relations and identities
satisfied by the single as well as product moments. [24],[25] studied the recurrence relations and identities for
moments of order statistics for some specific distributions. Recurrence relations for the expected values of certain
functions of order statistics are considered by [1], [2]. [7] investigated the relations between expected values of
functions of gos. For more detailed survey, one may refer to [4], [5], [8], [12], [15], [18], [19], [26], [27], [29],
[30], [32] and references therein.

The characterization of a probability distribution has always been the important topic in statistics and
mathematical sciences. Several approaches are available to characterize a probability distribution. In this paper, first
we established recurrence relations between single and product moments of gos from PLD. Then, these relation
are used to characterize the said distribution. Also a characterization theorem based on conditional expectation is
presented. For related results on characterization, one can see [6], [9], [10], [11], [13], [20], [22] and [28] among
others.
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738 EXPECTATION PROPERTIES OF GENERALIZED ORDER STATISTICS

1.2. Gauss hypergeometric function
Gauss hypergeometric function is defined as

o (@)r(b)r ¥
0 (C)k k'
where ¢ # 0, —1, —2, .. .. It converges if one of the following conditions holds:

(i) [z] <1;
(i7) |z| =1,Re(c—a—1b) >0

2F1(a,b;c;x) =

(12)

2. Single Moments

Theoreml
Let case I be satisfied. For the PLD givenin (1) and forne Nyme Rk > 0,1 <r<n,p=1,2,...

r vi—1 oo . .
BIXP(r,n i, k)] = aCrr Y D" D ailr) <% N 1) (@}WW U B Latal g, (3)

— e=A)i]!
i=1 j=0 1=0 J (1 =)t

where B(z,y) is complete beta function.
Proof
We have

E[XP(r,n,m, k)] = Cr_ 1/ Z‘pzaz )E (@) f(x)da

x {%u + )oY

1—e A

—afA(1+ Bx)” (’H)F(m)} dz

= aBAC,_ 12 1_6 A / P(1 4 o)~ (@D
0

% {1 - e*A(1+ﬁw)_a}’Yi*le*)\(lJrﬂfE)_adx

e O (] S )

1=0
X /°° 2P (1 + Bax)~lataltl g,
0
Now, by using the result from [14] p. 315 given as,
/Oo oY1+ Br)Vdr = BB (v — p) (14)
0

we get

r vi—1 oo G+
E[X?(r,n,m, k)] = aCr_1 Z Z Z < ) )/\(gj_—:l)A;%“) ! B(p+1,a+ ol —p). (15)

i=1 j=0 [=0
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Hence the theorem.

Corollaryl
When m; =m,i=1,2,...,n — 1, relation (13) reduces to the single moment of gos for Case-II.

EIX?(r,n,m, k)] = a C,_ 125%0 ><T_.1>

i=1 j=0 [=0
y (_1)r—i+j+l)\l+1(j + 1)1
(r—1!(m+1)-18r(1 — e=A)7l!

B(p+1l,a+al—p). (16)

Theorem?2
For the conditions as stated in Theorem 1. The recurrence relation for single moments of gos for PLD is given as

E[XP(r,n, i, k)] — E[XP(r — 1,n,m,k)] = p Cr_ QZZZ<%>

i=1 j=0 1=0
(1) (17N
INpr(1—e )

B(p,al —p). (17
Also,
E[XP(r,n,m, k)] — E[XP(r — 1,n,m, k)] =

o [a(l—a)+1] a
Z Z <[a(1 —ba)+1]> /\a'ﬁbE[Xp+b—l(r)n7m7k)], (18)

a=

Proof
We have by [7].

Eg{X(r,n,m,k)}] — E[¢{X(r — 1,n,m,k)}] = C\_ [ a;(r x)]Vidz. (19)

z:l

For £(x) = 2P in (19), recurrence relation for single moments of gos is
E[XP?(r,n,m, k)] — E[XP(r — 1,n,m, k)]

=p Cr72 / P~ ! Z az %d.’IJ
i=1

r o0 1 — g=2a+px)~= )"
_ ~1
=pCr_a ;,1 a;(r) /0 a? { fpp— dz.

+1 l -l
~pCrs Z Z Z (7> azl . 1( _1: A)AW / P=1(1 4 Br)~lda. (20)
0

i=1 7=0 =0

Now on simplification of (20) and using (14) we get the required result (17).
The expression (18) can be proved in view of [7] using (4).
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Corollary?2
When m; =m,i=1,2,...,n— 1, relation (17) and (18) reduces to the single moment of gos for Case-II.
BIXP(rymym, ] — BIX(r L, b)) =p G2 3033 <7>< )
i=1 j=0 =0
(_1)j+l+r7i>\ljl
B —-p). (21
X i D —e vy Be el =P 2D

Also

E[XP(r,n,m,k)] — E[XP(r —1,n,m, k)] =

o [a(l—a)+1]
Z > <[a<1—ba>+”)ka?b X, K], (22)

'77"045)‘

Remarkl
Puttingm; =0,i=1,2,...,n— 1 and k = 1, we get the recurrence relation for single moments of order statistics

o [a(l—a)+1] @ nb
1-— 1\ A
BIXL- EX = e e . (0 ) A ey
a=0 b=1

al
Remark?2
When m; — —1,4=1,2,...,n — 1, the recurrence relation for single moments of k" upper record values will be
[e'e) (X(l a)+1] aob
(k) ® v [a(l —a) + 1]\ A8 (k) \prb1
(XU(T)) - BE(Xy U(r— 1) kaﬂ)\ Z Z ( b a E(XU(T‘)) )

3. Product Moments

Theorem3
Let case-I be satisfied For the Poisson Lomax distribution given as in (1) and forn € Nym e Rk > 0,1 <r <
s<n,p,q=1,2,...,then the (p, q)th product moment is given by

s ’Yy—l oo Vi— ’Yg—l oo

fonmk_a CS 122 ZZ Z Zal (T)

i=1 j=r+1 =0 u=0 v=0 w=0
X('Yj > ’yi’yjl)(oz+ozt+1)u(a+oth)w
l v u (a+at—qg+1),
(71)l+t+v+w+u )\t+w+2(l + 1)t(v 4 1)w
tH (1 — e M)viprta—l(a+ at — q)

(23)

Proof
We have

18 e = EIXP(ryn,m, k), X(s,n,m, k)]

o) S5 o0 [ oo [F8] e i fhae

j=r+1
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=C,_1 Zl a;(r) (T) / / Pyl [F ()] HE (x)] 7 f(2) f(y)de dy

Jj= r+1
B I . S (T) _ oo - /inl
=Com1 Y ai() D a)7(s) / PF (@) ) de / P f)dy . 29
i=1 j=r+1 0 z

Consider

1)~ [ TR )y

o N ~(at1)
-/ y%F(y)]%'-l{ PN By) T g3t + py)e+) F <>}dy

1—e 2

= (10‘% /OO yI(1+ By)_(a"’l)[l _ e—/\(1+/3y)""]7j—1 e MY qy
—e i /.
v;—1 o]
aB\ 3 1 —lH—tAtl-i-lt [e%e) ke
- (% ! ) S S [Ty gy ereay
1=0 t=0 ’ z
Since we have from [14], p. 315.
h utv 1
/u o1+ Br)Vdr = m )2F1 (y,y—u;y—u—i—l;—ﬂu) . (26)

Thus using (26) and (12) in (25), we get

_ a v — 1 0 l+t)\t+1(l + 1)t
"W =q- Z ( >Z

g—a—at

T
X
potet(q —a—at)

1
o F1 (oz—l—at—&—l,oz—i—at—q;a—&—ozt—kl;—ﬁ).
x

1

= 2 () S8

= t=0 u=0

l+t+u>\t+1(l + 1) pd—o— at—1
tlu! gotot(q — a — at)

" (a+at+1),(a+at —q),
(—a—at—q+1)u

27

Now using (27) in (24), we get
—1

r s Vi
P.q a;i(r) (r) v —1
Hrsnaing = @ Csm (I—e ) Z a; (S)Z< ! )
i=1 j=r+1 =0

(SO CDTEN L 1) (o +at+ Da(a +at —a),
thul getet(g—a—at) (g—a—at—q+1),

t=0 u=0

X / h gPra-o—at=u R ==L f(g)dx.  (28)
0

Again consider the integral of (28) as

I(z) = /OOO P TAmO T B ()] f (@) da
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— /oo P ot ()] {aﬂ/\(11+ ﬁeév) exb aBA(1 + Bz)~ @D F(z )} da.
; -

OLﬁ)\ > +g—a—at—u (a+1) ,—A(14Bz) ™« —A(14+Bz) " \yi—v;—1
:(1—6*)””/0 v (14 B~ (@D ML+ (] _ o=A1+62) " yvi=vi—1qy
yi—vi—1 oo v4w yw w
_ OKBA Z Yi — Y5 — 1 Z (—1) A (U + 1)
(I—e A= s v — w!

00
X/ prrq a—at— u(l+ﬂl’) a+at+1)d
0

T % S 1 o (1)U (p 4 1)
Z w! grra—uv—a— at+1

xBp+g—u—a—at+1, alt+w+2)—p—qg+u). (29)

B af
- (1 — e_)\)'Yi*"/j

v=0

Now using (29) in (28), we get the required result.

Corollary3
When m; =m,i=1,2,...,n — 1, relation (23) reduces to the product moment of gos for Case-II.

s V=1 co vi—vi—1 oo
TEREL LD 35 35 35 3D Db ol U | (i
i=1 j=r+1 (=0 u=0 v=0 w=0
y (’yj 1> <fyifyj - 1) (a+at+1), (a+at —h),
l v ul (a+at —qg+1),
y (71)r+sfifjl+t+v+w+u )\t+w+2(l+ 1)t(v+ 1)w
(m+1)5=2(r — R (1 — e M)viprta—1l(a+ at — q)

Theorem4
Under the condition as stated in Theorem 3 The recurrence relation for product moments is given as

E[XP(r,n,m, k)X (s,n,m, k)] — E[XP(r,n,m, k)X (s — 1,n,m, k)]

Vi oo oo Vi

—WCHZ% RTUTH 9 S B Z

j=r+1 =0 c=0d=0 t=0 u=0
) (”*zfl) (ac)alae —q)a  A“TUTNIC(E 4 1)U(—1)her it
(I—e M (ac—q+1)q ul d! grta(ac — q)
xBlp+ac—d+Ll;a—au—p—q+ac+d). (30)
Also,
E[XP(r,n,m, k)X (s,n,m, k)] — E[XP(r,n,m, k)X (s — 1,n,m, k)]
oo [a(l—a)+1] b
a(l —a)+ 1]\ A® N _ N
’7 aﬂ)\z Z <[ ( b) ]> a? E[XP(r,n,m, k) X9 (s, n,m, k). (31)
Proof

We have by [7],
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El¢{X(r,n,m,k), X (s,n,m,k)}| —E[ﬁ{X( ryn,m, k), X (s —1,n,m,k)}

o[ e

Let &(z,y) = & (x)é(y) = xPy?, we get

{F } a;(r)[F ()] ;;((z))dy dx.
j= T+1

E[XP(T,n,ﬁ’L, k)Xq(57n7m7 k)] - E[Xp(r,n,ﬁz, k)Xq(S - 1,n,ﬁl7 k)]

= y a;(r S a'" (s oox”_x'”_'”_l x)dx e YE ()it
=00 Youir) 3 D) [ eE@r s [y FGP T o

j=r+1

Proceeding on the lines of Theorem 3.1, the relation (30) yields on, using(26) and (12) and simplifications.

The relation (31) can be proved in view of [7] and using (4).

Corollary 4
When m; =m,i=1,2,...,n — 1, relation (30) and (31) reduces to the product moment of gos for Case-II.

E[XP(r,n,m,k)X(s,n,m, k)] — E[XP(r,n,m, k) X% (s — 1,n,m, k)]

SITO 55 555 3 30 b i (| Gl

i=1 j=r+11=0 c=0d=0 t=0 u=0
(Vlz) (%—Zrl) (ac)d(ac —q)a y )\C+“+1lc(t + 1)u(_1)l+c+d+t+q+r+s—z’—j
(m+1)52(r—1)12 (ac—q+1)g ul d! Brta(1 —e=*)Yi(ac — q)
xB(p+tac—d+1l;,a—au—p—q+ac+d).

Also,

E[XP(r,n,m,k)X%(s,n,m, k)] — E[XP(r,n,m, k) X% (s — 1,n,m, k)]

oo [a(l—a)+1] a
Z Z (Mlba)H])Aa?bE[Xp(r,n,m,k)Xq“l(svn,mvm

%aBA
Remark 3
Letm; =0,i=1,2,...,n— 1and k = 1, then the recurrence relation for product moments of order statistics is
oo [a(l—a)+1]
1 —a)+ 1]\ Aepb _
E[X?, X% |- E[XP, X1 | |= la E[XP, X1,
[ ™n s.} [ sln} (’I’L—S—lOéﬂAZ Z ( b a! [ rm<tsn ]
Remark 4 When m; — —1,i=1,2,...,n — 1, the recurrence relation for product moments of k*" upper record
values will be
(k) (k) (k) (k)
Bl (x® ) - Blx () xE )
o [a(l—a)+1] b
— q [Oé(l - Cl) + 1] )\aﬁ (k) \p (k) \g+b—1
“hapr s ( b ol P Xue) ' X))
a= =1
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4. Characterizations

This section contains characterization results for the given distribution through recurrence relations for single and
product moments of gos as well as through conditional moments.

Theorem 5
Fix a positive integer k£ and let p be a non-negative integer. A necessary and sufficient condition for a random

variable X to be distributed with pdf given by (1) is that

E[XP(r,n,m, k)] — E[XP(r — 1,n,m, k)] =

oo [a(l—a)+1]
Z > <[a(1_ba>+u>w E[XP\(rn,m B (32)

Ve ozﬂ)\ a!

Proof
The necessary part follows from (22). On the other hand, if the relation in (32) is satisfied, then on using [7], for
&(x) = P, we have

o <TC = /OOO W F@)] g5 (F(@))da

S fy e e

oo [a(l—a)+1] a(l—a)+1 /\aﬂIb
S (A X

or

Ly | e g @)

[a(l1—a)+1]

X (Bz)° ([a(l —a)+1]

a! b

X aBAF(x) =)

a=0 b=1

)it p =0 (33)
Applying the extension of Mintz-Szasz theorem (see, for example, [16]) to (33), we get
oo [a(1—a)+1)]
_ 1 A ([a(l —a) +1)]
X (e
a=0
which proves the theorem.

Theorem 6
Fix a positive integer k and let p and ¢ be non-negative integers. A necessary and sufficient condition for a random
variable X to be distributed with pdf given by (1) is

E[XP(r,n,m,k)X9(s,n,m, k)] — E[XP(r,n,m, k)X (s — 1,n,m, k)]
oo |[a(l—a)+1]

—a a b
> Z ([a(l )+1]>A6E[Xp(r,mm’k)Xq+b—1(S,n,m,k)]. (34)
=0

b a!

75615)\
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Proof
The necessary part follows from (31). Now, suppose that the relation in (34) is satisfied. Then, using [7], for
&(x,y) = 2Py?, we have

3(7"*1 sfrfl / / Py F (@)™ f ()g, ! ()

hun(F(y)) = hon(F ()" [F ()] dyde

%015/\(7“—1 s—r—l / / 2Pyt [E ()] f(2)gr, ' (2)
X[ (F(y)) = hm 5L F(y)]

o |a(l—a)+1]

@ b (1l —a
s > ”f.y) <[ (1 b>+11>f(y) duds
a=0 b=1 ’

which implies,

%Oz,@)\(r—l‘s—r—l / / 2y (@)™ f(@)gn ()
X[hm( hon (F (2))]*77HE (y))e

a(l—a)+1]
A*(By)" (la(l —a) +1]
F(y = 0.
x { aBA GZO Z - A f(y) §dydz = 0 (35)
Now applying the extension of Miintz-Szadsz theorem (see, for example, [16]) to (35), we get

o [a(l—a)+1]

¢ b la(l—a)+1

which proves the theorem.
Theorem 7

Let X (r,n,m,k), r =1,2,...,n be the the 7** gos based on continuous df F() and E(X) exists. Then for two
consecutive values rand » + 1, suchthat 1 <r <r+1<n,

A(1482) " L1

E[e—)\(lJr,BX(rJrl,n,m,k)) ‘X(Ta n,m, k) _ ZL'] _ Yr41€ (36)
Y41+ 1
if and only if
i 1 — ¢~ A1+Bz)"°
F(x)zl—ﬂ, z>0,a>08>0X>0. 37
— €
Proof
[21] have shown that
E[h(X(s,n,m,k))|X (r,n,m, k) = x| = a*h(z) + b* (38)
if and only if
F(z) = [ah(z) +b]° 39)
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witha* =T[}_, (1&%) and b* = —2(1 —a").

Comparing (37) with (39), we get

a:fﬁ, h(I):e_)\(lJrﬂz) ,b: ﬁ,C:L
Thus, the theorem can be proved in view of (38).
Corollary 5
For the rt" order statistics X,.,,, 7 = 1,2, ...n and under the conditi(on as)sgglted under Theorem 4.3
—a o A\ 148z
E[e—k(l'i'ﬁxr-f—l:n) |XT’:7L — I:I — (TL 71)e + 1 (40)
(n—r+1)

and consequently

E[e_)‘(l-mx"’”)ﬂ|Xn—1;n _ o:] _ E[G—A(1+5X)7Q|X > x]

67)\(1+B93> - +1

= 41
5 (1)
if and only if
_ 1— e_)‘(1+6:5)7‘1
It may be noted that similar characterization result can also be seen for adjacent records as
E[e—x(uﬂxu(”)y | Xpnn) = 2] = E[G—A(1+ﬁx)7 X > 1]
“A(14p2) " 1
. Lk @3)

2

5. Conclusion

The moments of ordered random variables and recurrence relations between them have received great attention in
the past few years in statistical literature. We have obtained exact expressions and recurrence relations for single
and product moments of generalized order statistics based on Poisson Lomax distribution. Since generalized order
statistics is unified approach for several ordered random variables, thus results obtained can be easily deduced for
order statistics, record values, sequential order statistics etc. Characterization theorems that use the properties of
sample moments, order statistics, record statistics, and reliability properties can be applied to uniquely determine
the associated stochastic model.
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