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1. Introduction

The idea of multiresolution analysis has become one of the main tools for constructing wavelets. In his paper,
Mallat [15] first formulated the remarkable idea of multiresolution analysis (MRA) that deals with a general
formlism for construction of an orthogonal basis of wavelet bases. A multiresolution analysis consists of a
sequence of embedded closed subspaces {V; : j € Z} for approximating L?(R) functions such that N;czV; = {0},
UjezV; is dense in L?(R) and which satisfies f(z) € V; if and only if f(2z) € V; 1. Furthermore, there exist an
element ¢ € V; such that the collection of integer translates of ¢, {¢(z — n) },cz is a complete orthonormal system
for V4. Any compactly supported wavelet must come from a MRA. The function ¢ € Vj is called a scaling function.

The idea of wavelet and multiresolution analysis has been extended to many different setups. One can replace
the dilation factor 2 by an integer N > 2 and one needs to construct N — 1 wavelets to generate the whole space
L?(R). In general, in higher dimensions, it can be replaced by a dilation matrix A, in which case the number of
wavelets required is |detA| — 1. But in all these cases, the translation set is always a group. In the two papers [7],
[8], Gabardo and Nashed considered a generalization of Mallat’s [15] celebrated theory of MRA, in which the
translation set acting on the scaling function associated with the MRA to generate the subspace V} is no longer a
group, but is the union of Z and a translate of Z. More precisely, this set is of the form {0, /N} + 2Z, where N > 1
isaninteger, 1 <r < 2N — 1, ris an odd integer relatively prime to V. They call this a nonuniform multiresolution
analysis (NUMRA) and is based on the theory of spectral pairs.

The idea of dyadic multiresolution analysis has been studied on L?(R*), where R* denotes the positive half-
real line by Protasov and Farkov. Farkov [5] has given a general construction of compactly supported orthogonal
p-wavelets in L2(IRT). Farkov et al. [6] gave an algorithm for biorthogonal wavelets related to Walsh functions
on positive half line. Protasov and Farkov constructed examples of refinable functions that generate MRA on half-
line and Vilenkin groups with the help of Cohen conditions in [18]. F. A. Shah [19], studied the construction
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of p-wavelet packets associated with the multiresolution analysis defined by Farkov [5], for L?(R"). Recently,
Meenakshi et al. [17] studied NUMRA on positive half line and they also derived the analogue of Cohen’s condition
for the nonuniform multiresolution analysis on the positive half-line.

In [24], Xia and Suter, introduced vector-valued multiresolution analysis and vector-valued wavelets for
vector-valued signal spaces. Sun and Cheng, introduced vector-valued multiresolution analysis with dilation
factor v > 2 and orthogonal vector-valued wavelets in [23]. The properties of vector-valued wavelets packets
are presented in [3]. In [1], Abdullah, introduced vector-valued multiresolution analysis on local field of positive
characteristic and obtained the necessary and sufficient condition for the existence of associated wavelets.

In the present paper, we study vector-valued nonuniform multiresolution analysis on positive half-line and
we obtain the necessary and sufficient condition for the existence of associated wavelets.The paper is organized as
follows. In Sec. 2, we discuss some preliminary facts about NUMRA on positive half-line. We introduce the notion
of VNUMRA on positive half-line and find a necessary and sufficient condition for the existence of associated
wavelets in Sec. 3.

2. Nonuniform multiresolution analysis on positive half-line
Let Z* and R™ denote the set of positive integers and positive real numbers, respectively. For the basic results

related to Walsh-Fourier analysis and definition of multiresolution p-analysis on L?(R*), we refer to ( [5], [6],
[171, [19], [20], [21], [22] ).

Let N be an integer, N > 1 and an odd integer » with 1 <r < 2N — 1, r and N are relatively prime, we consider
the translation set A" as

A:N:{o,T}+Z+={Z\l;+n:nez+,k:0,1}.

N
Let [z] denotes integer part of z. For z € R and for any positive integer j, we set
r; = [Nz](mod N), z_; = [N'"7z](mod N), (2.1)

where z;, z_; € {0,1,...,N —1}.

Non-uniform multiresolution analysis in L?(R*) defined by Meenakshi et. al. is as follows:

Definition 2.1. A nonuniform multiresolution analysis on positive half-line is a sequence of closed subspaces
V; € L3(R"), j € Z such that the following properties hold:

(1) V; € Vjyq forall j € Z,

(2) Ujez Vjisdensein L*(R) and (., V; = {0},

(3) f(.) e Vjifandonlyif f(N.) € Vj41,

(4) There exists a function  in V; such that {¢(. © A) : X € Af y} where AT = {0,7/N} + Z*, is a complete
orthonormal system for V4.

The function ¢ whose existence is asserted in (4) is called a scaling function of the given NUMRA.

When, N > 1, the dilation factor of N ensures that N A:f N CZt C A: ~- Condition (3) and (4) implies that

v1a(z) = N1/2¢(Nx OA), e Aj’N
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constitute and orthonormal basis in V;.

Since Vy C V4, the function ¢ € V; and has the Fourier expansion

= > ha(N)2p(Nz o)),
AEAT

where hy = [o, o(x)p1(x)dz.

This implies that

p(z) =N Z axg(Nx o N), Z lax]? < oo (2.2)
xeA+ xeA+

where ay = N~/2h,.
Now, we consider Wy the orthogonal complement of V{, on V1, i.e.,
Vi=Vo® Wy

If 41,19, .....,10n_1 are the functions in Wy, then for ¢=0,1,..., N — 1, there exists sequences {aﬁ}/\eA+
satisfying Y, 5+ |a4|* < oo such that

Ye(z) =N > alo(NzoN). (2.3)
AEAT

On taking the Walsh-Fourier transform, we have

he(€) = my <§[) @ (é) (2.4)

where the functions m(€) = >-, ¢ y+ a5 x(A, €) and x(A, &) = exp(3E 377 (V€5 + A ;&;)) where ); and §;
are calculated by (2.1) for a positive integer V.

Since A, = {0,7/N} + Z*, we can write that

me(§) :m%(§)+X(%>§> m%(&), t=0,1,...,N -1, (25)

where m; and m? are locally L? functions.

In this case {1, 12, ....,1)ny_1} is a set of basic wavelets associated with a scaling function ¢. It is easy to show
that {¢pe(x © A\) : 1 < £ < N — 1} is an orthonormal basis of Wj. An obvious rescaling shows that

{W,J,A = (N)2(NYzoA) : 1<E<N -1, A€ AiN}

is an orthonormal basis of W;. Since U;czV; is dense in L? (R+), the collection
{¢ejr:j€Z,Xe ]y, 1 << N—1,} isan orthonormal basis of L?(R™T).

3. Vector-valued nonuniform multiresolution analysis on positive half-line

We denote the set of all vector-valued functions f(z) by L2(R*,C9) i.e.

LR, C%) = {f(z) ), fo(x), oy fa(2))T 12 € RT, fi(2) € L*(RT), k= 1,2,....d},

where 7" denotes the transpose and (Cd denotes the d-dimensional complex Euclidean space.
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For f € L2(R*,C?), ||f|| denotes the norm of the vector-valued function f and is defined as:

d 3
It = (Z | |fs<x>|2dx> .

For a vector-valued function f € L?(R*, C?) the integration of f(z) is defined as:

/W f(z)dz = < - fi(z)da, . fo(x)dz, ..., - fd(m)dx>T‘

The Walsh-Fourier transform of f(z) is defined by:
(€)= |t g
R+

For any two vector-valued functions f, g € L?(R*, C%), < f, g > denotes the integration of the matrix product
f(x).g%(x) as:
<f,g>= / f(z)g" (z)dz,
R+

where * denotes the transpose and the complex conjugate and < f, g > is matrix valued not scalar valued
but satisfied the inner product properties: (i)linearity < f,a191 + a2g2 >=aj <f, g1 > +a3 <f, go > and (ii)
commutativity < f, g >=< g, f >*.

Therefore, the operation < .,. > is called an inner product.

Definition 3.1. Let NV be an integer, N > 1, and A:f ~ = {0,7/N} +Z", where r is an odd integer relatively prime

to N with 1 <7 < 2N — 1. A sequence {V; : j € Z} of closed subspaces of L?(RT,C?) is called a vector-valued
nonuniform multiresolution analysis (VNUMRA) on positive half-line if the following conditions are satisfied:

(DV; C Vi VjeL,

Q) U,ez Vi = LA (R, CY),

(3) ez Vj = {0}, where 0 is the zero vector of L*(R*,CY),

(4) ®(x) € V; if and only if ®(Nz) € Vjy.

(5) There exists a function ®(z) in Vj such that {®(z © \) : A € A: « } is an orthonormal basis for V;.

The vector-valued function ®(z) whose existence is asserted in (5) is called a scaling function in L2(R*, C9).
Since ®(z) = (¢1(z), p2(x), ..., pa(x))T € L*(R*,C?), satisfy the following refinement equation

O(x)= Y Hy®(Nzo)N), (3.1)
Aenfy

where {H)}, AY is d x d constant matrix sequence that has only finite number of terms.
Define a closed subspace V; C L?(R*,CY) by
V; = clospz g+ cay(span{@(N/z © \) : A € AiN}), jeZ. (3.2)
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210 VECTOR-VALUED NONUNIFORM MULTIRESOLUTION ANALYSIS RELATED TO WALSH FUNCTION

Given a VNUMRA on positive half-line, we denote W,,, the orthogonal complement of V,,, in V;,,1 1. Then

2(RT,CH = EBW

meZ

Definition 3.2. A collection of N — 1 vector-valued functions ¥ (t) € V1,k=1,2,...,N — 1 is called a vector-
valued wavelet system associated with a given VNUMRA on positive half-line if the family of functions

(ko N} oo N1, AeAt o form an orthonormal basis of .

Taking the Walsh-Fourier transform on both side of Equation (3.1), we have
&(Nn) = H(n)®(n), neRT,

where

Z H)\X()‘v 77)

xeaty

and
x(\,n) = exp ( Z (A\jé—; + )\jfj)>
Jj=1
where \; and &; are calculated by (2.1).
Since Ay = {0,7/N} + Z*, we can write that

S
H(n) = 1 +x (15n) 3

where {H}} and {H}} are d x d constant symmetric matrix sequences. Then
2 T"\&a (N
v = 1 (5) % (v)
(n) ~v) 2y
_ A 7 I i
- H (N) H (N2) H (NS) ...... & (0)

n ()0

I
13

k=1

Eq. (3.6) implies that
HO)=1I4 or > Hy=1I
XeAf

where I, denotes the identity matrix of order d x d

W; = closLZ(thd)(span{\Ifk(ij OAN:Ne A:N, k=12,..,N—-1}), jeZ.

Since Wy (x) € Wy C V4, for each k, there exists a uniquely supported sequence {Gx k. }ycp+
of d x d constant matrices such that ‘

(@)= Y Gap®(Nz SN
xeAf

(3.3)

(3.4)

(3.5)

Ny B=1,2,. ,N—1

(3.8)
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On taking Walsh-Fourier transform on both sides of Eq. (3.8), we have

where
G =5 3 G (39)
AeAl
and
X(A,m) = exp <2Nm > Es+ A—jfj)) (3.10)
j=1

where \; and &; are given by (2.1) for a positive integer N.

Since A = {0,7/N} + Z*, we can write that

Gr(n) :Gi,ker(%,n)Gi,k? k=0,1,..,N -1, (3.11)

where {G} .} and {G3 ,} are d x d constant symmetric matrix sequences.

Lemma 3.3. If ®(¢) € L?(R*,C?) defined by Eq. (3.1) is an orthogonal vector-valued scaling function then we
have

> HuHigeryem = Noaxda, YA, X € Aly, (3.12)
meZ+

where 6, )/ denotes the Kronecker’s delta.

Proof. Since ®(t) € L?(R*, C?) defined by Eq. (3.1) are orthogonal vector-valued scaling functions, therefore for
A MNeE A:N, we have

on vlag = / Oz o NP (x o N)dx
R+

> H,®(NzoNXou) Y @ (NzoNXNeouv)Hdx
R+

ueA} o veAf

Z Z Hu(/ ‘P(NxeNA@uﬂ’*(Nx@NX@v)dx)qu
R+

ueA} yveAT

1
— H, Pz O N O u)d* (xro NN ov)dr | HY
¥ X X ([ eeomane i)

uEA::N 1)EA::N

Taking u = m, v = n, where m,n € Z*, we have
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o alg = / Oz o NP (x o N)dx
R+

= — Y Y H(®@eNicu),dzcNNev)H;

ueh} yvert

> Y Hup(@@eNAxem), &z NN en)) H;,

meZt neZ+

= 5 2 Enllipexen:

mezZt

Therefore,
Y HuHyonyom = Nox vl VA N € Al

meZt

Taking u = § +m, v = n, where m,n € Z*, we have

(5)\} )\/Id

> Y Hu(®@@eNAowu),(xo NN o) H;

el v veAs

- % > ZH%+m<q>(m@N)\6(%—i—m)),@(w@N/\’@an;

meZt neZt

= > HuHigeryem:

meZ+

Therefor in both the cases, we get

> HuHieryem = Nox xla, YA, X € Al

meZ+

Lemma 3.4. Let Uy = ®, Gy = H and suppose that Uy, (¢), where k € D; = {1,2,..., N — 1} be the vector-valued
functions in V. Then the family of functions {W.(z © A}, A+ o k=0,1,2,...,N—1 Will forms an orthonormal system

for V; if and only if for k, [ € {0,1,2,..., N — 1}

N-—1 §+ 6 +
S G (Np> G <Np> = Spula. (3.13)
p=0

Proof. First, we will prove the necessary condition.
By orthonormality of ¥y (z) € L?(R*,C%),k =0,1,2,..., N — 1, we have
(Tg(z), Tf(x O N) = / Uy ()T (z e N)dt = Ok,100, 21
R+
where A € A and k,1 € {0,1,2,..., N — 1}.

Equivalently, in the frequency domain, we have

Sesdonly = / (T QXN
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Define . .
Fra(€) = Y Uk(€+ N} (€ + Nj).

JEZ*

On taking A = n, where n € Z*, 0<k,l < N — 1, we have

Setdonls — / B (6) T (€)x(m, €

R+
= D Uk(€+ N} (€ + Nj)x(n, €)de
[O’N) JEZT
= [ Faonm
[0,N)
N—1
= [ |3 Bt )| X
[071) p=0
Therefore, we obtain
N-1
Fra(€+p) = 0pala. (3.14)
p=0

0 = [ B (5 e

R+
= v (§+N])®*(£+N])X(n, )X L’g d¢
[0, ) jezZ:+ ' : <N )
T
= [ e (€ e
7 I —
= /[071) L—o X (N,p>Fk,z(£ +p)| x(n,&)x (N’f)df'
We conclude that
Nol—
X (Nap>Fk,l(§ +p)=0
p=0
i.e.
N-1
Z oPFi 1 (E4+p) =0, (3.15)
p=0

where o = y (£,1), since x (%,p) = [x (%,1)]" forp=0,1,2,..., N — 1.

Also, we have

N-1
Y FlE+p) =Y U(€+p)Ti(E+Dp).
p=0 peZ+t
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Therefore, Eq.(3.14) reduces to

Z Tp(€+p)US(E+p) = Opily (3.16)
pELT

Also,

Fra(N§) = Y Wi(NE+ Nj)W; (NE+ Ny)

JEZT

= 3 Gule +HNBE+ 5B (€ + HGF(E + )

JELT

= ) GiE+nN)R(E +nN)P* (€ +nN)G; (£ +nN)

j=nN

+ Y G+ nN+1D)B(E+nN +1)2*(§+nN + 1)
j=nN+1

xGiE+nN+1)+ > Gp§+nN+2)®(5+nN +2)

B j=nN+42
x®*(§ +nN +2)G[(§ +nN +2) + ..+

> GrE+nN+ (N —1)@(E+nN + (N —1))
j=nN+(N-1)
x@* (€ +nN+ (N = 1))Gi(§ +nN + (N —1))

= Gu(&)| D B(E+nN)P (€ +nN)

j=nN

> (¢ +nN+ 1) (E+nN +1)
j=nN+1

Gi (&) +Gr(€+1)

X Gr(€+1)

+GH(E+2) | D (E+nN +2)D*(E+nN +2)
j=nN+2

XGHE+2) + ...+ Gr(€+ (N —1))

x { > <i>(5+nN+(N_1))<i>*(g+nN+(N_1))]
j=nN+(N-1)
xGr(§+ (N -1))

= Gr(OGI(E) +GrE+DGI(E+ 1) + GRE+2)GI(E+2) +
FGR(E+ (N - 1))Gi(E+ (N - 1))

N—

= Gr(§+7)GT(E+ 7).
7=0

,_.

Therefore, we have

N-1 -
Z‘Ifkarp §+PZOG1€< > <Np>-

peZt

By using (3.16), we conclude that
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N-1
a (SEP\ o (P 5 1
k N l N k,ltd,

w(v)oi(v) e () (57) v (5)

G <€]‘\f}2)+ R (MN_l)Gl* (T)Z%,ﬂd-

Now, we will prove the sufficiency.

ie.

By Eq.(3.9), we have

DU+ )T+ )

JEZLT

=2 G <N>‘I’<N>‘I’ (N G; (N)

x G ]i—i—n)—k(}'k(i]—kn—&-]v)
= (€ LVaef€ 1 §
x|Jn§I\;+1<I><N+n+N><I> <N+n+N> G, (N+n+N>
+ +Gk<§]+ﬂ+]v]\_[1> > <i><§+ +N]\;1>
j=nN+(N-1)
xé*(]i+n+N]\71>]Gl* Jf/.+n+NA;1)
o ($)a(€) o (52)o (5) 0.5

« G <5;2> SN (“NNI> G <5+J]\Vfl

Z(%JL#

It proves the orthonormality of the system {¥,(z & \) : A € A:N, k=0,1,2,..,N —1}.
Now, we have the following result on the existence of a vector-valued wavelet function

Theorem 3.5. Suppose {U(x © A)}AEA::NV k=012, ~N—_1 is an orthonormal system in V7. Then this system is

complete in Wy = V; © V.

Proof. Since the system {Uy(z © )‘)}/\eAj:N, k=012, ~—1 is an orthonormal system in V;. By Lemma 3.4, we

have ¢ ¢ cr1 £r1 =
) +1\ . (E+ +
o () e (%) o () o (55) + o ()
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We will now prove its completeness.

For f;, € W), there exists constant matrices { Py j } such that

fi(t) = > Pux@(NtON),k=0,1,2

ye N =1
xeAfy

Thus

wo-n (§)s(5)
where

Pk§:% > Pux(M\ ).

AeAiN
On the other hand f;, € V} and f;, € W, implies

/ ()@ (toN)dt =0, AeAly.
R+

This condition is equivalent to

O B(E+ )P (E+4) =0, R

JEZT

Therefore, from Eqgs. (3.3) and (3.17), we have

S () (o () o
JEL*

N

As similar to the identity (3.13) in Lemma 3.4, we have

n(£) (;)+pk(f;1>[{* (1)

N

(S (42

Let

(1 (5). (55 (572
(1(5)-n(5) - (2572))-
(e (§)-(5) o (2572

Stat., Optim. Inf. Comput.
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G (5;2) bt Gy <’5+(§z—1)) e (’fﬂx_l)) — Suala.

(3.17)

(3.18)

. Vol. 8, March 2020
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Then, the identity (3.13) implies that for any £ € RT, the column vectors in the Nd x d matrix H'(£) and
the column vectors in the Nd x d matrix G}, (§) are orthogonal for [ = 0,1,2,..., N — 1 and these vectors form
orthogonal basis of Nd-dimensional complex Eucledian space CV4,

The identity (3.18) implies that the column vectors in Nd x d matrix P} () and the column vectors in Nd x d
matrix H'(&) are orthogonal. Thus 3 an d x d matrix Q(§) such that

Therefore, from Egs. (3.9) and (3.17), we have

o - a(9)s(5)

By using the orthonormality of {Uy(x S A): A € A:f ~ }» we have

/R BN (Ve = /R QOTUNO TR
Therefore, we have .
/ B (NOE, (VE)de = / Qu(©)Q1(€)de.
R+ 0

This proves that P(¢) has Fourier series expansion and let the constant d xd matrices
{A,\,k}AEAiN) k=0.1,2,...n—1 be its Fourier coefficients. Therefore,

fk(.’);‘) = Z A)\’k‘l/k(l'@ )\).
AeAl
This proves the completeness of {U(z & )‘)}/\EMN, k=012, N_1i0 Wo.
If Oy, Uy, Uy, ..., Uy_1 € Vj are as in Theorem 3.5, one can obtain from them as orthonormal basis for

L?(R*,C%) by procedure for construction of wavelet from given MRA. It can be easily checked that for every
j € Z the collection

{N7 \Ilk (Nmt © A)}AeAtN’ k=0,1,2,...,.N—1"

is a complete orthogonal system for V1.
For every m € Z, define W,,, the orthogonal complement of V,,, in V,;, 1. Then we have
Vg1 = Vi @ Wy, and Wi, LW, if k #1
and

LQ(R+7 (Cd) = @ W’H’L

meZ

a decomposition of L2(R*, C?) into mutually orthogonal subspaces.
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The collection {N %), (N™t & A
L2(R+,C4).

)}/\EAL\” mEZ k=012, N1 forms a complete orthonormal system for

4. Conclusion

In this study, we introduced a new concept called vector-valued nonuniform multiresolution analysis on positive
half-line related to Walsh functions where associated subspace V; of L2(R*,C?) has, an orthonormal basis, a
collection of translates of vector-valued function ® of the form {®(x © \)}, . At - We Also obtained the necessary

and sufficient condition for the existence of associated wavelets. Our results will be mostly used by that part of
mathematical society who works in wavelet analysis and their applications.
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