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Abstract  All graphs in this paper are nontrivial and connected simple graphs. For a set W = {s1, s2,..., s} of vertices
of G, the multiset representation of a vertex v of G with respect to W is r(v|W) = {d(v, s1),d(v, s2), ..., d(v, sg)} where
d(v, s;) is the distance between of v and s;. If the representation r(v|W) # r(u|W) for every pair of vertices u, v of a graph
G, the W is called the resolving set of GG, and the cardinality of a minimum resolving set is called the multiset dimension,
denoted by md(G). A set W is a local resolving set of G if r(v|W) # r(u|W) for every pair of adjacent vertices u,v of
a graph G. The cardinality of a minimum local resolving set W is called local multiset dimension, denoted by 1;(G). In
our paper, we discuss the relationship between the multiset dimension and local multiset dimension of graphs and establish
bounds of local multiset dimension for some families of graph.
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1. Introduction

All graphs discussed in this paper are finite, simple and connected graph. The cartesian product graph of G; and
G+, denoted by G x Ga, is the graph with vertex set V(G1) x V(G2) where vertex (z,u) is adjacent to vertex
(y,v) whenever zy € E(G1) and u — v, or z — y and uv € V(G2). In the rest of the paper, we use the terminology
defined in [1, 2, 3]. The application of metric dimension in networks is one of the describe navigation robots. The
each place is called vertices and edges denote the connections between vertices. The minimum number of the
robots required to locate each and the vertex of a some network is called as metric dimension, for more detail this
application in [4].

The concept of metric dimension was independently introduced by Slater [5] and Harary and Melter [6].
In his paper, Slater called this concept the locating set. Let u,v be two vertices in G, the distance d(u,v) is
the length of a shortest path between two vertices u and v in graph G. An ordered set W = {w1, wa, ..., wg}
subset of vertex set V(G). The representation r(v|W) of v with respect to W is the ordered k-tuple
r(v|W) = (d(v,wr),d(v,ws),...,d(v,wy)). The set W is called the resolving set of G if every vertices of G
have distinct representation with respect to W. Let v and v be any two vertices in G if r(u|W) = r(v|W)
implies that v = v. Hence if W is a resolving set of cardinality k¥ for a graph G, then the representation set
r(v|W),v € V(G) consists of |V (G)| distinct k-vector. The minimum cardinality of resolving set of a graph G is
called metric dimension of G, denoted by dim(G).
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Figure 1. (a) A graph with multiset dimension 3; (b) A graph with local multiset dimension 1

Simanjuntak et al [7] introduced the definition of multiset dimension of G. Let G be a connected graph
with vertex set V(G). Suppose W = {s1, 2, ..., s} is a subset (note, not an ordered set as in metric dimension)
of the vertex set V(G), the representation multiset of a vertex v of G with respect to W is the multiset
r(v|W) = {d(v, s1),d(v, $2),...,d(v,si)} where d(v,s;) is the distances between of v and the vertices in W
together with their multiplicities. A resolving set having minimum cardinality is called a multiset basis. If G
has a multiset basis, then its cardinality is called the multiset dimension of G, denoted by md(G). There are some
related research about this topic in [9, 10, 11].

Alfarisi, et. al [8] defined a new notion based on the multiset dimension of G, namely a local multiset
dimension. The definition of local multiset dimension is below:

Definition 1.1

Let G be a connected graph with vertex set V(G). Suppose W = {s1, so, ..., s } is a subset of the vertex set V (G),
the representation multiset of a vertex v of G with respect to W is r(v|W) = {d(v, s1),d(v, $2),...,d(v, sg)}s
where d(v, s;) is a multiset of distances between of v and the vertices in W together with their multiplicities. The
resolving set W is a local resolving set of G if r(v|W) # r(u|W) for every pair of adjacent vertices u,v of a
graph G. The minimum local resolving set W is called local multiset dimension, denoted by 1 (G).

We illustrate this concept in Figure 1. In this case, the resolving set is W = {vq, v3, v }, shown in Figure 1 (a).
The multiset dimension is md(G) = 3. The representations of v € V(G) with respect to W are all distinct . For
the local multiset dimension, we only need to make sure the adjacent vertices having distinct representations. Thus
we could have the local resolving set W = {v;}, shown in Figure 1 (b). Thus, the local multiset dimension is

m(G) =1.

r(v|T) = {0}, r(vg[Il) = {1}, r(vs|I) = {2}
r(valID) = {1}, r(vs|T) = {2}, r(vg[IT) = {1}

2. Multiset Dimension

Different to the metric dimension, given a multiset basis, it is impossible to construct the original graph from the
representation of the vertices. Fig 3 gives an example of two non-isomorphic graphs with the same multiset basis
and representations for vertices.

Lemma 2.1
The multiset dimension is not monotonic to the number of vertices and the number of edges of a graph.

Let GG be a connected graphs. The number of vertices, edges and the multiset dimension do not show a monotonic
relationship. Assume the graph G with n vertices has md(G) = k, if we put m vertices in graph G, then we get
new graphs G’ with n + m vertices such that we have some condition as follows:
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Figure 2. (a) md(G) = 3; (b) md(GU {v}) =3
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Figure 3. For G1 # G2

i. if G 2 @, then md(G) = md(G') = k. (not monotonic)
ii. if G 2 G, then we have md(G) > md(G’) or md(G) < md(G").

We use a counter example for showing the Lemma 2.1. Assume the number of vertices and edges of G increase,
the multiset dimension of GG increase or decrease (monotonically). We choose a unicyclic graph G as example.
From Figure 2 (b) we increase the vertices and edges in graph G which have the multiset dimension of G U {v}
namely md(G U {v}) = 3 where v is a vertex not in the graph G. Furthermore, we can say that if we increase
the number of vertices and edges in graphs G, then the number of resolving set does not increase or the multiset
dimension is constant. it is a counter example of Lemma 2.1.

In Simanjuntak, et. al. [7], some bounds are given for the multiset dimension of graphs. For example,

Theorem 2.1
[7] Let G be a graph other than a path. Then md(G) > 3

If we look at the resolving set, since the vertex has distance O to itself, then it is easy to get a better bound

than Theorem 2.2. For positive integers n and d, we define f(n,d) to be the least positive integer k for which

!
(,f!ml))!' +k>n.

Theorem 2.2
If G is a graph of order n > 3 and diameter d, then md(G) > f(n,d)

Proof. Let W be a multiset basis of G having k vertices. If = is a vertex in W, then r(z|W) =
{0,1mx 2m2 d™a} where my +mo + -+ myg =k — 1 and Om;k for each ¢ = 1,2,... k. Then there are
C(k—1+4d—2,d—2) different possibilities for representation of x. Since we have k vertices in W, then
C(k—14d—2,d—2) must be at least k.

Furthermore, look at the degree of the graph, we could have the following bounds.
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Theorem 2.3
Let G be a connected graphs and let d be the maximum degree of G and md(G) = k, we have for k > 3 and d < 3k.

Proof. As md(G) =k, so let W be a multiset basis of G having & vertices. If = is a vertex not in W, then
r(z|W) ={0,1m1,2m2 ...  d™}, where m; +mao+---+mg=kand 0 <m; <k foreachi=1,2,... k. As
W is a minimum resolving set, removing a vertex from W, there will be two vertices in the graph G which have
the same representation. Let’s assume that there are two vertices v, and v, which are in G. Formally, we have
(Vg |[W) Nr(vy |[W) = {171,2™2, ... d™}, where my +mg + --- + mg = k — 1. Considering the neighbour of
these two vertices, if v, has distance ¢ to a vertex w € W, then the neighbour of v, would have distance ¢ — 1 or
tort+1tow. So, if v, has distance 1 to m; vertices in W, then among v, ’s neighbour, there are at most m,
vertices having distance 0 to vertices in W, i.e. in W. if v, has distance 2 to my vertices in W, then among v,’s
neighbour, there are at most mo vertices having distance 1 to vertices in W, furthermore, v,’s neighbour having
distance less than 3 to at least mo vertices in W. More general, if v, having distance x to m, vertices in W, then
among the neighbours of v,, there are less than m,, vertices of distance x — 1 to W and there are no more than m,
vertices having distance x + 1 to vertices in .

Thus, the number of different representations for the neighbour of v, is mi(my + ma)(mg + m + 3)..(mg—1 +
md)d and the representations are shared by neighbours of v, and v,. This will give us a bound for the degree,
diameter and multiset dimension. O

We shall define a new graph which is based on the well-known Hypercubes. The Hypercube is defined the
graph formed from the vertices and edges of an n-dimensional hypercube, we shall remove some edges from
the hypercube, denoted by AH @, is called almost hypercube graphs. Almost hypercube graph satisfies AHQ,, =
(HQp—1 x Py) — {e} forn > 3, where e is correspondence edge of subgraph (HQ,,—1)1 and (HQ,—1)2. We know
that HQ,_1 x P» has two isomorphic graphs (HQ,,_1)1 and (HQ,,—1 )2 with {e} is the correspondence edge set.

Theorem 2.4
md(AHQ,) > 2"~ —1,forn > 3

Proof: The cardinality of vertex set of almost hypercube graphs, denoted by AHQ,, is 2" for n > N U {0}. We
can prove md(AHQ,,) > 2""1 — 1.

Case 1: For n = 3, we know that md(AHQ3) > 3, md(AHQ3) > 3. If the resolving set of AHQs is 2, then we
have some condition for position resolving set in AHQ3; = (HQ; x P2) — {e} in the following.

i. If three vertices in HQY, then there is at least two vertices which have same representation.
ii. If two vertices in HQ and one vertex in H(Q)>”, then always two vertices with respect to v € W(HQ2")
which have same representation.

Based on cases above, we know that md(AHQ3) > 3
Case 2: For n = k, we know that md(AHQy,) > 2*~1 — 1, md(AHQy) > 28~ — 1. If the resolving set of AHQ);,
is 2¢=1 — 2, then we have some condition for position resolving set in AHQ;, = (HQj_1 x P2) — {e}. We have
some condition for proof this cases which divided into some cases as follows.

i. Shortest path between two vertices in the same components is within the component

i. If 25=1 — 2 vertices in HQ',_,, then there is at least two vertices which have same representation.
Let v1,v2 € V(AHQ,) be a correspondence vertices of v; € V(HQ!,_;) and ve € V(HQ,—1”) such
that d(vy,r) # d(vg,r) = d(vy,7) +1 for r € W. We assume that the representation of v; and wvs
respect to resolving set W namely r(vi|W) = {dy,da,ds, ... ,dy—3,d(v1, ) + 1,d(v1, )} and r(va|W) =
{di,dz2,ds,...,dy_3,d(v1,s),d(va,s)} such that r(vy [W) = r(ve|W), it is contradiction.

iii. If 282 vertices in HQ/,_; and 2*~2 — 2 vertex in HQ,_,”, then always two vertices with respect to
v € W(HQ,-1”) which have same representation. Let vy,vo € V(HQ!,_;) be a vertex in first position
HQ,,_, which have same representation respect to resolving set in HQ/, _; namely r(v1|W') = r(vo|[W') =
{dy,d2,ds,...,dn—;}. The distance of v; and v, respect to resolving set in second position HQ,_1” is
symmetric distance such that d(vy,7) = d(ve, ). Thus, we have the representation vy, vy € AHQ,, namely
r(v1|W) = r(va|]W) = {d1,da,ds,...,da—1,da—141,- - -, dqa}, it is contradiction.
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Figure 4. (a) y1(Bs,5) = 1; (b) py(Bs 5 U{e}) = 15 (¢) pu(Bs,s Uv) = 1

Based on both cases, we obtain the bounds of multiset dimension of almost hypercube graph namely
md(AHQ,) >2""1 — 1. ]

3. Local Multiset Dimension

In this section, we give some results about local multiset dimension of graphs. Firstly, we show that the local
multiset dimension for AHQ is 1, which is different to the results we got for multiset dimension.

Corollary 3.1
The difference between Multiset dimension and local multiset dimension can be arbitrarily large.

Observation 3.1
If G is complete graph, then the graph GG does not have a local resolving set.

Lemma 3.1
The local multiset dimension is not monotonic to the number of vertices and the number of edges of a graph.

Let G be a connected graphs. The number of vertices, edges and the local multiset dimension do not show a
monotonic relationship. Assume the graph G with n vertices has u;(G) = k, if we put m vertices in graph G, then
we get new graphs G’ with n + m vertices such that we have some condition as follows:

i. if G = &, then 14 (GQ) = w(G') = k. (not monotonic)
ii. if G 22 G, then we have 1;(G) > i (G’) or i (G) < w(G).

We use a counter example for showing the Lemma 3.1. Assume the number of vertices and edges of G increase,
the local multiset dimension of G increase or decrease (monotonically). We choose a bipartite graph Bs 5 as
example. From Figure 4 (a) the local multiset dimension of Bs 5 is p;(Bs5) = 1, we add some edges in Bs 5
in Figure 4 (b) such that we have the local multiset dimension of B; 5 U {e} namely 1;(Bs 5 U {e}) = 1. Figure
4 (c) we increase the vertices and edges in graph Bs 5 which have the local multiset dimension of Bs 5 U {v}
namely p;(Bss U {v}) = 1 where v is a vertex not in the graph Bs 5. Furthermore, we can say that if we increase
the number of vertices and edges in graphs Bs 5, then the number of resolving set does not increase or the local
multiset dimension is constant. it is a counter example of Lemma 3.1.

The following, we show the new bound of local multiset dimension of cartesian product of graphs. Let G; and
G4 be two connected graphs.

Lemma 3.2
Given that two connected graphs G and Ga, 1 (G1 X G2) > min{u(G1), pu(G2)}

Proof. A graph GG; has ny vertices and G, has no vertices. The cartesian product graph of G; and G2, denoted by
G1 % G, is the graph with vertex set V(G1) x V(G2) where vertex (x,u) is adjacent to vertex (y,v) whenever
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xy € E(Gy) and u — v, or ¢ — y and uv € V(G2). For a fixed x of G, the vertices {(x, u)|u € V(G2)} induces
a subgraph of G; x (G5 isomorphic to G5 and we call it as Ga-layer. Such that, we have G-layers or G-layers.
Assume that we have local multiset dimension of G; and Go, respectively are 1, (G1) = k1 and p;(G2) = ko.

Case 1: If we choose ki < ko, such that we have |W(Gp)| = k. The position of resolving set in
first layer of subgraph (o, denoted by (G2);, so we have distinct vertex representation in (Gs).
For the vertex in (G2)2 adjacent to the vertex in (Gz)1, we have fordg, xa,)((zj,u), (z1,u*)) =
d(GyxG2) (x5, 1), (21, u)) + d((Gy)) (X1, ), (T1,u7)) or da,xa, ((x),u), (T1,ux)) > dg,), (1, u), (21, u7)).
Such that for two adjacent vertices of vertex in (G2); and (Gz); have distinct representation. For two
adjacent vertex (xl,u,;), (Il,Ul) S V((Gg)l) where d(Gz)l((Il,Ui), (zl,u*)) 7é d(Gz)l((xl,ui), (xl,u*)).
If we have two adjacent vertices in (Ga);-layers for (zj,u;), (z;,u) € V((G2);) such that
we have Ay xay (2, wi), (21,u7)) = day xa, (25, wi), (21, w)) + di,), (21, wi), (21, 07)) and
dG1XG2((Ij’ul)ﬂ (‘Tlau*)) = dG1><G2((xj7ul)7 (Il,ul)) + d(G2)1((x17ul)a (xl,UJ*)) and we know that
dGl XGz((xj’ui)a (xlaU*)) # dGl XGz((xj’ul)v (x17U*)) for (x17u>k) ewWcC V((GQ)l)

Case 2: If we choose ks < kq, such that we have |W(G2)| = k2. The position of resolving set in first layer of
subgraph G, denoted by (G1)1, so we have distinct vertex representation in (G;);. From Case 1, we have same
characterization of the vertex representation.

Based on both cases, we can claim that |IW (G x G2)| = k1 for ky < ko and |W(G1 X Ga)| = ks for ko < ky.
Thus, we get |W(G1 X G2)| = min{kl, /€2} Such that, ,ul(Gl X G2) > min{,ul(Gl),,ul(Gg)}. O

The cartesian product of graph G and tree graph T with characterization for y;(G) = 1 and we get the results as
follows.

Theorem 3.1
Given that a connected graph G and a path P,,, 1,(G x P,,) = u(G)

Proof: The graph G x P, has n copies subgraph G;, 1 < i < n. Let W be a local resolving set of G = G so that
every vertices u, v € V(G) for u adjacent to v has different representation. If we assume that W is a set of G x P,,
then we prove that W is local resolving set of G x P,

i. We know that for every vertices u € W belong to in subgraph G or first copy (first layer).

ii. Every two adjacent vertices u,v € V(G1) — W, has different representation. Since, a set W is the local
resolving set of G = (3.

iii. For every two adjacent vertices uw € V(G1) — W and v € V(G,) such that for w e W, d(u,w) =d’
and d(v,w) = d(v,u) + d(u,w) = d(u,v) + d' > d’ = d(u, w) which d(u,w) # d(v,w). Thus, r(u|W) #
r(v|W).

iv. For G; and G, 1 < i < j < n. Choose two adjacent vertices u € V(G;) and v € V(G;) such that for w €
W, d(u,w) = d(u, z) + d(z,w), Yz € V(G1). We know that ¢ < j such that d(v,w) = d(v,u) + d(u, z) +
d(z,w) > d(u, z) + d(z,w) = d(u, w) so d(u,w) # d(v,w). Thus, r(u|W) # r(v|W).

v. For every two adjacent vertices u,v € V(G;) which have d(u,w) = d(u,z)+ d(x,w) and d(v,w) =
d(v,y) + d(y,w) where z,y,w € V(G;1) such that d(x,w) # d(y,w) and d(u,z) = d(v,y). We have
d(u,w) # d(v,w). Thus, r(u|W) # r(v|W).

Based on five cases (i) — (v), W is alocal resolving set of G x P,. Thus, we have upper bound of local multiset
dimension of G x P, is u;(G x P,) < w(G).

Furthermore, we show that the lower bound of local multiset dimension of G x P, is (G x Pp,) > w(G).
Assume that |Wgaxp,| < |Weg|, by taking |[Weaxp, | = [Wa| — 1.

i. For every vertices v € W« p, belong to in subgraph (G such that there exists at least two adjacent vertices
has same representation.
ii. Letu,v € V(G;) where u adjacent to v, d(u, w) = d(v, w). Thus, r(u|W) = r(v|W). It is a contradiction.
iii. If some vertices of resolving set not all in subgraph G, then there is at least one vertex of Win G;, 1 < i < n.
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Figure 5. Illustration of G x T’

iv. For any two adjacent vertices u, v € G;, we have d(u, w;) = d(v,w;) such that d(u,w) = d(u, z) + d(z,w)
and d(v,w) = d(v,y) + d(y, w), we have d(u, w) = d(v,w). Thus, r(u|W) = r(v|W). It is a contradiction.

Based cases above, we have the local resolving set of G x P, atleast |W¢| or |[Weaxp, | > |We|. Hence, we have
lower bound of local multiset dimension of G' x P,, is (G x P,) > p;(G). Thus, the local multiset dimension of
G x P, is (G x P,) = u(G). a

Theorem 3.2
Given that a connected graph G and a tree T, 1;(G x T) < 1(G)

Proof: The graph G x T has n copies subgraph G;, 1 < i < n. Let W be a local resolving set of G = G; so that
every vertices u,v € V(G) for u adjacent to v has different representation. If we assume that W is a set of G x T,
then we prove that W is local resolving set of G x T,

i. We know that for every vertices © € W belong to in subgraph G or first copy (first layer).
ii. Every two adjacent vertices u,v € V(G1) — W, has different representation. Since, a set W is the local
resolving set of G = (.

iii. For G; and G, 1 <i < j < n. Choose two adjacent vertices u € V(G;) and v € V(G,) such that for w €
W, d(u, w) = d(u,z) + d(xz,w), Vo € V(G1). We know that ¢ < j such that d(v,w) = d(v,u) + d(u,x) +
d(z,w) > d(u,z) + d(z,w) = d(u, w) so d(u,w) # d(v,w). Thus, r(u|W) # r(v|¥).

iv. For every two adjacent vertices u,v € V(G;) which have d(u,w) = d(u,z)+ d(z,w) and d(v,w) =
d(v,y) + d(y,w) where z,y,w € V(G1) such that d(z,w) # d(y,w) and d(u,z) = d(v,y). We have
d(u, w) # d(v,w). Thus, r(u|W) # r(v|W).

Based on four cases (i) — (iv), W is a local resolving set of G x T'. Thus, we have upper bound of local multiset
dimension of G x T'is p; (G x T) < wi(G). a
Corollary 3.2
Given that a connected graph G and a tree T'. For 14;(G) =1, (G x T) =1

Proof: Alfarisi, et. al. [8] determined the local multiset dimension of 7" is 1. If the local multiset dimension of G is
1, then every two adjacent vertices have distinct representation.
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G1 Gi Gi

Figure 6. Illustration of G x T for d; # d2

From Lemma 3.2 that (G x T) > min{u(G), u;(1)} > min{1,1} > 1. Furthermore, we can show (G x
T) < 1 as follows.

i. the graph G x T has |V (T')|-copies of subgraph G, namely G;, 1 < j < |V(T)]

ii. we choose the local resolving set in first copy G1, namely W = {(x1,u*)}

iii. we know that p;(G) =1, the distance of two adjacent vertices in (z1,ug), (z1,u) € V(G1) — W is
d((z1,ur), (x1,u*)) # d((x1,u), (z1,u*)) for 1 <k, 1 < V(G).

iv. every two adjacent vertices (z;,ug),(z;,w) € V(G;) has distinct representation, such that
d((zj, uk), (x1,u")) # d((z;,w), (x1,u”)) where d((z;, ug), (1, u”)) = d((z;, up),
($1, uk)) + d((wlﬂuk)7 (x17U*)) and d((x]'7ul)7 (xhu*)) = d((x]'7ul)7 (xlvul» + d(($17u1)7
(21,0)),

v. every two adjacent vertices (z;,w;) € V(G;), (zj,w) € V(G,) has distinct representation, such
that  d((z;,w), (z1,u")) # d((xj, w), (x1,u*))  where  d((z;,w), (x1,u*)) = d((zs, w), (z1,w)) +
d((xlvul)a (xlaU*)) and d((xjvul)v (x17U*)) = d((xjvul)a (xlvul)) + d((xlaul)a (1'1; U*))

Thus, we obtain p; (G x T') < 1. Thus, p;(G x T') = 1, for 4;(G) = 1 and any tree 7. a

Lemma 3.3
For 1;(G) # 1 and any tree T', (G x T') > 2.

Proof: If local multiset dimension y;(G) # 1, then we have local resolving set || > 2. From Lemma 3.2, it
states that (G x T)) > min{u(G), 1} > 1. Assume that |IW| = 1. There is at least two adjacent vertices which
have same representation. Choose the local resolving set in G. Every adjacent vertices in (21, uy), (z1,w;) €
V(G1) — W has some distances, namely d((z1, ux), (x1,u*) = d((x1,u;), (r1,uw"). Thus, the cardinality of the
local resolving set of G x T is |IWW| # 1, and the local multiset dimension of 1;(G x T') > 2. a

Theorem 3.3
For 1;(G) = 1 and m is even, p;(G x C,) = 1.

Proof: Alfarisi, et. al. [8] determined the local multiset dimension of C,,, with m is odd is 1. If the local multiset
dimension of G is 1, then every two adjacent vertices has distinct representation.

From Lemma 3.2 that 1 (G x Cp,) > min{u(G), ui(Cp)} > min{l,1} > 1. Furthermore, we can show
w1 (G x Cp,) <1 as follows.

i. the graph G x C,, has |V (C,,)|-copies of subgraph G, namely G, 1 < j < |V (C,)|
ii. we choose the local resolving set in first copy G1, namely W = {(x1,u*)}
iii. we know that p;(G) =1, the distance of two adjacent vertices in (z1,ug), (z1,u) € V(G1) — W is
d((z1, ur), (x1,u*)) # d((x1,u), (z1,u*)) for 1 <k, 1 < V(G).
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(Cm)1 (Cm)i (Cm)i

Figure 8. Illustration of G x Cyy, for dy = d2

iv. every two adjacent vertices (xj,ux),(z;,u;) € V(G;) has distinct representation such that
d((25,un), (21, 0%)) # d((wj,w), (21 0%)) where d((a,ur), (w1, ")) = d((z, ur),
Ea:l, u;:gs + d((z1,uk), (z1,v*)) and d((z;, w), (z1,u*)) = d((xj, w), (x1,w)) + d((z1, w),
T1,U .

v. every two adjacent vertices (z;,w) € V(G;), (zj,w) € V(G;) has distinct representation such
that  d((zs,w), (1, ")) # d((zj,w), (x1,u*))  where  d((zs,w), (z1,v*)) = d((z;, w), (x1,w)) +
d((xl’ ul)’ (31‘1, U*)) and d((mjv ul)’ (331, U*)) = d((xj’ ul)’ (mlv ul)) + d((mh ul)a ($17 U*»

Thus, we obtain that p; (G x C,,) < 1. Tt concludes that (G x C,,) = 1, for 1;(G) = 1 and m is even. ]

Lemma 3.4
For (1;(G) = 1 and m is odd) or (1;(G) # 1 and m > 3), (G x Cp,) > 2.

Proof: Based on Lemma 3.1 that p;(G1 x G2) = min{u;(G1), i (G2)}. If one of both graph has local multiset
dimension at least one, then 1;(G x C,,) > 1. We try construct of the sharpest lower bound of G x C,, for m is
odd or (14;(G) # 1 and m is even) as follows.

Case 1: For 1;(G) = 1 and m is odd

We know that 1;(C,,) = 3 for n is odd and y;(G) = 1, based Lemma 3.2 that 1;(G x Cp,) > min{1,3} > 1.
Assume that W] = 1, there is at least two adjacent vertices which have same representation. Choose the local
resolving set in (C,,)1, then every adjacent vertices in (x1,ug), (x1,u;) € V((Cr)1) — W has some distance
namely d((x1,ur), (x1,u*) = d((z1,w), (x1,u*). Thus, the cardinality of the local resolving set of G x C,, is
|W| # 1, such that the local multiset dimension of 1;(G x Cy,,) > 2. This illustration can be seen in Figure 8

Case 2: For 11;(G) # 1 and m is odd
If local multiset dimension x;(G) # 1, then we have local resolving set [W| > 2. From Lemma 3.2 that p;(G x

Stat., Optim. Inf. Comput. Vol. 8, December 2020



R. ALFARISI, Y. LIN, J. RYAN, DAFIK, I. H. AGUSTIN 899
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Figure 9. Illustration of HQ4

Cp) > min{u(G),3} > 2. Assume that |IW| = 1 such that there is at least two adjacent vertices which have same
representation. Choose the local resolving set in G, then every adjacent vertices in (1, ux), (z1,u;) € V(G1) — W
have some distance namely d((z1, ug), (z1,u*) = d((x1,w;), (x1,u*). Thus, the cardinality of the local resolving
set of G x Cy, is |W| # 1, such that the local multiset dimension of 1;(G x C),) > 2.

Case 3: For 11;(G) # 1 and m is even

If local multiset dimension p;(G) # 1, then we have local resolving set |WW| > 2. From Lemma 3.2 that p;(G X
Cr) > min{u(G),1} > 1. Assume that || = 1 such that there is at least two adjacent vertices which have same
representation. Choose the local resolving set in G, then every adjacent vertices in (1, ux), (z1,u;) € V(G1) — W
have some distance namely d((z1,ug), (z1,u*) = d((z1,w;), (1, u*). Thus, the cardinality of the local resolving
setof G x Cy, is |W| # 1, such that the local multiset dimension of 1;(G x C,,) > 2. The local multiset dimension
of G x Cp, is (G x Cy,) > 2. O

Next, we study a Hypercube graph, denoted by H(Q,,. Hypercube graph is the graph formed from the vertices
and edges of an n-dimensional hypercube. It is the n-fold Cartesian product of the two-vertex complete graph, and
decomposed into two copies of H(),,_1 connected to each other by a perfect matching.

Theorem 3.4
Forn € NU{0}, w(HQ@,) = 1.

Proof: Hypercube graph satisfies HQ,, = HQ,—1 X P, for n > 0. For n = 0, we have H(y isomorphic to K;
or trivial graphs. The local multiset dimension of K; is p;(HQo) = 1. To prove this theorem, we can use a
mathematical induction or recursive technique below.

i. Forn =1,wehave HQ1 = HQo x P». Based on Lemma 3.2, it holds 1;(HQ1) = i (HQo x P») = 1since
m(HQo) = 1.

ii. For n =2, we have HQ2 = HQ; x P». Based on Lemma 3.2, it holds p;(HQ2) = w(HQ1 x P2) =1
since p(HQq) = 1.

iii. Assume that for n =k, we have HQy = HQx—1 X P». Based on Lemma 3.2, it holds w;(HQ) =
i (HQg—1 x Py) = 1since w(HQx—1) = 1.

iv. Forn = k + 1, we prove that i, (HQy x P) = 17. From point iii, we have p;(HQj) = 1. Recalling Lemma
3.2, It implies that p(HQg+1) = m(HQr x P2) = 1since p(HQy) = 1.

Thus, the local multiset dimension of hypercube HQ,, is 1 (HQ,,) = 1, forn € N U {0}. Figure 9 is an illustration
of local multiset dimension of hypercube graphs for HQ4. |

Theorem 3.5
w(AHQ,) =1, forn > 2
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Figure 10. Ilustration of AHQ4

Proof: Almost hypercube graph satisfies AHQ,, = (HQ,_1 x P») — {e} for n > 3, where e is correspondence
edge of subgraph (HQ,,—1); and (HQ,,—1)2. We know that HQ,,_1 x P» has two isomorphic graphs (HQ,—_1)1
and (HQ,_1)2 with {e} is the correspondence edge set. Based on Theorem 3.4 that 1;(HQ,—_1) = 1 such that for
two adjacent vertices u,v € V((HQ,—1)1) has the distinct representation namely r(u|W') # r(v|W) for W in the
first copy of HQ,,—1.

i. If we choose two adjacent vertices in u,v € V((HQ,—1)2) with their vertices are correspondence
by edge to two adjacent vertices in x,y € V((HQ,—1)1) where d(z,w) # d(y,w) for we W. We
have the distance d(u, z) = d(v,y) = 1 and d(u, w) = d(u,z) + d(z,w) = 1 + d(z,w), d(v,w) = d(v,y) +
d(y,w) =1+ d(y,w) then d(u, w) # d(v,w). Thus, we have r(u|W) # r(v|W).

ii. If we choose two adjacent vertices in u,v € V((HQ,—1)2) with their vertices are not correspondence by
edge to two adjacent vertices in z,y € V((HQ,—1)1) where d(z,w) # d(y,w) for w € W. But We have
the distance d(u,z) > 1,d(v,y) > 1 and d(u,w) = d(u,z) + d(z,w) = d + d(z,w), d(v,w) =d(v,y) +
d(y,w) = d* + d(y,w) then d(u,w) # d(v,w). Thus, we have r(u|W) # r(v|W).

iii. If we choose two adjacent vertices in u,v € V((HQ,—1)2) with one of them are correspondence by edge to
adjacent verticesinx € V((HQ,—1)1) forw € W.But we have the distance d(u, x) = 1, d(v, z) = d(u,v) +
dlv,x)=1+1=2 and d(u,w)=d(u,z)+d(z,w) =1+d(z,w), dv,w)=d(v,y)+d(y,w)=2+
d(y,w) then d(u, w) # d(v,w). Thus, we have r(u|W) # r(v|W).

Based on three cases above, the local resolving set of almost hypercube graphs |[W| = 1. Thus, the local multiset
dimension of almost hypercube graphs AHQ,, is p;(AHQ,,) = 1, for n > 3. Figure 10 is an illustration of local
multiset dimension of almost hypercube graphs for AH Q. |

Kautz graphs K (d,n) for d > 2 and n > 2, is defined as follows. The vertex set of K (d,n) is V(K (d,n)) =
{x1,22,...,2nlz; €{0,1,2,...,d},2; # 241, 1 =1,2,...,n — 1} and the edge set E(K(d,n)) consists of all
edges from one vertex x1,xa, ..., %, to d order vertices x1,za,...,2,,a , where a € {1,2,...,d} and « # z,.
It is clear that K (dn) is d-regular, |V (d,n)| = d™ + d™! and |E(dn)| = d"*! + d". Moreover, K (d,n) has d(dgl)
pairs of symmetric edges. The Kautz undirected graph, denoted by UK (d,n), is an undirected graph obtained
from K (d,n) by deleting the orientation of all edges and omitting multiple edges. It is clear that U K (dn) has
dntl 4 dn — @ edges, the maximum degree is 2d for n > 3 and the minimum degree is 2d — 1 for n > 2.

The Kautz undirected graph of cycle, denoted by UK(C,) is connected graphs with 3-
regular isomorphic to C, x P,. The vertex set and edge set of C, respectively, are V(C,)=
{z1,22,...,2,} and E(C,) = {z122,2223,...,Tn_1Tn,Tnx1}. The vertex set of UK(C,) is
V(UK (Ch)) = {24, (i+1)modns T(i+1)modn,i : 1 <@ <n} and edge set of UK(C,) is E(UK(C,)) =
{xi,(i-l—l)modn‘r(i-&-l)modn,ia Zi,(i4+1)modnZ (i+1)modn, (i+2)modns L (i+1)modn,i L (i+2)modn,(i+1)modn 1<i< TL}

Corollary 3.3
Forn > 4,

1, ifniseven
m(UK(Cy)) = { 3, ifnisodd
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Furthermore, we characterization of relationship between multiset dimension and local multiset dimension of
graphs.

Remark 3.1
The relationship of multiset dimension and local multiset dimension of graphs G, gap(md(G), (G) = co.

4. Conclusion

In this paper we have given an result the lower bound of multiset dimension and local multiset dimension of graphs.
Hence the following problem aries naturally.

Open Problem 4.1
Determine the local multiset dimension of family graph namely family tree, unicyclic, regular graphs, and others.

Open Problem 4.2
Determine the local multiset dimension of operation graph namely corona product, joint, comb product, and others.
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