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Abstract In this work, we have modelled the problem of maximizing the velocity of a rocket moving with a rectilinear
motion by a linear optimal control problem, where the control represents the action of the pilot on the rocket. In order to
solve the obtained model, we applied both analytical and numerical methods. The analytical solution is calculated using the
Pontryagin maximum principle while the approximate solution of the problem is found using the shooting method as well
as two techniques of discretization: the technique using the Cauchy formula and the one using the Euler formula. In order to
compare the different methods, we developed an implementation with MATLAB and presented some simulation results.
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1. Introduction

Optimal control is a very important area in applied mathematics. Indeed, many practical problems can be
modelled as optimal control problems. Optimal control theory is applied successfully in many fields, such
as mechanics, electrical engineering, chemistry, biology, aerospace and aeronautics, robotics, agriculture, etc.
[1,2,3,4,5,6,7,8,9, 10, 11].

The traditional approach to solve optimal control problems is the Pontryagin maximum principle. This principle,
proposed by L.S. Pontryagin in 1956 [12], generalizes the Euler-Lagrange equations of the calculus of variations
and gives a necessary condition of optimality. The control theory is also applied in different mathematical
disciplines: optimal control of partial differential equations, stochastic control theory, game theory, etc. The optimal
control problem can be solved analytically using the Pontryagin maximum principle, however when the problem
is difficult, we must use numerical methods in order to find an approximate solution.

There exist several numerical methods for solving optimal control problems [13]: indirect methods based on
the calculus of variations and direct methods based on discretization techniques and optimization. The indirect
shooting method [14] is known for its efficiency and accuracy and it is successfully applied to solve practical
problems [4, 6]. However, when the problem is difficult, direct discretization methods can be used for finding an
approximate solution. In [15], the Cauchy formula for solving systems of linear differential equations is used to
transform the linear optimal control problem into an equivalent problem, then discretization is performed to get a
linear programming problem which is solved using the adaptive method. Recently in [16], the Cauchy formula is
used with discretization to transform the original linear optimal control problem into a linear optimization problem
which is solved with the hybrid direction algorithm proposed in [17]. In [18], the Euler discretization formula
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282 OPTIMAL CONTROL OF A RECTILINEAR MOTION OF A ROCKET

is first applied for the initial linear optimal control problem, then the obtained optimization problem is solved
with the fmincon function of Matlab. In [19], the Euler formula is used for the discretization of an optimal control
problem corresponding to a viral marketing model and the obtained optimization problem was solved with different
optimization solvers.

In this work, we have proposed a linear optimal control model with free final time for maximizing the velocity of
arocket moving with a rectilinear motion from an initial position to a final one. In order to solve the obtained model,
we applied both analytical and numerical methods. The analytical solution is calculated using the Pontryagin
maximum principle, while the approximate solution of the problem is found using the shooting method and two
discretization techniques: the Cauchy discretization technique and the Euler discretization one. The obtained linear
programming problems are efficiently solved with an interior-point method implemented in Matlab.

This article is structured as follows. In Section 2, we build the mathematical optimal control model corresponding
to the problem of maximizing the velocity of a rocket which moves with a rectilinear motion. In Section 3, we fix
the value of the final time by solving an other problem called a minimal time optimal control problem. In Section
4, we solve the problem of maximizing the velocity of the rocket with four methods: the analytical method, the
shooting method and two techniques of discretization: the technique using the Cauchy formula and the one using
the Euler formula. Then, we compare the obtained results. Finally, we conclude our paper and give some future
works.

2. Problem modelling

Consider a rocket with mass m and velocity v(¢) at time ¢ € [0, 7], which moves from an initial height 1 (0) to a
final height A(T") with a rectilinear motion. Using the laws of physics for bodies with rectilinear motion [1, 2], we
obtain the following equation:

d*h T, (1)
Gy = _ T
dt? ®) m 9, t€ 0,7},

where h(t) and T, (t) represent respectively the travelled distance and the thrust of the rocket at time ¢ € [0, 7], g

. . . dh
is the gravitational acceleration. Let us put w(t) = T"T(t) and E(t) = v(t). Hence, we get
dh
—(t) = v(t
() =u(t),
; )]
v
—(t) =w(t) —g, t T].
) =w(t) - g, t € [0,7)
If the pilot does not apply any command on the rocket, then the thrust w(t) satisfies the following equation:
w(t) = aw(t), t € [0,T). )

where « > 0 is the inverse of the response time of the rocket motors to the pilot application. In order to control the
movement of the rocket, the pilot applies a force u(t), ¢t € [0, T]. The ordinary differential equation (2) becomes:

w(t) = afw(t) —u(t)], t € [0, 7). 3)
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The objective is therefore to maximize the velocity of the rocket which moves from the initial point 2(0) = hg, to
a given height h;. This leads us to solve the following optimal control problem:

Maximize J(u,T) = v(T),

4

al
h(0) = ho, v(0) = 0, w(0) = g,

0,
h(T) = ha, |u(t) |< 1, t€[0,T], T free.

This problem is written in the following matrix form:

Maximize J(u,T) = ¢/ z(T),
z(t) = Ax(t) + Bu(t) +r, %)
2(0) = 70, Qe(T) = hn, | u(t) |< 1, ¢ € (0,7, T free,

where

h(t) 0 01 0
z®) =1 vt |,=z0=[0],A=(0 0 1 |,
w(t) g 0 0 «
0 0
B = 0 , T = ) ’
—a 0
Q' = (1,0,0) and ¢ = (0,1,0).
The symbol *’” designates the transposition operation.
The Kalman matrix is given by:
0 0 -«
K = (B,AB, A’B) = 0 —a —a? |, det(K)=a*#0.
—a —a? —a?

The rank of matrix K is rank(K') = 3, so the system (5) is controllable [6].

Stat., Optim. Inf. Comput. Vol. 8, March 2020
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3. Minimal time problem

Similarly to [6, 18], we compute the value of the final time 7', which will be used in problem (4), by solving the
following minimal time problem:

T
Minimize J(u,T") :/ dt,
0

<.

—~
~+

~
I

w(t) =g, (6)
w(t) = afw(t) — u(t)],

h(0) = hg, v(0) =0, w(0) =g,

|u(t) |< 1, h(T) = hy, t €]0,T].

In order to solve Problem (6), we use the Pontryagin maximum principle. Let us denote by p(t) =
(pr(t), v (t), Pw(t)) the adjoint vector associated to the problem (6), whose Hamiltonian is given as follows:

H(t,x(t),p(t),p" u(t)) = pr(t)v(t) + po()w(t) — g]

. 0
+apy () [w(t) —u(®)] +p°.
Since we maximize the Hamiltonian, we set p° = —1 [6].
The adjoint vectors are the solutions of the system corresponding to the following Euler-Lagrange equations:
ph(t) = 07
Py (t) = —pn(t), ®)
pw(t) = _pv(t) - apw(t)7 te [OaT]'
From the system (8), we deduce that
DPh (t) = A17
pv(t) = *Alt + >\27
Lo t ©)
pw(t) = E(Oz Aze” M + alt — A — Oé)\g),
AMeER, i=1,2,3,
where .
pr(0) = A1, pu(0) = A2, pu(0) = g(*Al — adg + a®Ag), (10)
H(0,2(0),p(0), u(0)) = apw(0)[g — u(0)] — 1. (11)

The dynamical system is autonomous, so the Hamiltonian is constant for all ¢ € [0, T']. Therefore, we will have
H(0,2(0),p(0), u(0)) = H(T, (T), p(T), u(T)).- (12)
Since the final time 7" is free, according to the condition of transversality, we get:
H(T,z(T),p(T),u(T)) =0. 13)
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From relationships (12) and (13), we obtain

H(0,2(0),p(0), u(0)) = apw(0)[g — u(0)] =1 = 0.

So 1
w(0) = ——7 > 0. 14
The Hamiltonian’s maximum is given by:
H(Ea (0,900 (1) = max (1, 2(1).plt), u(0)

= pr(t)v(t) + po(t)[w(t) — g]
+ap,(tw(t) — 1

[=puw()u(t)].

+ a max
—1<u(t)<1

Hence, the control maximizing the Hamiltonian is:

u*(t) = —sign(py (t)). 5)

According to (14) and (15), we will have u*(0) = —1.

If we fix the response time of the motors at 0.7s, we find o = 1.42 and we use the following data to solve
our problem: hg = 0m, hy = 600m and g = 9.80665m.5~2. The goal is therefore to determine the minimum time,
optimum of the problem (6). By using the shooting method, we have obtained the results shown in Figure 1.

The shooting method is based on the Pontryagin Maximum Principle [6]. It consists in finding a zero of the
shooting function associated with the minimal time problem. It is a fast, high-precision method that does not
require assumptions about the control structure. The shooting method consists in three main steps [3, 18]:

e Step 1: Form a boundary value problem using the model equations and the adjoint vectors equations as well
as the transversality conditions.

e Step 2: Determine the shooting function.

e Step 3: Solve a system of nonlinear equations.

v(t)

Trajectory ht)

200 400 600

v(t)
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500
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Figure 1. Results of the minimal time problem
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From the graphs of Figure 1, we deduce that T},,;,, = 3.43s.

Knowing this minimal time, our final time should always be chosen slightly larger than 7,,,;, [18]. So, we choose

T=3,5s.

4. Solving the problem of the maximum velocity of a rocket

In this section, taking as final time, the time 7" found in the previous section, i.e., 7' = 3.5s. We first solve the
problem (4) analytically; then we proceed to the numerical resolution with three methods: shooting method, Cauchy

discretization method and Euler discretization method.

In order to solve the problem (4), we first apply the Pontryagin maximum principle. The Hamiltonian of the

problem (4) is given for ¢ € [0, 7] by:

H(t, x(t),p(t), u(t)) = pr(t)o(t) + po(t)[w(t) — g]
+apy (t)[w(t) — u(t)].

The adjoint vectors are solutions of the following system:

ph(t) 07
pv(t) = _ph(t)a
Pu(t) = —po(t) — apu(t), t € [0,T].

From the system (17), we deduce that

pr(t) = A1,
pv(t) = _)\1t + /\27
1

pu(t) = ﬁ(oﬁ)\ge*at + alit — A — adg),
NER, i=1,2,3,

where

1
ph(O) = >‘17 pv(o) = >\27 pw(o) = ?(_)\1 - CV)\Q + a2)\3).

The Hamiltonian’s maximum is given by:

H(t,z*(t),p*(t),u*(t)) = 42}%&1H(taw(t)m(t),U(t))
= pr(t)v(t) + po(t) [w(t) — g]
+apy, (t)w(t)
+a_lgﬁggﬂ—pwﬁﬁdﬂl

The control which maximizes the Hamiltonian is

u (1) = —sign(pu(1)).
The vector z(7T') must satisfy the constraint

hl — QISL'(T) = 0.

Stat., Optim. Inf. Comput.
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Since the final time 7T is fixed in problem (4), we get the following transversality conditions:

9g(=(T))  9(h — Q'=(T))

— D) = 5 oty "
dg(x(T)) = O(h1 —Q'z(T)),

- Y e 00
dg(x(T)) O(h1 —Qz(T)),

M=o T e Y

where g(z(T")) = —v(T") and b € R.
From which, we obtain the following boundary conditions:

pr(T) = =b, py(T) =1, pu,(T) = 0.

By using the boundary conditions (24) and the relationships (18), we get:

ph(t) = _ba

polt) = bt —T) +1,

Pult) = — (@ — b)(e=*@D — 1) — ab(t — T)),
te[0,7T)

4.1. Analytical solution

287

@n

(22)

(23)

(24)

(25)

Since the optimal control is equal to the opposite sign of the adjoint vector p,,(¢), then the commutation times are
given by the roots of the equation p,,(t) = 0. Since A is a matrix of order 3 and all its eigenvalues are real, the

problem has at most a commutation time t. < 7" [6].
In order to choose the optimal strategy, consider the following possible strategies:

e Strategy 1: u(t) =1, V¢t € [0,T];

e Strategy 2: u(t) = —1, Vt € [0,T];

e Strategy 3: u(t) = 1 fort € [0, t.[, then u(t) = —1 for ¢ € [t., T);
o Strategy 4: u(t) = —1 for ¢ € [0,¢.[, then u(t) = 1 for t € [t., T

Strategy 1:
We have, w(t) = aw(t) — 1], which implies:

w(t) = cre™ + 1,

v(t) = Le + (1 — g)t + ca,

>

(t) =
(t) = Ze* + @tQ + cot +c3, c1,c0,c3 € R.
Using the initial conditions, we obtain:
w(t) = (g —1)e'** +1,
v(t)=(9-1) (7ge"™ —t - 1v1z)
(

)= (g1
h(t) =(9—1) (1.4122 el 2 — %tQ - ﬁt - 1.i22) :

For t = T, we will have h(T") = 549.0243 < 600. Therefore Strategy 1 is not feasible.

Strategy 2:

Stat., Optim. Inf. Comput.

(26)
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We have w(t) = afw(t) + 1], which implies:
w(t) = dle"‘t -1,
v(t) = — (14 g)t + do,
h(t) = et — W42 4 dot 4 dy, dy,do,ds € R.
Using the initial conditions, we obtain:
w(t) = (g+ el +1,
v(t) = (g+1) (te"™ —t— 1),
(t) =

h(t (9+1)(14226142t_%t2_$t_1.i22)'

For t = T, we will have: h(T") = 673.7083 > 600, so Strategy 2 is not feasible.
Strategy 3:
The equations of the first set of trajectories, when u(t) = 1, ¢ € [0, ¢.], are:

w(t) = (g — 1)er42t + 1,

v(t) = (9= 1) (tpe"™ —t - 1m),
h(t) = (g—1) (tze"™ — 3% — Tt — 1132) -
The equations of the second set of trajectories, when u(t) = —1, ¢ € [t., T, are given by:

wlt) = Bue 2 41,
’U(t) = 16i2€1 A% _ (g + 1)t + 62,
h(t) = 1%2 el 42t — @ﬂ + Bot + B3, B1, 582,03 € R.

At the intersection point of the two sets, we obtain:

_ +1)
— (g —1) 4+ 9e 142t — 9, — (g
ﬂl (g ) + 2e ) 52 1.49 )
2 (9+1)
—t2 4t — .
Ps = —le+ T ple = o0

Let’s calculate ¢. such that h(7T") = 600m.
This last condition leads to the following equation:

142.86e 142t — 2 4 8.41t, — 69.15 = 0.

The numerical solution of this last equation is given by: ¢, = 0.557 s.
By replacing the values of 3; and /32 in the second equation of the system (31), we obtain

J(u,T) = v(T) = 940.8949 m.s~*

Strategy 4:
The equations of the first set of trajectories, when u(t) = —1, t € [0, ¢.[ are:

w(t) = (g + el — 1,

v(t) = (g+1) (7ge" ™ —t - vz)
( 1

h(t) =(g+1) (142261'4% - %t2 - ﬁt_ 1.i22)'

)=
)

Stat., Optim. Inf. Comput.
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(29)

(30)

€1V

(32)

(33)
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The equations of the second set of trajectories, when u(t) = 1, ¢ € [t., T, are:
w(t) = y1e* + 1,
() = Levt + (1= g)t + 72, (34)
() = B + U592 4 ot + 95, 71,792,753 € R.

<

>

At the intersection point of the two sets, we obtain:

-1)
_ 1) — 2142t — 9. _ (9
n=(g+1)—2e 2 te= T3
2 (g—1)
=2 - ¢ -
BT Tt T a2
So let’s calculate ¢. such that A(T") = 600m.
This last condition yields the following equation:
142.8555¢ 142 4 42 4 8.4085¢,. + 91.8798 = 0. (35)

The numerical solution of this last equation is given by: ¢, = 0.331 s.
According to the system (34), the objective value of the problem (4) is equal to:

J(u,T) = v(T) = 931.6531 m.s*

Note that the objective value given by Strategy 3 is higher than the one found by Strategy 4, which is of the
bang-bang type. The theoretical results are plotted in Figures 2 and 3.

s Control u(t) Trajectory p, (1)

ost

u(t)
°

os| |

15 L L L L L L L 35

Figure 2. t — u(t) and t — py (t)

We have therefore determined the optimal trajectory that maximizes v(7") and satisfies the boundary condition
h(T') = 600m, which is given by
1, te€]0,0.55];
ut(t) = (36)
-1, te€]0.55,3.5];

and
J(u*,T) = v*(T) = 940.8949 m.s !
Stat., Optim. Inf. Comput. Vol. 8, March 2020



290 OPTIMAL CONTROL OF A RECTILINEAR MOTION OF A ROCKET

Trajectory w(t) Trajectory v(t) X:35
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Figure 3. Optimal trajectories ¢t — h(t), t — v(t) and ¢t — w(t)

4.2. Numerical resolution by the shooting method

The Pontryagin maximum principle leads us to the following boundary value problem:

a1(t) = wa(t),

3(t) = 3(t) — g,

w3(t) = alws(t) + sign(ps(t))],

pi(t) =0,

po(t) = —pi(t),

p3(t) = —pa(t) — aps(t),

21(0) =0, 22(0) =0, 23(0) = g,

P1(0) = Atsp2(0) = Da.pa(0) = (0% = Ar — aa),
x1(T) = 600, z2(T) : free, x3(T) : free,

pi(T) = =b, p2(T) =1, p3(T) =0,

where

and
p(t) = (pi(t), 7 =1...3) = (pr(t), pu (1), Pu(t)).

We construct the following shooting function:

G: RS — RS
(p(0),p(T)) = G(p(0),p(T)),

(37

(38)

Stat., Optim. Inf. Comput. Vol. 8, March 2020
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with
p1(0) — Ay
11’2( ) — A2
Gp0),p(T) = | PO a0~ A mads)
p1(T)+b
po(T) — 1
p3(T) =0
Hence, the problem (37) is equivalent to the following problem:
w1(t) = w(t),
wa(t) = z3(t) — g,
w3(t) = afrs(t) + sign(ps (1)),
pi(t) =
po(t) = —pr (), (39)
ps(t) = —pa(t) — aps(t),
21(0) =0, 22(0) =0, z3(0) =g,
21(T) = hy, zo(T) : free, z3(T) : free,
G(p(0), p(T)) = 0.

We determine the numerical solution of the nonlinear system G(p(0),p(T)) =0 using Newton method. By
implementing this method with Matlab, we find the results plotted in Figure 4.

These results show that the commutation time is ¢, = 0.557s, the maximum velocity is v*(T') = 940.8949 m.s~!
The execution time of the shooting method is ¢ = 1.9781s. Let us remark that the shooting method have found the
same results as those of the analytical method in a short CPU time. This shows that the shooting method is fast and
gives accurate results for the studied problem.

4.3. Numerical resolution by the Cauchy discretization method

For a number of discretization subintervals /N chosen in advance, the discretization step is § = N

The solution of the dynamical system of the problem (4) is given by:

t
z(t) = F(t)zo + / F(t)(F(s)) ' [Bu(s) + r(s)]ds,t € [0,T], (40)
0
where F'(t) is the resolvent, which is the solution of the following system:
F(t) = AF(t), F(0) = I, t € [0,T].
Using this last solution, the initial problem (4) takes the following form:
) T T
max J(u(t)) = ¢ F(T)xo + / P(t)dt + / C(t)u(t)dt,
u(®) 0 0
| et =3.
0
—1 <u(t)<1,te[0,T],

(41

Stat., Optim. Inf. Comput. Vol. 8, March 2020
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Figure 4. Numerical results of the shooting method
where

C(t) = ¢ F(T)F() B, ¢(t) = Q F(T)F(t)™'B,
Y(t) = ¢ F(T)F(t) " r,

T
G=h1 —Q F(T)zy — / Q F(T)F(t) rdt.
0
Let 77 = 7j41 = 7; + 0, so we have ,
[0,T] = Ué\’:—ll [, 7 [U[rw, 7).
We compute the numbers C; and X; as follows:

C; = / O(t)dt,

J

X; = / (1)t v = / i,

J

g, =hi - Q F(T)xo —/ Q F(T)F(t)"‘rdt, j=1,...,N.

Hence, we obtain the following linear programming problem:

N
max J(u) = > Cju;,
u j=1
(42)

N
>, Xju; =7,
j=1

—1<u;<1,j=1,...,N.

We have solved this linear program for different values of N with the interior-point method implemented in
MATLAB2009b executed with a PC having a Core i5 microprocessor, 2.40Ghz and a RAM of 6 GO. The execution

Stat., Optim. Inf. Comput. Vol. 8, March 2020
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Table 1. Numerical simulation results for the Cauchy discretization method

N v(T) Nit | Ti(s) Ta(s) | T(s)

10 940.7414 | 6 5.9679 0.2645 | 6.2342
50 940.8939 | 8 21.1047 0.2557 | 21.3604
100 | 940.8944 | 8 41.5202 0.2535 | 41.7788
150 | 940.8946 | 8 61.7943 0.2584 | 62.0527
200 | 940.8947 | 8 78.0943 0.2656 | 78.3599
500 | 940.8948 | 8 228.3542 | 0.2671 | 228.6218
800 | 940.8948 | 9 421.2051 | 0.2825 | 421.4875
900 | 940.8949 | 9 505.9931 | 0.3897 | 506.3828
1000 | 940.8949 | 9 544.6023 | 0.4181 | 545.0209
2000 | 940.8949 | 10 | 1584.1246 | 0.2918 | 1584.4317

time of the Cauchy discretization algorithm 77, the number of iterations Nit and the execution time 75 of the
interior-point solver, the total execution time T' = T3 + T», as well as the maximum speed at the final time v(7")
for different values of N, are presented in Table 1.

Let us remark that the Cauchy discretization technique have found the optimal solution computed analytically
with 2 accurate decimals in 21.36s and with 4 accurate decimals in 506.38s. This shows that this method can give
accurate results but in a large amount of time.

4.4. Numerical resolution by the Euler discretization method

For a number of subintervals /V chosen in advance, we will have the step of discretization § = % and the following
times:
O=to<ti < ---<tn_1<ty=T.

The application of the Euler discretization scheme for solving boundary value problems gives us the following
linear programming problem:

Maximize J(u, T) = v(T),
h(tiy1) = h(t;) + Ov(t;), i=0,1,...,N,
v(tir1) = v(t;) + Olw(t;) — gl, i=0,1,...,N, (43)
w(tiy1) = w(t;) + ablw(t;) —u(t;)], i=0,1,..., N,
h(0) = 0,0(0) = 0,w(0) = g, h(tx) = 600.

We also solved the linear program (43) with the MATLAB2009b’s interior-point solver. The obtained results
(execution time of the interior-point method 7', number of iterations Nit and the maximum speed v(7")) are
presented in Table 2.

From Table 2, we can remark that the Euler discretization method is very fast, however even with a large
discretization step, it can not reach the desired accuracy.

4.5. Numerical comparison

The optimal speeds found by the four methods are almost similar, however the execution times of these methods
are quite different. Note that the shooting method gave an optimal speed with a great accuracy and required a very
short execution time (1.97 s). For N = 900, the Cauchy’s discretization method gave the maximum velocity with
an accuracy of 4 decimals with an execution time of 506.38 s, while the Euler discretization method gave for V =
3000 an optimal speed with an error equal to 0.34 and an execution time of 1.55 s. This shows that:

Stat., Optim. Inf. Comput. Vol. 8, March 2020



294 OPTIMAL CONTROL OF A RECTILINEAR MOTION OF A ROCKET

Table 2. Numerical simulation results for the Euler discretization method

N v(T) Nit | T(s)

200 | 943.7800 | 12 | 0.0092
500 | 942.2125 | 12 | 0.0464
800 | 941.7509 | 11 | 0.1007
1200 | 941.4787 | 11 | 0.1726
2000 | 941.2552 | 31 | 1.6544
3000 | 941.1352 | 25 | 1.5569
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Figure 5. Numerical comparison of the different numerical methods

e The shooting method is highly accurate and fast.
e The Cauchy discretization method is highly accurate but it is slow.
e The Euler discretization method is very fast but less accurate than the other methods.

5. Conclusion

In this work, we have solved a practical problem arising in the aerospace field by formulating it as a linear optimal
control problem. For the theoretical resolution, the principle of Pontryagin maximum has been used which gives
a necessary condition of optimality. Numerically, the considered problem is solved with the shooting method and
two techniques of discretization (technique using the Cauchy formula and the one using the Euler formula). The
obtained optimal solutions are almost similar, but a large difference in the execution time of the three numerical
methods has been observed. In the future, we will introduce a new parameter (heel angle) and other constraints,
and then we will model the motion of the rocket as a nonlinear optimal control problem.

REFERENCES

1. 1. Awerjcewicz, Modeling, Simulation and Control of Nonlinear Engineering Dynamical Systems, State-of-the-Art, Presperctives
and Applications, Heidelberg, Germany: Springer, 2008.

2. L.D. Duncan, Basic considerations in the development of an unguided rocket trajectory simulation model, Technical report N
5076, Atmospheric Sciences Laboratory, United States Army Electronics Command, 1966.

3. K. Louadj, P. Spiteri, F. Demim, M. Aidene, A. Nemra, and F. Messine, Application Optimal Control for a Problem Aircraft Flight,
SIAM Journal on Imaging Sciences, vol. 11, no. 1, pp. 156-164, 2018.

Stat., Optim. Inf. Comput. Vol. 8, March 2020



M. ALIANE, N. MOUSSOUNI AND M. BENTOBACHE 295

N. Moussouni, and M. Aidene, An Algorithm for Optimization of Cereal Output, Acta Applicandae Mathematicae, vol. 11, no. 9,
pp- 113-127, 2011.

N. Moussouni, and M. Aidene, Optimization of cereal output in presence of locusts, An International Journal of Optimization and
Control: Theories & Applications, vol. 6, no. 1, pp. 1-10, 2016.

E. Trélat, Optimal control: theory and applications, Paris: Vuibert, Concrete mathematics collection, 2005 (in french).

S. Rosa, and D.EM. Torres, Parameter Estimation, Sensitivity Analysis and Optimal Control of a Periodic Epidemic Model with
Application to HRSV in Florida, Statistics, Optimization & Information Computing, vol. 6, no. 1, pp. 139-149, 2018.

. J.Zhu, and R. Zeng, A mathematical formulation for optimal control of air pollution, Science in China, vol. 46, no. 10, pp. 994-1002,

2003.

P. Howlett, The Optimal Control of a Train, Annals of Operations Research, vol. 98, pp. 65-87, 2000.

R. Denysiuk, H.S. Rodrigues, M.T.T. Monteiro, L. Costa, 1. EspiritoSanto and D.EM. Torres, Multiobjective approach to optimal
control for a dengue transmission model, Statistics, Optimization & Information Computing, vol. 3, no. 3, pp. 206-220, 2015.

R. Vinter, Optimal control. Foundations and Applications, Boston, MA: Birkhauser Boston, Inc, 2000.

L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, and E.F. Mishchenko, The mathematical theory of optimal processes, New
York: Intersciences Publisher, 1962.

. R.R. Garrett, Numerical Methodes For Solving Optimal Control Problems, Master Thesis, University of Tennessee, Knoxville, 2015.

H.B. Keller, Numerical Solution of Two Point Boundary Value Problems, SIAM, 1976.

R. Gabasov, EM. Kirillova, and S.V. Prischepova, Optimal feedback control, London, Springer-Verlag, 1995.

M.A. Zaitri, M.O. Bibi, and M. Bentobache, A hybrid direction algorithme for solving optimal control problems, Cogent
Mathematics & Statistics, vol. 6, pp. 1-12, 2019.

M.O. Bibi, and M. Bentobache, A hybrid direction algorithm for solving linear programs, International Journal of Computer
Mathematics, vol. 92, no. 1, pp. 201-216, 2015.

0. Oukacha, Direct method for the optimization of optimal control problems, PhD. Dissertation, University of Tizi-Ouzou, Algeria,
2016 (in french).

J.N.C. Gongalves, H.S. Rodrigues, and M.T.T. Monteiro, On the dynamics of a viral marketing model with optimal control using
indirect and direct methods, Statistics, Optimization & Information Computing, vol. 6, pp. 633-644, 2018.

Stat., Optim. Inf. Comput. Vol. 8, March 2020



