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Abstract In this paper some recurrence relations satisfied by single and product moments of progressively Type-II right
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developed here.
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1. Introduction

The scheme of progressive Type-II censoring is of importance in reliability and life-testing experiments. It allows
the experimenter to remove units from a life test at various stages during the experiment which may lead to a
saving of costs and of time (see Cohen [12] and Sen [29]). In such a random experiment, a group of n independent
and identical experimental units is put on a life test at time zero with continuous, identically distributed failure
times X1, X2, ..., X,,. After the j* failure, a prespecified number R; > 0 of the n — j — >/} R; remaining (or
surviving) units are randomly withdrawn from the experiment, 1 < 57 < m,m < n, Ry = 0. Removed units thus
become right censored at the time of failure of other units. This progressive censoring leads to m ordered observed
failure times denoted by Xl(f;:’f?"”ﬂm), Xéﬁfbjfz’”'ﬂm), o X e o) and these are called progressively
Type-II right censored order statistics of size m from a sample of size n with progressive censoring scheme
(R1, Ra, ..., Ry,). Thus, in this type of sampling, m failures are observed,Z;ﬁ:1 R; units are progressively censored
andn =m+ Z;nzl R; denotes the number of units in the life test. The withdrawal of units may be seen as a model
describing drop-outs of units due to failures which have causes other than the specific one under study. In this sense,
progressive censoring schemes are applied in clinical trials as well. Here, the drop-outs of patients may be caused
by migration, lack of interest or by personal or ethical decisions, and they are regarded as random withdrawals. For
a detailed discussion of progressive censoring and the relevant developments in this area, one may refer to Sen [29]
and Balakrishnan and Aggarwala [4].

The situation with no censoring corresponds to the special case withm = nand Ry = Re = ... = R,,, = 0, whereas
the situation with ordinary Type-II right censoring at a given order statistic corresponds to the special case with
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m<n R =Ry=..=R,_1=0and R,, =n —m.
If the failure times of the n items originally on test are from a continuous population with c.d.f. F(x) and p.d.f.
f(x), then the joint p.d.f. of X(Rl’R2""’R’“'), X(Rl’RQ"”’R’"), s X (R Bon) o given by (cf. Balakrishnan and

1im:n 2:m:n
Sandhu [11] and Saran and Pushkarna [27])

m

fXI:'m.:na~-~7X7n:7n:n('r17x?? '-'>$m) = A(n’m - 1) Hf(wl)[l - F(xi)]Ri> 0<r <z < ... <y < 00, (])
=1

where A(?’L, m — 1) = n(n — Ry — 1)(71 — Ry — Ry — 2)(n —Ri—Ry—...— Rjp_1—m+ 1).

Here, note that all the factors in A(n, m — 1) are positive integers. Also it may be observed that the different factors
in A(n, m — 1) represent the number of units still on test immediately preceding the first, second, ..., m*" observed
failures, respectively. Similarly, for convenience in notation, let us define

Alp,g) =plp—Ri —1)(p—R1 — Ry —2)...(p — R — Ry — ... — Ry — q),

forq =0,1,...,p — 1, with all the factors being positive integers.

Progressive censoring and associated inferential procedures have been extensively studied in the literature for
a number of distributions by several authors. Cohen ([12], [13], [14], [15] and [16]), Mann ([21], [22]), Cohen
and Whitten [17], Viveros and Balakrishnan [30], Balakrishnan and Sandhu [11], Aggarwala and Balakrishnan
[1] and Balakrishnan and Aggarwala [4] have derived recurrence relations for single and product moments of
progressively Type-II right censored order statistics from exponential, Pareto and power function distributions and
their truncated forms.

Saran and Pande [26], Saran and Pushkarna ([27], [28]), Saran et al. [25] and Pushkarna et al. [24] have derived
recurrence relations for single and product moments of the corresponding progressively Type-II right censored
order statistics from half logistic, Burr, left truncated logistic, Frechet and a general class of doubly truncated
continuous distributions.

Mahmoud et al. [20] derived some new recurrence relations for single and product moments of progressively
Type-II right censored order statistics from the linear exponential distribution and also obtained maximum
likelihood estimators (MLEs) of the location and scale parameters. Balakrishnan et al. [5] and Balakrishnan
and Saleh ([7], [8], [9], [10]) have established several recurrence relations for single and product moments of
progressively Type-II right censored order statistics from logistic, half-logistic, log-logistic, generalized half
logistic and generalized logistic distributions and utilized them to derive the best linear unbiased estimators of the
location and scale parameters.

In this paper, we derive some recurrence relations satisfied by the single and product moments of progressively
Type-II right censored order statistics from Hjorth distribution. These relations enable the recursive computation of
moments for all sample sizes and all possible progressive censoring schemes. They generalize the corresponding
results for exponential distribution due to Aggarwala and Balakrishnan [1]. Then we use these results to
compute the means, variances and covariances of progressively Type-II right censored order statistics for
some specific values of the parameters, which will be utilized to derive the best linear unbiased estimators
(BLUES) of location and scale parameters of the location-scale Hjorth distribution as well as their variances and
covariances. Tables of these quantities are presented for different sample sizes up to n = 8 and some selected
progressive censoring schemes, corresponding to particular values of the parameters. Further, for the special case
Ry = Ry = ... = R,, = 0, the derived results would reduce to the general recurrence relations for the usual order
statistics from the Hjorth distribution. Also, we briefly discuss the best linear unbiased predictors (BLUPs) of the
censored failure times by making use of the results developed on the BLUEs. Finally, one numerical example on
real data is presented to illustrate all the methods of inference developed here.

2. Hjorth distribution

Hjorth distribution is a reliability distribution with increasing, decreasing, constant and bathtub shaped failure rates
as its special cases. This distribution is also known as IDB distribution (cf. Hjorth [19]). Its p.d.f. f(x), c.d.f. F(x)
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(a) p.d.f. of H]OI'th distribution (b) c.d.f. of H]OI'th distribution

Figure 2.1

and characterizing differential equation, respectively, are given by:

[(1+ Bz)oz + 0)e= 5

- k , >0, 8,0,0>0, 2
fo) = R 020, 8 @)
75a:2/2
Fla)=1- ——, 3)
(1+ Bx)?

(1+ Bz)f(x) = [(1+ Sz)dx + 0](1 — F(x)). )

The failure rate of this distribution is readily seen to be

0

z(t) = ot + 1550 ®)

Special cases of the Hjorth distribution are:

# = 0 : the Rayleigh distribution (a Weibull distribution),
0 = 8 = 0 : the exponential distribution (a Weibull distribution),
0 = 0 : decreasing failure rate,
& > 07 : increasing failure rate,
0 < § < 60 : bathtub curve.
More details on this distribution can be found in Hjorth [19]. The graphs of the p.d.f. and c.d.f. of Hjorth
distribution as given in (2) and (3) for 5 =2, § = 3 and for different values of § = 4.0, 2.5, 1.0 and 0.50 are

shown in Figures 2.1(a) and 2.1(b), respectively.
The c.d.f. of the location-scale parameter Hjorth distribution is given by

3_6(%)2/2
F(x)zl——ﬁ7$2u7u207ﬁ7(57070>0. (6)
(145 (554))"

3. Recurrence relations for single moments

In this section, we shall establish several recurrence relations for single moments of progressively Type-II right
censored order statistics from Hjorth distribution satisfying the characterizing differential equation (4). Using (1),
we have

(R1:Ra e Rin) ) — g x(R1 Ra,ee., Rin)

/’[’rmn Tim:mn

nmfl/ / / /kaxt 1 - F xt)}th:vt 7

0<z1 <x2<... <Ly <O
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Theorem 1
For k > 0,
0) (k+3) k+3 0) (k) 0 0) (k+1) ) 0) (k+2)
/"Lglill = W /u’g:i:l + (6 - m)ugil - m“gzizl . (8)
Proof
From (7), forn = m = r = 1, we obtain
(k) (k+1)
W0 0, Ay [t s o,
1
using (4), we have
(k) (k+1)
pa B, = / 21¥ (621 + B2} + 0)(1 — F(x1))da:
1

= (5/ $1k+1(1 — F(l’l))dl‘l

z

+ (Sﬁ/ $1k+2(1 — F(ml))dxl

+0/ .Ilk(l—F(Il))ddfl.

Integrating by parts all integrals on the R.H.S. of the above equation by taking (1 — F'(x;)) for differentiation and
the rest of the integrand for integration, and then after some simplification, it leads to the required result (8).

]
Theorem 2
Forn>2and k > 0,
N(n_l)(kJrS) _ k+3 l (n—1)(k) é B 0 (n—1)(k+1) 1) M(n_1)(k+2) )
1:1:n (Sﬂ n 1:1:n n k < 1 1:1:n k + 2 1:1:n .
Proof
Proceeding in a similar manner as in Theorem 1, we can easily establish the relation (9). O
Theorem 3
For2<m<n-1, k> 0and R; > 0,
Ri,Ro,...,Rm)(F) Ri,Ra,....Rm) k1) (n—Ri—1) (Ri+Ro+1,Rs,...,Rp)k+1D)
P Bl =0 [Muﬁm pett)
(R1+1) (Ri,Rov,Ro) (D]
k ¥+ 1 lulzm:n ]
(n—R1—1) (Ri+Rs+1.Rs....,Rp) K +2)
+6 |: k i 2 :ug:;z—lfn e )
(B1+1) (Ry,Rap,R) (5F2)]
+ k + 2 u’l:m:n ]
n—Ry —1 ) (k+3)
+ (Sﬂ |:( k +13 )Mglfrllt?i+17Rs ..... Rm)
1 k+3
(R1+1) (Ry,Ray....Rpn) (B +3) (10)

k+3 Hi:m:n
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The relation in (10) may be proved by following exactly the same steps as those used in proving Theorem 4, which

is presented next.

Theorem 4
For2<r<n-1, m<mn, k>0and R, > 0,

/'l/T':TTLITL rim:mn

k + 1 Hpim—1:n

B (Tl —S,_1—r+ 1) (R1,R2 ....,RT—2,Rr—1+RT+11RT‘+17"'7Rm)(k+1)

k'+ 1 My —1:m—1:n
i (R + 1)M(Rl,Rg,...,RT,...,Rm)(’““1)
E+1 Timin

+6 [(n —Sr — T) M(Rl)R27--*7R7‘717R7‘+R7‘+1+17R7‘+27-“7R7n)(k+2)
k 49 rim—1:n

(TL —Sr—1—71+ 1) (Rl7R27~--7R7‘—27R7‘—1+R7‘+17R7‘+17"-7Rm,)(k+2)

k +2 Py —1:m—1:n
" (Br + 1) (Ry R R Ry (BH2)
k+2 rimin

(n =S¢ —7) (Ri,Ra,...Ret Ryg1+1,RrparRyy) FH3)
5 .1, 2', y iy r+1 1 Mg o, fom
+ 5|: k—|—3 Hrim—1:n

_(n=5—1—r+1) (RiRer...Rr1,Rr2,Rr 1+ Rot 1R Ry) FH3)

k +3 Hr—1:m—1:n
(B +1) Ry Ravoo By Ry ) (B+3)
+ k+3 Hromin ’

where S; = Ri+ Ro+ ... + R;, 1 <i<m.

Proof
Using (7) and (4), we have

(k) (k+1)
pifaBene R )50y gy (R Ry Rom)

— A1) [ [+ Hor e [ 11— )™ frde,

0<21 <22 <. KTy 1 <Tprp1 oo KTy, <O u=luzr

where

I(xr—lﬂxr+1) - /;ET+1 ‘Tﬁf(l + 533?”)[1 - F(xr)]er(xr)dxr-

Tr—1

(Ru,Ra e Rn) B B Ry Rp)EHD _ [(n =8¢ =T) (Ri,RarsRo 1, Rot Ry 1+1, Ryg,onn Rn) (KF1)

O

an

12)

13)
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Using the characterizing differential equation (4), we have

Tyl
@y 1, 2r41) = / 2k 0z, + 0B22 + 0)[1 — F(x,)) " dz,

Tr—1
Tr41

Tyg1
:6/ e* 1 — F(z,)) B da, —1—66/ 2F 21— F(x,)) B da,

Tr—1

Tr41
+ 9/ of[1 - F(z,)) " da,

Ty

=011 (Tr—1,Try1) + 0B Lo (wr -1, Trg1) + OLo(Tr—1, T y1), (14)
where
Tyrt1
I(p1,Tri1) :/ kel — Pz e, a=0, 1, 2.
Tr—1
Integration by parts yields,
k+a+1 — R k+a+l
I, I n-F L o H[1-F (— Tr
(@) == Pl = [ D1 = Pl (- o) o d
1 a . a .
= e [ - Pl = e Pl
+(R-+1) /[1 — F(IT)]RTxk_‘_a_,_lf(:z:r)dzr} . (15)

Upon substituting for Io(x,—1,%r41), I1(xr—1,2r41) and Io(x,_1,z,41) from equation (15) in (14) and then

substituting the resultant expression for I(x,_1,x,11) in (12) and simplifying, it leads to Theorem 4. O
Next, we state another result on single moments which can easily be established on similar lines.
Theorem 5
For2<m<n, k>0and R,, > 0,
k+1 n—Sm_1—m-+1 R _ (k+1)
piREr ™) g g R D g | . el el
k+1
n (B +1) (R, Ro.....Rp) (BHD)
k + 1 m:im:n
(n=Sm—1—=m~+1) (Ri,Ro,...Ron—2,Ron_1+Rpm+1)F+2)
6 _ 17‘27 7. m—2,m—1 m
+ { k42 HEm—1:m—1n
+ (Rm + 1)N(RI7BZ7-";R'r7L)(k+2)
(= Sm-1—m~+1) (R ,Ro,...Rin—2,Ron—1+Rm+1)E+3)
6 _ 17'27 1. m—2,1tm—1 m
+ /3 [ kT‘F 3 HEm—1:m—1:n
R, +1 k+3
_|_(km+3) %2;”1% ,,,,, Ron, )(+)} (16)

Remark 1. It may be mentioned that if R; = Ry = ... = Ri_; = 0, i.e. there is no censoring before the time of
the k" failure, then the first k progressively Type-II right censored order statistics are simply the first k usual
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order statistics. Thus, for the special case Ry = Ry = ... = R,;, = 0, so that m = n in which case the progressively
censored order statistics become the usual order statistics X1.,,, Xo.p,, ..., X,,.n, the recurrence relations established
in Section 3 would reduce to the corresponding recurrence relations for the single moments of usual order statistics
from the Hjorth distribution satisfying the characterizing differential equation (4).

Remark 2. Setting 6 = =0 and § =1, we observe that (4) reduces to f(x)=1— F(z), which is the
characterizing differential equation for the exp(1) distribution with p.d.f. f(z) =e™*, = > 0, the recurrence
relations in Section 3 will reduce to and verify the corresponding recurrence relations established by Aggarwala
and Balakrishnan [1] for the progressively Type-II right censored order statistics from exponential distribution.

It may be mentioned that one can derive similar recurrence relations for progressively Type-II right censored order
statistics by taking different values of parameters as special cases of Hjorth distribution as given in Section 2.

4. Recurrence relations for product moments

Using (1) we can write the product moments of progressively Type-II right censored order statistics as follows:

(Ri R Ry)F102) |:{X(R1,R2 ..... Rm)}kl {X(Rl.,RQ ..... Rm)}k2:|

:u'r,s:'rn:n rim:n sm:n

= A(n,m — 1)/ // /x’flx? tf:[l flx)[1 = F(x,)]) R day, amn

0<z1<x2<...<Tpm <00

where 1 <r <s<m<nandky, ko >0.

In this Section, we shall derive various recurrence relations for the product moments of progressively Type-II
right censored order statistics from Hjorth distribution with p.d.f. f(x) and c.d.f. F(x) satisfying the characterizing
differential equation (4).

Theorem 6
For2<s<m<n-— Ry, k,t >0and R; > 0,
o Ry) (B0t L\ Ra,.... Ry (BHLE) 0 . Ry, (L)
(0 g gm0 8y e e

Ry,Ra,....Ry) (FTLO)
+ (Rl + 1):“’5,31:m:2n )

5 Ri+R2+1,R3,Ra,..., Ry ) (FH2:1)
T2 {W = Ry — DSt e e fon)
(k+2,t)
+ (B o+ Dty
o Ri+Ro+1,Rs,Ra,..., Ry ) (FT3:0)
+ 5+3 |:(n - Ry — l)Mg,slflmifl:ns 4y Rom)
(k+3,t)]
+ (R + 1),15{2{;52-4.,37”) . as)

Proof
The relation in (18) may be proved by following exactly the same steps as those used in proving Theorem 7. [

Theorem 7
For2<r<s<m<n, k,t>0and R, >0,
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k,t) (k+1,t)
(R1,Ra,...,Rom) (F> (R1,Ra,...,Rpm) (K1,
,ur,s:m:n + /B,ur,s:m:n

__9 S (R1,RayecsRo—1, Ryt Ry 141, Ry, Ry ) (BT LE)
- (k + ]_) (n —Pr r)iu’r,s—lzm—lzn

k41,8)
(R1,Ra,.;Rr_2, B 14+ Rot1,Rpp1,en, R ) BHL
- (TL —S_1 -1+ l)ﬂr—l,s—l:m—lzn

+ (R, +1) (R17R2’~~,Rr,.”,Rm)(k+17t):|

My s:m:n,

1 (k+2,t)
+ (k — 2) |:(n -5, - T)Ms'ﬁl;i%;a%;717Rr+RT+1+17RT+27.“7Rm)

k+2,t)
(Ri,RasecsRr—2,Rr— 1+ Bpt 1, Ry 10y R ) B2
- (n - ST'—1 -7+ 1)//«,«_117531;7”_71:121 o ' i "

k+2,
+ (R’r + 1) (RlvR2 ----- Rrv---va)( i t):|

uT',S:’H’LI’I’L

op (R1,Ra,..;Rr1,Rrt Ry 141, R, Ry, (k+3,1)
_ ST _ 1 ‘27”'; '1 1,40y r+1 s Al 42y Il
+ (k—|—3) |:(’I’L T)Mr,sfl‘mfl‘n
(k+3,t)
_ (n S, -7+ 1)u5§1117§37i;;;1]2i"i27RT71+R7‘+17R7‘+17'-'7R77‘L)
+ (R + 1)u5§?;f%""’R’ """ ’RM)(HB’”} 19)
Proof
From (17), let us consider for2 <r <s<m <mn, k,t > 0and R, > 0,
pl B B) B0 gy (R R B (L0
= A(n,m — 1)/ // eIz, 20010) H f(zo)[1 = F(zy)])Bdx,, (20)

0<z1<x2<..<Tp_1 <Tpp1< 0Ly <OO u=Lluzr

where I(x,_1,2,+1) is the same as given in equation (13), or equivalently, in equations (14) and (15). Now
upon using (15) in (14) and then putting the value of I(x,_1,2,4+1), so obtained, into the equation (20) and then
simplifying, it leads to (19). O
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Theorem 8
Forl1<r<s<m<mn, k,t >0and R; > 0,
Ry (R R, (Rt 0 Ri,Ra,...;Rs 1, Rs+Roy141,Ropa,..., R,,) kst +1)
pl TR B )0 g (Bt s ) RECES) {( — 8y — s)ull e #1 L Retz, o Ri)
(k,t+1)
—(n—Ss1—s+ 1)%’1?;11%%:11?;72,Rsfl+Rs+1,Rs+1,...,Rm)
k,t+1
+ (Ry + Dl e R )}
5 (k,t+2)
T L
kyt+2
—(n—Se_1—s+ 1)ﬂ£§1_711?:2my-:11:?;—27Rs_1+Rs+1,R5+1 ..... R )
k,t+2
o (Ry + D)2ttt 02
op (R1,Rz,....Rs+Rop1+1,R Ry (Fst43)
+ (n—Sg—s)u, .\ _2’1’ stRst1+1,Rsq2,.. s Rim
(t + 3) |: T,8:m m
k,t+3
Sy s D e (150
k,t+3
+ (Ra+ DTyl )} : @1)
Proof
The relation in (21) may be proved by following the similar steps as those used in proving (19). O

Next, we state another result on product moments which can easily be established on similar lines.

Theorem 9
Forl1<r<m<mn, k, t>0and R, >0,

(R1,Ra,..., Rm)(k7t)+ﬁu(R1,R2 ..... Ry (Fst+1)

r,mim:n T,mimin
0 Ri,Ra,ec,Rm—2,Ron—1+Rm+1) (Bt +1)
= 1y | Smm —m D B
+ (Rm + 1)M(Pflvl_>”2,--~7Rm)(k’t+1):|
5 | Ri,Ro,e.,Rom—2,Ron14 Ry +1) (Bt +2)
+ (R + 1)u<31»52’~-me)W“)}
6B [ Ri,R2,....,Rm—2,Rpm—1+Rpm+1 (k,t+3)
+ (t+3) _(n_sm—l _m+1)’u7(n—1:’rfl—1:n 2 ) )
(k,t+3)
(R + gyl ) B 22)
Remark 3. For the special case Ry = Ry = ... = R,;, = 0, the recurrence relations established in Section 4 reduce

to the corresponding recurrence relations for the product moments of usual order statistics from the Hjorth
distribution satisfying the characterizing differential equation (4).

Remark 4. Setting 6 =5 =0 and 6§ =1, we observe that (4) reduces to f(x)=1— F(z), which is the
characterizing differential equation for exp(1) distribution with p.d.f. f(z) = e~, = > 0, the recurrence relations

in Section 4 will reduce to and verify the corresponding recurrence relations established by Aggarwala and
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Balakrishnan [1] for the product moments of progressively Type-II right censored order statistics from exponential
distribution.

It may be mentioned that one can derive similar recurrence relations for product moments of progressively Type-1I
right censored order statistics by taking different values of parameters as special cases of Hjorth distribution as
given in Section 2.

5. Numerical Results

The recurrence relations obtained in the preceding Sections 3 and 4 allow us to evaluate the means, variances
and covariances of progressively Type-II right censored order statistics from Hjorth distribution for all sample
sizes ’'n’ and all censoring schemes (Ry, Ra, ..., R,), m < n. These quantities can be used for various
inferential purposes; for example, they are useful in determining BLUESs of location/scale parameters and BLUPs
of censored failure times. In this section, we compute means, variances and covariances of the progressively
Type-II right censored order statistics from Hjorth distribution for some specific values of parameters, viz.
B =2, § =3, 8 =4 for sample sizes up to 8 and for different choices of m and progressive censoring schemes
(Ry, R, ..., Ry,), m < n. These values are presented in the following Tables 1 and 2.

Table 1. First four single moments of progressively Type-II right censored order statistics from Hjorth distribution

S.No. m n (Ry,...Rn) M&%;ﬁ%‘-”’%m)(k), r=1,2,...,mandk =1

1 2 4 1 0.066369 0.206697

2 2 5 1,2 0.052615  0.145046

3 25 2,1 0.052615  0.192479

4 25 0,3 0.052615 0.121387

5 25 3,0 0.052615  0.330690

6 2 6 2,2 0.043547  0.135628

7 2 7 3,2 0.037129  0.128931

8 3 4 0,0, 1 0.066369 0.159242  0.301608

9 3 5 0,0,2 0.052615 0.121387  0.216024

0 3 5 0,1,1 0.052615 0.121387  0.263571

11 3 5 2,0,0 0.052615 0.192479  0.468901

2 3 6 L1,1 0.043547 0.112015  0.254038

13 3 6 1,2,0 0.043547 0.112014  0.391169

4 3 6 1,0,2 0.043547 0.112014  0.206469

15 3 7 0,2,2 0.037129  0.082054  0.175809

16 3 7 1,2,1 0.037129  0.091330  0.232938

17 4 5 0,001 005615 0.121387 0.216024 0.358664

18 4 5 1,0,0,0 0.052615 0.145046 0.287344  0.559680

19 4 6 1,0,1,0 0.043547 0.112015 0.206469  0.483520

20 4 7  1,2,0,0 0037129 0.091330 0.232938  0.508229

21 4 8 1,1,2,0  0.032352 0.077131 0.146898  0.426065

22 4 8 1,3,0,0 0032352 0077131 0218325 0.494222

23 4 8 2,0,0,2 0032352 0.086387 0.156387 0.251806

24 5 6 +4, 0.043547 0.097956  0.168248  0.263799  0.406097

25 5 8  1%#3,0%2 0032352 0.077131 0.146898 0.289752 0.562379
S.No. m n (Ri,...Rn) p(RyReRe)® o and k= 2

] 2 4 W 0.009192  0.067926

2 2 5 1,2 0.005760  0.033252

3 25 2,1 0.005760  0.060425
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4 5 0,3 0.005760 0.022921
5 5 3,0 0.005760 0.184343
6 6 2,2 0.003933  0.029581
7 7 3,2 0.002850 0.027187
8 4 0,0, 1 0.009192 0.039451 0.124874
9 5 0,0,2 0.005760 0.022921  0.064248
10 5 0,1,1 0.005760 0.022921  0.097929
11 5 2,0,0 0.005760 0.060425 0.308261
12 6 1,1, 1 0.003933 0.019711  0.092033
13 6 1,2,0 0.003933 0.019711  0.230183
14 6 1,0,2 0.003933 0.019711  0.059191
15 7 0,2,2 0.002850 0.010429  0.043946
16 7 1,2, 1 0.002850 0.013036  0.079381
17 5 0,0,0,1 0.005760 0.022921  0.064248  0.165292
18 5 1,0,0,0 0.005760 0.033252 0.114770  0.405006
19 6 1,0,1,0 0.003933 0.019711 0.059191 0.315679
20 7 1,2,0,0 0.002850 0.013036  0.079381  0.346407
21 8 1,3,0,0 0.000031 0.000322 0.017726  0.277668
22 8 2,0,0,2 0.000030 0.000542 0.003307 0.015794
23 8 1,1,2,0 0.000031 0.000322  0.002642  0.196049
24 6 0*4,1 0.003933 0.014898  0.038967  0.089529 0.203174
25 8 1*3, 0*2 0.002158 0.009257 0.030166  0.112655 0.404858
(R1,Raz, ... ) (F)
S. (R1,..., Rin) Lrmin, ,r=1,2...mand k=3
1,1 0.001959  0.030602
1,2 0.000973  0.010507
2,1 0.000973  0.026486
0,3 0.000973  0.005906

3,0 0.000973  0.141576

2,2 0.000548  0.009025

3,2 0.000337 0.008123
0,0,1 0.001959 0.013268 0.065272
0,0,2 0.000973  0.005906  0.024311
0,1,1 0.000973  0.005906  0.047067
2,0,0 0.000973  0.026486  0.256666
1,11 0.000548 0.004782  0.043513
1,2,0 0.000548 0.004782 0.1797883
1,0,2 0.000548 0.004782  0.021753
0,2,2 0.000337 0.001812  0.014435
1,2,1 0.000337 0.002562  0.036056

o

0.000973  0.005906 0.024311  0.092579
0.000973  0.010507 0.058445 0.355776
0.000548 0.004782  0.021754  0.258806
0.000337 0.002562  0.036056  0.293434
0.002158 0.009257 0.030166  0.258757
0.002158 0.009257 0.071410  0.331807
0.002158 0.011764  0.034077  0.082350
0.000548 0.003097 0.011523  0.037099 0.120319
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25 1%3, 0*%2 0.000221 0.001527 0.008038 0.055338 0.353311
(RI;RZ;anm)(k) — —_
S. No. n (Ry,..,Rn) Lromin ,r=1,2,...mand k=4
1 4 1,1 0.000563 0.017339
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1,2 0.000223  0.004222

2,1 0.000223  0.014770

0,3 0.000223  0.001925

3,0 0.000223  0.134627

2,2 0.000104  0.003541

3,2 0.000054 0.003148
0,0, 0.000563 0.005600  0.040819
0,0, 0.000223 0.001925 0.011112
0,1, 0.000223  0.001925  0.027615
2,0, 0.000223 0.014770  0.254485
1 0.000104 0.001482  0.025268

0.000104 0.001482 0.171873

0.000104 0.001482  0.009717

0.000054 0.000401  0.005897

0.000054 0.000644  0.020421

0.000223 0.001925 0.011112  0.060623

0.000223 0.004222  0.035867 0.363793

0.000104 0.001482  0.009717  0.252951

0.000054 0.000644 0.020421  0.29349

0.000031 0.000322 0.017726  0.277668

0.000030 0.000542  0.003307 0.015794

0.000031 0.000322  0.002642  0.196049

0.000104 0.000818 0.004139 0.018084 0.081892
1*#3, 0%2 0.000031 0.000322  0.002642 0.032810 0.359287
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Table 2. Variances and covariances of progressively Type-II right censored order statistics from Hjorth distribution

(1,1) (2,1) (1,2) (0,3) (3,0) (2,2) (3,2)

m S r,s:m:4 r,8:m:5 7,8:m:5 Jr,s:m:S G7*,s:m:5 O s:m:6 O s:m:7
2 1 0.004787 0.002992 0.002992 0.002992 0.002992 0.002036 0.001471
2 0.004923 0.003106 0.003098 0.003085 0.003054 0.002120 0.001538
0.004923 0.003106 0.003098 0.003085 0.003054 0.002120 0.001538

(0,0,1) (0,0,2) (0,1,1) (2,0,0) (1,1,1) (1,2,0) (1,0,2)

m S O s:mid r,s:m:5 7,8:m:5 O s:m:5 Ur,s:m:ﬁ Oy s:m:6 O s:m:6
3 1 0.004787 0.002992 0.002992 0.002992 0.002036 0.002036 0.002036

0.004921 0.003085 0.003085 0.003106 0.002108 0.002108 0.002108
0.014093 0.008186 0.008186 0.023377 0.007164 0.007164 0.007164
0.004926 0.003137 0.003127 0.003001 0.002150 0.002097 0.002154
0.014066 0.008310 0.008280 0.022222 0.007269 0.007077  0.00729

0.033907 0.017581 0.028460 0.088392 0.027497 0.077169 0.016562
(0,2,2) (1,2,1)
r,s:m:7 r,s:m:7
0.001471 0.001471
0.001515 0.001521
0.003696  0.004694
0.001561 0.001564
0.003805 0.004811

0.013037 0.025120
(0,0,0,1) (1,0,0,0) (1,0,1,0) (1,2,0,0) (1,3,0,0) (1,1,2,0) (2,0,0,2)
r,s:m:5 r,5:m:5 r,s:m:6 r,s:m:7 r,5:m:8 7,5:m:8 7,5:m:8

0.002992 0.002992 0.002036 0.001471 0.001111 0.001111 0.001111
0.003085 0.003098 0.002108 0.001521 0.001146 0.001146 0.001151
0.008186 0.012214 0.007164 0.004694 0.003308 0.003308 0.004301

N
o w
DO = = = [N = DN = = [N =N = = N = = =
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3 1 0.003137 0.003122 0.002154 0.001564 0.001187 0.001180 0.001183
2 0.008310 0.012234 0.007291 0.004811 0.003416 0.003400 0.004406
3 0.017581 0.032203 0.016562 0.025120 0.023745 0.008587  0.009620
4 1 0.003107 0.002941 0.002068 0.001498 0.001144 0.001160 0.001198
2 0.008219 0.011465 0.006970 0.004594 0.003284 0.003333 0.004451
3 0.017347 0.030049 0.015772 0.023660 0.022425 0.008369 0.009699
4 0.036652 0.091765 0.081887 0.088111 0.087552 0.077225 0.018944

6. BLUEs of 11 and o

Suppose we obtain a progressively Type-II censored data from the location-scale parameter Hjorth distribution
with c.d.f. as given in (6).

In this section, we make use of means, variances and covariances of progressively Type-II right censored order
statistics as determined by using the recurrence relations given in Sections 3 and 4 for deriving the BLUESs of the
location and scale parameters p and o as well as the variances and covariance of these estimates.

Let Yiinm < Younm < ... < Yim. be a progressively Type-II right censored sample from the location-scale
parameter Hjorth distribution (6), and let X;..,,.., = w, i =1,2,...,m, be the corresponding progressively
Type-II right censored order statistics from the location-scale parameter Hjorth distribution.
Let us denote E(X;.m.n) by s, Var(Xim:n) by 0;; and Cov(X;.m:n, Xjim:n) by 05 ;; furthermore, let
Y - (lem::nv Y2:m:n7 ] Ym:m:n)Ta

p= (1, iz, ooy pim) "

1=(1,1,..,1)7
——

)

and
Z = (UT‘,s:n)7 1 S r, s S m.

Then, the BLUEs of ;1 and o are obtained by minimizing the generalized variance Q(8) = (Y — A§)T ZT(Y -
Ad) with respect to &, where § = (u,0)”, A is m x 2 matrix (1, 1), 1 is m x 1 vector with components all 1°s, p
is the mean vector of X, and | is the variance-covariance matrix of X. The minimization leads to the expressions
for the BLUES’s of 1 and o as (see Anrold et al. [2] and Balakrishnan and Cohen [6])

Tl T~ -lq, Tl n
M*{u Z ,L"l Z 7 Z 1# Z }Y :Zar}/r:m:n (2’3)

(7EDDRTIC LD DI VENTED DINS Vi

r=1

and

*

SO S DS V50 Dl i DI D Vil }Y Sy, 24
{(uTZ‘lu)(lTZ‘ll)(uTZ‘ll)Q 2 ¥ ey

and the variances and covariance of these BLUEs are given by

Var(u*) = o? WY } R 25

) {(MZ%)(IT SRRV SRETE *)
1”711

Var(c*) = o = o2V, 26

. {(uT POREINIC Kb Dutb V(724 2_11)2} @0
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and
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Cov(p*, 0*) = o? {

—p"

! } = o?Vs. (27)

WS AT - (W )2

The coefficients of the BLUEs in (23) and (24) satisfy the conditions Y ", a, = 1 and " b, = 0 respectively.
The coefficients of the BLUEs for 1 and o, and variances and covariance of these estimates are presented in Tables
3,4 and 5, respectively, for various sample sizes up to n = 8 and for different choices of m and progressive censoring

schemes.

Table 3. Coefficients of the BLUEs of location parameter

°

(R1,Ra, ..., Rp)

™)

ai,t=1,2,....m

[ NS T N T NG T NG T NG I N i S e e N e T e T e T
GRORN NS0 AanhE®R—_,o0RINRWN—Z

UlUl-b-LA#LLLWWMMWUJWMMNNNNNNN3

ANV OITANANUNUNI TN NN RE NN A3

PN WON—
DR O W= N —

—o PP EPNO OO
MO, OO — OO
— = NDO O =N

N = = O
FOW—,NO OO
convor~,OoO”
NOO O OO =

ov
u‘b\‘
S

1*3,0%2

1.472961
1.569237
1.376189
1.765070
1.189212
1.472919
1.404446
1.352880
1.381140
1.377761
1.178155
1.299918
1.316218
1.313292
1.413979
1.338522
1.252672
1.214988
1.202378
1.214988
1.231181
1.226968
1.198464
1.199748
1.172194

-0.472961
-0.569237
-0.376189
-0.765070
-0.189212
-0.472919
-0.404446
-0.116892
-0.102141
-0.190427
-0.077954
-0.217482
-0.084399
-0.157708
-0.216323
-0.205897
-0.069726
-0.130246
-0.055281
-0.130246
-0.084092
-0.1531338
-0.04572552
-0.047806
-0.063154

-0.235988

-0.278998

-0.187334

-0.100201

-0.082436

-0.231819

-0.155584

-0.197656

-0.132625

-0.057280 -0.125666

-0.035790 -0.048953

-0.090079 -0.057017

-0.035790 -0.048953

-0.105042 -0.042047

-0.03119558 -0.04263828
-0.03812323  -0.1146151
-0.039169 -0.033903  -0.078870
-0.052897 -0.023079  -0.033063
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Table 4. Coefficients of the BLUEs of scale parameter

-4.590840  1.114410  0.985681  2.490749
-5.498248  3.216274  0.905817 1.376158
-4.429882  1.076152  1.982419 1.371311
-5.498248  3.216274  0.905817 1.376158
-6.881663  2.382165  3.145720 1.353778

[\)»—*»—A:—A»—t»—io
FOWR, NSO O
convo—~,oo”
NO OO OO~

SNo. m n (Ry,Rs,..,Rp) bi,i=1,2,....m
1 2 4 1,1 -7.126182 7.126182
2 2 5 1,2 -10.818890 10.818890
3 2 5 2,1 -7.149825  7.149825
4 2 5 0,3 -14.540870  14.540870
5 2 5 3,0 -3.596154  3.596154
6 2 6 2,2 -10.859990 10.859990
7 2 7 3,2 -10.892980 10.892980
8 3 4 0,0,1 -5.204608  1.575683  3.628925
9 3 5 0,0,2 -7.137124  1.756899  5.380225
10 3 5 0,1,1 -7.037568  3.408359  3.629209
11 3 5 2,0,0 -3.303420 1.357226 1.946194
12 3 6 1,1, 1 -7.069212 3.436102 3.633110
13 3 6 1,2,0 -6.700802  4.762049  1.938753
14 3 6 1,0,2 -7.167823  1.776460  5.391363
15 8 0 0,2,2 -11.014400  5.626087  5.388309
16 3 7 1,2, 1 -8.971029 5.342983 3.628045
17 4 5
18 4 5
19 4 6
20 4 7
21 4 8
22 4 8 , 3,0, -6.686736 4.405297 0.9097395 1.371700
23 4 8 ,0,0, -5.978192 1.259320 1.085963  3.632910
24 5 6 , -4.293554  0.882489  0.765931  0.720468 1.924666
25 5 6 1#3, 0%2 -4.978081  1.706113  1.500884  0.686065 1.085019

7. Best Linear Unbiased Predictors (BLUPs)

Based on observations on m progressively Type-II right censored order statistics Yl(f:j:;;”’Rm), vy Yn(f;zl ’{'"’Rm)
discuss the prediction of times to failure of the last R,,(> 1) units still surviving at the observation Y B Bom)
Of course, one can discuss the prediction of other censored failure times in a similar manner as well. Doganaksoy
and Balakrishnan [18] established that the BLUESs remain unchanged if the BLUPs of future failures are treated as
observed values.

The BLUP of Y#ﬁﬁ’;;,’;fff;l’o’R"ﬁl) from any location-scale family of distributions is given by

Ry,..., Ry—1,0,Rp—1)" —
Y;gl—&—ll:m-‘,-l:nl F = ,U'* + ,Ufm+1:m+1:n0* + wh'y™! (Y - ,u*l — O'*;L)

and its variance is given by
0% {Omit,matimatn —w' 7w+ ATTS T+ A3 ST 4 20 AT 2T LY
where
I:m+1in yr Tmim4lin

T
_ (R1,..,Rm—1,0,Rm—1) (R1,.-,Rm—1,0,Rm—1)
YfO’ Y, ,

E(Y) = .u]- + o= (p, + OU1L:m+1:ny -y I + O—,um:m,—i-lzn)T 9
01,1:m+1:n Ul,m:m+1:n

Var(Y) = o%% = o? ,

Om,1:m+1:n co Omm:m+1in
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Table 5. Variances and covariance of the BLUEs when y =0and o = 1

(Ry,Rs,....,Ry)  Var(p*) Var(c*) Cov(u*,o*)
1,1 0.009165 1.022933  -0.066925
0.005791 1.054638  -0.054344
0.005781 1.058957  -0.054367
0.005781 1.058957  -0.054367
0.005541 0.929466  -0.048682
0.003967 1.059481 -0.045231
0.002883 1.063107  -0.038747
0.006917 0.505254  -0.032818
0.004347 0.525413  -0.026700
0.004333 0.515230  -0.026301
0.004250 0.461464  -0.024107
0.002961 0.517949  -0.021895
0.002916 0.485591  -0.020685
0.002971 0.528151  -0.022239
0.002150 0.531686  -0.019013
0.002146  0.521983  -0.018780
0.003864 0.335724  -0.017129
0.003822 0.306044  -0.015956
0.002615 0.321713  -0.013656
0.001886 0.316162  -0.011459
0.001434 0.331363  -0.010355
0.002916 0.485591 -0.020685
0.002971 0.528151 -0.022239
, 0.002475 0.250814  -0.010516
1%#3, 0%2 0.001345 0.238305  -0.007473
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(R1yeesRim—1,0,Rm—1)\ __
E(Ym+1:m+1:n ) =W + O lbm+1:m~+1:n,

(R1,-.,Rm—1,0,Rm—1) 2
Var (Ym+1:m+1:n = 0" 0m+1,m+1:m+1:n,
(Riyess Rin—1,0,Rm —1) _ 2, 2 T
COU (Ym+1:m+1:n 1Y =0"W =0 (Jm+1,1:m+1:n7 ~'70—m+1,m:m+1:n)
A\ = pTE =TS TS T g i 1T S 4TS T N1 TES
- A

)

and
Ny — TS T TS T 1 mp 1 1T TN T T T
2= A

with A = (p727 ) (175711) — (,uTEfll)Q. AlSO, fLi:m+1:m and 0 jm-t1. denote respectively the mean and
covariance of the progressively Type-II right censored order statistics from the standard (¢ = 0,0 = 1) distribution,
and p* and o* are the BLUEs of i and o based on the progressively Type-II censoed sample Y. The BLUPs and
their variances can therefore be readily computed from the means, variances and covariances of the progressively
Type-II right censoed order statistics produced in Section 5. It is also illustrated in the next section with a numerical
example using a real data set.

8. Illustrative Example

Consider the following data which represent failure times of air conditioning equipment in a boeing 720
airplane(Proschan [23]), arranged in increasing order of magnitude: 12, 21, 26, 27, 29, 29, 48, 57, 59, 70, 74, 153,
326, 386, 502. Take a random sample of size 7 from this data as: 21, 26, 27, 29, 29, 48, 57 and assuming that
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this sample data follows Hjorth distribution in (6) and then producing a progressively censored data from above
sample data, we have

m Scheme Yiimen
3 1,2,1 21, 26,29

Before carrying out the inferential analysis for these data, let us verify model assumption. Specifically, the
progressively Type-II censored data y;.5.7 were plotted against the values p;.3.7 for < = 1, 2, 3 determined in Section
5 (as 0.037129, 0.09133, 0.232938) and this indicates a very high correlation (correlation coefficient is 0.922773)
which suggest that the Hjorth model is a good fit model for these data.

In this case, we have n = 7, and based on progressively Type-II right censored sample y1.3.7, ¥2.3.7, ¥3.3.7 presented
above, we find BLUEs of 1 and o to be

@t = (1.338522 x 21) + (—0.205897 x 26) + (—0.132625 x 29)
= 18.9095

and

o = (—8.971029 x 21) + (5.342983 x 26) + (3.68045 x 29)
= 57.258999

respectively, and their standard errors to be SE(u*) = a*\/@ = 2.652661 and SE(c*) = o* /% _
41.36875765.

We obtain the BLUP of y,.4.7 to be y5.,., = 37.40697 and its standard error to be SE(y}.,.») = 0.623606 (by taking
W = (Ot 1,1:mt1ms oos am+17m”n+1:n)T and progressive censoring scheme

(Ry,..., Rpp—1,0, R, — 1)).

9. Conclusion

In this paper, we have established several recurrence relations for the single and product moments of progressively
Type-II right censored order statistics from Hjorth distribution. With the help of these relations and using R
software, we have computed all the means, variances and covariances of progressively Type-II right censored
order statistics for different sample sizes and all possible censoring schemes. These moments have then been used
to obtain the best linear unbiased estimators (BLUESs) of location and scale parameters of location-scale Hjorth
distribution (6), as well as the best linear unbiased predictors (BLUPs) of the times to failure of the surviving
units in the experiment. Finally, a numerical example has been presented to illustrate all the inferential methods
developed here using a real data set.
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